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Chapter 1

Analysis of the Impact of Time
Delay Incorporation in
Mathematical Models of Cellular
Population Dynamics

ABSTRACT
In this work, we investigate the effects of introducing a time delay in a mathematical
model of cellular population dynamics with relevance in the development of chronic
autoimmune diseases. Then, we determine the equilibrium states of the delayed system
and investigate their asymptotic stability. We construct a Lyapunov function and use
LaSalle’s invariance principle to study the global stability of a biologically meaningful
disease-free equilibrium. Some numerical simulations are performed in which we can
observe the long-time behaviour of the solution and its approach to a stable equilibrium
state. The simulations also show how the delay affect the behaviour of the solution and
its asymptotic trend.

KEYWORDS
Mathematical biology, Kinetic models, Autoimmune diseases, Time delay, Dynamical
systems

1.1 INTRODUCTION
There are many types of autoimmune diseases. In general terms, autoimmune
diseases can de described as heterogeneous conditions characterized by the dis-
ruption of tolerogenic mechanisms and subsequent activation of self-reactive
immune cells1. In other words, autoimmune diseases occur when the immune
system attacks and destroys its own healthy cells, tissues and organs, as a conse-
quence of an interruption of their mechanisms. Due to its complexity, autoim-
mune diseases are a very interesting topic for mathematicians, and mathematical
models have been successfully used to study this complex dynamics.

Over the years, many mathematicians have focused their work on this topic
and several mathematical approaches have been used to investigate the dynami-
cal behaviour of the different cellular populations in the context of autoimmune
diseases. See, for instance, kinetic theory of active particles2,3,4, optimal control
theory5, dynamical system theory6, among others. Mathematical models of
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autoimmune diseases can have a significant role in understanding the underly-
ing mechanisms, predicting disease progression, and also evaluating potential
treatment strategies.

In this work, we study the effect of considering a discrete time delay in the
dynamical biological model proposed in7. The model in7 aims to study the cel-
lular interactions and the global population behaviour in autoimmune diseases.
It is based on a kinetic theory description of the cellular dynamics and possesses
a macroscopic counterpart derived on the hydrodynamical limit of the kinetic
system that is able to describe the global behaviour of the cellular populations.
The macroscopic analogue is a system of ordinary differential equations (ODEs)
that constitutes an autonomous dynamical system. Three cellular populations
are involved, namely the population of self-antigen presenting cells (SAPCs), the
population of self-reactive 𝑇 cells (SRTCs), and the population of immunosup-
pressive cells (ISCs). The immunosuppressive cells, such as Treg and Natural
Killer cells, are essential components of immune homoeostasis, since they pro-
vide a therapeutic opportunity for active immune regulation that can have a long
time effect in controlling the development of autoimmunity.

We are interested in the role of ISCs in controlling autoimmunity and we
consider a time delay describing the cumulative duration of the processes of
viral attachment and interaction between the ISCs and SAPCs. This time delay
is associated with different aspects that result from both internal effects, as the
ability of spread of immune response, and external effects, as the age and gender.
This represents the innovative aspect of our model.

For the delayed model proposed here, we study the local asymptotic stability
of its equilibrium states. Then, we study the global stability of a biologically
meaningful disease-free equilibrium. The extension of the global stability anal-
ysis to the other equilibrium points of the time delayed model is not a trivial task
and is a challenge for a future work.

After this Introduction, our work is organized as follows. In Section 1.2,
we recall the non-delayed model from7 and present the time delayed model,
explaining their main assumptions and computing the equilibrium points. In
Section 1.3, we study the local asymptotical stability of the equilibrium states.
In Section 1.4, we prove the global stability of the disease-free equilibrium.
In Section 1.5, we determine numerically the solution of both the non-delayed
model and the delayed model and compare their behavior in order to appraise the
effect of the time delay on the solution. The simulations illustrate the stability
results proved in the previous sections. Finally, in Section 1.6, we summarize
our results and present new perspectives in connection with our work.
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1.2 THE MATHEMATICAL MODEL FOR AUTOIMMUNITY WITH TIME
DELAY

In this section we describe the mathematical model considered in our study.
Such model is derived from a previous model without time delay, which has
been proposed in7. Hereby, we present first the original model and then we
introduce our delayed model.

1.2.1 The non-delayed model

The macroscopic model proposed in7 considers three cellular populations,
namely the population 𝑝1 of self-antigen presenting cells (SAPCs), the pop-
ulation 𝑝2 of self-reactive 𝑇 cells (SRTCs), and the population 𝑝3 of immuno-
suppressive cells (ISCs) mainly constituted by Treg cells and Natural Killer cells.
We represent by 𝑛𝑖 (𝑡), with 𝑖 = 1, 2, 3, the expected number of cells of each pop-
ulation 𝑝𝑖 at time 𝑡 ≥ 0. In the model of paper7, the density 𝑛𝑖 (𝑡) is defined
by

𝑛𝑖 (𝑡) =
∫ 1

0
𝑓𝑖 (𝑡, 𝑢)𝑑𝑢, 𝑖 = 1, 2, 3,

with 𝑓𝑖 (𝑡, 𝑢) being the distribution function associated to the population 𝑝𝑖 ,
which denotes the number of cells of the population 𝑝𝑖 with biological activity
𝑢 ∈ [0, 1], at time 𝑡 ≥ 0. The biological activity 𝑢 describes the functional state
expressed by each cellular population and is explained in7. Functions 𝑓𝑖 (𝑡, 𝑢) are
the unknowns of the kinetic model considered in7 and their behaviour is specified
by a system of nonlinear partial differential equations (PDEs), involving integral
terms of quadratic type that describe binary interactions among cells. See paper7

and the references cited therein for a detailed account of the kinetic models for
biological processes.

The effective interactions among the populations 𝑝𝑖 occur between a pair
of cells, and are instantaneous and homogeneous in space. At the macroscopic
scale, the admissible interactions are of proliferative or destructive type and
are the following: proliferative interactions between SAPCs and SRTCs which
increase both populations, and between SAPCs and ISCs which increase the
population of ISCs; destructive interactions between SAPCs and ISCs which
decrease the population of SAPCs, and between SRTCs and ISCs which decrease
the population of SRTCs. Both the proliferative and the destructive rates are
assumed to be constant, and are here denoted by 𝛼, 𝛾, 𝛿 and by 𝛽, 𝜌, respectively.
Moreover, the model considers a source term representing a constant input of
SAPCs, due to the effect of certain environmental factors and unhealthy dietary
habits. Such recruitment term is denoted here by Λ. Finally, the model considers
the natural death rates of all populations, here denoted by 𝜇𝑖 , 𝑖 = 1, 2, 3. Omitting
here other details, for sake of brevity, we introduce the ODE system of paper7
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in the form 
¤𝑛1 (𝑡) = Λ + 𝛼𝑛1 (𝑡)𝑛2 (𝑡) − 𝛽𝑛1 (𝑡)𝑛3 (𝑡) − 𝜇1𝑛1 (𝑡)
¤𝑛2 (𝑡) = 𝛾𝑛2 (𝑡)𝑛1 (𝑡) − 𝜌𝑛2 (𝑡)𝑛3 (𝑡) − 𝜇2𝑛2 (𝑡)
¤𝑛3 (𝑡) = 𝛿𝑛3 (𝑡)𝑛1 (𝑡) − 𝜇3𝑛3 (𝑡) ,

(1.1)

where all parameters are strictly positive. Model (1.1) is studied in detail in
paper7, for what concerns the equilibrium states, asymptotical stability and
bifurcations. An interesting result of paper7 is the capability of the model in
capturing the recurrent dynamics describing the relapse-remission pattern typical
of many autoimmune diseases, in terms of long-term periodic oscillations.

1.2.2 The model with time delay
The mathematical model with time delay considered in the present work con-
stitutes a simple variant of model (1.1), in the sense that we introduce a delay
only in one destructive interaction. Specifically, we assume that there exists a
latent period for the effectiveness of the destructive interactions among SAPCs
and ISCs. Such period is represented by a time-delay 𝜏 > 0 that is introduced in
the term describing the above referred interactions. Accordingly, the new model
becomes

¤𝑛1 (𝑡) = Λ + 𝛼𝑛1 (𝑡)𝑛2 (𝑡) − 𝛽𝑛1 (𝑡 − 𝜏)𝑛3 (𝑡 − 𝜏) − 𝜇1𝑛1 (𝑡)
¤𝑛2 (𝑡) = 𝛾𝑛2 (𝑡)𝑛1 (𝑡) − 𝜌𝑛2 (𝑡)𝑛3 (𝑡) − 𝜇2𝑛2 (𝑡)
¤𝑛3 (𝑡) = 𝛿𝑛3 (𝑡 − 𝜏)𝑛1 (𝑡 − 𝜏) − 𝜇3𝑛3 (𝑡) ,

(1.2)

where 𝜏≥0. In the particular case in which 𝜏=0, system (1.2) reduces to system
(1.1). Again, all parameters that figure in system (1.2) are strictly positive, that
is Λ, 𝛼, 𝛽, 𝛾, 𝜌, 𝛿, 𝜇1, 𝜇2, 𝜇3 > 0.

The initial conditions for model (1.2) describe the past history of each pop-
ulation density in the time interval [−𝜏, 0], and are given by

𝑛1 (𝜃) = Φ1 (𝜃) > 0, 𝑛2 (𝜃) = Φ2 (𝜃) > 0, 𝑛3 (𝜃) = Φ3 (𝜃) > 0, for 𝜃 ∈ [−𝜏, 0],
(1.3)

where Φ1,Φ2,Φ3 are continuous functions from the interval [−𝜏, 0] into R+.

1.2.3 Equilibrium states of the model with delay
In order to investigate the effects of the time delay introduced in our model,
we first determine the equilibrium states of the model. Models (1.1) and (1.2)
have the same equilibria, as expected. We restrict our analysis to the set of
biologically significant solutions to the Cauchy problem (1.2-1.3), namely

D =

{
(𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)) ∈ R3 : 𝑛1 (𝑡) ≥ 0, 𝑛2 (𝑡) ≥ 0, 𝑛3 (𝑡) ≥ 0

}
. (1.4)

Our result is the following.
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Theorem 1.2.1. [Equilibrium states] The model (1.2) has four equilibrium states
in D, which are given by

a) 𝐸0 =

(
Λ

𝜇1
, 0, 0

)
, representing an equilibrium state without both SRTC and

ISC cells;

b) 𝐸1 =

(
𝜇3
𝛿
, 0,

Λ𝛿 − 𝜇1𝜇3
𝛽𝜇3

)
, representing an equilibrium state without SRTC

cells, that exists if Λ𝛿 ≥ 𝜇1𝜇3;

c) 𝐸2 =

(
𝜇3
𝛿
,
−Λ𝛿2𝜌 + 𝛾𝛽𝜇2

3 − 𝛿𝛽𝜇2𝜇3 + 𝛿𝜌𝜇1𝜇3

𝛼𝛿𝜌𝜇3
,
𝛾𝜇3 − 𝛿𝜇2

𝛿𝜌

)
representing an

equilibrium state of co-existence of all population’s cells, that exists if 𝛾𝜇3 ≥
𝛿𝜇2 and Λ ≤ 𝜇1𝜇3

𝛿
+ 𝜇3𝛾 − 𝜇2𝛿

𝛿𝜌

𝜇3𝛽

𝛿
;

d) 𝐸3 =

(
𝜇2
𝛾
,
𝜇1𝜇2 − Λ𝛾

𝛼𝜇2
, 0

)
, representing an equilibrium state without ISC

cells, that exists if 𝜇1𝜇2 ≥ Λ𝛾.

We note that equilibrium 𝐸2, with strict inequalities in its existence conditions,
is the unique with meaningful significance in the context of our study, since the
other equilibria predict the extinction of some populations. Anyway, all other
equilibria have their mathematical importance and are relevant for our study.

The following sections in this work will focus on stability and asymptotic
behaviour of the equilibria of the model (1.2). In Section 1.3, we study the local
asymptotic stability of the equilibria, and Section 1.4 is devoted to the global
stability. Finally, in Section 1.5 we study, numerically, the time behaviour of
the solution to our system (1.2) and investigate the asymptotic behaviour of the
equilibria.

1.3 LOCAL ASYMPTOTICAL STABILITY OF THE EQUILIBRIUM
STATES

The stability analysis developed here for system (1.2) is based on a general
result for non-linear delay equations, see8 and9. For sake of completeness, we
introduce this result below.

Let us consider the following system of 𝑛 delay differential equations,

¤𝑥 = 𝑓 (𝑥, 𝑥𝜏), (1.5)

where 𝑓 is a continuously differentiable function as many times as we need,
𝜏 > 0 represents the time delay, and 𝑥, 𝑥𝜏 ∈ R𝑛. Let us assume that the system
(1.5) can be written in the form

¤𝑥 = 𝑓1 (𝑥) + 𝑓2 (𝑥𝜏), (1.6)
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with 𝑓1, 𝑓2 being continuously differentiable functions as many times as we need.
Then, we have the following result, based on the linearizaton of system (1.6), as
usual, see8,9 and10.

Theorem 1.3.1. [Stability of the delayed system] Assume that 𝑥 is an equilibrium
solution of system (1.6), and denote by 𝐴1 and 𝐴2 the Jacobian matrices of
𝑓1 and 𝑓2, respectively, with respect to 𝑥 and 𝑥𝜏 , that is 𝐴1 = 𝐷𝑥 𝑓1 (𝑥) and
𝐴2 = 𝐷𝑥𝜏 𝑓2 (𝑥𝜏). For 𝑘 ∈N, 𝑘 ≤ 𝑛, suppose that the characteristic equation of
system (1.6),

det(𝜆𝐼𝑛 − 𝐴1 − 𝑒−𝜆𝜏𝐴2) = 0,

evaluated at the equilibrium state 𝑥, has 𝑘 different solutions 𝜆1, · · · , 𝜆𝑘 . There-
fore:
i) the equilibrium solution 𝑥 is locally asymptotically stable if 𝑅𝑒(𝜆𝑖) < 0, for

all 𝑖 = 1, · · · , 𝑘;
ii) the equilibrium solution 𝑥 is unstable if 𝑅𝑒(𝜆𝑖) > 0 for some 𝑖 = 1, · · · , 𝑘 .

Having Theorem 1.3.1 in mind, we start by re-writing our system (1.2) in a
more compact form, similar to that of the general system (1.6). Let us introduce
𝑛𝜏
𝑖
(𝑡) = 𝑛𝑖 (𝑡 − 𝜏), for 𝑖 = 1, 2, 3, and

𝑁 (𝑡) = ©­«
𝑛1 (𝑡)
𝑛2 (𝑡)
𝑛3 (𝑡)

ª®¬ , 𝑁 𝜏 (𝑡) = ©­«
𝑛𝜏1 (𝑡)
𝑛𝜏2 (𝑡)
𝑛𝜏3 (𝑡)

ª®¬ .
System (1.2) can be written as

¤𝑁 (𝑡) = 𝐹1 (𝑁 (𝑡)) + 𝐹2 (𝑁 𝜏 (𝑡)), (1.7)

where

𝐹1 (𝑁 (𝑡)) = ©­«
Λ + 𝛼𝑛1 (𝑡)𝑛2 (𝑡) − 𝜇1𝑛1 (𝑡)

𝛾𝑛2 (𝑡)𝑛1 (𝑡) − 𝜌𝑛2 (𝑡)𝑛3 (𝑡) − 𝜇2𝑛2 (𝑡)
−𝜇3𝑛3 (𝑡)

ª®¬ (1.8)

and

𝐹2 (𝑁 𝜏 (𝑡)) = ©­«
−𝛽𝑛𝜏1 (𝑡)𝑛

𝜏
3 (𝑡)

0
𝛿𝑛𝜏3 (𝑡)𝑛

𝜏
1 (𝑡)

ª®¬ . (1.9)

Then, we define the Jacobian matrices of functions 𝐹1 and 𝐹2 with respect to 𝑡
and 𝜏, given by

𝐴1 = 𝐽𝐹1 (𝑁 (𝑡)) = ©­«
𝛼𝑛2 (𝑡) − 𝜇1 𝛼𝑛1 (𝑡) 0
𝛾𝑛2 (𝑡) 𝛾𝑛1 (𝑡) − 𝜌𝑛3 (𝑡) − 𝜇2 −𝜌𝑛2 (𝑡)

0 0 −𝜇3

ª®¬
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and

𝐴2 = 𝐽𝐹𝜏
2
(𝑁 𝜏 (𝑡)) = ©­«

−𝛽𝑛𝜏3 (𝑡) 0 −𝛽𝑛𝜏1 (𝑡)
0 0 0

𝛿𝑛𝜏3 (𝑡) 0 𝛿𝑛𝜏1 (𝑡)

ª®¬ .
The characteristic equation of model (1.2) is then given by

det
(
𝜆𝐼3 − 𝐴1 − 𝑒−𝜆𝜏𝐴2

)
= 0. (1.10)

1.3.1 Local stability of 𝑬0

Consider the equilibrium state 𝐸0 determined in Theorem 1.2.1, which is speci-
fied by

𝑛1 (𝑡) =
Λ

𝜇1
, 𝑛2 (𝑡) = 𝑛3 (𝑡) = 0.

The characteristic equation of system (1.2), referred to the equilibrium state 𝐸0,
is given by

1
𝜇2

1

[
(𝜆 + 𝜇1) (−Λ𝛾 + 𝜆𝜇1 + 𝜇1𝜇2) (−Λ𝛿𝑒−𝜆𝜏 + 𝜆𝜇1 + 𝜇1𝜇3)

]
= 0, (1.11)

which possesses the two real roots given by

𝜆1 = −𝜇1, 𝜆2 =
Λ𝛾 − 𝜇1𝜇2

𝜇1
(1.12)

and a third real root, 𝜆3, such that

−Λ𝛿𝑒−𝜆3𝜏 + 𝜆3𝜇1 + 𝜇1𝜇3 = 0. (1.13)

Using theorem 1.3.1, we state the following result.

Theorem 1.3.2. [Local stability of the equilibrium state 𝐸0 ] Let 𝜏 ≥ 0. The
equilibrium state 𝐸0 is locally asymptotically stable if

Λ𝛾 < 𝜇1𝜇2 and Λ𝛿 < 𝜇1𝜇3,
and it is unstable if

Λ𝛾 > 𝜇1𝜇2 or Λ𝛿 > 𝜇1𝜇3.

Proof. (a) Let 𝜏 = 0. The roots (1.12) and (1.13) of the characteristic equation
(1.11) reduce to

𝜆1 = −𝜇1, 𝜆2 =
Λ𝛾 − 𝜇1𝜇2

𝜇1
, 𝜆3 =

Λ𝛿 − 𝜇1𝜇3
𝜇1

and using theorem 1.3.1, the proof of the local stability of𝐸0 follows immediately.

(b) Let us consider 𝜏 > 0. The first and second roots of the characteristic
equation (1.11), namely 𝜆1 and 𝜆2, are not affected by the value of 𝜏. We just
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need to study the third root, namely 𝜆3. We consider the auxiliar transcendental
function defined by

𝑔(𝜆) = −Λ𝛿 𝑒−𝜆𝜏 + 𝜆𝜇1 + 𝜇1𝜇3, 𝜆 ∈ R,

such that

𝑔′ (𝜆) = 𝜏Λ𝛿 𝑒−𝜆𝜏 + 𝜇1 > 0, 𝜆 ∈ R, and 𝑔′ (𝜆) > 0, 𝜆 ∈ R.

Therefore, 𝑔 is a strictly increasing function, such that
𝑔(0) = −Λ𝛿 + 𝜇1𝜇3

lim
𝜆→+∞

𝑔(𝜆) = +∞ .

If Λ𝛿 > 𝜇1𝜇3, then function 𝑔 has a positive real root, so that 𝜆3 > 0 and 𝐸0 is
unstable.

If Λ𝛿 < 𝜇1𝜇3, then function 𝑔 has a negative real root, so that 𝜆3 < 0. The
conclusion about the local stability of 𝐸0 follows immediately. The proof of
Theorem 1.3.2 is then completed.

1.3.2 Local stability of 𝑬1

The second equilibrium point 𝐸1 has a biological meaning if and only if Λ𝛿 ≥
𝜇1𝜇3. In this case, 𝐸1 is given by

𝑛1 (𝑡) =
𝜇3
𝛿
, 𝑛2 (𝑡) = 0, 𝑛3 (𝑡) =

Λ𝛿 − 𝜇1𝜇3
𝛽𝜇3

At the equilibrium point 𝐸1, the characteristic equation of the model (1.2) is
given by

(𝜆+𝐾)
{
𝜆2 + 𝜆

[
𝑒−𝜆𝜏

(
Λ𝛿

𝜇3
− 𝜇1 − 𝜇3

)
+ 𝜇1 + 𝜇3

]
+ 𝑒−𝜆𝜏 (Λ𝛿 − 2𝜇1𝜇3) + 𝜇1𝜇3

}
= 0 ,

where

𝐾 =
Λ𝛿2𝜌 + 𝛽𝛿𝜇2𝜇3 − 𝛽𝛾𝜇2

3 − 𝛿𝜇1𝜇3𝜌

𝛽𝛿𝜇3
.

Theorem 1.3.3. [Local stability of the equilibrium state 𝐸1 ]
(a) Let 𝜏 = 0. The equilibrium state 𝐸1 is locally asymptotically stable if
Λ >

𝛽𝜇3

𝜌𝛿2 (𝛾𝜇3−𝛿𝜇2) +
𝜇1𝜇3
𝛿

and it is unstable if Λ <
𝛽𝜇3

𝜌𝛿2 (𝛾𝜇3−𝛿𝜇2) +
𝜇1𝜇3
𝛿

.

(b) Let 𝜏 > 0 and assume that Λ𝛿 < 2𝜇1𝜇3. Then, the equilibrium state 𝐸1 is
locally asymptotically stable.
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Proof. (a) Let 𝜏 = 0. Then the characteristic equation (1.10) computed at the
equilibrium state 𝐸1 is given by

(𝜆 + 𝐾)
[
𝜆2 + 𝜆Λ𝛿

𝜇3
+ Λ𝛿 − 𝜇1𝜇3

]
= 0 (1.14)

which has three different roots, namely

• 𝜆1 =
1

2𝜇3

(
−Λ𝛿 +

√︃
Λ2𝛿2 − 4𝜇2

3 (Λ𝛿 − 𝜇1𝜇3)
)
,

• 𝜆2 =
1

2𝜇3

(
−Λ𝛿 −

√︃
Λ2𝛿2 − 4𝜇2

3 (Λ𝛿 − 𝜇1𝜇3)
)
,

• 𝜆3 = −𝐾 , that is 𝜆3 = − 1
𝛽𝛿𝜇3

[
𝜌𝛿(Λ𝛿 − 𝜇1𝜇3) − 𝛽𝜇3 (𝛾𝜇3 − 𝛿𝜇2)

]
.

If 𝜆1, 𝜆2 are real eigenvalues, that is, if Λ2𝛿2 > 4𝜇2
3 (Λ𝛿 − 𝜇1𝜇3), then, it is

immediate that𝜆1 < 0 and𝜆2 < 0, whenever 𝐸1 exists, namely whenΛ𝛿 ≥ 𝜇1𝜇3.
Moreover, if 𝜆1 and 𝜆2 are complex eigenvalues, then Re(𝜆1) = Re(𝜆2) =
−Λ𝛿
2𝜇3

< 0, where ℜ is the real part of the complex number. Therefore, the

equilibrium state 𝐸1 is stable if 𝜆3 < 0, that is if

𝜌𝛿(Λ𝛿 − 𝜇1𝜇3) − 𝛽𝜇3 (𝛾𝜇3 − 𝛿𝜇2) > 0 ⇔ 𝜌𝛿(Λ𝛿 − 𝜇1𝜇3) > 𝛽𝜇3 (𝛾𝜇3 − 𝛿𝜇2)

or, equivalently, if
Λ >

𝛽𝜇3

𝜌𝛿2 (𝛾𝜇3 − 𝛿𝜇2) +
𝜇1𝜇3
𝛿

(1.15)

This concludes the proof for non-delayed model.

(b) Let 𝜏 > 0. Then the characteristic equation (1.10) computed at the equilib-
rium point 𝐸1 is given by

(𝜆 + 𝐾) 𝑔(𝜆) = 0 ,

where 𝑔(𝜆) is the transcendental function, defined by

𝑔(𝜆) = 𝜆2 + (𝜇1 + 𝜇3)𝜆 + 𝜇1𝜇3 + 𝑒−𝜆𝜏
[(
Λ𝛿

𝜇3
− 𝜇1 − 𝜇3

)
𝜆 + Λ𝛿 − 2𝜇1𝜇3

]
.

First, we notice that the eigenvalue 𝜆3 = −𝐾 is not affected by 𝜏, and has been
studied in the previous case 𝜏 = 0, so that 𝜆3 < 0 if condition (1.15) holds.

Concerning the transcendental function 𝑔(𝜆), let us assume the existence
condition for 𝐸1, namely Λ𝛿 ≥ 𝜇1𝜇3. Our aim is to prove that the equilibrium
𝐸1 is locally stable for any positive time delay 𝜏. Following Rouché’s Theorem11,
if instability occurs for a particular time delay 𝜏, then the characteristic equation
evaluated at 𝐸1 must have purely imaginary roots, see, e.g.12,13,14,15 for analogous
stability proofs. Accordingly, in the following, we prove that function 𝑔 does not



10

have any pure imaginary roots. Suppose that 𝜆 = ± 𝑏𝑖 are pure imaginary roots
of 𝑔. Let 𝑚 = 𝜇1 + 𝜇3 and 𝑛 = 𝜇1𝜇3. Therefore,

𝑔(𝑏𝑖) = −𝑏2 + 𝑚𝑏𝑖 + 𝑛 + (cos(𝑏𝜏) − 𝑖 sin(𝑏𝜏))
[(
Λ𝛿

𝜇3
− 𝑚

)
𝑏𝑖 + Λ𝛿 − 2𝑛

]
.

Then,

𝑔(𝑏𝑖) = 0 ⇔


−𝑏2 + 𝑛 +

(
Λ𝛿 − 2𝑛

)
cos(𝑏𝜏) + 𝑏

(
Λ𝛿

𝜇3
− 𝑚

)
sin(𝑏𝜏) = 0

𝑚𝑏 + 𝑏
(
Λ𝛿

𝜇3
− 𝑚

)
cos(𝑏𝜏) − sin(𝑏𝜏)

(
Λ𝛿 − 2𝑛

)
= 0 .

Let 𝐴 = Λ𝛿 − 2𝑛 and 𝐵 = Λ𝛿
𝜇3

− 𝑚. Therefore,
−𝑏2 + 𝑛 = −𝐴 cos(𝑏𝜏) − 𝑏𝐵 sin(𝑏𝜏)

𝑚𝑏 = −𝑏𝐵 cos(𝑏𝜏) + 𝐴 sin(𝑏𝜏) .

Squaring both equations and then summing, we get

(−𝑏2 + 𝑛)2 + (𝑚𝑏)2 = 𝐴2 + 𝑏2𝐵2,

that is
𝑏4 +

(
𝑚2 − 2𝑛 − 𝐵2

)
𝑏2 + 𝑛2 − 𝐴2 = 0.

Introducing 𝑚 = 𝜇1 + 𝜇3 and 𝑛 = 𝜇1𝜇3, we obtain

𝑏4 + (𝜇2
1 + 𝜇

2
3 − 𝐵

2)𝑏2 + 𝜇2
1𝜇

2
3 − 𝐴

2 = 0,

which means that 𝑢 = 𝑏2 is a positive root of the polynomial

𝑓 (𝑢) = 𝑢2 + (𝜇2
1 + 𝜇

2
3 − 𝐵

2)𝑢 + 𝜇2
1𝜇

2
3 − 𝐴

2.

In view of using the Descarte’s rule of signs, we also consider

𝑓 (−𝑢) = 𝑢2 − (𝜇2
1 + 𝜇

2
3 − 𝐵

2)𝑢 + 𝜇2
1𝜇

2
3 − 𝐴

2,

and analyze the coefficient of 𝑢 in 𝑓 (−𝑢),

𝜇2
1 + 𝜇

2
3 − 𝐵

2 = 𝜇2
1 + 𝜇

2
3 −

[
Λ𝛿

𝜇3
− (𝜇1 + 𝜇3)

]2

= −
(
Λ𝛿

𝜇3

)2
+ 2

Λ𝛿

𝜇3
(𝜇1 + 𝜇3) − 2𝜇1𝜇3

= 2(Λ𝛿 − 𝜇1𝜇3) −
Λ𝛿

𝜇2
3
(Λ𝛿 − 2𝜇1𝜇3),
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where Λ𝛿 − 𝜇1𝜇3 ≥ 0 whenever 𝐸1 exists. We see that, if Λ𝛿 < 2𝜇1𝜇3 then
𝜇2

1 + 𝜇
2
3 − 𝐵

2 > 0 and 𝑓 (𝑢) has one negative root, at least, of the form 𝑢 = 𝑏2,
which is a contradiction.

Thus, we conclude that 𝑔 does not have any purely imaginary root, and then 𝐸1
is locally stable, for any positive time delay 𝜏. The proof is then completed.

1.3.3 Local stability of 𝑬3

Consider now the equilibrium state 𝐸3 without ISC cells, which has been deter-
mined in Theorem 1.2.1 as

𝑛1 (𝑡) =
𝜇2
𝛾
, 𝑛2 (𝑡) =

𝜇1𝜇2 − Λ𝛾

𝛼𝜇2
, 𝑛3 (𝑡) = 0.

The characteristic equation of system (1.2), referred to the equilibrium state 𝐸3,
is given by

𝜇2

(
𝜆2 + Λ𝛾

𝜇2
𝜆 + Λ𝛾 − 𝜇1𝜇2

)
(−𝛿𝜇2𝑒

−𝜆𝜏 + 𝛾𝜆 + 𝛾𝜇3) = 0. (1.16)

Theorem 1.3.4. [Local stability of the equilibrium state 𝐸3 ] The equilibrium
state 𝐸3 is unstable, for any time delay 𝜏 ≥ 0.

Proof. Independently of the delay 𝜏, the characteristic equation (1.16) possesses
the roots

𝜆1 =
−𝛾Λ+

√︃
𝛾2Λ2 + 4𝜇2

2 (𝜇1𝜇2 − 𝛾Λ)
2𝜇2

, 𝜆2 =
−𝛾Λ−

√︃
𝛾2Λ2 + 4𝜇2

2 (𝜇1𝜇2 − 𝛾Λ)
2𝜇2

,

(1.17)
resulting from the first factor in (1.16). The third eigenvalue, say 𝜆3, is also real
and is given by the root of the last factor in (1.16), so that 𝜆3 depends on the
delay 𝜏.

From Theorem 1.2.1, item 4), it is immediate that the discriminant in (1.17)
is positive whenever 𝐸3 exists. Consequently, independently of the delay 𝜏, the
eigenvalues 𝜆1, 𝜆2 are real and such that

𝜆1 > 0 and 𝜆2 < 0

and the equilibrium state 𝐸3 is unstable, whenever it exists, for any time delay.

1.4 GLOBAL STABILITY OF THE EQUILIBRIUM STATES
The global stability of the equilibrium states is an important topic when studying
evolutionary systems. This is a difficult topic, in general, and we limit our
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analysis in this work to the global stability of the equilibrium state 𝐸0, see the
first item of Theorem 1.2.1, since this corresponds to the easiest case.

In view of using LaSalle’s invariance principle16, we construct a Lyapunov
function associated to our differential system (1.2), for the equilibrium state 𝐸0,
𝑉 : D ⊂ R3 ↦−→ R, with D being the interest set given in (1.4). Then, we prove
that
• 𝑉

(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
≥ 0 , for all

(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
∈ D;

• ¤𝑉
(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
< 0, for all

(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
≠ 𝐸0;

• ¤𝑉
���
𝑠𝑦𝑠 (2)

(𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)) = 0, if and only if
(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
= 𝐸0.

We state the global stability of the equilibrium 𝐸0 under two assumptions that
prevent the blow up of the solution. Namely, we assume that the density of
SAPC cells is bounded from above by the corresponding density of 𝐸0, and also
that the ratio between the death rates of SRTC cells and ISC cells dominates the
ratio of their proliferative rates resulting from their interaction with SAPC cells.
In the sequel, we consider the following assumptions, which are in agreement
with the biological features of the model,

𝑛1 (𝑡) ≤
Λ

𝜇1
,

𝜇2
𝜇3

>
𝛾

𝛿
,

and our result is stated in the following theorem.

Theorem 1.4.1. [Global stability of the equilibrium state 𝐸0 ] The equilibrium

state 𝐸0 is globally asymptotically stable if
𝛿Λ

𝜇1𝜇3
< 1 .

Proof. Consider the continuously differentiable function 𝑉 : D ⊂ R3 ↦−→ R
defined by

𝑉
(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
= 𝑛2 (𝑡) + 𝑛3 (𝑡). (1.18)

It is immediate that
𝑉

(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
≥ 0, for all

(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
∈ D.

Along the solutions of system (1.2), we have

¤𝑉 (𝑡) =
[
𝛾𝑛2 (𝑡)𝑛1 (𝑡) − 𝜌𝑛2 (𝑡)𝑛3 (𝑡) − 𝜇2𝑛2 (𝑡)

]
+

[
𝛿𝑛3 (𝑡 − 𝜏)𝑛1 (𝑡 − 𝜏) − 𝜇3𝑛3 (𝑡)

]
= 𝛾𝑛2 (𝑡)𝑛1 (𝑡) − 𝜇2𝑛2 (𝑡) + 𝛿𝑛3 (𝑡 − 𝜏)𝑛1 (𝑡 − 𝜏) − 𝜇3𝑛3 (𝑡) − 𝜌𝑛2 (𝑡)𝑛3 (𝑡).

For 𝑡 large enough, we have 𝑛3 (𝑡) = 𝑛3 (𝑡 − 𝜏). Using that 𝑛1 (𝑡) ≤
Λ

𝜇1
= 𝑛̄1, we

get
¤𝑉 (𝑡) ≤ 𝛾𝑛2 (𝑡)𝑛̄1 − 𝜇2𝑛2 (𝑡) + 𝛿𝑛3 (𝑡)𝑛̄1 − 𝜇3𝑛3 (𝑡) − 𝜌𝑛2 (𝑡)𝑛3 (𝑡)

≤ 𝛾𝑛2 (𝑡)𝑛̄1 − 𝜇2𝑛2 (𝑡) + 𝛿𝑛3 (𝑡)𝑛̄1 − 𝜇3𝑛3 (𝑡)

= 𝜇2

(
𝛾𝑛̄1
𝜇2

− 1
)
𝑛2 (𝑡) + 𝜇3

(
𝛿𝑛̄1
𝜇3

− 1
)
𝑛3 (𝑡)
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Since 𝛾/𝛿 < 𝜇2/𝜇3, also 𝛾/𝜇2 < 𝛿/𝜇3, and we obtain

¤𝑉 (𝑡) ≤ 𝜇2

(
𝛿𝑛̄1
𝜇3

− 1
)
𝑛2 (𝑡) + 𝜇3

(
𝛿𝑛̄1
𝜇3

− 1
)
𝑛3 (𝑡). (1.19)

From condition (1.19), it follows that ¤𝑉 (𝑡) < 0 whenever
𝛿𝑛̄1
𝜇3

< 1. Therefore,
¤𝑉 is negative definite along the trajectories of the solution to our system (1.2).
Furthermore, it follows from (1.19), that

¤𝑉
(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
= 0, if and only if 𝑛2 (𝑡) = 𝑛3 (𝑡) = 0,

Substituting 𝑛2 (𝑡) = 𝑛3 (𝑡) = 0 into our system (1.2), we get the linear differential
equation

¤𝑛1 (𝑡) = Λ − 𝜇1𝑛1 (𝑡).

Since 𝑛1 (𝑡) ≤ Λ/𝜇1, we conclude that 𝑛1 (𝑡) is an increasing function. Solving
the above differential equation, we obtain its solution in the form

𝑛1 (𝑡) = 𝑒−𝜇1𝑡

(
𝑛1 (0) −

Λ

𝜇1

)
+ Λ

𝜇1

so that
lim

𝑡→+∞
𝑛1 (𝑡) =

Λ

𝜇1
.

Therefore,
¤𝑉
(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
= 0, if and only if

(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
= 𝐸0.

Thus, 𝑉 is a Lyapunov function, and the largest compact invariant set in{(
𝑛1 (𝑡), 𝑛2 (𝑡), 𝑛3 (𝑡)

)
∈ D : ¤𝑉 = 0

}
is the singleton {𝐸0}, since every solution of (1.2) in D converges towards 𝐸0
as 𝑡 → ∞. Therefore, 𝐸0 is the unique acummulation point of the trajectories
of the solution to our system (1.2), and by LaSalle’s invariance principle16, the

equilibrium point 𝐸0 is globally asymptotically stable whenever
𝛿Λ

𝜇1𝜇3
< 1.

1.5 NUMERICAL RESULTS
In this section, we perform some numerical simulations in view of investigating
both the impact of the time delay in the behaviour of the solution and the
asymptotic trend of the equilibria determined in the previous sections. To this
end, we determine the solution to both systems with and without delay, namely
systems (1.2) and (1.1), respectively, and compare the corresponding results. We
have integrated the ODE systems (1.1) and (1.2) using the ode45 solver of the
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computing software Matlab, see17. The results will be interpreted in light with
the theoretical results of Sections 1.3 and 1.4.
We assume the following initial data(

𝑛0
1, 𝑛

0
2, 𝑛

0
3
)
= (0.2, 0.2, 0.2)

and two different time delays, namely 𝜏 ∈ {0.4, 0.8}. Concerning the input data,
we assume the values for the parameters specified in the following two study
cases.

Case 1. Convergence of the solution to the equilibrium state 𝐸0. We consider

Λ = 0.119, 𝛼 = 0.21, 𝛽 = 2, 𝛾 = 0.01, 𝜌 = 0.025, 𝛿 = 3, 𝜇1 = 0.5, 𝜇2 = 0.5, 𝜇3 = 0.75.

In this case, we have
𝐸0 = (0.238, 0, 0)

and
Λ𝛾 − 𝜇1𝜇2 = −0.24881 < 0, Λ𝛿 − 𝜇1𝜇3 = −0.018 < 0.

According to Theorem 1.3.2, the equilibrium state 𝐸0 is locally asymptotically
stable for any delay 𝜏 ≥ 0 and the solutions of systems (1.1) and (1.2) converge
to 𝐸0.

The results of our simulatons are shown in Figure 1.1. We can see that the
effects of the delay are visible in the evolution of 𝑛1 and 𝑛3 whereas they are not
detectable in the evolution of 𝑛2. This is due to the fact that 𝑛1 and 𝑛3 depend
directly on the delay 𝜏 and 𝑛2 does not.

Case 2. Convergence of the solution to the equilibrium state 𝐸1. We consider

Λ = 0.1, 𝛼 = 0.21, 𝛽 = 0.3, 𝛾 = 0.21, 𝜌 = 0.025, 𝛿 = 0.35, 𝜇1 = 0.1, 𝜇2 = 0.2, 𝜇3 = 0.21.

In this case, we have
𝜇3
𝛿

= 0.6,
Λ𝛿 − 𝜇1𝜇3

𝛽𝜇3
= 0.222

and the equilibrium state 𝐸1 is given by

𝐸1 = (0.6, 0, 0.222) .
Moreover, we have

Λ𝛿 − 2𝜇1𝜇3 = −0.07 < 0, Λ − 𝛽𝜇3

𝜌𝛿2 (𝛾𝜇3 − 𝛿𝜇2) +
𝜇1𝜇3
𝛿

= 5.37 > 0.

According to Theorem 1.3.3, the equilibrium state 𝐸1 is locally asymptotically
stable in both models with and without delay, and the solutions of systems (1.1)
and (1.2) aproach to 𝐸1. The results are shown in Figure 1.2. Again, the effects
of the delay are visible in the evolution of 𝑛1 and 𝑛3 whereas they are almost
undetectable in the evolution of 𝑛2.
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FIGURE 1.1 Solution to system (1.1) without delay (full line) and to system (1.2) with delay
𝜏 = 0.4 (D-dashed line), and 𝜏 = 0.8 (D1-dotted line). Dynamics of populations 𝑛1, 𝑛2 and 𝑛3
showing the asymptotic trend to equilibrium 𝐸0.
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FIGURE 1.2 Solution to system (1.1) without delay (full line) and to system (1.2) with delay
𝜏 = 0.4 (D-dashed line) and 𝜏 = 0.8 (D1-dotted line). Dynamics of populations 𝑛1, 𝑛2 and 𝑛3
showing the asymptotic trend to equilibrium 𝐸1.
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1.6 SUMMARY AND PERSPECTIVES

In this work, we consider an existing macroscopic model for autoimmune dis-
eases and introduce a discrete time delay in the dynamics. We determine the
equilibrium states of the new model and study their local stability. Then we also
investigate the global stability of a biologically meaningful disease-free equilib-
rium state. We perform some numerical simulations in order to estimate how
the solution is influenced by the delay.

Even if the new model introduces the delay only in the terms describing the
interactions between SAPCs and ISCs, the simulations show that the solution
is affected by the delay confirming the importance of studying the time-delayed
generalization model.

Therefore, the delayed model proposed in this work provides a rather compre-
hensive explanation for the active immune regulation that can have a long time
effect in controlling the development of autoimmunity. In particular, the delay
describes the cumulative duration of the viral attachment and the interaction
between the ISCs and SAPCs.

The work developed in this article did not exhausted the subject here initiated,
in the sense that the stability of the unique equilibrium state of co-existence of
all populations cells was not studied and the global stability had been studied
only for a disease-free equilibrium state. These challenging problems will be
considered in a future work.

Another problem that we plan to address is the development and analysis
of an extended version of the model considered here, possibly with more than
one time delay. We plan to consider a different time delay for the interactions
involving SRTCs. In this case, the delay can describe the lag that the self-reactive
T cells take to activate their memory. More specifically, there are two types of
self-reactive T cells, namely naïve cells and cells with memory. An important
characteristic of the naïve self-reactive T cells response is the formation of
immunological memory after initial antigen exposure that helps the immune
system learn with experience. After the initial interaction, naïve T cells undergo
clonal expansion to become activated T cells with memory. See more details
in18. However, according to19 and references therein, memory T cells show a
delayed recruitment to the infected site. The new idea is to consider this time
delay in our system and investigate its effects on the local and global behaviour
of the solution.
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