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Abstract. We study the relations between maximal functions in a Toeplitz
kernel and those in a subkernel of the same Toeplitz operator, as well as
the question of how multipliers between Toeplitz kernels act on subker-
nels. We use those relations to obtain model space representations, in
particular isometric model space representations and Hayashi’s represen-
tation, for some important classes of Toeplitz kernels.
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1. Introduction

Let g € L*(T) =: L*°, where T is the unit circle. We denote by T, the
Toeplitz operator with symbol g, defined on the Hardy space of the unit disk,
H? := H*(D), identified as usual with a subspace of L*(T) =: L?, by

T,f=Ptgf , feH: (1.1)

where P* denotes the orthogonal projection from L? onto Hﬁ We assume
throughout the paper that g # 0. Kernels of Toeplitz operators, also called
Toeplitz kernels, have attracted a great interest, as they have fascinating prop-
erties, appear in numerous applications, and include important classes of an-
alytic functions in the disk, such as model spaces.

Multipliers between Toeplitz kernels play an important role in under-
standing the structure of these spaces and in describing them. In [8] Crofoot
characterised the multipliers from a model space onto another, describing in
particular the isometric surjective multipliers between model spaces (see also
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[16]). The more general question of characterising the multipliers from one
model space into another was studied by Fricain, Hartmann and Ross in [10],
see also [11], and, motivated by their work, Camara and Partington charac-
terised in [6] the multipliers between two Toeplitz kernels in general.

Multipliers from a model space onto a Toeplitz kernel, allowing to de-
scribe the latter in the form

kerTy, =wKy , with 6 inner, (1.2)

are particularly important. The equality (1.2) is called a model space repre-
sentation of ker Ty; if multiplication by w is an isometry from Ky onto ker Ty,
(1.2) is called an isometric model space representation [1]. Such a representa-
tion always exists. Indeed Hayashi showed, in [13], that the kernel of a Toeplitz
operator, if non-trivial, can be written as

ker Ty = uK . (1.3)

where w is outer, -y is inner and » multiplies the model space isometrically onto
ker T,;. Hayashi’s representation (1.3) is unique up to a unimodular constant.

The study of multipliers between Toeplitz kernels brings to light a strong
connection between several distinct topics, such as Carleson measures, Smirnov
spaces and maximal functions. The latter were introduced in [5]. They are
elements of a Toeplitz kernel which cannot belong to any “smaller” Toeplitz
kernel, i.e., functions f* € ker T}, such that, for any h € L>,

M ekerT), = ker Ty C kerT}, . (1.4)
We say that ker T}, is the minimal Toeplitz kernel for f and we write
ker Ty = Komin (M) . (1.5)

It was shown in [5] that in every non-trivial Toeplitz kernel there is a maximal
function, which uniquely defines that kernel, and, conversely, for every f € Hi
there exists a minimal Toeplitz kernel to which f belongs.

If A is a Toeplitz kernel and A C kerT,, we say that A is a subkernel
of Ty. In this paper we study the relations between maximal functions in
a Toeplitz kernel and maximal functions in subkernels of the same Toeplitz
operator, and how multipliers between two Toeplitz kernels act on subkernels.
A crucial role is played by inner-outer factorisation of maximal functions and
related factorisations of inner functions. We use those relations to obtain model
space representations, in particular isometric model space representations and
Hayashi’s representation, for some important classes of Toeplitz kernels, with
an emphasis on Toeplitz kernels contained in model spaces.

2. Toeplitz Subkernels

The question when is a Toeplitz kernel contained in another Toeplitz kernel
can be reduced to the question of characterising the multipliers between two
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Toeplitz kernels. Note that, while multipliers from one model space into an-
other must be in Hi [10], multipliers between general Toeplitz kernels do not
necessarily satisfy that condition; they must however belong to the Smirnov
class N [6]. They are characterised in Theorem 2.1 below. Let ker T, # {0}.
We say that w € C(ker T,) whenever |w|?dm is a Carleson measure for ker T},
that is, wker T, C L2,

Theorem 2.1. ([6, Theorem 2.5]). Let w € N*. Then the following are equiv-
alent:
(i) wkerTy C ker Ty;
(ii) w € C(ker T,) and wh/g € N'+;
(i) w € C(kerT,) and for some (and hence every) mazimal function f;VI in
ker Ty, we have wféw € ker T},.

For w = 1, this provides necessary and sufficient conditions for a Toeplitz
kernel to be included in another Toeplitz kernel.

Corollary 2.2. ([6, Proposition 2.16]). kerT, C ker T <= G/g e NT <
there exists a maximal function fé\/l in ker T, such that féw € ker Tg.

Corollary 2.3. ([6]). kerT, C kerTy <= kerTy = kerTg, for some inner
function a <= g = GaO;1/0y with O1,02 € H* outer.

In this paper we will be particularly interested in Toeplitz kernels con-
tained in model spaces. A natural question regarding subkernels thus arises:
which Toeplitz kernels contain some model space and, vice-versa, which
Toeplitz kernels are contained in some model space? We have the following.

Proposition 2.4. ([6]). Let 6 be a non-constant inner function.

(1) If Ko C ker Ty, then ker T, is a model space.
(i) If kerT, C Ky, then kerT, = kerTy,, for some inner function «; if
lg| =1 then g = Oa for some inner function c.

It follows from Proposition 2.4(ii) that not all Toeplitz kernels can be
contained in a model space. Indeed, to every Toeplitz kernel one can associate
a unimodular symbol (see (3.1)). If ker T, C Ky with |g| = 1, then we must
have that g = « for some inner function « and this may not be possible, as
for instance if g = 2%/2 (ker T, = span{(1 + 2)'/?}). In particular, there are
finite dimensional Toeplitz kernels that are not contained in any model space.

We can however, characterise some classes of Toeplitz operators whose
kernels are contained in model spaces. This is the case of Toeplitz opera-
tors with symbol in H>® (whose kernels are themselves model spaces) and all
Toeplitz operators with rational symbols, as we show next.

Proposition 2.5. Let R denote the space of all rational functions without poles
on T and let g € R. Then ker T, C Kq for some inner function 6.
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Proof. First note that, if g has nt zeroes on T (counting multiplicities), we
can write

ker T, = ker ngw (2.1)

where P and @ are relatively prime polynomials without zeroes on T by [7,
Corollary 6.3]. Let us write

P=P P , Q=QQ,, (2.2)

where P_, Q) _ only have zeroes in D and P,, @4 only have zeroes in the exterior
of D, denoted D_. Let

n=deg@_ —degP_; (2.3)
thus,
P P Py
"= —=z" | T 2.4
=) o 24
——— —~—
€gH= €GH™

where we denote by GA the group of invertible elements in a unital algebra A.
If ny —n >0, then ker T, = kerTan]T = {0}; if np —n < 0, then

ker Ty = ker T%ZW = ker Tgiznvn = %:Kzn—n'ﬂ- # {0}. (2.5)
+

Now, P, and Q. are products of factors of the form z — 1/\, with A € D, and

1 1 1-X - A
Z2—==-—-= £z z, (2.6)
A A Z2=A z
—— —~—

By €GH®

where we denote by B, the Blaschke factor
z—A

By = T, (2.7)

Thus, there are finite Blaschke products By and By such that
P, =DBz"™h; , hi€GH™, (2.8)
Qy = B22™hy , hy € GH™ , (2.9)

where nq and ny are the number of zeroes of Py and Q4 (in D_), respectively.
Therefore

kerTy =kerTr, , ., =kerTgp v, (2.10)
Q+Z
with
N=nr—n+n;y —nyg. (2.11)
If N >0, then ker T, C ker T'g- = Kp,; if N <0, then ker T, C ker T'gn| =
KBlz\N\. D
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Remark 2.6. 1t is easy to see that a function f € Hi belongs to some model
space if and only if f is of bounded type, i.e., f = f1/f2 with f1, fo € H*> [15].
Rational functions are of bounded type, hence each rational function in Hi
belongs to a model space. Proposition 2.5 states that, when g € R, there exists
a model space to which all functions in ker 7, which are rational functions,
belong.

The model spaces in the last paragraph of the proof of Proposition 2.5
are in fact minimal, as a consequence of the following propositions. We say
that Ky is the minimal model space containing kerT, if ker T, C Ky and for
any inner function 3 such that ker Ty C K3, we have Ky C Kg.

Proposition 2.7. Let |g| = 1, ker T, # {0}. Then the following are equivalent:
(i) There exists a minimal model space containing ker Tg;
(ii) g = Oa with 0, « inner and such that ged(0, ) = 1.

In that case, Kg is the minimal model space containing ker Ty.

Proof. If (ii) holds then ker Ty, C Ky and, if kerT, C K3 for any other inner
function 3, then, by Proposition 2.4(ii)
g=0a=py (2.12)
for some inner function v, so that 6y = «f. Since ged(6, o) = 1, it follows that
0= p,ie 03 € H*®, and Ky C K.
Conversely, if (i) holds, let Ky be the minimal model space containing
ker T;. Then, for any inner function g,
kerTgCKg — KgCKg . (2.13)

Since g = fa for some inner function «, if ged(f,o) = 6 ¢ C, then ker T, =
ker Tgs)(a5) and kerT, C Ky5 C Ko, contradicting (2.13), so we must have
ged(6, ) = 1. O
Proposition 2.8. If {0} # kerT, C Kg for some inner function 3, then there
exists a minimal model space Ko containing ker Ty. If g = By with v inner,
then Ky = K g5 where § = ged(3,7).

Proof. If ker T, C Kz then g = By = (30)(v6) where ged(88,70) = 1. O

Corollary 2.9. Let g € R, with ny zeroes on T (counting multiplicities) and let
n > nt, where n is defined as in (2.3). Let moreover By and N be defined as
in (2.8) and (2.11), respectively. Then,

(i) if N >0, Kp, is the minimal model space containing ker Ty ;
(ii) if N <0, Kp, i~ is the minimal model space containing ker Ty,.

Proof. By construction, B; and By do not have common zeroes and neither
Bi or By vanish at 0, so, if N > 0, we have

ker Ty = ker Ty, .~y with ged(By, Byz™) = 1 (2.14)
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and, if N <0,

ker T, = ker T vy, with ged(BizVl, By) = 1. (2.15)
O

We illustrate this result in the following example.

Ezxample 2.10. We have K = kerT___ . C K,sp,. To verify this inclu-
2

22(z—3)(2—4)

sion, let ¢ € K, i.e., ¢, € H? and
z—2

- ¢, =¢_cH>* (H>:=L*cH?). 2.16
Z2(2_3)(2_4)¢+ ¢ — ( - © +) ( )
Then
1-121 1(z=3)(z—4) z—2
2 2
— ¢ = —= ( qS)eH. (2.17)
z—1 28 * 2 2(z—13) 2(z—3)(z—4) "
€H> ¢_€H?
So indeed ¢4 € kerTisgy = K.sp,. We have that K.sp, is the minimal
2 2 2

model space containing K.

3. Maximal Functions in Subkernels

We now consider the relations between maximal functions in a Toeplitz kernel
and in a subkernel of the same Toeplitz operator.

In every nontrivial Toeplitz kernel ker T;; one can find a maximal function
M (which is not unique) such that kerT, = Kpin(fM). If fM = 10 is
an inner-outer factorisation of that maximal function, with I inner and O €
H_2~_ outer (a notation that we will keep throughout the paper), then we can
associate a unimodular symbol to ker T, [5]:

ker Ty = ker T+ (3.1)

Qldl

Thus every maximal function in a Toeplitz kernel uniquely determines that
kernel. Maximal functions are characterised by the following necessary and
sufficient condition.

Proposition 3.1. ([6, Theorem 2.2]). fM € H? is a mazimal function in ker T,
if and only if, for some O € Hi outer, we have

gfM =z0 . (3.2)

We can express this result in terms of a conjugation [12], if |g| = 1. Then
one can define a natural conjugation on ker T, [9]

Csf =gzf , for fekerTy, (3.3)

and the necessary and sufficient condition (3.2) can be reformulated as follows.
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Proposition 3.2. ([1, Theorem 4.1]). If |g| = 1, then fM € H? is a mazimal
function in ker Ty if and only if Cgf™ is outer in Hi

Moreover, we have the following.

Proposition 3.3. ([1, Proposition 4.3]). Let |g| = 1. If fM is a mazimal func-
tion in ker Ty, then C5f™ is the outer factor in an inner-outer factorisation

of fM.

In particular, if ¢ = 6, where 6 is an inner function, and for any A € D,
denoting

= LZ _99) and K¢ = L - _9%)0 = Coks, (3.4)
we have that l;:f\ is a maximal function in Ky and
- L0
K = k—g kS (3.5)
A

is an inner-outer factorisation of l;f\, with Iéf\ / k?\ inner and k§ € GH® outer.
We now study the question of how to obtain maximal functions in a
subkernel of Ty, given a maximal function in ker Tj.
The following is a generalisation of Theorem 6.9 in [4].

Proposition 3.4. Let u € H>®\{0} and let fM be a mazimal function in
ker Tgy. Then ufM is a mazimal function in ker Tg.

Proof. By Proposition 3.1, Guf™ = zO with O € H? outer, so G(uf") =z0
and uf™ is a maximal function in ker T¢. O

Corollary 3.5. ([4]). Let {0} # ker T, C ker Tz, with ker T, = ker Tz, where o
is inner. If fM is a mazimal function in ker T, then FM = o f™ is a mazimal
function in ker Tg;. Conversely, if FM € aHi is a mazimal function in ker T,
then fM =aFM js a mazimal function in ker Ty =kerTgq.

It follows from Corollary 3.5 that the question of finding maximal func-
tions in a subkernel of T¢, ker Tz, is equivalent to finding maximal functions
in ker T whose inner factor can be divided by a.

Note that, if ker Tg, # {0}, then there exists a maximal function FM
in ker T, with inner-outer factorisation F™ = IO, where the inner factor I
is such that ker T 7 # {0} (cf. Corollary 3.5). We will focus here on the case
where a = B is a finite Blaschke product, with dim Kg = N > 1. Then

ker T 7& {O} <= dimkerTg > N (36)

[4] and there exists a maximal function in ker T¢, as above, with inner-outer
factorisation
FM =10 | where dim K; > N. (3.7)

This is an important case which is related, for instance, with the interpo-
lation problem of describing the subspace of all functions in ker Tz that have
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zeroes of a prescribed order at certain points (which is of the form Bker Tgp
where B is a finite Blaschke product), with invariance properties regarding
multiplication operators and orthogonal decompositions of Toeplitz kernels
[3], and with kernels of asymmetric truncated Toeplitz operators [7].

We start by considering the case where N = 1.

Proposition 3.6. Let dimker T > 1. If FM is a mazimal function in ker Tg,
with inner-outer factorisation FM = IO, where I is a non-constant inner
function and O is outer, then

FM = (z = MELO = B\EL(1 = X2)0 (3.8)
is a mazimal function in ker T, for any A € D .

Proof. Assume that |G| = 1. Since F™ = IO is a maximal function in ker T,
we have that Cz(10) = cO for some constant ¢ with |¢| = 1, so

Cal(z — MELO) = C5[(I = T(V)O] = O — T(A\)eIO = (1 — T\ I)eO  (3.9)

where the right-hand side represents an outer function. Thus F{¥ is maximal
in ker Tz by Proposition 3.2. g

Corollary 3.7. With the same assumptions as in Proposition 3.0,

M =k1-X)0 (3.10)
is a mazimal function in ker Tgp,. For A =0, we have that
FM = (I - 1(0))0 = zk}O (3.11)
is a mazimal function in ker T vanishing at 0 and
M =klo (3.12)

18 a maximal function in ker Tqy,.

The family of maximal functions (3.8) can be extended by taking an
alternative approach, based on a factorisation of the inner factor of F™ , which
will allow us to define maximal functions whose inner factor is divisible by a
finite Blaschke product.

Any non-constant inner function « can be factorised as

ko k(1= 2)

O‘:B)\%i ) A,/LGD, (313)
ki ka(1—2z2)
where _
= k/ﬁ 3 14)
a1 = kig ( .

is an inner function (more precisely, «; is the inner factor of l%:f) and k(1 —
Az) € GH™; (3.13) is called a modified mazimal function factorisation of o

[1].
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If FM = JO is the inner-outer factorisation of a maximal function F'M
in ker Tz and « is a non-constant inner function such that o < I, then we can
write, for any A1, u; € D,

kerTg =kerT -5 = ker T+~

50 I\ ~0 P E (1—A1%) —
zZI g Z(g)as (L) Br ke Fa, (1 219 5
1 kg, (1=212) o

=k (1—Az) ker T

Z(5)Bx a1

(3.15)

Qlol

Since, by (3.1), £By,010 is a maximal function in the kernel on the
right-hand side of (3.15), it follows from [6, Theorem 3.2] that

— I I-
M « «
FM = ki, (1= N2) =By a1 0 = By, ~ ki, (1= X2)0 (3.16)

is a maximal function in ker T vanishing at A;. Note that, for « = I and
11 = A1, we recover (3.8).
We have thus shown the following.

Proposition 3.8. If FM = IO is a mazimal function in kerTg and o = I,
where « is a non-constant inner function, then (3.16) is a mazimal function
in ker T, for any pu1, A\ €D, and

—k% (1 -X12)0 (3.17)
is a mazimal function in ker Tgp, | .

Let now I = « in (3.16) and define
i

Il M1 01 _ kI

= I (1-X2)0 (3.18)
M1

so that we have the inner-outer factorisation
FM =By, 1O . (3.19)
If dim K7 > 2, by Lemma 3.10 below, we have that dim K7, > 1 and so,

applying Proposition 3.8 with a = I, é = B,, and O replaced by Oy, we get
from (3.19) that, for any ps, Ao € D,

- B
FM = By, By, k’;f kL (1= X22)01 = By, B, 150, (3.20)
N————
"2 o
Iz

is a maximal function in ker Tz whose inner factor is divisible by By, B, .
By repeating this reasoning, and taking Lemma 3.10 into account, we get
the following.

Theorem 3.9. Let dimkerTg > N and B = By, By, -+ Bay, with A\; € D for
j=1,2,...,N.
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If FM = JO is the inner-outer factorisation of a maximal function FM
in ker T, with dim K > N, then, for Iy and Oy defined by

Ip=1 , Op=0, (3.21)
~In71
n Ly N
I, = k;ﬂ , Op =k (1= 202)On (3.22)
A

n

for 1 <n < N, we have that
F) = BINOy (3.23)
s also a mazimal function in ker T and
f3' = 1InOx (3.24)

s a mazximal function in ker Tgp.

Lemma 3.10. Let I be an inner function with dim K; > N and let I, be de-
fined, for 1 <n < N, by (3.21)-(3.22). Then

dim K, , > 1. (3.25)

Proof. For any inner function I with dimK; > N and any p € D, l;;i is a
- 7.1

maximal function in K; with inner-outer factorisation k{t = ’;—‘;kﬁ =1 1k£. So,
I

by (3.1), K =kerT ;7 = k[ ker Top,. Tt follows that dim K7, > N — 1. By

=z, -
z
1kIL

F
repeating this argument we obtain the result. O

Remark 3.11. Theorem 3.9 can also be used to obtain a maximal function in
ker Tz, where « is not a finite Blaschke product, but is related to I by

I=ayB (3.26)

where 7 is an inner function dividing I and B is a finite Blaschke product.
Then ker T = ker Typ with g = GI¥ and, if FA' = IO is the inner-outer
factorisation of a maximal function in ker T, then, by Proposition 3.2, F, gM =
~O is a maximal function in ker Ty, to which we can apply Proposition 3.4 in
order to obtain a maximal function in ker T,

Ezxample 3.12. We illustrate the results of Theorem 3.9 in the case where
kerTg = Kp, with 6 inner (non-constant). We have that, for any A € D,
kY is a maximal function in Ky, with inner-outer factorisation given by (3.5).
So, since dim Ky > 1, by Proposition 3.6, a maximal function in Ky vanishing
at a given point A\; € D is

I
FY = By (1= TOODDK, = (I = IR
A1
1 - -
= 0w (X (A)RS = B (A)AS] (3.27)
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where
kS
I1=—=. 3.28
2 (3.25)
A maximal function in ker Tgp, is thus
1
AL = RS )RS = B (A)RS] Ba, - (3.20)
In particular, a maximal function in ker 7%, is
fo! = kg (0)kg — kg (0)kg] = . (3.30)

Assuming that dim Ky > N, a maximal function in Ky with a zero of
order at least N at the point 0 is, by (3.23),

FMo = N IykQklo gy (3.31)
where I, , forn=1,..., N, is defined by
];6 Z:In—l
Iy=2 | [,=-"9_. (3.32)
kg k_én—l

therefore, z F2 is a maximal function in ker Tj_ .

4. Multipliers on Subkernels

We now study the question of how multipliers between two Toeplitz kernels act
on subkernels and, in particular, whether they map subkernels onto subkernels.

If kerTy, C kerTg and w is a multiplier from kerTg into kerTy, i.e.,
wkerTg C ker Ty, then we have that wker T; C ker Ty, but w ker T, may not
be a subkernel of Ty. As a concrete example, if a and 6 are inner functions,
a multiplies Ky into Ky,, but aKjy is not a Toeplitz kernel [5,7]. However, as
we show next, the situation is different if w multiplies ker Tz onto ker Ty .

We have the following characterisation of multipliers from one Toeplitz
kernel onto another. Note that such multipliers must belong to the Smirnov
class N, along with their inverses [6].

Theorem 4.1. ([6]). Let wr' € N'*. Then the following are equivalent:
(1) wkerTy =ker Ty;
(ii) w € C(kerT,), w™' € C(ker T},) and % = %%; with O1,05 € HZ, outer;
(iii) w € C(kerT,), w™! € C(ker T},) and, for some (and hence every) mazimal
function ng in ker Ty, we have that wng 18 a mazimal function in ker T},.

Moreover,

ker T, = wkerTy = kerT, =kerT = . (4.1)

w

For w = 1, we obtain from Theorem 4.1 necessary and sufficient condi-
tions for two Toeplitz operators to have the same kernel.
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Ql

Corollary 4.2. ([6, Corollary 2.19]) kerT, = kerT}, <= % =
01,04 € Hf_ outer.

If g € GL™ then ker T, = kerl}, <= h = gO with O € H*®, outer. In
particular, if |g| = |h| =1, then

ker Ty =kerT), <= h=\g with A € C,|\| = 1. (4.2)

L for some

e

It follows from Theorem 4.1, Corollary 4.2 and (4.1) that the question
when is wkerT, a Toeplitz kernel, assuming w*l € N7, is reduced to the
question when is ker Tg:uz = w ker T};. For subkernels of a Toeplitz operator, we
have the following.

Proposition 4.3. Let {0} # kerT, C kerTg and suppose that wkerTg =
kerTy. Then wker Ty is a subkernel of Ty and we have

wkerTy = ker Tyw . (4.3)

Proof. From the assumptions and Theorem 4.1 we have that w*! € Nt and
wker T, C wker Tz C L% On the other hand, ker Ty = ker T;=, by (4.1), and

ker Ty = ker T, for some inner function « by Corollary 2.3, so

wlker Tyw = w ™ ker Tgao Cw ' ker Tgw = w™ ' ker Ty C L?. (4.4)

Moreover, if f;‘/f is a maximal function in ker T}, then o ng is a maximal func-
tion in ker T, by Corollary 3.5, so wozféM is a maximal function in ker Ty,
by Theorem 4.1(iii). Applying Corollary 3.5 again, w fM is a maximal func-
tion in ker Ty = ker T,z = kerT w. It follows from Theorem 4.1(iii) that

w Iw

wker T, —kerTw. O

9w

Thus we see that a multiplier from a Toeplitz kernel onto another Toeplitz
kernel maps, by multiplication, a subkernel of the first Toeplitz operator onto
a subkernel of the second Toeplitz operator.

A simple but important consequence is the following. Recall that

ker T, C kerT; <= ker T, = ker Tgz, for some inner function o.  (4.5)

Corollary 4.4. If wker Tg = ker Ty then wker Tg, = ker Ty, for any inner
function a.

Proof. Since kerTg, C kerTq, by (4.3) and Proposition 4.3 we have that
wkerTga = ker Ty, =. Since ker Ty = ker Tgw it follows from Corollary 4.2
that H = G“’& Where 01,09 € H are outer, and therefore ker Ty, =
kerT = ker TGa v = wker Tig,. 0

w 01
QEF

Corollary 4.4 generalises a result by Crofoot on model spaces ([8, Corol-
lary 19]).
We also have:
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Theorem 4.5. ([8, Theorem 10]) Given any model space Ky, there exists an

isometric multiplier m from Ko, onto Kg,, where 02 is an inner function, if
and only if

6, = 6 —p

1-— p91

(up to a unimodular constant) and in that case

1= 12
m=mi = viz P (4.7)

p 1—p91

with p € C,|p| = 1, (4.6)

(up to a unimodular constant).

In particular, we have that Hayashi’s representation of a model space Ky
is

1-06(0)0 kg
Ky = Ky, = K i (4.8)
V1I-16(0)]2 VI=1000)2 " =3k
with -
9 — 6(0) kg
= —_—= 4.9
U0 900 Tk (4.9)

The question of obtaining a representation of the form (1.2) for a Toeplitz
kernel is closely related with that of determining maximal functions in ker T¢.
Indeed, by Theorem 4.1, there is a strong connection between multipliers from
one Toeplitz kernel onto another and maximal functions in those kernels.

Multipliers from a model space onto a Toeplitz kernel are often deter-
mined by, or equal to, the outer factor of a maximal function in that kernel.
For instance, if w is a multiplier from a model space Ky onto kerTy, i.e.,
ker Ty, = wKy, and #(0) = 0 (as in (1.3)), then, since 6% is a maximal function
in Ky, by Theorem 4.1 we have that fM = w - (6Z) is a maximal function in
ker Ty, i.e., the multiplier w is the outer factor of M. The following result
gives a necessary and sufficient condition for the outer factor of a maximal
function in a Toeplitz kernel to be a multiplier from a model space onto that
kernel.

Proposition 4.6. ([1]). Let f™ be a mazimal function in ker Ty and let fM =
10 be an inner-outer factorisation. Then ker Ty = OKy, with 0 inner, if and
only if K9 = K, and

O€C(Ky) , O 'ellkerT,). (4.10)
Proof. If § = zI and (4.10) holds, then, since I is a maximal function in
K.r and OI is a maximal function in ker7,, by Theorem 4.1 we have that

ker Ty = OK ;. Conversely, if ker T, = OKp, then (4.10) holds and I must be
a maximal function in Ky, so Ky = K. O

From Proposition 4.6 and Corollary 4.4 we have the following.

Corollary 4.7. ([1, Corollary 3.17]). Let fM = IO be an inner-outer factorisa-
tion of a mawimal function in ker Ty, with O € GH*. Then kerT, = OK,;.
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Corollary 4.8. Let fM = IO be an inner-outer factorisation of a mazximal
function in ker T, where O satisfies (4.10). Then
kerTg, = OKj. (4.11)
Using the relation
1—\z
= AeD 4.12
z A 1_ )z ) c b, ( )

we also have:

Corollary 4.9. With the same assumptions as in Corollary 4.8, we have that,
for any A € D,

kerTg = (1 — \2)OKpg, 1 , (4.13)
and

ker Tgp, = O(1 — A\2)K . (4.14)

Comparing (4.13) and (4.14), one may ask when does a multiplier which
maps a Toeplitz kernel onto a model space, also map a subkernel of the same
Toeplitz operator onto a model space. By Corollary 4.4, if ker T = wKy, with
f inner, then

ker Tgo = wker Ty, (4.15)

for o inner; ker Ty, is a model space if and only if o < 6.

From (4.15) we see that, if ker T = wKjp and « is an inner function that
does not divide #, then the question of obtaining a model space representation
for a subkernel ker T, reduces to obtaining a model space representation for
ker T5,,. This is closely related with determining maximal functions in Ky with
an inner factor that can be divided by «, discussed in Section 3.

5. Toeplitz kernels Contained in Model Spaces

By Proposition 2.4, Toeplitz kernels contained in some model space Ky take the
form ker T3, for some inner function . We focus here, as in Section 3, on the
case where « is a finite Blaschke product, i.e., on model space representations
of Toeplitz kernels of the form ker 7y, where B is a finite Blashcke product.

Theorem 5.1. Let A € D and let 6 be an inner function with dim Ky > 1.
Then, for any p € D,

— 7.0
(i) ker Typ, = (1— A2)kC K, , with 6, = v
- Y
(ii) ker Ty, = mx g Ko, , with 0\ = :—Z, where
A
1 Y 4

VS Tk

is an isometric multiplier from Ko, onto ker Tgp ;
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(iii) Hayashi’s representation of ker Ty is given by

k>
L R— S 5.2
VI=1BOP o2
Proof. (i) From (3.13), for any A, u € D we have that

_ KO\ KO (1L— Az
.- (B]E = o

ker T?B,\ =m0

where kf (1 — Xz) € GH>, so
ker Ty = ki(1—X2)Ky, . (5.4)

(ii) For 4 = A we have that ker Ty, = k(1 —X2)Ky,. Since, by Theorem
4.5, my g is an isometric multiplier from Kp,9, onto Ky and Kp,s, D Kj,,
Ky D kerTpp, , we have that my ¢ is an isometric multiplier from Ky, onto
ker T?B,\ .

(iii) follows from (4.8). O

If dim Ky > 2, then dim Ky, > 1 and we can apply Theorem 5.1 to
ker TTuBkz for any Ao € . We thus get that, for any A1, Ao, p1, 2 € D,

SRV
ker Typ, B,, = (1= A2)k,, ‘kerTy

J— —_ 9“
= (1= X2)(1 = X2k kst - K, ), (5.5)
where
s
(eﬂl)/m = 0., ° (56)
kN2

By repeating this reasoning and choosing p; = A; , j =1,2,..., N, we
have the following.

Theorem 5.2. Let A\1,...,Any €D, N > 1 and let 8 be an inner function with
dim Ky > N. Let moreover B = By, By, --- Bxy be a finite Blaschke product
and

7dn—1
kk

IO =0 ) ITL - ]" ) (5 7)
k=t

O, = (1 - Anz)k‘iﬂrl =1- I'rL—l()‘ )In—l ’ (5 8)

for1<n < N.
Then:

(i) keI‘TgB = Ol . "ONKIN;'
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(i) kerTyp = mKy, where
N
0O;
m= : (5.9)
};[1 L= 1|Lia (A2

is an isometric multiplier from Ky, onto ker T5p;

(iii)

ke
1—[In(0)2
is Hayashi’s representation of ker Ty 5.

kerTgp =m K. (1y), (5.10)

The question of describing the functions w and + in (1.3) for kernels of
the form ker T where B is a finite Blaschke product with simple zeroes was
studied, by a completely different method, in [14]. The simplicity and generality
of the results presented here highlight the importance of considering maximal
functions and appropriate factorisations of inner factors in our approach.

6. Toeplitz kernels with Generalised Frostman Shift Symbols

We now apply the previous results to study a class of Toeplitz kernels that
may be seen as a “perturbation” of a model space, of the form

kerTy_, ., heH™, ||hllo < 1. (6.1)
Factorising the symbol as
0—h=0(1-ho) (6.2)
where 1 — hf) € GH®, we see that ker T;_, can be represented in the form
1
kerT; , = —Kp . .
erilg 1 — 1o 2] (63)

One easily sees from (6.3) that the following properties hold.

Proposition 6.1. ker Ty , # {0} if and only if 6 is non-constant; ker Ty_, is
finite dimensional if and only if 6 is a finite Blaschke product.

Proposition 6.2. kerT;_, = ker TE , where
0T
 1-—ho

On (6.4)

18 a unimodular symbol.

The function 6, is called a generalised Frostman shift of 6 [2]. Recall
that, for any p € C, |p| < 1, one can associate to 6 another inner function, 6,,

defined by
—p
Op = T—p0’ (6.5)
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called a Frostman shift of . Thus Toeplitz kernels of the form (6.1) can also
be seen as a generalisation of model spaces defined by Frostman shifts. Those
Toeplitz kernels are model spaces if and only if h is a constant, h = p € C,
|p| < 1. In that case, by Theorem 4.5, Ky can be isometrically multiplied onto
K@pl

. e _ V1=l
ker Ty, = ker Ty, = Ky, = - Ky (6.6)
v —p

where the isometric multiplier

o _ V1—IpP?
(L (6.7)
p
is a constant multiple of the multiplier in (6.3) for A = p. A natural question
then is to characterise the class of functions h € H*, with ||h|| < 1, such that
a constant multiple of that multiplier, i.e., ﬁ with C € C, is an isometric
multiplier from Ky onto ker 75 -.
By [2, Proposition 5.8], this happens if and only if the truncated Toeplitz
operator

C|?
A? _p(1-1C Vp ik -k 6.8
O LA R L
is the zero operator on Ky . This, in its turn, is equivalent to
C? P 2
1—m69H++19HJr (6.9)
[16]. Now we can write
|C|? 1—1]C]2 —|h)? Oh oh
1— = — 1
T—mop = n—hep im0
——
€O0H? egfi
so (6.9) is reduced to imposing that
1—|CP? = |h?  —
LolCF —Inf 0H? +0H? . (6.11)

11— ho2

We have thus the following necessary and sufficient condition.

Proposition 6.3. ([2]) The multiplier < , where C € C, from Ky onto
ker T~ is an isometric multiplier if and only if (6.11) holds.

We thus get an isometric model space representation for ker 7, with
p € C, |p| <1 and « inner.

Corollary 6.4. If h = pa where p € C, |p| < 1 and « is an inner function, then

ma@ _ vV 17‘17‘2

P = 1—pab

s an isometric multiplier from Ky onto ker T@—pa = ker TGTO'
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Proof. (6.11) obviously holds if 1 — |C|?> — |h|*> = 0, which is equivalent to
|C| < 1 and |h|/+/1 = |C|? = 1. This means that h/4/1 — |C|?> = « is an inner
function, i.e., h = pa with |p| = /1 —|C|? < 1. O

Another approach to obtaining a model space representation of the form
ker T;_,, = wKpg, where w is an isometric multiplier from Kz onto ker T_,,,
consists in using Theorem 4.5 and Proposition 4.3, when ker T;_, is contained
in a model space as follows.

Proposition 6.5. Let h € H™ with ||h||cc < 1. Then kerT;_, is contained in
a model space if and only if

he Ky :={feH> :af ¢ H®} (6.12)
for some inner function «. In that case, defining
fa — ah
= — .1
V=T = o (6.13)
we have that v is an inner function and
kerTy_, = ker T, C K . (6.14)

Proof. The Toeplitz kernels containing ker Ty _; = ker Tp - are those of the form
ker Tj— where a is an inner function (Corollary 2.3). We have that ker Ty~
is a model space if and only if

fpac H® < (0—h)ac H® <= hac H® . (6.15)

In that case, since |0, = 1, we have that v = 6« is an inner function and
(6.14) holds. O

Note that if «, in Proposition 6.5, is a finite Blaschke product, then
we can use the results from Section 4 to obtain an isometric model space
representation for ker Tj_,. For a general inner function, we have the results
that follow.

Proposition 6.6. Let h satisfy (6.12) with ||h||cc < 1, and let v be defined by
(6.13). For any p € C, |p| < 1, define

V1-—|p[? Y—D (6.16)

e = .
R

Then mj) is an isometric multiplier from ker Ty, onto ker Ts .
Proof. (Figure 1) We have that my is an isometric multiplier from K. onto
K., so from (6.14) and Corollary 4.4 we have that

my ker Ty, = m) ker Ty, = ker T, (6.17)
where m} is an isometric multiplier because ker Ty ;, C K, and ker T5,, C
K, . O
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xml,

FIGURE 1. kerTy_, contained in K, and the multiplier m

P
acting on both spaces

Corollary 6.7. With the same assumptions as in Proposition 6.6, if a =< 7y,
then
ker Ty_, = (m)) 'K, ja (6.18)

is an isometric model space representation of kerTy_, .
We have the following conditions for o to divide .

Proposition 6.8. Let p € C, |p| < 1, h € K for some inner function o and
be defined by (6.13). Then a = 7, if and only if

h+pa(l—ho)e H™. (6.19)
Proof. Since 1 — py € GH*, we have that
a=Xv = HpaecH® < (y—paec H™ (6.20)
< f—h—-pa+hapfec H® (6.21)
< h+pa(l—hd)e H>®. (6.22)
O

As a consequence of Proposition 6.8 and Corollary 6.7, we have the fol-
lowing.

Corollary 6.9. If a < 0 and h = C — pa, with C € C and |||l < 1, then
o =y and

ker Ty_, = (m)) 'K, (6.23)
is an isometric model space representation of ker Tg_,.

Proof. We have that ah = Ca — p € H*°, thus h € K2°. Moreover,

h+pa(l —h) = C — Cpha + |p|?0 € H>, (6.24)
therefore, from Proposition 6.8, we have that o < +,, and the result follows
from Corollary 6.7. O
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Remark 6.10. The case where h = pa, considered in Corollary 6.4, is a par-
ticular case where h € K3°. We see that, in that case, v = ff&f; = (fo)p is
a Frostman shift of fa. From Propositions 6.2 and 6.5 and Theorem 4.5, we

have
1= o2
okl i Koo =m)* Koo , (6.25)

1 —pla

keI‘Tg_pa = kEI‘TanOZ (- K’Y = K(@a)p =

where m?

P
mgo‘Kg, with Ky C Kyq, one can also derive the result of Corollary 6.4 from

(6.25).

 is an isometric multiplier from Ky, onto K(gq),. Since ker T, =

Ezxample 6.11. Let 6 be an inner function and consider the affine perturbation
h = a+ bz, with a,b € C such that |a| + |b] < 1, so that ||h||cc < 1. Then, with
o = z, since Zh = aZ + b € H>, we have that h € K3°, and from Proposition
6.5

kerTy_,_,, =kerTs, C K, (6.26)
with v = 0z = 719_2@12[;;’9.
On the one hand, from Theorem 5.1, with
kg 1—7(0
gt o 12Oy (6.27)

kg VI=P(OP’

kerTy_, ., =kerTy, = wKg = (m;)_l Kg , withp=~(0), (6.28)

is an isometric model space representation of ker Tg_,_, ..

On the other hand, z < 7, < 7,(0) =0 < p = 7(0). So, by
Corollary 6.7 with p = +(0),

-1 -1
ker Tg—a—bz = (mZ) K’YPE = (m;) K/B ) (629)
and we obtain the same isometric model space representation of kerTy__, .
. . . . L +1
Ezample 6.12. Consider the singular inner functions ex(z) := exp (k§—1)7

with k > 0. Let 6 = e; and a = ey, for some 0 < k£ < 1, and let h = a+beg, with
a,b € C such that |a| + |b] < 1, so that ||h||cc < 1. Then, ezh = ae; +b € H®,
and by Proposition 6.5, defining

1k — aer — b

v = (e1)nex = (6.30)

1—ae; —beiqs
we have
ker Ter—q—pe, = ker Te, C K, . (6.31)

From Proposition 6.6, (m;)_1 is an isometric multiplier from ker 75, onto
ker T q—be,,, for any p € C, |p| < 1. And from Proposition 6.8, we have that
er =X Yp, i.e. ker T, is a model space, if and only if
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h+pa(l—hf) e H® < a+beg + 7 k(1 —aey —bepy1) € H®  (6.32)

— (b+p)er € H™ (6.33)
<= p=-b. (6.34)
Thus, choosing p = —b, from Corollary 6.7, we have that
-1
ker Ter—a—be), = (mzb) Ky & (6.35)
is a model space representation of ker Ter__pe, , Where
_ y+b_ e1—g ) a + abeq_j
= = th g= ———F"-—° 6.36
(S pruevi il w - A g (6.36)
and 1+b 1-3
v -1 +0y 5 —gel
m =—=/1- |7 . 6.37
() = e = VI )
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