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Abstract. We study the relations between maximal functions in a Toeplitz
kernel and those in a subkernel of the same Toeplitz operator, as well as
the question of how multipliers between Toeplitz kernels act on subker-
nels. We use those relations to obtain model space representations, in
particular isometric model space representations and Hayashi’s represen-
tation, for some important classes of Toeplitz kernels.
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1. Introduction

Let g ∈ L∞(T) =: L∞, where T is the unit circle. We denote by Tg the
Toeplitz operator with symbol g, defined on the Hardy space of the unit disk,
H2

+ := H2(D), identified as usual with a subspace of L2(T) =: L2, by

Tgf = P+gf , f ∈ H2
+ (1.1)

where P+ denotes the orthogonal projection from L2 onto H2
+. We assume

throughout the paper that g �= 0. Kernels of Toeplitz operators, also called
Toeplitz kernels, have attracted a great interest, as they have fascinating prop-
erties, appear in numerous applications, and include important classes of an-
alytic functions in the disk, such as model spaces.

Multipliers between Toeplitz kernels play an important role in under-
standing the structure of these spaces and in describing them. In [8] Crofoot
characterised the multipliers from a model space onto another, describing in
particular the isometric surjective multipliers between model spaces (see also
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[16]). The more general question of characterising the multipliers from one
model space into another was studied by Fricain, Hartmann and Ross in [10],
see also [11], and, motivated by their work, Câmara and Partington charac-
terised in [6] the multipliers between two Toeplitz kernels in general.

Multipliers from a model space onto a Toeplitz kernel, allowing to de-
scribe the latter in the form

ker Tg = wKθ , with θ inner, (1.2)

are particularly important. The equality (1.2) is called a model space repre-
sentation of ker Tg; if multiplication by w is an isometry from Kθ onto ker Tg,
(1.2) is called an isometric model space representation [1]. Such a representa-
tion always exists. Indeed Hayashi showed, in [13], that the kernel of a Toeplitz
operator, if non-trivial, can be written as

ker Tg = uKzγ (1.3)

where u is outer, γ is inner and u multiplies the model space isometrically onto
ker Tg. Hayashi’s representation (1.3) is unique up to a unimodular constant.

The study of multipliers between Toeplitz kernels brings to light a strong
connection between several distinct topics, such as Carleson measures, Smirnov
spaces and maximal functions. The latter were introduced in [5]. They are
elements of a Toeplitz kernel which cannot belong to any “smaller” Toeplitz
kernel, i.e., functions fM ∈ ker Tg such that, for any h ∈ L∞,

fM ∈ ker Th =⇒ ker Tg ⊂ ker Th . (1.4)

We say that ker Tg is the minimal Toeplitz kernel for fM and we write

ker Tg = Kmin(fM ) . (1.5)

It was shown in [5] that in every non-trivial Toeplitz kernel there is a maximal
function, which uniquely defines that kernel, and, conversely, for every f ∈ H2

+

there exists a minimal Toeplitz kernel to which f belongs.
If A is a Toeplitz kernel and A ⊂ ker Tg, we say that A is a subkernel

of Tg. In this paper we study the relations between maximal functions in
a Toeplitz kernel and maximal functions in subkernels of the same Toeplitz
operator, and how multipliers between two Toeplitz kernels act on subkernels.
A crucial role is played by inner-outer factorisation of maximal functions and
related factorisations of inner functions. We use those relations to obtain model
space representations, in particular isometric model space representations and
Hayashi’s representation, for some important classes of Toeplitz kernels, with
an emphasis on Toeplitz kernels contained in model spaces.

2. Toeplitz Subkernels

The question when is a Toeplitz kernel contained in another Toeplitz kernel
can be reduced to the question of characterising the multipliers between two
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Toeplitz kernels. Note that, while multipliers from one model space into an-
other must be in H2

+ [10], multipliers between general Toeplitz kernels do not
necessarily satisfy that condition; they must however belong to the Smirnov
class N+ [6]. They are characterised in Theorem 2.1 below. Let ker Tg �= {0}.
We say that w ∈ C(ker Tg) whenever |w|2dm is a Carleson measure for ker Tg,
that is, w ker Tg ⊂ L2.

Theorem 2.1. ([6, Theorem 2.5]). Let w ∈ N+. Then the following are equiv-
alent:

(i) w ker Tg ⊂ ker Th;
(ii) w ∈ C(ker Tg) and wh/g ∈ N+;
(iii) w ∈ C(ker Tg) and for some (and hence every) maximal function fM

g in
ker Tg we have wfM

g ∈ ker Th.

For w = 1, this provides necessary and sufficient conditions for a Toeplitz
kernel to be included in another Toeplitz kernel.

Corollary 2.2. ([6, Proposition 2.16]). kerTg ⊂ ker TG ⇐⇒ G/g ∈ N+ ⇐⇒
there exists a maximal function fM

g in ker Tg such that fM
g ∈ ker TG.

Corollary 2.3. ([6]). ker Tg ⊂ ker TG ⇐⇒ ker Tg = ker TGα for some inner
function α ⇐⇒ g = GαO1/O2 with O1, O2 ∈ H∞ outer.

In this paper we will be particularly interested in Toeplitz kernels con-
tained in model spaces. A natural question regarding subkernels thus arises:
which Toeplitz kernels contain some model space and, vice-versa, which
Toeplitz kernels are contained in some model space? We have the following.

Proposition 2.4. ([6]). Let θ be a non-constant inner function.
(i) If Kθ ⊂ ker Tg, then ker Tg is a model space.
(ii) If ker Tg ⊂ Kθ, then ker Tg = ker Tθα for some inner function α; if

|g| = 1 then g = θα for some inner function α.

It follows from Proposition 2.4(ii) that not all Toeplitz kernels can be
contained in a model space. Indeed, to every Toeplitz kernel one can associate
a unimodular symbol (see (3.1)). If kerTg ⊂ Kθ with |g| = 1, then we must
have that θg = α for some inner function α and this may not be possible, as
for instance if g = z3/2 (ker Tg = span{(1 + z)1/2}). In particular, there are
finite dimensional Toeplitz kernels that are not contained in any model space.

We can however, characterise some classes of Toeplitz operators whose
kernels are contained in model spaces. This is the case of Toeplitz opera-
tors with symbol in H∞ (whose kernels are themselves model spaces) and all
Toeplitz operators with rational symbols, as we show next.

Proposition 2.5. Let R denote the space of all rational functions without poles
on T and let g ∈ R. Then ker Tg ⊂ Kθ for some inner function θ.
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Proof. First note that, if g has nT zeroes on T (counting multiplicities), we
can write

ker Tg = ker T P
Q zn

T
(2.1)

where P and Q are relatively prime polynomials without zeroes on T by [7,
Corollary 6.3]. Let us write

P = P−P+ , Q = Q−Q+ , (2.2)

where P−, Q− only have zeroes in D and P+, Q+ only have zeroes in the exterior
of D, denoted D−. Let

n = deg Q− − deg P− ; (2.3)

thus,
P

Q
znT =

(
P−
Q−

zn

)
︸ ︷︷ ︸

∈GH∞

znT−n P+

Q+︸︷︷︸
∈GH∞

, (2.4)

where we denote by GA the group of invertible elements in a unital algebra A.
If nT − n ≥ 0, then kerTg = ker T P

Q zn
T

= {0}; if nT − n < 0, then

ker Tg = ker T P
Q zn

T
= ker T P+

Q+
zn

T
−n =

Q+

P+
Kzn−n

T �= {0}. (2.5)

Now, P+ and Q+ are products of factors of the form z − 1/λ, with λ ∈ D, and

z − 1
λ

= − 1
λ

1 − λz

z − λ︸ ︷︷ ︸
Bλ

z − λ

z︸ ︷︷ ︸
∈GH∞

z , (2.6)

where we denote by Bλ the Blaschke factor

Bλ =
z − λ

1 − λz
. (2.7)

Thus, there are finite Blaschke products B1 and B2 such that

P+ = B1z
n1h1 , h1 ∈ GH∞ , (2.8)

Q+ = B2z
n2h2 , h2 ∈ GH∞ , (2.9)

where n1 and n2 are the number of zeroes of P+ and Q+ (in D−), respectively.
Therefore

ker Tg = ker T P+
Q+

zn
T

−n = ker TB1B2zN , (2.10)

with
N = nT − n + n1 − n2 . (2.11)

If N ≥ 0, then kerTg ⊂ ker TB1
= KB1 ; if N < 0, then kerTg ⊂ ker TB1z|N| =

KB1z|N| . �
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Remark 2.6. It is easy to see that a function f ∈ H2
+ belongs to some model

space if and only if f is of bounded type, i.e., f = f1/f2 with f1, f2 ∈ H∞ [15].
Rational functions are of bounded type, hence each rational function in H2

+

belongs to a model space. Proposition 2.5 states that, when g ∈ R, there exists
a model space to which all functions in kerTg, which are rational functions,
belong.

The model spaces in the last paragraph of the proof of Proposition 2.5
are in fact minimal, as a consequence of the following propositions. We say
that Kθ is the minimal model space containing ker Tg if kerTg ⊂ Kθ and for
any inner function β such that ker Tg ⊂ Kβ , we have Kθ ⊂ Kβ .

Proposition 2.7. Let |g| = 1, ker Tg �= {0}. Then the following are equivalent:
(i) There exists a minimal model space containing ker Tg;
(ii) g = θα with θ, α inner and such that gcd(θ, α) = 1.
In that case, Kθ is the minimal model space containing ker Tg.

Proof. If (ii) holds then kerTg ⊂ Kθ and, if kerTg ⊂ Kβ for any other inner
function β, then, by Proposition 2.4(ii)

g = θα = βγ (2.12)

for some inner function γ, so that θγ = αβ. Since gcd(θ, α) = 1, it follows that
θ � β, i.e. θβ ∈ H∞, and Kθ ⊂ Kβ .

Conversely, if (i) holds, let Kθ be the minimal model space containing
ker Tg. Then, for any inner function β,

ker Tg ⊂ Kβ =⇒ Kθ ⊂ Kβ . (2.13)

Since g = θα for some inner function α, if gcd(θ, α) = δ /∈ C, then kerTg =
ker T(θδ)(αδ) and ker Tg ⊂ Kθδ � Kθ, contradicting (2.13), so we must have
gcd(θ, α) = 1. �

Proposition 2.8. If {0} �= ker Tg ⊂ Kβ for some inner function β, then there
exists a minimal model space Kθ containing ker Tg. If g = βγ with γ inner,
then Kθ = Kβδ where δ = gcd(β, γ).

Proof. If ker Tg ⊂ Kβ then g = βγ = (βδ)(γδ) where gcd(βδ, γδ) = 1. �

Corollary 2.9. Let g ∈ R, with nT zeroes on T (counting multiplicities) and let
n > nT, where n is defined as in (2.3). Let moreover B1 and N be defined as
in (2.8) and (2.11), respectively. Then,

(i) if N ≥ 0, KB1 is the minimal model space containing ker Tg;
(ii) if N < 0, KB1z|N| is the minimal model space containing ker Tg.

Proof. By construction, B1 and B2 do not have common zeroes and neither
B1 or B2 vanish at 0, so, if N ≥ 0, we have

ker Tg = ker TB1(B2zN ) with gcd(B1, B2z
N ) = 1 (2.14)
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and, if N < 0,

ker Tg = ker T
B1z|N|B2

with gcd(B1z
|N |, B2) = 1. (2.15)

�

We illustrate this result in the following example.

Example 2.10. We have K = ker T z−2
z2(z−3)(z−4)

⊂ Kz3B 1
2
. To verify this inclu-

sion, let φ+ ∈ K, i.e., φ+ ∈ H2
+ and

z − 2
z2(z − 3)(z − 4)

φ+ = φ− ∈ H2
− (H2

− := L2 	 H2
+) . (2.16)

Then
1 − 1

2z

z − 1
2

1
z3

φ+ = −1
2

(z − 3)(z − 4)
z(z − 1

2 )︸ ︷︷ ︸
∈H∞

(
z − 2

z2(z − 3)(z − 4)
φ+

)
︸ ︷︷ ︸

φ−∈H2
−

∈ H2
− . (2.17)

So indeed φ+ ∈ ker Tz3B 1
2

= Kz3B 1
2
. We have that Kz3B 1

2
is the minimal

model space containing K.

3. Maximal Functions in Subkernels

We now consider the relations between maximal functions in a Toeplitz kernel
and in a subkernel of the same Toeplitz operator.

In every nontrivial Toeplitz kernel kerTg one can find a maximal function
fM (which is not unique) such that kerTg = Kmin(fM ). If fM = IO is
an inner-outer factorisation of that maximal function, with I inner and O ∈
H2

+ outer (a notation that we will keep throughout the paper), then we can
associate a unimodular symbol to kerTg [5]:

ker Tg = ker T
zI O

O
. (3.1)

Thus every maximal function in a Toeplitz kernel uniquely determines that
kernel. Maximal functions are characterised by the following necessary and
sufficient condition.

Proposition 3.1. ([6, Theorem 2.2]). fM ∈ H2
+ is a maximal function in ker Tg

if and only if, for some O ∈ H2
+ outer, we have

gfM = zO . (3.2)

We can express this result in terms of a conjugation [12], if |g| = 1. Then
one can define a natural conjugation on kerTg [9]

Cgf = gzf , for f ∈ ker Tg , (3.3)

and the necessary and sufficient condition (3.2) can be reformulated as follows.
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Proposition 3.2. ([1, Theorem 4.1]). If |g| = 1, then fM ∈ H2
+ is a maximal

function in ker Tg if and only if Cgf
M is outer in H2

+.

Moreover, we have the following.

Proposition 3.3. ([1, Proposition 4.3]). Let |g| = 1. If fM is a maximal func-
tion in ker Tg, then Cgf

M is the outer factor in an inner-outer factorisation
of fM .

In particular, if g = θ, where θ is an inner function, and for any λ ∈ D,
denoting

k̃θ
λ =

θ − θ(λ)
z − λ

and kθ
λ =

1 − θ(λ)θ
1 − λz

= Cθk̃
θ
λ , (3.4)

we have that k̃θ
λ is a maximal function in Kθ and

k̃θ
λ =

k̃θ
λ

kθ
λ

kθ
λ (3.5)

is an inner-outer factorisation of k̃θ
λ, with k̃θ

λ/kθ
λ inner and kθ

λ ∈ GH∞ outer.
We now study the question of how to obtain maximal functions in a

subkernel of Tg, given a maximal function in kerTg.
The following is a generalisation of Theorem 6.9 in [4].

Proposition 3.4. Let u ∈ H∞\{0} and let fM be a maximal function in
ker TGu. Then ufM is a maximal function in ker TG.

Proof. By Proposition 3.1, GufM = zO with O ∈ H2
+ outer, so G(ufM ) = zO

and ufM is a maximal function in kerTG. �
Corollary 3.5. ([4]). Let {0} �= ker Tg ⊂ ker TG, with ker Tg = ker TGα where α
is inner. If fM is a maximal function in ker Tg then FM = αfM is a maximal
function in ker TG. Conversely, if FM ∈ αH2

+ is a maximal function in ker TG,
then fM = αFM is a maximal function in ker Tg = ker TGα.

It follows from Corollary 3.5 that the question of finding maximal func-
tions in a subkernel of TG, ker TGα, is equivalent to finding maximal functions
in ker TG whose inner factor can be divided by α.

Note that, if kerTGα �= {0}, then there exists a maximal function FM

in ker TG, with inner-outer factorisation FM = IO, where the inner factor I
is such that ker TzαI �= {0} (cf. Corollary 3.5). We will focus here on the case
where α = B is a finite Blaschke product, with dimKB = N ≥ 1. Then

ker TGB �= {0} ⇐⇒ dim ker TG > N (3.6)

[4] and there exists a maximal function in kerTG, as above, with inner-outer
factorisation

FM = IO , where dim KI ≥ N. (3.7)
This is an important case which is related, for instance, with the interpo-

lation problem of describing the subspace of all functions in kerTG that have
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zeroes of a prescribed order at certain points (which is of the form B ker TGB

where B is a finite Blaschke product), with invariance properties regarding
multiplication operators and orthogonal decompositions of Toeplitz kernels
[3], and with kernels of asymmetric truncated Toeplitz operators [7].

We start by considering the case where N = 1.

Proposition 3.6. Let dim ker TG > 1. If FM is a maximal function in ker TG,
with inner-outer factorisation FM = IO, where I is a non-constant inner
function and O is outer, then

FM
λ = (z − λ)k̃I

λO = Bλk̃I
λ(1 − λz)O (3.8)

is a maximal function in ker TG, for any λ ∈ D .

Proof. Assume that |G| = 1. Since FM = IO is a maximal function in kerTG,
we have that CG(IO) = cO for some constant c with |c| = 1, so

CG[(z − λ)k̃I
λO] = CG[(I − I(λ))O] = cO − I(λ)cIO = (1 − I(λ)I)cO (3.9)

where the right-hand side represents an outer function. Thus FM
λ is maximal

in ker TG by Proposition 3.2. �

Corollary 3.7. With the same assumptions as in Proposition 3.6,

fM
λ = k̃I

λ(1 − λz)O (3.10)

is a maximal function in ker TGBλ
. For λ = 0, we have that

FM
0 = (I − I(0))O = zk̃I

0O (3.11)

is a maximal function in ker TG vanishing at 0 and

fM
0 = k̃I

0O (3.12)

is a maximal function in ker TGz.

The family of maximal functions (3.8) can be extended by taking an
alternative approach, based on a factorisation of the inner factor of FM , which
will allow us to define maximal functions whose inner factor is divisible by a
finite Blaschke product.

Any non-constant inner function α can be factorised as

α = Bλ

k̃α
μ

kα
μ

kα
μ(1 − λz)

kα
μ(1 − λz)

, λ, μ ∈ D , (3.13)

where

α1 =
k̃α

μ

kα
μ

(3.14)

is an inner function (more precisely, α1 is the inner factor of k̃α
μ) and kα

μ(1 −
λz) ∈ GH∞; (3.13) is called a modified maximal function factorisation of α
[1].
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If FM = IO is the inner-outer factorisation of a maximal function FM

in ker TG and α is a non-constant inner function such that α � I, then we can
write, for any λ1, μ1 ∈ D,

ker TG = ker T
zI O

O
= ker T

z( I
α )α O

O

= ker T
z( I

α )Bλ1

(
k̃α

μ1
kα

μ1

)
kα

μ1
(1−λ1z)

kα
μ1

(1−λ1z)
O
O

= kα
μ1

(1 − λ1z) ker T
z( I

α )Bλ1α1
O
O

. (3.15)

Since, by (3.1), I
αBλ1α1O is a maximal function in the kernel on the

right-hand side of (3.15), it follows from [6, Theorem 3.2] that

FM
1 = kα

μ1
(1 − λ1z)

I

α
Bλ1α1O = Bλ1

I

α
k̃α

μ1
(1 − λ1z)O (3.16)

is a maximal function in ker TG vanishing at λ1. Note that, for α = I and
μ1 = λ1, we recover (3.8).

We have thus shown the following.

Proposition 3.8. If FM = IO is a maximal function in ker TG and α � I,
where α is a non-constant inner function, then (3.16) is a maximal function
in ker TG, for any μ1, λ1 ∈ D, and

I

α
k̃α

μ1
(1 − λ1z)O (3.17)

is a maximal function in ker TGBλ1
.

Let now I = α in (3.16) and define

I1 =
k̃I

μ1

kI
μ1

, O1 = kI
μ1

(1 − λ1z)O (3.18)

so that we have the inner-outer factorisation

FM
1 = Bλ1I1O1 . (3.19)

If dimKI ≥ 2, by Lemma 3.10 below, we have that dim KI1 ≥ 1 and so,
applying Proposition 3.8 with α = I1,

I
α = Bλ1 and O replaced by O1, we get

from (3.19) that, for any μ2, λ2 ∈ D,

FM
2 = Bλ1Bλ2

k̃I1
μ2

kI1
μ2︸︷︷︸
I2

kI1
μ2

(1 − λ2z)O1︸ ︷︷ ︸
O2

= Bλ1Bλ2I2O2 (3.20)

is a maximal function in ker TG whose inner factor is divisible by Bλ1Bλ2 .
By repeating this reasoning, and taking Lemma 3.10 into account, we get

the following.

Theorem 3.9. Let dim kerTG > N and B = Bλ1Bλ2 · · · BλN
, with λj ∈ D for

j = 1, 2, . . . , N .
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If FM = IO is the inner-outer factorisation of a maximal function FM

in ker TG, with dim KI ≥ N , then, for IN and ON defined by

I0 = I , O0 = O , (3.21)

In =
k̃

In−1
λn

k
In−1
λn

, On = k
In−1
λn

(1 − λnz)On−1 , (3.22)

for 1 ≤ n ≤ N , we have that

FM
B = BINON (3.23)

is also a maximal function in ker TG and

fM
B = INON (3.24)

is a maximal function in ker TGB.

Lemma 3.10. Let I be an inner function with dim KI ≥ N and let In be de-
fined, for 1 ≤ n ≤ N , by (3.21)-(3.22). Then

dim KIN−1 ≥ 1. (3.25)

Proof. For any inner function I with dim KI ≥ N and any μ ∈ D, k̃I
μ is a

maximal function in KI with inner-outer factorisation k̃I
μ = k̃I

μ

kI
μ
kI

μ = I1k
I
μ. So,

by (3.1), KI = ker T
zI1

kI
μ

kI
μ

= kI
μ ker TzI1

. It follows that dimKI1 ≥ N − 1. By

repeating this argument we obtain the result. �

Remark 3.11. Theorem 3.9 can also be used to obtain a maximal function in
ker TGα where α is not a finite Blaschke product, but is related to I by

I = αγB (3.26)

where γ is an inner function dividing I and B is a finite Blaschke product.
Then ker TGα = ker TgB with g = GIγ and, if FM

G = IO is the inner-outer
factorisation of a maximal function in kerTG, then, by Proposition 3.2, FM

g =
γO is a maximal function in kerTg, to which we can apply Proposition 3.4 in
order to obtain a maximal function in ker TGα.

Example 3.12. We illustrate the results of Theorem 3.9 in the case where
ker TG = Kθ, with θ inner (non-constant). We have that, for any λ ∈ D,
k̃θ

λ is a maximal function in Kθ, with inner-outer factorisation given by (3.5).
So, since dim Kθ > 1, by Proposition 3.6, a maximal function in Kθ vanishing
at a given point λ1 ∈ D is

FM
λ1

= Bλ1

k̃I
λ1

kI
λ1

(1 − I(λ1)I)kθ
λ = (I − I(λ1))kθ

λ

=
1

kθ
λ(λ1)

[kθ
λ(λ1)k̃θ

λ − k̃θ
λ(λ1)kθ

λ] , (3.27)
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where

I =
k̃θ

λ

kθ
λ

. (3.28)

A maximal function in ker TθBλ1
is thus

fM
λ1

= [kθ
λ(λ1)k̃θ

λ − k̃θ
λ(λ1)kθ

λ] Bλ1 . (3.29)

In particular, a maximal function in kerTθz is

fM
0 = [kθ

0(0)k̃θ
0 − k̃θ

0(0)kθ
0 ] z . (3.30)

Assuming that dimKθ > N , a maximal function in Kθ with a zero of
order at least N at the point 0 is, by (3.23),

FM
zN = zNINkθ

0k
I0
0 · · · kIN−1

0 (3.31)

where In , for n = 1, . . . , N , is defined by

I0 =
k̃θ
0

kθ
0

, In =
k̃

In−1
0

k
In−1
0

; (3.32)

therefore, zNFM
zN is a maximal function in kerTθzN .

4. Multipliers on Subkernels

We now study the question of how multipliers between two Toeplitz kernels act
on subkernels and, in particular, whether they map subkernels onto subkernels.

If ker Tg ⊂ ker TG and w is a multiplier from kerTG into ker TH , i.e.,
w ker TG ⊂ ker TH , then we have that w ker Tg ⊂ ker TH , but w ker Tg may not
be a subkernel of TH . As a concrete example, if α and θ are inner functions,
α multiplies Kθ into Kθα, but αKθ is not a Toeplitz kernel [5,7]. However, as
we show next, the situation is different if w multiplies kerTG onto ker TH .

We have the following characterisation of multipliers from one Toeplitz
kernel onto another. Note that such multipliers must belong to the Smirnov
class N+, along with their inverses [6].

Theorem 4.1. ([6]). Let w±1 ∈ N+. Then the following are equivalent:
(i) w ker Tg = ker Th;
(ii) w ∈ C(ker Tg), w−1 ∈ C(ker Th) and h

g = w
w

O1
O2

with O1, O2 ∈ H2
+, outer;

(iii) w ∈ C(ker Tg), w−1 ∈ C(ker Th) and, for some (and hence every) maximal
function fM

g in ker Tg, we have that wfM
g is a maximal function in ker Th.

Moreover,

ker Th = w ker Tg =⇒ ker Th = ker Tg w
w

. (4.1)

For w = 1, we obtain from Theorem 4.1 necessary and sufficient condi-
tions for two Toeplitz operators to have the same kernel.
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Corollary 4.2. ([6, Corollary 2.19]) kerTg = ker Th ⇐⇒ h
g = O1

O2
for some

O1, O2 ∈ H2
+ outer.

If g ∈ GL∞ then ker Tg = ker Th ⇐⇒ h = gO with O ∈ H∞, outer. In
particular, if |g| = |h| = 1, then

ker Tg = ker Th ⇐⇒ h = λg with λ ∈ C, |λ| = 1. (4.2)

It follows from Theorem 4.1, Corollary 4.2 and (4.1) that the question
when is w ker Tg a Toeplitz kernel, assuming w±1 ∈ N+, is reduced to the
question when is ker Tg w

w
= w ker Tg. For subkernels of a Toeplitz operator, we

have the following.

Proposition 4.3. Let {0} �= ker Tg ⊂ ker TG and suppose that w ker TG =
ker TH . Then w ker Tg is a subkernel of TH and we have

w ker Tg = ker Tg w
w

. (4.3)

Proof. From the assumptions and Theorem 4.1 we have that w±1 ∈ N+ and
w ker Tg ⊂ w ker TG ⊂ L2. On the other hand, kerTH = ker TG w

w
, by (4.1), and

ker Tg = ker TGα for some inner function α by Corollary 2.3, so

w−1 ker Tg w
w

= w−1 ker TGα w
w

⊂ w−1 ker TG w
w

= w−1 ker TH ⊂ L2. (4.4)

Moreover, if fM
g is a maximal function in kerTg, then αfM

g is a maximal func-
tion in kerTG, by Corollary 3.5, so wαfM

g is a maximal function in kerTH ,
by Theorem 4.1(iii). Applying Corollary 3.5 again, wfM

g is a maximal func-
tion in kerTHα = ker TGα w

w
= ker Tg w

w
. It follows from Theorem 4.1(iii) that

w ker Tg = ker Tg w
w

. �

Thus we see that a multiplier from a Toeplitz kernel onto another Toeplitz
kernel maps, by multiplication, a subkernel of the first Toeplitz operator onto
a subkernel of the second Toeplitz operator.

A simple but important consequence is the following. Recall that

ker Tg ⊂ ker TG ⇐⇒ ker Tg = ker TGα for some inner function α. (4.5)

Corollary 4.4. If w ker TG = ker TH then w ker TGα = ker THα, for any inner
function α.

Proof. Since ker TGα ⊂ ker TG, by (4.3) and Proposition 4.3 we have that
w ker TGα = ker TGα w

w
. Since kerTH = ker TG w

w
it follows from Corollary 4.2

that H = Gw
w

O1
O2

where O1, O2 ∈ H2
+ are outer, and therefore kerTHα =

ker T
Gα w

w
O1
O2

= ker TGα w
w

= w ker TGα. �

Corollary 4.4 generalises a result by Crofoot on model spaces ([8, Corol-
lary 19]).

We also have:
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Theorem 4.5. ([8, Theorem 10]) Given any model space Kθ1 there exists an
isometric multiplier m from Kθ1 onto Kθ2 , where θ2 is an inner function, if
and only if

θ2 =
θ1 − p

1 − pθ1
with p ∈ C, |p| = 1, (4.6)

(up to a unimodular constant) and in that case

m = mθ1
p =

√
1 − |p|2

1 − pθ1
(4.7)

(up to a unimodular constant).

In particular, we have that Hayashi’s representation of a model space Kθ

is

Kθ =
1 − θ(0)θ√
1 − |θ(0)|2 KθH

=
kθ
0√

1 − |θ(0)|2 K
z

k̃θ
0

kθ
0

(4.8)

with

θH =
θ − θ(0)
1 − θ(0)θ

= z
k̃θ
0

kθ
0

. (4.9)

The question of obtaining a representation of the form (1.2) for a Toeplitz
kernel is closely related with that of determining maximal functions in kerTG.
Indeed, by Theorem 4.1, there is a strong connection between multipliers from
one Toeplitz kernel onto another and maximal functions in those kernels.

Multipliers from a model space onto a Toeplitz kernel are often deter-
mined by, or equal to, the outer factor of a maximal function in that kernel.
For instance, if w is a multiplier from a model space Kθ onto ker Tg, i.e.,
ker Tg = wKθ, and θ(0) = 0 (as in (1.3)), then, since θz is a maximal function
in Kθ, by Theorem 4.1 we have that fM = w · (θz) is a maximal function in
ker Tg, i.e., the multiplier w is the outer factor of fM . The following result
gives a necessary and sufficient condition for the outer factor of a maximal
function in a Toeplitz kernel to be a multiplier from a model space onto that
kernel.

Proposition 4.6. ([1]). Let fM be a maximal function in ker Tg and let fM =
IO be an inner-outer factorisation. Then ker Tg = OKθ, with θ inner, if and
only if Kθ = KzI and

O ∈ C(Kθ) , O−1 ∈ C(ker Tg). (4.10)

Proof. If θ = zI and (4.10) holds, then, since I is a maximal function in
KzI and OI is a maximal function in kerTg, by Theorem 4.1 we have that
ker Tg = OKzI . Conversely, if kerTg = OKθ, then (4.10) holds and I must be
a maximal function in Kθ, so Kθ = KzI . �

From Proposition 4.6 and Corollary 4.4 we have the following.

Corollary 4.7. ([1, Corollary 3.17]). Let fM = IO be an inner-outer factorisa-
tion of a maximal function in ker Tg, with O ∈ GH∞. Then ker Tg = OKzI .
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Corollary 4.8. Let fM = IO be an inner-outer factorisation of a maximal
function in ker TG, where O satisfies (4.10). Then

ker TGz = OKI . (4.11)

Using the relation

z = Bλ
1 − λz

1 − λz
, λ ∈ D, (4.12)

we also have:

Corollary 4.9. With the same assumptions as in Corollary 4.8, we have that,
for any λ ∈ D,

ker TG = (1 − λz)OKBλI , (4.13)
and

ker TGBλ
= O(1 − λz)KI . (4.14)

Comparing (4.13) and (4.14), one may ask when does a multiplier which
maps a Toeplitz kernel onto a model space, also map a subkernel of the same
Toeplitz operator onto a model space. By Corollary 4.4, if kerTG = wKθ, with
θ inner, then

ker TGα = w ker Tθα (4.15)
for α inner; kerTθα is a model space if and only if α � θ.

From (4.15) we see that, if ker TG = wKθ and α is an inner function that
does not divide θ, then the question of obtaining a model space representation
for a subkernel kerTGα reduces to obtaining a model space representation for
ker Tθα. This is closely related with determining maximal functions in Kθ with
an inner factor that can be divided by α, discussed in Section 3.

5. Toeplitz kernels Contained in Model Spaces

By Proposition 2.4, Toeplitz kernels contained in some model space Kθ take the
form ker Tθα, for some inner function α. We focus here, as in Section 3, on the
case where α is a finite Blaschke product, i.e., on model space representations
of Toeplitz kernels of the form kerTθB where B is a finite Blashcke product.

Theorem 5.1. Let λ ∈ D and let θ be an inner function with dim Kθ > 1.
Then, for any μ ∈ D,

(i) kerTθBλ
= (1 − λz)kθ

μ Kθμ
, with θμ = k̃θ

μ

kθ
μ
;

(ii) kerTθBλ
= mλ,θ Kθλ

, with θλ = k̃θ
λ

kθ
λ
, where

mλ,θ =
(1 − λz)kθ

λ√
1 − |θ(λ)|2 (5.1)

is an isometric multiplier from Kθλ
onto ker TθBλ

;
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(iii) Hayashi’s representation of ker TθBλ
is given by

ker TθBλ
= mλ,θ

kθλ
0√

1 − |θλ(0)|2 Kz(θλ)0
. (5.2)

Proof. (i) From (3.13), for any λ, μ ∈ D we have that

θBλ =

(
k̃θ

μ

kθ
μ

)
kθ

μ(1 − λz)

kθ
μ(1 − λz)

(5.3)

where kθ
μ(1 − λz) ∈ GH∞, so

ker TθBλ
= kθ

μ(1 − λz)Kθμ
. (5.4)

(ii) For μ = λ we have that ker TθBλ
= kθ

λ(1−λz)Kθλ
. Since, by Theorem

4.5, mλ,θ is an isometric multiplier from KBλθλ
onto Kθ and KBλθλ

⊃ Kθλ
,

Kθ ⊃ ker TθBλ
, we have that mλ,θ is an isometric multiplier from Kθλ

onto
ker TθBλ

.
(iii) follows from (4.8). �

If dimKθ > 2, then dimKθμ
> 1 and we can apply Theorem 5.1 to

ker TθμBλ2
for any λ2 ∈ D. We thus get that, for any λ1, λ2, μ1, μ2 ∈ D,

ker TθBλ1Bλ2
= (1 − λ1z)kθ

μ1
· ker Tθμ1Bλ2

= (1 − λ1z)(1 − λ2z)kθ
μ1

k
θμ1
μ2 · K(θμ1 )μ2

(5.5)

where

(θμ1)μ2 =
k̃

θμ1
μ2

k
θμ1
μ2

. (5.6)

By repeating this reasoning and choosing μj = λj , j = 1, 2, . . . , N , we
have the following.

Theorem 5.2. Let λ1, . . . , λN ∈ D, N ≥ 1 and let θ be an inner function with
dim Kθ > N . Let moreover B = Bλ1Bλ2 · · · BλN

be a finite Blaschke product
and

I0 = θ , In =
k̃

In−1
λn

k
In−1
λn

, (5.7)

On = (1 − λnz)kIn−1
λn

= 1 − In−1(λn)In−1 , (5.8)

for 1 ≤ n ≤ N .
Then:

(i) kerTθB = O1 · · · ONKIN
;
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(ii) kerTθB = mKIN
where

m =
N∏

i=1

Oi√
1 − |Ii−1(λi)|2

(5.9)

is an isometric multiplier from KIN
onto ker TθB;

(iii)

ker TθB = m
kIN
0√

1 − |IN (0)|2 Kz(IN )0
(5.10)

is Hayashi’s representation of ker TθB.

The question of describing the functions u and γ in (1.3) for kernels of
the form kerTθB where B is a finite Blaschke product with simple zeroes was
studied, by a completely different method, in [14]. The simplicity and generality
of the results presented here highlight the importance of considering maximal
functions and appropriate factorisations of inner factors in our approach.

6. Toeplitz kernels with Generalised Frostman Shift Symbols

We now apply the previous results to study a class of Toeplitz kernels that
may be seen as a “perturbation” of a model space, of the form

ker Tθ−h , h ∈ H∞, ||h||∞ < 1. (6.1)

Factorising the symbol as

θ − h = θ(1 − hθ) (6.2)

where 1 − hθ ∈ GH∞, we see that ker Tθ−h can be represented in the form

ker Tθ−h =
1

1 − hθ
Kθ . (6.3)

One easily sees from (6.3) that the following properties hold.

Proposition 6.1. ker Tθ−h �= {0} if and only if θ is non-constant; ker Tθ−h is
finite dimensional if and only if θ is a finite Blaschke product.

Proposition 6.2. ker Tθ−h = ker Tθh
, where

θh =
θ − h

1 − hθ
(6.4)

is a unimodular symbol.

The function θh is called a generalised Frostman shift of θ [2]. Recall
that, for any p ∈ C, |p| < 1, one can associate to θ another inner function, θp,
defined by

θp =
θ − p

1 − pθ
, (6.5)
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called a Frostman shift of θ. Thus Toeplitz kernels of the form (6.1) can also
be seen as a generalisation of model spaces defined by Frostman shifts. Those
Toeplitz kernels are model spaces if and only if h is a constant, h = p ∈ C,
|p| < 1. In that case, by Theorem 4.5, Kθ can be isometrically multiplied onto
Kθp

:

ker Tθ−p = ker Tθp
= Kθp

=

√
1 − |p|2
1 − pθ

Kθ (6.6)

where the isometric multiplier

mθ
p =

√
1 − |p|2
1 − pθ

(6.7)

is a constant multiple of the multiplier in (6.3) for h = p. A natural question
then is to characterise the class of functions h ∈ H∞, with ||h||∞ < 1, such that
a constant multiple of that multiplier, i.e., C

1−hθ with C ∈ C, is an isometric
multiplier from Kθ onto ker Tθh

.
By [2, Proposition 5.8], this happens if and only if the truncated Toeplitz

operator

Aθ

1− |C|2
|1−hθ|2

= Pθ

(
1 − |C|2

|1 − hθ|2
)

Pθ : Kθ → Kθ (6.8)

is the zero operator on Kθ . This, in its turn, is equivalent to

1 − |C|2
|1 − hθ|2 ∈ θH2

+ + θH2
+ (6.9)

[16]. Now we can write

1 − |C|2
|1 − hθ|2 =

1 − |C|2 − |h|2
|1 − hθ|2 +

θh

1 − hθ︸ ︷︷ ︸
∈θH2

+

+
θh

1 − hθ︸ ︷︷ ︸
∈θH2

+

, (6.10)

so (6.9) is reduced to imposing that

1 − |C|2 − |h|2
|1 − hθ|2 ∈ θH2

+ + θH2
+ . (6.11)

We have thus the following necessary and sufficient condition.

Proposition 6.3. ([2]) The multiplier C
1−hθ , where C ∈ C, from Kθ onto

ker Tθh
is an isometric multiplier if and only if (6.11) holds.

We thus get an isometric model space representation for kerTθ−pα, with
p ∈ C, |p| < 1 and α inner.

Corollary 6.4. If h = pα where p ∈ C, |p| < 1 and α is an inner function, then

mαθ
p =

√
1−|p|2

1−pαθ is an isometric multiplier from Kθ onto ker Tθ−pα = ker Tθpα
.
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Proof. (6.11) obviously holds if 1 − |C|2 − |h|2 = 0, which is equivalent to
|C| < 1 and |h|/√1 − |C|2 = 1. This means that h/

√
1 − |C|2 = α is an inner

function, i.e., h = pα with |p| =
√

1 − |C|2 < 1. �

Another approach to obtaining a model space representation of the form
ker Tθ−h = wKβ , where w is an isometric multiplier from Kβ onto kerTθ−h,
consists in using Theorem 4.5 and Proposition 4.3, when ker Tθ−h is contained
in a model space as follows.

Proposition 6.5. Let h ∈ H∞ with ||h||∞ < 1. Then ker Tθ−h is contained in
a model space if and only if

h ∈ K∞
α := {f ∈ H∞ : αf ∈ H∞} (6.12)

for some inner function α. In that case, defining

γ =
θα − αh

1 − hθ
= θhα , (6.13)

we have that γ is an inner function and

ker Tθ−h = ker Tγα ⊂ Kγ . (6.14)

Proof. The Toeplitz kernels containing kerTθ−h = ker Tθh
are those of the form

ker Tθhα where α is an inner function (Corollary 2.3). We have that ker Tθhα

is a model space if and only if

θhα ∈ H∞ ⇐⇒ (θ − h)α ∈ H∞ ⇐⇒ hα ∈ H∞ . (6.15)

In that case, since |θhα| = 1, we have that γ = θhα is an inner function and
(6.14) holds. �

Note that if α, in Proposition 6.5, is a finite Blaschke product, then
we can use the results from Section 4 to obtain an isometric model space
representation for kerTθ−h. For a general inner function, we have the results
that follow.

Proposition 6.6. Let h satisfy (6.12) with ||h||∞ < 1, and let γ be defined by
(6.13). For any p ∈ C, |p| < 1, define

mγ
p =

√
1 − |p|2
1 − pγ

, γp =
γ − p

1 − pγ
. (6.16)

Then mγ
p is an isometric multiplier from ker Tθ−h onto ker Tγpα.

Proof. (Figure 1) We have that mγ
p is an isometric multiplier from Kγ onto

Kγp
, so from (6.14) and Corollary 4.4 we have that

mγ
p ker Tθ−h = mγ

p ker Tγα = ker Tγpα , (6.17)

where mγ
p is an isometric multiplier because ker Tθ−h ⊂ Kγ and kerTγpα ⊂

Kγp
. �
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kerT�� h
= kerT��

kerT� p�

K� K� p

�m�
p

�m�
p

Figure 1. ker Tθ−h contained in Kγ , and the multiplier mγ
p

acting on both spaces

Corollary 6.7. With the same assumptions as in Proposition 6.6, if α � γp

then
ker Tθ−h = (mγ

p)−1Kγp/α (6.18)
is an isometric model space representation of ker Tθ−h.

We have the following conditions for α to divide γp.

Proposition 6.8. Let p ∈ C, |p| < 1, h ∈ K∞
α for some inner function α and γ

be defined by (6.13). Then α � γp if and only if

h + pα (1 − hθ) ∈ H∞. (6.19)

Proof. Since 1 − pγ ∈ GH∞, we have that

α � γp ⇐⇒ γpα ∈ H∞ ⇐⇒ (γ − p)α ∈ H∞ (6.20)

⇐⇒ θ − h − pα + h α p θ ∈ H∞ (6.21)

⇐⇒ h + p α (1 − hθ) ∈ H∞ . (6.22)

�
As a consequence of Proposition 6.8 and Corollary 6.7, we have the fol-

lowing.

Corollary 6.9. If α � θ and h = C − pα, with C ∈ C and ||h||∞ < 1, then
α � γp and

ker Tθ−h = (mγ
p)−1Kγpα (6.23)

is an isometric model space representation of ker Tθ−h.

Proof. We have that αh = Cα − p ∈ H∞, thus h ∈ K∞
α . Moreover,

h + pα(1 − hθ) = C − Cpθα + |p|2θ ∈ H∞, (6.24)

therefore, from Proposition 6.8, we have that α � γp, and the result follows
from Corollary 6.7. �
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Remark 6.10. The case where h = pα, considered in Corollary 6.4, is a par-
ticular case where h ∈ K∞

α . We see that, in that case, γ = θα−p
1−pθα = (θα)p is

a Frostman shift of θα. From Propositions 6.2 and 6.5 and Theorem 4.5, we
have

ker Tθ−pα = ker Tθpα
⊂ Kγ = K(θα)p

=

√
1 − |p|2

1 − pθα
Kθα = mθα

p Kθα , (6.25)

where mθα
p is an isometric multiplier from Kθα onto K(θα)p

. Since ker Tθ−pα =
mθα

p Kθ, with Kθ ⊂ Kθα, one can also derive the result of Corollary 6.4 from
(6.25).

Example 6.11. Let θ be an inner function and consider the affine perturbation
h = a+ bz, with a, b ∈ C such that |a|+ |b| < 1, so that ||h||∞ < 1. Then, with
α = z, since zh = az + b ∈ H∞, we have that h ∈ K∞

z , and from Proposition
6.5

ker Tθ−a−bz = ker Tγz ⊂ Kγ (6.26)

with γ = θhz = θz−az−b
1−(a+bz)θ .

On the one hand, from Theorem 5.1, with

β =
k̃γ
0

kγ
0

, w =
1 − γ(0)γ√
1 − |γ(0)|2 , (6.27)

ker Tθ−a−bz = ker Tγz = wKβ =
(
mγ

p

)−1
Kβ , with p = γ(0) , (6.28)

is an isometric model space representation of ker Tθ−a−bz.
On the other hand, z � γp ⇐⇒ γp(0) = 0 ⇐⇒ p = γ(0). So, by

Corollary 6.7 with p = γ(0),

ker Tθ−a−bz =
(
mγ

p

)−1
Kγpz =

(
mγ

p

)−1
Kβ , (6.29)

and we obtain the same isometric model space representation of ker Tθ−a−bz.

Example 6.12. Consider the singular inner functions ek(z) := exp
(
k z+1

z−1

)
,

with k > 0. Let θ = e1 and α = ek, for some 0 < k ≤ 1, and let h = a+bek, with
a, b ∈ C such that |a|+ |b| < 1, so that ||h||∞ < 1. Then, ekh = aek + b ∈ H∞,
and by Proposition 6.5, defining

γ = (e1)hek =
e1+k − aek − b

1 − ae1 − be1+k
, (6.30)

we have
ker Te1−a−bek

= ker Tγek
⊂ Kγ . (6.31)

From Proposition 6.6,
(
mγ

p

)−1 is an isometric multiplier from kerTγpek
onto

ker Te1−a−bek
, for any p ∈ C, |p| < 1. And from Proposition 6.8, we have that

ek � γp, i.e. kerTγpek
is a model space, if and only if
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h + pα (1 − hθ) ∈ H∞ ⇐⇒ a + bek + p lk(1 − ae1 − bek+1) ∈ H∞ (6.32)

⇐⇒ (b + p)ek ∈ H∞ (6.33)

⇐⇒ p = −b . (6.34)

Thus, choosing p = −b, from Corollary 6.7, we have that

ker Te1−a−bek
=

(
mγ

−b

)−1
Kγ−b

ek
(6.35)

is a model space representation of ker Te1−a−bek
, where

γ−b
ek =

γ + b

1 + bγ
ek =

e1 − g

1 − ge1
, with g =

a + abe1−k

1 − |b|2 , (6.36)

and (
mγ

−b

)−1 =
1 + bγ√
1 − |b|2 =

√
1 − |b|2 1 − ge1

1 − ae1 − be1+k
. (6.37)
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[6] Câmara, M.C., Partington, J.R.: Multipliers and equivalences between Toeplitz
kernels. J. Math. Anal. Appl. 465(1), 557–570 (2018). https://doi.org/10.1016/
j.jmaa.2018.05.023
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