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Resumo

Esta dissertac@o investiga a extragao e analise de densidades neutras ao risco (RNDs)
a partir de opgoes mensais sobre o S&P 500, no ambito de uma estrutura de valorizacao
baseada em transformadas de Fourier. O estudo centra-se em trés modelos afins com
difusao e saltos, nomeadamente os modelos de Merton (1976), Kou (2002) e Bakshi, Cao
and Chen (1997), com o objetivo de avaliar a sua capacidade de reproduzir as distribuigoes
implicitas nas opcoes e captar a dinamica das expectativas de mercado. Para cada modelo,
¢ derivada a funcao caracteristica sob a medida T-forward, que é posteriormente integrada
numericamente na férmula de valorizacao unificada de Lee (2004). As densidades neutras
ao risco extraidas sao analisadas para avaliar a capacidade de cada modelo representar as
expectativas de mercado, relativamente a evolucao futura dos precos e ao risco de cauda.
Investiga-se também se a suavizacao da superficie de volatilidade implicita antes da cali-
bracgao, utilizando as interpolagoes ctibica e de Hermite, melhora o desempenho do modelo
de Bakshi e a estabilidade dos parametros estimados.

A analise empirica é realizada com opgoes mensais sobre o S&P 500 no periodo de
janeiro a maio de 2022. O desempenho dos modelos é avaliado através de um conjunto
abrangente de métricas de erro de valorizacao e de uma analise detalhada da forma e
distribuicao das RNDs, incluindo momentos, caudas, quantis e medidas de divergéncia.

Os resultados indicam uma hierarquia clara, com o modelo de Bakshi a apresentar
o melhor ajustamento global e erros de valorizacao 7 a 13 vezes menores do que os de
Kou e Merton. Ao mesmo tempo, as densidades extraidas pelo modelo de Bakshi exibem
assimetrias préoximas de zero e baixa curtose, apontando para calibragoes dominadas
pela difusao que subestimam o risco de cauda em periodos de tensao de mercado. Este
comportamento estd associado ao processo de calibracao baseado na minimizacao dos
erros de valorizagao, que atribui maior peso a opcoes com precos mais elevados, e ao filtro
de dados, que tende a excluir opgoes muito out-of-the-money.

A suavizacao da volatilidade reduz o RMSE em cerca de 5% e a variabilidade dos
parametros em aproximadamente 80%, sendo a interpolacao de Hermite a que proporciona

o melhor equilibrio entre precisao e robustez.

Palavras-chave: Valorizacao de opgoes; Transformada de Fourier; Densidades neutras ao
risco; Modelos afim com difusao por saltos; Suavizacao da volatilidade implicita; Opgoes
S&P 500; Risco de cauda; Modelo de Merton; Modelo de Kou; Modelo de Bakshi Cao e
Chen.
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Abstract

This dissertation investigates the extraction and analysis of risk-neutral densities from
S&P 500 monthly options within a Fourier-based valuation framework. The study focuses
on three affine jump-diffusion models, namely Merton (1976), Kou (2002), and Bakshi
and Chen (1997) models, to assess their ability to capture the dynamics of option-implied
distributions. For each model, we derive the characteristic function under the forward
T-measure and integrate it into Lee (2004) unified pricing formula. The extracted risk-
neutral densities are analysed to assess each model’s ability to represent market expecta-
tions regarding future price movements and tail risk.

We also investigate whether smoothing the implied volatility surface prior to calibration,
using cubic and Hermite spline interpolations, improves model performance and parameter
stability for the Bakshi model.

An extensive empirical analysis is conducted using S&P 500 monthly options from
January to May 2022. Model performance is evaluated using a comprehensive set of
pricing error metrics and a detailed examination of the RNDs shape and distribution,
including their moments, tails, quantiles and divergence measures.

Results indicate a clear hierarchy, with Bakshi delivering the best overall fit and achiev-
ing pricing errors 7 to 13 times lower than those of Kou and Merton. At the same time,
Bakshi’s extracted densities display near-zero skewness and low kurtosis, which points to
diffusion-dominated calibrations that understate downside risk in stressed markets. This
pattern appears linked to calibrating by minimising pricing errors, which implicitly places
more weight on higher-priced options, and to option filtering that disproportionately re-
moves deep out-of-the-money puts.

Volatility smoothing reduces RMSE by about 5% and cuts parameter variability by

roughly 80%, with Hermite providing the best balance between accuracy and robustness.

Keywords: Option Pricing; Fourier transform; Risk-neutral densities; Affine stochastic
volatility jump models; Implied volatility smoothing; S&P 500 options; Tail risk; Merton
model; Kou model; Bakshi Cao e Chen model.
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CHAPTER 1

Introduction

Option pricing theory is a well-established framework in quantitative finance for valuing
financial options. Under this setting, the risk-neutral density plays a fundamental role as
it contains a large amount of information about risk preferences and market’s expectation
of the future prices of financial assets. These densities are built under the assumption
that all market participants are risk-neutral, where all investors are indifferent to risk
and, therefore, do not require any compensation for assuming additional risk.

The objective of this thesis is to study the conditions under which risk-neutral densi-
ties can be obtained from option prices and to examine how affine jump-diffusion models
perform within a Fourier-based valuation framework. Concretely, we derive forward-
measure characteristic functions for the Merton (1976), Kou (2002) e Bakshi, Cao and
Chen (1997) models, price options using Lee (2004) unified formulation, and extract the
corresponding risk-neutral densities. We then conduct a comparative analysis using six
pricing-error metrics and a detailed examination of the implied distributions, comple-
mented by a volatility-smoothing study for the Bakshi, Cao and Chen (1997) model.

The remainder of this dissertation is organised as follows. Chapter 2 provides a detailed
overview of risk-neutral densities, discussing their theoretical foundations and importance,
with particular emphasis on the extraction method originally proposed by Breeden and
Litzenberger (1978), and later extended by Figlewski (2018). Chapter 3 introduces the
affine stochastic volatility jump-diffusion framework of Duffie, Pan, and Singleton (2000)
and sets up a transform-based approach using affine characteristic functions for option
valuation and the forward-measure formulation. In Chapter 4, we develop option valua-
tion via Fourier transform methods, adopting Lee (2004) unified framework as a central
computational tool. The approach recasts prices as damped contour integrals, providing
stable inversion schemes and a direct link to model characteristic functions. We use this
representation for option pricing and for risk-neutral density extraction. Chapter 5 com-
bines the affine stochastic volatility framework of Duffie, Pan, and Singleton (2000) with
Lee (2004) Fourier-based valuation method. The characteristic functions derived from
the affine setup are implemented in Lee’s unified pricing formula to obtain option prices
and risk-neutral densities for the Merton (1976), Kou (2002), and Bakshi, Cao and Chen
(1997) models. The resulting functions provide the basis for option valuation and for the
extraction of risk-neutral densities. The empirical results and comparative analysis are
presented in Chapter 6. Model performance is evaluated using a comprehensive set of six

pricing-error metrics, followed by an analysis of the extracted risk-neutral densities (3D
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and model-specific) focusing on moments, tails, quantiles, and divergence measures. A
volatility-smoothing study for the Bakshi model using Cubic and Hermite schemes relative
to a baseline is also conducted, with diagnostics on errors, coefficient-of-variation statis-
tics, convergence, outliers, and runtime. Finally, Chapter 7 presents the main conclusions
of the dissertation, summarising the key findings, discussing the study’s limitations, and
outlining directions for future research. The appendices provide supporting definitions

and propositions and gather the proofs of the main results.



CHAPTER 2

Risk-neutral densities

2.1. Implied risk-neutral densities: an overview

Option pricing theory is a well-known and widely accepted framework in finance used
to determine the value of financial options. Under this structure, the risk-neutral density
(RND) plays a fundamental role as it contains a large amount of information about
investors’ price expectations and risk preferences.

Risk-neutral densities are probability density functions (PDF) that reflect the mar-
ket’s expectation of the future prices of financial assets. These densities are constructed
under the assumption that all market participants are risk-neutral, where all investors
are indifferent to risk and, therefore, do not require any compensation for assuming ad-
ditional risk.

In this context, RNDs are derived from the option prices and reflect the probabilities
assigned to different future price levels of the underlying asset at a specific point in time.

According to this approach, in the risk-neutral world, the expected return on all assets
is equal to the risk-free rate. Using this assumption, it is possible to construct a risk-
neutral probability measure, often denoted as @, under which the discounted expected
payoff of a derivative is equal to its current market price. In other words, by incorporating
risk-neutral densities into option pricing models, one can calculate the fair value of de-
rivative instruments, such as options, without explicitly considering the expected returns
and risk preferences of market participants. Instead, the derivative fair value can be ob-
tained by discounting the expected future payoffs at the risk-free rate under a risk-neutral
probability measure.

The RND is often derived by using the option prices observed in the market. By
reversing the option pricing process and solving for the expected future price densities that
would lead to the observed option prices, one can derive the implied risk-neutral densities
function, which in turn is implied by the market’s collective view on the potential future
price movements of the underlying asset. The information incorporated in option implied
RND can be used for determining future market beliefs, pricing of illiquid derivatives,
hedging purposes, and monetary policies.

For this reason, risk-neutral densities have become a fundamental tool in option pric-
ing theory. By allowing the extracting of information on market expectations on future
price outcomes, they allow for consistent and coherent pricing models that align with
the financial market dynamics, enabling investors to make informed decisions regarding

option valuation, risk management, and hedging strategies.



2.2. A brief literature review on risk-neutral valuation

The estimation of risk-neutral densities is a relatively recent research topic in the
risk-neutral valuation and asset pricing theories.

The Black and Scholes (1973) pivotal work laid the foundation for option pricing the-
ory, with their novel, closed-form solution for pricing European-style options, assuming
constant volatility, a risk-free interest rate, and a log-normal distribution of stock returns.
While this paper did not explicitly refer to risk-neutral pricing, it established the ground-
work for subsequent research. It also served to introduce the idea that relevant pricing
information, especially the future volatility of the underlying stock, could be extracted
from option market prices by inverting the valuation formula. In the same year, Merton
(1973) extended the Black-Scholes model by incorporating the notion of continuous-time
stochastic processes, namely the process that is currently known as geometric Brownian
motion, and by allowing for more realistic assumptions, such as the consideration of div-
idend payments and the inclusion of transaction costs. In an influential paper, Merton
(1976) addressed a key limitation of the Black-Scholes model by acknowledging that stock
prices do not follow a continuous path but instead can exhibit jumps or discontinuities.
By incorporating jump-diffusion processes into the continuous-time model to capture the
possibility of sudden changes in the underlying asset’s value, Merton (1976) provided
a more realistic representation of asset price dynamics, particularly in situations where
significant events or news announcements can cause abrupt movements in stock prices.

Option risk-neutral valuation was first introduced by Cox and Ross (1976), and further
developed by Cox, Ross, and Rubinstein (1979). In the latter, Cox, Ross, and Rubinstein
presented the binomial option-pricing model, a discrete-time framework that utilises a
binomial tree to model the possible price movements of the underlying asset. One of
the notable advancements was the introduction of risk-neutral pricing, a concept that
played a fundamental role in option valuation. By deriving risk-neutral probabilities from
the risk-free rate, the model enabled the calculation of option values without explicitly
considering the risk preferences of individuals, reaching the conclusion that the shape of
investors” utility functions do not affect the option prices as long as the agents prefer
more wealth to less (the so-called non-satiation condition). This fact allows the pricing of
options by calculating their expected values in the risk-neutral world, using the risk-free
discount rate to determine the option’s fair value.

Rubinstein (1976) and Brennan (1979) investigated the joint conditions on the returns
process of the underlying asset and the utility function of a representative agent such that
risk-neutral pricing in discrete-time models is valid in the absence of arbitrage opportu-
nities. Rubinstein (1976) and Brennan (1979) established that log-normal returns, which
follow a logarithmic normal distribution, and a utility function with constant relative
risk aversion are both necessary and sufficient conditions for option values to satisfy the
Black-Scholes equation. Stapleton and Subrahmanyam (1984) later expanded the proofs

to include the multivariate setup.
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Until the early 1970s, the Black-Scholes model was the main reference in finance
for valuing financial options. As such, when extracting information from listed option
prices to perform their studies, most researchers ended up focusing only on the implied
volatility estimation, as it was the only parameter of the Black-Sholes formula that was
not directly observable in the market. However, as the financial market evolved and
the number of listed contracts increased over time, academics soon began to explore
alternative approaches to extract, understand, and make use of the potentially valuable
information obtained from option market prices, such as the investor expectations and
risk preferences contained in the risk-neutral densities.

The first paper to address this topic was Ross (1976). In his paper, Ross showed how to
retrieve the full risk-neutral probability distribution from a set of European options prices,
in a complete market, where every contingent claim can be replicated. Notwithstanding,
Breeden and Litzenberger (1978) seminal paper remains one of the most cited studies to
date on this matter. Continuing Ross’s work, the authors illustrated how the RND can be
obtained from option prices with a continuum of strike prices, by calculating the second
partial derivative of the call option price with respect to the strike price.

Since Breeden and Litzenberger (1978) findings, numerous methods of estimating the
option implied risk-neutral densities have been proposed. While some scholars, such
as Cont (1997) and, to some extent, Bahra (1997), advocate a different classification,
the majority divides the approaches for extracting RNDs from listed option prices into
two main categories: parametric and non-parametric methods, each with its respective
advantages and drawbacks. That said, and although the purpose of this dissertation is
not to describe the main methods to infer RNDs from option prices, it is important to
describe, in general terms, what distinguishes each of the main approaches. To this end,
the classification proposed by Jackwerth (1999) was followed. The parametric methods
refer to the approaches that assume a specific functional form or model for risk-neutral
density. These methods involve selecting a parametric distribution, such as the Normal
or Log-normal distribution, and estimating the parameters that best fit the observed
option prices or implied volatilities. By fitting the chosen distribution to the market data,
the method provides a parametric representation of the risk-neutral density, allowing for
further analysis and pricing of derivative instruments. Parametric methods can be divided
into three distinct groups: i) expansion methods; ii) generalised distribution methods,
and iii) mixture methods. The first group comprises the expansion methods, which are
usually related to the expansion of a function in a Taylor series around a point. Expansion
methods usually start with a simpler distribution, typically Normal or Log-normal, and
then correction terms are added in order to obtain a risk-neutral distribution with a more
adaptable shape, which is then fitted to the observed option prices.

One of the earliest studies on expansion methods is Abadir and Rockinger (1997). In
this paper, the researchers calculated an option price function across strikes in a closed

form, incorporating a risk-neutral density derived using confluent hypergeometric (or



Kummer’s) functions. Abken, Madan, and Ramamurtie (1996a, 1996b) presented the
four-parameter Hermite polynomials, relating them to the consecutive derivatives of the
normal density function, and providing four correction terms for the normal distribution.
Rockinger (1998) and Corrado and Su (1997) developed the work on four-parameter Her-
mite polynomials, by introducing restrictions on some of the coefficients and focusing
on Gram-Charlier expansions. Brenner and Eom (1997) employed Laguerre polynomials
as corrections to a gamma distribution, enabling them to approximate the risk-neutral
distribution with the advantageous outcome of achieving unbiased moments. Edgeworth
expansions were explored by Jarrow and Rudd (1982), Corrado and Su (1996), Longstaff
(1995), and Rubinstein (1998). Finally, Potters, Cont, and Bouchaud (1998) presented a
research on the use of cumulant expansions, adding a single correction term to a normal
distribution, which adjusts for the kurtosis of the risk-neutral distribution.

The second group includes the generalised distribution methods. This class of statisti-
cal techniques offers increased flexibility compared to traditional parametric distributions
by introducing additional parameters to the distribution beyond the two parameters of
the normal or log-normal distributions. The use of generalised distribution methods
in finance can be attributed to Bookstaber and McDonald (1987). The application of
these four-parameter distributions typically involves the usage of the log-normal, gamma,
exponential and Burr type distributions. Aparicio and Hodges (1998) expanded the pre-
vious work by employing generalised beta functions of the second kind, while Posner and
Milevsky (1998) chose to utilise Johnson densities. Johnson (1949) showed how to intro-
duce two more parameters while transmuting normal distributions using logarithmic and
hyperbolic sine transformations. Lastly, different Burr distributions applications can be
seen in Sherrick, Garcia, and Tirupattur (1995), and Sherrick, Irwin, and Forster (1992,
1996) studies.

The third set of parametric approaches is the mixture methods. As the name implies,
it refers to statistical technics in which new distributions are created from mixtures of
simple distributions, each with a distinct parametrisation. These methods leverage the
strengths of different models to capture the complexity and uncertainty inherent in finan-
cial data, resulting in more robust and reliable results. A problem with mixtures is that
the number of parameters increases very fast. Research on mixture approaches includes
Melick and Thomas (1997), and Ritchey (1990). Regarding the second category, the non-
parametric methods, are also divided into three different groups according to Jackwerth
(1999) classification: i) kernel methods; ii) maximum-entropy methods, and iii) curve fit-
ting methods. The kernel methods are the first group of non-parametric methods. These
approaches can be understood as having a conceptual relationship with regressions, as
they aim to fit a function to available data. However, the key distinction lies in the fact
that kernel regression does not require specifying the parametric form of the function
in advance. Instead, allows for more flexibility by utilising kernel functions to estimate

the relationship between variables. Kernel methods have been widely used in finance to



estimate risk-neutral densities. Alt-Sahalia and Lo (1998a) introduced a non-parametric
approach using kernel density estimation to infer state-price densities. Pritsker (1997)
focused on computing implied volatility using kernel methods. Fan and Yao (2003) de-
veloped efficient techniques for estimating conditional covariance matrices in stochastic
regression models, improving inference on risk-neutral densities. Ait-Sahalia and Duarte
(2003) extended kernel methods to non-parametric option pricing under shape restric-
tions. Chiu, Li, and Todorov (2014) employed kernel methods to estimate risk-neutral
densities implied by bond yields, proposing a flexible quadratic term structure model.
Chen, Davis, and Landwehr (2019) utilised kernel methods within a Bayesian framework
for robust density forecasting in finance.

The second group of non-parametric approaches relates to the maximum-entropy
methods. In finance, entropy refers to a concept derived from information theory that
measures the degree of uncertainty or randomness present in the financial system by as-
sessing the disorder and lack of clear patterns in data or information, with higher entropy
indicating increased disorder, uncertainty, and risk. It is important to note that while
maximum entropy methods can provide more accurate option prices in certain situations,
they may also require more data and computational resources compared to simpler mod-
els. Several influential papers have focused on the application of entropy methods in
estimating risk-neutral densities. Buchen and Kelly (1996) proposed a maximum entropy
approach to estimate risk-neutral densities from option prices using the uniform and log-
normal distributions. Stutzer (1996) extended this work by incorporating moment con-
straints, allowing for more precise modelling of risk-neutral densities. Barndorff-Nielsen
and Shephard (2001) introduced non-Gaussian Ornstein-Uhlenbeck models. Addition-
ally, Christoffersen and Pelletier (2004) used entropy methods in backtesting value-at-risk
models, employing duration-based tests to evaluate risk measures based on estimated risk-
neutral densities. Finally, regarding the third and last class of non-parametric approaches,
the curve fitting methods, are technics that try to fit the implied volatilities or the risk-
neutral probabilities, typically by adjusting the parameters of a chosen curve or function
to minimize the difference between the predicted values and the actual data points. Com-
mon curve-fitting methods include polynomial fitting and splines, minimising the sum of
squared differences (least squares) and minimising the integral of squared second deriva-
tives. When it comes to fitting the volatility smile, various methods have been developed
to capture the implied volatility dynamics. Shimko (1993) introduced one of the first
curve-fitting methods by utilising a quadratic polynomial to fit implied volatilities, which
then translates into option prices to derive the risk-neutral distribution by employing the
second derivatives of option prices with respect to strike prices, as outlined in Breeden
and Litzenberger (1978). Malz (1997) proposed a variation of Shimko’s method by fitting
a quadratic polynomial to implied volatilities across call option deltas instead of strike
prices. Brown and Toft (1999) extended Shimko’s approach by utilising seventh-order
splines for curve fitting. Campa, Chang, and Reider (1998) employed cubic splines, while



Andersen and Bollerslev (1998) used cubic B-splines from a particular polynomial family.
Rosenberg and Engle (1997) employed a polynomial fitted to the logarithm of the smile
to prevent negative implied volatilities, with Rosenberg (1996) extending this to the bi-
variate case. Jackwerth (1999) focused on maximizing smile smoothness to control the
trade-off between option price fit and smoothness. Carr and Madan (1999) introduced
the Fast Fourier Transform (FFT) method for efficient option pricing and estimation of
the implied volatility surface.

In terms of fitting risk-neutral densities directly, various methods have been proposed.
Rubinstein (1994) minimised the distance between discretised probabilities and a log-
normal prior distribution while ensuring the correct pricing of observed options and the
underlying asset. Jackwerth and Rubinstein (1996) showed that different distance mea-
sures have minimal impact on the resulting risk-neutral distribution as long as a sufficient
number of option prices are observed. Mayhew (1995) focused on maximising distribu-
tion smoothness and used cubic splines to approximate the density. Hartvig, Jensen, and
Pedersen (1999) constructed the density by combining density functions using an Her-
mite polynomial expansion. Carr and Wu (2004) introduced a non-parametric method
to estimate risk-neutral densities directly from option prices without assuming a specific
parametric form. Andersen and Bollerslev (1998) suggested using continuous-time mod-
els, such as stochastic volatility models, to estimate risk-neutral densities and capture
dynamic asset price behaviour. Finally, Bollerslev and Zhou (2006) conducted empirical
tests comparing various parametric and non-parametric methods for estimating implied

volatility functions and risk-neutral densities.

2.3. Extracting the risk-neutral density from option prices

The introduction of the Black—Scholes option pricing model in 1973 led, among other
contributions, to the recognition that relevant information could be extracted from option
market prices by inverting the valuation formula. While at first researchers focused mainly
on the estimation of the underlying asset implied volatility, as it was the only parameter of
the Black-Scholes formula that was not directly observable in the market, it soon became
clear that not only volatility, but the entire probability distribution for the future asset
price could be inferred from the options market prices.

As a result, the risk-neutral density quickly became an instrument of the utmost
importance, as it contains valuable information for economic agents, investors, and aca-
demics, such as investors’ beliefs about the true returns process, the market’s aggregation
of their preferences over future states of the world, the expectations on the future asset
prices, and the trading constraints and limits to arbitrage.

Since the risk-neutral pricing framework was initially addressed by Cox and Ross
(1976), several academics have focused on extracting, understanding, and making use
of the valuable information contained in the risk-neutral densities. However, one of the
most relevant and influential articles on this topic is Breeden and Litzenberger (1978),
who demonstrated how to obtain the full RND from options prices, with a continuum of
8



strikes. The authors were the first to identify a relationship between the option price and
the underlying price distribution, showing that the risk-neutral density could be extracted
by deriving the option price twice with respect to the strike. Figlewski (2018) later
expanded Breeden and Litzenberger’s work, by developing a methodology that adapted
their theoretical result to allow the use of market-observed option prices.

Taking these results into account, and using the representation theorem put forth by
Harrison and Kreps (1979), which establishes that, under certain non-arbitrage conditions,
any pricing kernel can be expressed as the exponential of a linear combination of a riskless
asset and a set of risky assets, it is possible to evaluate contingent claims by expressing
their prices as expectations of their payoffs with respect to the pricing kernel.

Nevertheless, to ensure the consistency of prices and the absence of arbitrage oppor-
tunities required by the Law of One Price, which states that, in a liquid and efficient
market, identical assets and instruments should have the same price, these expectations
must be calculated using, not the probability density function of the underlying asset,
commonly known as p, but rather using the risk-neutral density q.

Moreover, according to Harrison and Kreps (1979), in a market where asset prices
are described by stochastic processes that satisfy certain regularity conditions, namely
the absence of arbitrage opportunities, there is a probability measure Q, equivalent! to
the physical probability measure P - the equivalent martingale measure - such that all
(discounted) asset prices are Q-martingales.

That said, the present value of an asset V, whose payoff at the maturity is some
function h(St) of the stock price at the time 7, is given by the following expected value

under the risk-neutral measure Q:

Vo = Egle "Th(S)] = /

e"Th(Sr)dQ = e /+ h(St)q(St)dST, (2.1)
0
where ¢(Sr) is the risk-neutral density of the stock price at time 7 that can be obtained
from options prices (i.e., the Q-density), and the exponential is the discounting factor
assuming a constant interest rate r.
The P and Q distributions are related to each other through the pricing kernel. Also
known as the stochastic discount factor, it represents the investor’s risk preferences and

the underlying dynamics of the markets, and can be defined as follows:

k(Sy) = e—TTZ%(sT). (2.2)

Through the pricing kernel, it is possible to write an equivalent expression for equa-
tion (2.1), using the probability density function P (see Figlewski (2018), p. 331):

TR /  (Sr)a(Sr)dSy / N (S )E(Sp)p(Sp)dS. (2.3)

ITwo probability measures Q and P are said to be equivalent if they define the same set of impossible
events, i.e., if for any event A, P(A) =0 iff Q(A) = 0.



where p(St) is the historical or empirical density function of the same random variable
St (i.e., the P-density), and, again, k(S7) represents the pricing kernel.
Additionally, based on the equivalence established by equation (2.3), the following

relationship between the P and Q densities can also be deducted:
e "q(Sr) = k(Sr)p(St), for all states of the world in the p(.) and q(.) domain. (2.4)

Considering now V as a European-style option, with strike price X and a payoff at
maturity 7" equal to that of a typical call, i.e., C'(Sr) = max (0, Sp— X), the price of such

instrument is, according to the martingale property exhibited in equation (2.1), given by:

400
Co = EQ[G_TT(ST — X)+] == G_TT /X (ST — X)q(ST)dST, (25)

in which the integral is over the risk-neutral density ¢(S7) when the call has a positive
payoff (i.e., Sy > X). Sr is the underlying stock price at the maturity 7, and r is
the continuously compounded constant risk-free rate. Differentiating the call price with

respect to the exercise price X, we get the following result:

aC —rT e
8_X = —€ ; q(ST)dST (26)
After multiplying both sides by T, we get:
dc oo
eTTa_X = —/ q(ST)dST (27)
X

Since the cumulative risk-neutral distribution function of the stock price at time T, de-
noted by Q(Sr), is given by Q(Sr) =1 — ;TOO q(S7)dSt. we can rewrite (2.7) and obtain

rT 86

1
+e X

= Q(57). (2.8)

Sr=X

Taking, once again, the partial derivative with respect to X, we obtain the risk-neutral
density function as the future value of the second partial derivative of the call price with
respect to the exercise price:

. 0%c

sl =l (2.9)

X=ST

e

This approach thus provides a direct link between option prices and the risk-neutral
distribution. However, its practical implementation relies on the availability of option
prices across a sufficiently dense grid of strikes, which is often a limitation in real mar-
kets. To address this limitation, alternative methods have been developed, with Fourier

inversion techniques playing a central role.

10



CHAPTER 3

Affine stochastic volatility jump-diffusion models

3.1. Background
Affine stochastic volatility jump-diffusion (ASVJD) models have emerged as a promi-

nent class of models in quantitative finance, constituting a flexible framework for capturing
the complex dynamics of financial markets and allowing a more accurate representation
of market behaviour. These models combine the advantages of stochastic volatility mod-
els, affine models, and jump-diffusion models, providing a more realistic representation of
both asset price and volatility dynamics. On the one hand, by incorporating the features
of both continuous diffusion and discrete jump components, ASVJD models are capa-
ble of capturing extreme events and fat-tailed distributions and account for significant
price movements and market shocks commonly observed in real-world financial markets,
which are not adequately represented by traditional diffusion models. On the other hand,
by also integrating stochastic volatility, in contrast to prior models that assumed con-
stant volatility, ASVJD models are able to incorporate time-varying and mean-reverting
volatility, accounting for the changing nature of volatility over time and acknowledging its
tendency to revert to a long-term average. Finally, ASVJD models exhibit the analytical
tractability inherent in affine models. The linear relationship between state variables and
asset prices or returns provides these models with the flexibility to effectively capture
complex market dynamics such as volatility clustering, the volatility smile, and interest
rate term structures. Additionally, the affine structure yields closed-form solutions that
are easy to implement and evaluate, allowing derivatives to be priced without relying on
numerical approximation methods.

Throughout history, numerous models and frameworks have played pivotal roles in
the development and evolution of affine stochastic volatility jump-diffusion models, each
focusing on different aspects of financial modelling. Despite belonging to a different class
of models and serving a different purpose, affine models, such as the Vasic¢ek (1977), the
square-root Cox-Ingersoll-Ross (1985), the Hull and White (1990), and the Chen and
Scott (1995) models, have established the groundwork for modelling the term structure of
interest rates with mean-reversion dynamics, offering closed-form solutions and analytical
tractability to the ASVJD models. In the context of jump-diffusion models, the Merton
(1976) model marked an important milestone, as it was the first to introduce the concept
of jumps in asset prices, capturing sudden and discontinuous movements observed in fi-
nancial markets. The inception of stochastic volatility models took place with the pivotal
model for currency and equity prices proposed by Heston (1993), which played a funda-

mental role in advancing our understanding of volatility dynamics in quantitative finance
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by incorporating a mean-reverting square root process for volatility. Although the original
model did not incorporate jumps, it served as the basis for more advanced models and
subsequent extensions. Bates (1996) extended the Heston (1993) model by introducing
jumps in asset prices. Other notable models, including the Variance Gamma model pro-
posed by Madan and Seneta (1990), the Ball and Torous (1995) model, Bates (1996), and
Bakshi, Cao and Chen (1997), have contributed to the advancement of stochastic volatil-
ity modelling. These were all influential models. However, it was the ground-breaking
framework presented by Duffie, Pan, and Singleton (2000) that solidified the understand-
ing and application of affine stochastic volatility jump-diffusion models. This framework
introduced affine jump-diffusion processes, emphasising the use of transform analysis, in-
tegrating both stochastic volatility dynamics and jumps into the modelling process and
leveraging mathematical tools such as the Laplace transform to derive closed-form solu-
tions for pricing various financial assets. By incorporating these elements, the Duffie, Pan,
and Singleton (2000) framework offered a more sophisticated approach to modelling and

pricing complex financial assets, providing a solid foundation for subsequent research.

3.2. Affine jump-diffusion framework

The framework proposed by Duffie, Pan, and Singleton (2000), introduced a powerful
and widely accepted approach for modelling financial asset prices and their underlying
dynamics. This approach, known as the general affine jump-diffusion (AJD) framework,
marked a departure from earlier models by introducing the concept of affine jump-diffusion
processes and incorporating stochastic volatility directly within the affine framework.

To effectively present this framework, it is crucial to first establish a precise definition

of an affine process.

3.2.1. Definition and characterisation of affine processes

In simple terms, the affine process can be described as a Markov process, whose
conditional log-characteristic function is an affine function of its initial state vector.

Recall that a Markov process, also known as a Markov chain, is a stochastic process
that satisfies the so-called Markov property, which implies that the probability distribution
of the next state depends solely on the current state and, therefore, is independent of the
past states. This property makes Markov processes memoryless and allows them to be
characterised by transition probabilities. As such, a Markov process can be defined in the

following manner:

Definition 3.1 (Markov process). Let (2, F,P) be a probability space with a filtration
(Fi)so0 and let (X;)i>0 be a stochastic process adapted to (Fi)so.

We say that (Xi)i>0 is a Markov process if it satisfies the following Markov property, for
every bounded and Borel-measurable function f: R — R and for 0 < s <t < +o00:

E[(f(X)|Fo)] = E[(f(X0)[X,)]- (3.1)

With the definition of the Markov process clarified, we cannow define an affine process as:
12



Definition 3.2 (Affine process). Consider the state space D = RZ; x R". An affine
process is a stochastically continuous, time-homogeneous Markov process (X, P*)i>0,zep
with state space D, whose conditional characteristic function is an exponentially affine
function of the state vector. That is, there exist C— and C%-valued functions ¢(t,u) and

W(t,w), respectively, with jointly continuous t-derivatives satisfying
E [emme] = T tHHT T X (3.2)

for all z € D, and for all (t,u) € Rsq x C¢ such that the expectation exists.

3.2.2. The affine jump-diffusion process

With a clear understanding of the affine process, we can now explore the AJD frame-
work, starting with the description of affine jump-diffusion processes.
Let us consider a probability space (2, F, Q) with a filtration (F;)o, where Q represents
the risk-neutral measure when the money market account is used as numeraire.
Additionally, assume X is a Markov process with n state variables, defined in the admissi-
ble state space D C R", and solving the following stochastic differential equation (SDE),

under the equivalent martingale measure Q:
dX, = (X, t)dt + o (X, t)dW2 + dZ2, (3.3)

where both p(X;,t) € R™ and o(X,t) € R™™ satisfy the typical growth and Lipschitz
conditions®: {WtQ}tZO is a Fy-standard Brownian motion and {Zt(@}tzo is a pure-jump pro-
cess, both defined in R™ under the risk-neutral measure Q. The jump process {Zi@}tzo
exhibit jumps with an arrival intensity A(Xy,t) € [0, +oo[ and its associated jump-size
state-independent distribution v; can be characterised by the following jump transform,
provided the transform integral is well-behaved and satisfies certain well-defined condi-

tions:
O(c,t) = /n exp(c’.2)dvy(z2), (3.4)

where z is a vector in R" representing the variable of integration, ¢ is a constant vector
in C” and ¢ € C" is the transpose of the complex vector c.

Following the framework proposed by Duffie, Pan, and Singleton (2000), we will now
impose an affine structure on the jump-diffusion model.
Let us then assume the initial state vector X follows an affine jump-diffusion process,
which means the drift vector p(X3,t), the ’'instantaneous’ covariance matrix, the jump
intensities A\(Xy,t) and the short-term interest rate r(Xj,t), all have affine dependence
on vector X. This dependence is determined by the coefficients (K, H,[, p) and can be
represented as follows:

(X, 1) = Ko(t) + Ka(t) X, (3.5)

!Growth conditions: |u| < C(1 4+ |z|) and |o| < C(1 + |z|), for p € R* and o € R™.
Lipschitz conditions: |u(z) — u(y)| < Clz —y| and |o(x) — o(x)| < Clz —y|, for ¢ € R™ and o € R™.
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for Ko(t) € R" and K,(t) € R™",
(X, t)o (X, t)" = Ho(t) + Y HE(E) (X, (3.6)

where Hy(t) € R™" and HF(t) € R™™ are symmetric matrices (fork = 1,...,n),
MXpt) = 1o(t) + L)X, (3.7)
where [y(t) € R, and [,.(t) € R", and
(X, ) = polt) + pa(t) T Xy, (3.8)

where po(t) € R, and p,(t) € R

Note that with the coefficients (K, H, [, p) and a given initial condition Xj, it is possible to
fully determine the distribution of X. Moreover, the parameter vector Xo=(K< H1202 p)
allows us to characterise both the 'risk-neutral’ distribution and the effects associated
with any discounts, and to determine the following complex-valued transform, under the

equivalent martingale measure Q:

e (u,t, T, X,) == Eq {exp {— /t Tr(Xs,s)dsl exp (uTXT)‘}"t} , (3.9)

where v € C" and t < T. Through the ¥ transform, we can accurately and efficiently
price a diverse and extensive set of European-style options. In particular, setting u = 0

in equation (3.9), we get the following risk-neutral price for a zero coupon bond

T
V¥(0,t, T, X,) = Eg [exp [—/ r(XS,s)ds]

which is usually denoted by P(t,T).

In this context, under the technical regularity conditions specified in Duffie, Pan,

]-"t} , (3.10)

and Singleton (2000) Proposition 1, an exponential-affine solution can be derived for the
transform ¢ in equation (3.9), leading to the following expression (for a detailed proof

of the one-dimensional case see Proposition C.1) :
V¥(u,t, T, X,) = exp [oz(t, T,u)+ 5(t, T, u)TXT} , (3.11)

where § € C" and a € C satisfy the following complex-valued ordinary differential
equations (ODEs)*:

B(tv T’ u) = px(t)_Kx(t)Tﬁ(t’ Ta U)—% [B(ta T7 U)H:c(t)ﬁ(tv T7 U)]_[e(ﬁ(tv T’ U), t) - 1] lx(t)7
(3.12)

°The term B(t, T,u)H,(t)B(t,T,u) represents a vector in C™, whose k-th element is given by
S i1 (BT u))i(B(t, T, w), <H£k)(t)) , where (B); is the i*® component of the vector 3, and
; i

(Hik)(t» s the element in the i*" row and j* column of the matrix H{"(t).
/L7J
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and

d(t> T, u) = pO(t)_ﬁ<tv T, U>TK0(t)_%ﬁ<tv T, U)THO(t)ﬂ(ta T, u)_ [‘9(5@7 T, ’LL), t) - 1] lo(t)7

(3.13)
constrained by the boundary conditions S(7,7T,u) = u and «a(7T,T,u) = 0. Note that,
for simplicity of notation, we henceforth omit the superscript and denote the transform
simply by 1.

Now, to ensure that the transform ¢ defined in equation (3.9) takes the exponen-
tial-affine form in equation (3.11), the parameter vector (K@, H? [2 02 p) must be well-
behaved at (u,T), as established in Duffie, Pan, and Singleton (2000) Proposition 1. To
fulfil this requirement, two prerequisites must be met. First, the ODEs (3.12) and (3.13)
must admit unique solutions which we denote by 5 and a. Second, the technical regularity

conditions () to (¢i7) outlined in the subsequent definition need to be satisfied.

Definition 3.3. The parameter vector (K@, HQ 12 02 p) is well-behaved at (u,T) €
C" x [0, 400 if equations (3.12) and (3.13) are solved uniquely by 5 and «, and if

(i) B [ Jy|wldt] < 400, where 3 = W, (B(A(1)) — DA(X,),
(i) & | (7 nn)’
(iii) B [|Wr|] < +oo, where ¥, = exp( fo (X, s d3> a(D+BE) T X (1)

< +oo, where ny = V,A(t)To(Xy), and

The ODEs (3.12) and (3.13) can be easily inferred by applying Ito’s formula to equa-
tion (3.11).

3.2.3. Pricing solution for plain-vanilla European style options

The Duffie, Pan, and Singleton (2000) framework proposes a single (and one-dimensional)
integral pricing solution for plain-vanilla European-style options. In particular, under the
risk-neutral measure Q, the price of a European-style call option with maturity 7" and
strike K can be expressed in terms of the transform v through the auxiliary function

Gap(+). The call price at time 0 is given by:
Co = Ge(i),—e(i) (= In(K); Xo, T’ Xq) — K Go,—c() (— In(K); Xo, T', xq) , (3.14)

where £(i) denotes the ith canonical basis vector in R? (i.e., the unit vector with 1 in
the ith coordinate and 0 elsewhere), and yo = (K9, H®, 12,62, p) is the parameter vector
under the risk-neutral measure Q.
The auxiliary function G, appearing in equation (3.14) is defined by:
¢X<a7X0707T) 1 /OOI |:1/}X<Cl+iyb7 X07O7T)e_iyy
- = m
0

Ga,b(y;XmTa X) = D) T Y

dv, (3.15)

with Im(-) denoting the imaginary part of a complex number and X is given by equa-
tion (3.11).
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CHAPTER 4

Option valuation using Fourier transform methods

4.1. Background

Since the Black-Scholes model was first introduced in 1973, numerous researchers
have proposed extensions to refine and expand the methodologies underpinning option
valuation. This led to novel ideas and approaches aimed at enhancing the precision and
applicability of option pricing techniques.

A noteworthy evolution in this trajectory occurred with the integration of Fourier anal-
ysis, as a powerful computational tool for ascertaining option prices. Originally developed
by Joseph Fourier in the early 19th century, Fourier transforms have found profound appli-
cations in finance, especially in option valuation, where intricate pricing models demand
efficient and precise calculations.

Influential works by authors such as Bakshi and Chen (1997), Scott (1997), Bates
(1996), Heston (1993), and Chen and Chen and Scott (1992) have demonstrated the
efficacy of using Fourier analysis in option pricing. They utilise Fourier-analytic solutions
to express option prices in terms of Fourier-inversion integrals, which are then evaluated
numerically. However, while these papers yielded valuable insights, they did not fully
exploit the potential of the fast Fourier transform (FFT), a computational technique
pioneered by Walker (1996) that has revolutionised scientific computing. Moreover, the
methodology employed in most of these studies involves the decomposition of the option
price into probability components, which, although conceptually appealing, is numerically
undesirable due to the discontinuity of payoffs.

In response, Carr and Madan (1999) presented an approach, capitalising on the effi-
ciency of the FFT to enhance the precision and speed of option valuation. Unlike earlier
methods, which often required numerical approximations, they introduced a method that
leveraged the analytical understanding of the characteristic function of the risk-neutral
density, refining option pricing further.

Following this, a large and growing family of financial models appeared, which relied on
the characteristic function of state variables to accurately determine option prices. Among
them, Lee (2004) work stands out as a significant milestone. In his paper, Lee presents
a framework that generalises Carr and Madan (1999), combining it with extensions of
relevant parts from Duffie, Pan, and Singleton (2000), Lewis (2001), and Bakshi and
Madan (2000), and develops error bounds and error minimization strategies.

On one hand, Lee (2004) expanded the use of Carr-Madan’s analytic calculation of
Fourier transforms to include all derivative structures discussed in Duffie, Pan, and Sin-

gleton (2000), allowing for payoffs dependent on multidimensional state variables.
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On the other hand, assuming Bakshi and Madan (2000) discounted characteristic
function, the Carr-Madan model was extended to handle stochastic interest rates.

Finally, building upon Lewis (2001) observation that option price representations as
transforms can be interpreted as contour integrals in the complex plane, Lee (2004) de-
veloped alternative pricing formulas by adjusting these contours, involving integrals over
(a translate of ) the real line, and resulting in a unified pricing formula.

In this chapter, we will present and study the Lee (2004) framework, using Lee’s

unified pricing formula to price a European-style call option.

4.2. Lee (2004) framework

In this section, we begin by setting forth the option pricing problem and outlining
the main assumptions. Following Lee’s work, we do not assume specific characteristic
functions for the underlying state variables, nor do we assume a particular probability
distribution with a specified density. The state variables may be one-dimensional or mul-
tidimensional, and time and the state space may be continuous or discrete. Additionally,
we consider that interest rates and dividends may be deterministic or stochastic. There-
fore, as long as the discounted characteristic function for such dynamics is known, option
prices are computable.

In our analysis, we will focus solely on a single type of payoff. The objective is to
numerically calculate the time-t price C; of a European call option, which yields a random
payment Cr at time T". To this end, let us assume a filtered probability space (€2, Q, F3).
In this space, €2 represents the set of all possible outcomes, F; denotes the o-algebra of
events at a time-t, and Q is the risk-neutral measure, where the numeraire is the money

"sds represent the time-t value of the numeraire under this

market account. Let M; := edo

measure, and let r; be the interest rate process, which can be stochastic. Finally, assume

B, = E[M;'M,;|F;] = P(t,T) is the time-t value of a discount bond maturing at 7.
Having established the context, we now introduce the numeraire and the martingale

measures within Lee’s framework.

4.2.1. Numeraires and Martingale measures

The risk-neutral probability measure Q is widely used in finance for valuing financial
instruments. Under this measure, any asset price discounted by the money market account

is a Q-martingale. With this understanding, we can express the option value at time-t as:
Cy = B [My M,Cr| F)] = Eg [e— 5 rsdsch} . (4.1)

Similarly, the value of the bond at time-0 can be represented by:
B, = Eq [M;' Mi|F)] = Bq [e” % ™| F| = P(t,T). (4.2)

However, for instruments with more complex and exotic payoffs, the risk-neutral measure
may not always be the most suitable approach. In such cases, an equivalent martingale
measure is preferable. Within his framework, Lee proposes a transition from the risk-
neutral measure Q to the forward measure Q7. In line with Lee’s proposition, we will
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adjust the numeraire accordingly, using the Radon-Nikodym derivative of QT with respect
to Q:

— _6_

dQ |~ My/M; B cJords B

where N denotes the new numeraire By (i.e., the price of a T-maturity discount bond), and

dQT| . Np/N, Brebmd 1 ST rads (4.3)

M represents the old numeraire M, (i.e., the money-market account as in Appendix D.2).
Note that under this new T-forward measure, the discounted price of any asset is a Q-
martingale. With this new insight, we can establish the following relationship between

expectations under the two measures:

Eqr [Cr] = E {EC |.7'—] =E [ie_ftTrstC | F, (4.4)
Q T Q d@ TVt Q Bt TVt - .

Based on this, we can now reformulate the option price using the new forward measure.

As a result, equation (4.1) becomes:

It is worth noting that when deterministic interest rates are applied, the forward measure
is equal to the risk-neutral measure Q. In our case, however, interest rates can be sto-
chastic, and the measures are not necessarily identical. Nonetheless, the forward measure

has the significant advantage of discounting outside the expectation.

4.2.2. The discounted characteristic function

In the Lee (2004) framework, the cornerstone of option valuation lies in the discounted
characteristic function of the state variable. Unlike other characteristic functions in prob-
ability theory, its definition contains a discount factor within the expectation, which is
required for pricing under stochastic interest rates. Let us then start by defining these

functions.

Definition 4.1 (Discounted characteristic function). Assume X is an R"-valued
random variable and let Ax denote the interior of the set {v € R" : Ee" X7 < oco}. Also,
let the complex vectors with negated imaginary parts in Ax form the following “strip” or

“tube” in the complex plane:
Ax ={CeC":—Im(¢) € Ax}. (4.6)

Thus, the discounted characteristic function of X, with respect to a discount factor e_ftTrst,
1s defined as the function f: Ax — C, where:

fi€) = Bole™ I reeieXr | ) (4.7)
An important special case occurs when ¢ = 0. In this case, equation (4.7) reduces to:

£:(0) = Eg [e— ST rsds

ft} — P(t,T), (4.8)

which is precisely the time-t price of a T-maturity discount bond. Note that under
deterministic interest rates, this simplifies to f,(0) = e7""=. This identity also provides
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a convenient normalization that links the risk-neutral and forward measures. Based on
this definition, it is possible to determine the characteristic function, but now in relation

to the forward measure Q.

Definition 4.2 (Characteristic function under the forward measure). Assume
again that X remains an R™-valued random variable. Let Ax denote the interior of the
set {v € R" : E[e*T] < oco}. Additionally, let the complex vectors with negated imaginary
parts in Ax form the “strip” Ax :=={( € C": —Im({) € Ax}.

Moreover, consider the discounted characteristic function of X, f : Ax — C defined in
equation (4.7). Using the price of a T-maturity discount bond By = P(t,T) from equation

(4.8) as the numeraire, we obtain:

f(©)
f:(0)

which (for ¢ restricted to R™) is the usual characteristic function of X with respect to the

= Eqr[e“ 7| F], (4.9)

forward measure Q.

PrOOF. The proof is a direct application of Abstract Bayes’ theorem for change of
probability measure in Theorem D of Appendix D.1 (see also Geman et al. (1995, Corol-
lary 2). O

Theorem 4.1. The discounted characteristic function f is well-defined and analytic in
Ly, which is a convex set. As a result, partial derivatives of f may be taken through the

expectation.

Proor. Following Lee (2004, Theorem 4.1), the proof can be found in Zemanian
(1966, Theorems 4 and 5). O

Remark 4.1 (Notation bridge and connection to the literature). In the option-
pricing literature it is common to express the marginal characteristic function of the ter-

minal log price of the underlying asset under a martingale measure Q; as

fi(T, 6; X,) = E% {ewa

-F;ti| ; (4.10)

with j = 1 denoting the risk-neutral measure, j = 2 the T'-forward measure, for all p € C
for which the expectation is well defined, where i = v/—1.

Lee’s framework, however, uses a slightly different notation, so we spell out the link.
Because his approach is formulated under the T-forward measure QT , we focus only on

the marginal characteristic function fo. For convenience, we can write:

_ i(9)
£:(0)

which is precisely the characteristic function given in Definition 4.2. For simplicity and

fo(T, ¢; Xy)

(4.11)

to be consistent with Chapter 5, from this point forward we denote this characteristic
function by fao(t, d) == fi(6)/fi(0). Additionally, henceforth we use ¢ (instead of ¢) for
the complex transform variable.
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4.2.3. The option pricing formula

Having defined the discounted characteristic function, our focus now turns to deriving
the general pricing formula for evaluating a European-style call option. First, we will
define the payoff and the call price in terms of the characteristic function of X;. Next,
we will calculate analytically the Fourier transform of the call price function, damped to
enforce integrability. Finally, inverting this Fourier transform and then undamping, we

will obtain the option price as a function of the strike price.

4.2.3.1 Payoff definition

Let the state variable X be a Fpr-measurable random variable with values in R"™.
Assuming a payoff function G : R"xR — R, the time-t price of an option paying G(X, k)
at the maturity T can be defined as:

Ca(k) = BiEqr|G(X, k)| F, (4.12)

where k is the trigger of the contract.
Since our analysis solely focuses on the European-style call option, we can express the
payoff as:

G(X,k) = (e —eM)T, withX € R, (4.13)
where k denotes the logarithm of the strike price K. Note that if we choose X to be a
bond yield, the logarithm of a stock price, or even an FX rate, we will obtain a call on a

stock, bond, or currency, respectively.

4.2.3.2 Option valuation using Fourier transforms

In Lee (2004) framework, Fourier analysis plays a fundamental role in option valuation.
In this paper, characteristic functions are represented as Fourier transforms of probability
density functions and typically have an analytic extension (a generalised Fourier trans-
form) u — z € C, regular in some strip Ax parallel to the real z-axis (see Lewis (2001)).
Another central idea in Lee’s approach is the recognition that option payoff functions
also have simple generalised Fourier transforms. This aspect will prove to be of utmost
importance because, as we will see, the usual Fourier transform does not exist. To better
understand this issue, let us consider the Fourier transform (see definition A.3) of the

initial option price Ce(k):

A +OO . X .
Co(u) = / " Colk)dk = / e"*BEgr [(e* — €*) | 7] dk. (4.14)

Solving the previous expression leads to the following result, as detailed in Proposition
D.1 of Appendix D:

ég(u) = EQT Bt e(iqul)X i — 1 — lim 6iut+X + e(iu+l)t |.Ft . (415)
w u+1 t——o00 U w41
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It is easy to note that the transform Cg(u) does not exist since the call price Ce(k) does
not decay as k approaches —oo, indicating that the call pricing function is not square-
integrable. To address this problem, we should adopt an approach originally proposed by
Carr and Madan (1999), which involves using a modified call price. Thus, following Lee’s
terminology and assuming a damping constant a > 0, we define the damped option price

function ¢, ¢ : R — R as follows:
cac(k) == e**Cq(k). (4.16)

This definition ensures that the damped option price c, ¢ is integrable in k over the entire
real line, guaranteeing that its Fourier transform exists and is well-defined (see Remark
4.1), provided that « is chosen appropriately. As a result, the Fourier transform of the
damped option price can be represented as ¢, ¢: R — C and obtained using the following
definition:

boc(t) = / ¢y () (4.17)

Now, substituting in the damped option price function, given by equation (4.16), and
replacing Cg(k) by the corresponding valuation formula (4.12), adjusted by the payoff
function (4.13), yields:

+o0 X
Cac(u) = / e"F e Co(k)dk = / e"* e BiEqgr [(e¥ — €*) | F] dk. (4.18)

Applying Fubini’s Theorem to adjust the order of integration and solving the integral, we

arrive at the following outcome:

éa,G (U) :BtEQT

plivta)k+X plivtat)k 1%
. — - | Fe
w4+ « w+a+1]_

6(iu+a+1)X e(z’u+a+1)X
=BE — Fil -
et [( 1w+ o iu+a+1)| t}

(4.19)

The introduction of the exponential damping factor e®* produces now a convergent inte-

gral inside the expectation. This way we guarantee that:

+o0 +o0
/ |ac(u)| dk :/ e**Cq (k)| dk < oo. (4.20)

oo —o0
This condition ensures that ¢, ¢(u) is integrable, thereby establishing the existence of the
Fourier transform for the damped option price.

Finally, using the discounted characteristic function of X with respect to the forward
measure Q7 presented in Definition 4.2, we obtain the following result for the Fourier

transform of the damped option price:
Theorem 4.2. (Fourier transform of the damped option price) Assume a damp-

ing constant o > 0. For any such o, the Fourier transform ¢, c(u) of the damped option
price co,q(k) exists and can be represented as follows:

fi(u—(a+1)9)
a?+a—u+ia+1)u

Cac(u) = (4.21)
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ProOF. The complete proof for the Fourier transform of the damped option price can
be found in Proposition D.2 of Appendix D. 0

With the Fourier transform of the damped option price established, option prices can

now be obtained using the inverse Fourier transform (see definition A.3).

Theorem 4.3. (Inverse Fourier transform for the damped option price) Let
a > 0 be a damping constant. For any such o, both the damped option price function
Cac and its Fourier transform ¢, exist and belong to L', ensuring they are absolutely
integrable over their entire domain (i.e., fj;o |Cac|dk < 00 and fj;o |Cacldu < o0).
Then, the call option price is determined by:

—ak

Ca(k) = & T kg e —iuk 4
(k) = e " g(u)du = Re [e7"*¢ ¢ (u)] du. (4.22)
0

2 J_ s

ProOF. The proof of the inverse Fourier transform used to obtain the damped option
price can be found in Theorem D.2 in Appendix D. O

4.2.3.3 Transforms of option prices as contour integrals in the complex plane
The transform representations of option prices may be interpreted as contour integrals
in the complex plane. By shifting the contours and applying Residual Calculus it is

possible to generate alternative pricing formulae.

Proposition 4.1. (Complex Fourier transform of the unmodified option price)
Let T' be the set I'x g :={z € C: —Im(2)by + by € Ax}. For a positive o, the complex
Fourier transform of the unmodified option price Ce(k), can be specified as Co: I'sxe—C,
and its definition is given by the following equation:

ba(z) = ft(z—_;) (4.23)

iz— 2z

Corollary 4.1. (Insights from the complex Fourier transform proposition) Fol-
lowing Proposition D.3, which sets the link between the Fourier transform of the damped
option price specified in equation (D.12), and the complex Fourier transform outlined in
equation (D.20), a relationship can be established between the two definitions, knowing,
once again, that z = u — au.
Therefore, for a positive a and aby + by € Ax (with by :=1,by := 1), we have:

bac(u) = Calu — ai), (4.24)

and hence, for z € T, such that —Im(z) > 0, we can also derive the following representa-
tion for the complex Fourier transform of the unmodified option price Cq(k):

“+oo

Golz) = /_ e () (4.25)

o0

ProOF. The proof for the corollary is detailed in Theorem D.1 of Appendix D. [
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Theorem 4.4. (Complex inverse Fourier transform for the unmodified option
price) Let us consider the set I'xq = {z € C: —Im(2)by + by € Ax} and define the
complezx Fourier transform of the unmodified option price Cq(k) as Coi= I'se— C.

Then, the unmodified call option price can be obtained by integrating the complex inverse

Fourier transform Cfg(z) along the contour Im(z) = —« in the complez plane, as follows:

1 +oo—ai ) R 1 +oo—ai . ~
Cal(k) / fm%ﬂ@MZJ%0+—/‘ R%fmﬁﬂﬂdz (4.26)
— 0

T om co—ai T Jo—ui
where (
fi(=1) —€ff,(0)  if a < —1
fi(=i) = S5O Gra =
Roc = q fi(—17) if —1<a<0 (4.27)
ft(;i) ifa=0
0 if « >0

PRrROOF. The proof for the Theorem 4.4 is detailed in section D.3.2 of Appendix D. [

4.2.3.4 Pricing formula deduction

Having considered all scenarios with different alpha parametrisations, we find that
the optimal fit between theoretical and market prices occurs when o« = —1. This choice
lies on the admissible strip implied by Lee (2004), ensuring that the required exponential
moments exist and that the transform is well defined. Fixing @ = —1 places the parameter
at the boundary that still guarantees integrability, provides sufficient tail decay for stable
numerical quadrature, yields the simplest boundary correction R, ¢, and avoids both over
and under-damping of the payoff. Taken together, these considerations make a = —1 the
most appropriate choice for pricing European-style plain-vanilla options.

Henceforth, we use the corresponding option pricing parametrisation as a basis to
derive the final pricing formula, crucial for calibrating diverse theoretical models.

Thus, using the « = —1 Lee (2004) formula for the unmodified option price as a
starting point, we have:
1 +oo+11 ) R k 0
cam:_/ R%{W%mﬂm+ﬂ4%fﬁ(x (4.28)
T Jo+1i 2

As a first step, we substitute the complex Fourier transform %’%(z) of the unmodified
option price by its definition, specified in Proposition 4.1.

Knowing that the discounted characteristic function of x under Q is given by f(t,() :=
f:(¢) =EQ [e_ S reds gic X |.7-"t} , we can find the price of a T-maturity discount bond B; :=
f:(0) = ER [e* S rads |]-"t} , used as the numeraire under the 7'— forward measure, and write
fi(—i) as E? [e* I Tsds€X|]:t]. Finally, representing the discount bond f;(0) by P(¢,T),
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denoting the strike e* by K and e by S, equation (4.28) can be rewritten as follows:
Ca(k) = 1 /JFOOJF“ Re [&(z;z)} dz + E? [e’ftT“dSeXLFt — M. (4.29)
T Josti 12— 2 2
Using, again, the discounted characteristic function of X, this time for ( = z — 7, we have
that f,(z — i) = EQ [e* I “dsei(zfi)x|ft] Performing a change of variable to the first
right-hand side integral, such that z = ¢ + ¢, then:

—ik(e+)RQ | o— [T reds LipX F
1 [t e [e e | Fy T e*P(t,T)
Ce(k)== [ R — , d+E@[*ft'“sdst}——’.
ol¥) w/o e[ i(6+i)— (0+0) PHET T e
(4.30)
Recalling that eX = Sy and ef = K, we have:
- ~iIn(K)é [ RQ [ — [T ryds z'¢>1n(sT)|]_-]
I € ¢ e t T KP(t,T)
K)=- EQ — [ rsds a4
CalK) W/O Re io—1— (62 + 240 + 2) a¢ -+ [e ST‘E} 2
~ —iln(K)$RQ | o= f 7sds gidIn(Sr) T
K [t e [e e | t} T KP(t,T)
[ p— Q _ft rsds I S
- /O Re e d +E [e Sﬂ]—}} ;
~ —iln(K)$RQ | o= f 7sds o In(Sr) F
= _5 ! Re ‘ [e ‘ | f} do + Spe~a(T=1) _ M
T Jo O+ @i 2 ’
(4.31)

since by risk-neutral valuation the discounted S;e? must be a Q-martingale. Additionally,
since fi(¢) = EQ [e_ I "Sdsemln(ST)U-}] and by Proposition (4.9), 242 — gQ” CadaScaivAp

fi(0)
we have:
+o00 [ 7’L’lTL(K)¢ EQ e~ ftT Tsd56i¢lH(ST) ’E
C’G(K) = _w/ Re € 5 : [ :| do + Stefq(Tft) _ KP(t7T>
m 0 O* + @i 1:(0) 2
__EKpt.T) / ¥ | o BY [0 F] gy _ KPT)
- A ¢? + ¢ do + Sie 2
(4.32)
Defining the characteristic function of in(Sy) under the forward T-measure by
folt, 6,50, 7) = 119 _ gaT [ivintsn| 5] (4.33)
f(0)
" 1) [ f(t.6.5,.Y)
P(t, T o , t Y,
Qt,K,T,S,) = — Re |e el 2 220 "V g 4.34
(7 s Ly t) T A S |:€ ¢2+¢2 ¢7 ( )
the price of a call option is
KP(t,T
Co(K) = Spem?T71 — % — KQ(t,K,T,5,). (4.35)
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4.2.3.5 Approximation of the improper Integral

The computation of the improper integral in equation (4.34) can be performed using
several numerical integration techniques, such as Gauss—Legendre and Gauss—Laguerre
quadratures, or adaptive Gauss—Lobatto quadrature. However, in this analysis we adopted
the Gauss—Kronrod quadrature rule. This choice was motivated by the fact that Gauss
—Laguerre quadrature encounters numerical instabilities when the integrand exhibits poles
or discontinuities near the integration domain, as is the case in our pricing formula.

In contrast, the Gauss—Kronrod method demonstrated superior performance due to
its adaptive error estimation and efficient node reuse across iterations, which significantly
reduces computational cost while maintaining accuracy. Applying this rule, we estimated

the integral in equation (4.34) as follows:

/0 OOg(ac) do ~ ijg(xj), (4.36)

where w; and x; are the weights and the nodes of the associated Gauss-Kronrod quadra-
ture rule. Applying Gauss-Kronrod quadrature rule we estimate the integral in equation

(4.34) in the following way:

+o0 al
_iln(K)¢f2<t7¢7 Stan):| ~ . .
/0 Re {6 ¢2 + (m d¢ ~ ;w]g(gbj),

where g(¢) is given by:

1) = R e H£.5:30)

P2 + @i

As a result, the call price given by equation (4.30) becomes:

N
1 1
— g ea(T-t) _ 4= (.
Ca(K) = S KP(t,T) ( S+ ;wjg(@)) . (4.37)
Having established the general pricing framework based on Lee’s approach, we now turn to

the specification of three jump-diffusion models and the derivation of their corresponding

characteristic functions f5(t, @).
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CHAPTER 5

Stochastic volatility jump-diffusion models

5.1. Background

Stochastic volatility jump-diffusion (SVJD) models are a class of financial models de-
signed to capture complex asset price movements, by incorporating time-varying volatility
and sudden, discontinuous changes.

Despite the relevance of the BSM model in option pricing, its assumptions of con-
tinuous price paths, constant volatility, and normally distributed returns do not usually
reflect the observed market behaviour. Empirical data shows that asset returns frequently
exhibit fat tails, excess kurtosis, negative skewness and abrupt jumps, especially during
periods of market stress. Moreover, these discontinuities are frequently associated with
shifts in volatility patterns, since volatility is naturally time-varying. It tends to cluster,
revert toward a long-term mean, and respond asymmetrically to price movements. This
behaviour is reflected in the volatility smile usually observed in option markets. Such
features are not captured by pure diffusion models, leading to systematic mispricing of
derivatives and to an underestimation of extreme-event risk.

To address some of these limitations, stochastic volatility (SV) models were developed.
By modelling volatility as a stochastic process, these models address some of the issues
identified in the BSM framework, most notably the implied volatility smile. A well-known
example is the Heston (1993) model, which specifies volatility as a mean-reverting square-
root diffusion and yields a closed-form solution for option prices.

In parallel, jump-diffusion (JD) models were introduced to account for discontinuities
in price movements as well as for the heavy tails observed in return distributions. Merton
(1976) JD model specified normally distributed jumps, and Kou (2002) later extended
this framework using a double-exponential distribution that allows for asymmetry and
heavier tails. Although these models improve the empirical fit of asset returns, they do
not capture volatility clustering or mean reversion.

These complementary approaches ultimately gave rise to stochastic volatility jump-
diffusion (SVJD) models, which extend the traditional diffusion framework by incorpo-
rating stochastic volatility and discontinuous price jumps. In these models, volatility
typically follows a mean-reverting process, while jumps are represented by a compound
Poisson component. This dual structure allows the model to capture both the evolving
nature of volatility and sudden, sizeable price movements, offering a better representa-
tion of financial markets, namely during periods of stress or in response to unexpected
events such as macroeconomic announcements, earnings surprises, geopolitical shocks, or

systemic crises.
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This chapter presents an overview of the most influential extensions of the jump-
diffusion framework, beginning with Merton (1976) JD model, continuing with Kou (2002)
double-exponential model that introduces jump asymmetry and heavier tails, and culmi-
nating in the more general specification proposed by Bakshi, Cao and Chen (1997), which
incorporates stochastic volatility, stochastic interest rates, and jumps. Each model is pre-

sented with its theoretical formulation, practical relevance, advantages, and limitations.

5.2. The generic stochastic volatility jump-diffusion model
5.2.1. Stochastic volatility dynamics

Empirical evidence indicates that financial market volatility is neither constant nor
deterministic. Instead, it evolves stochastically over time, often displaying features such
as mean reversion, where volatility tends to return to a long-term average, and volatility
clustering, a form of temporal dependence in which large price fluctuations are typically
followed by further periods of high variance. To capture these features, stochastic volatility
models introduce an additional stochastic process driving the variance dynamics, yielding
a more realistic and flexible description of asset price behaviour.

Formally, under a stochastic volatility framework, the dynamics of the asset price S are
given by:

dSy = (1 — q)Sy dt + /V,.S, dW7, (5.1)
where p denotes the drift under the physical measure P, ¢ is the continuous dividend
yield, V; represents the instantaneous variance of the asset at time ¢, and {W};5¢ is a
standard Brownian motion capturing the source of randomness in the asset price.
In addition, the variance process V; is generally assumed to follow a mean-reverting

diffusion process of the form:
dVy = k(t)(0(t) — V) dt + (¢, Vi) dWY, (5.2)

where £(t) denotes the speed of mean reversion, determining how quickly the variance
returns to the long-run level 0(t), and £(t,V;) is the diffusion coefficient of the variance
process (commonly referred to as the volatility of volatility), which controls the magnitude
of stochastic fluctuations and may depend on both time and the current variance level.
The functions x(t), 0(t), and £(t,V;) are specified such that the variance process V; is
well-defined and remains non-negative. Finally, {W}'};>¢ is a standard Brownian motion
introducing randomness into the variance dynamics.

In most formulations, W} is assumed to be correlated with the Brownian motion W;® that

drives the asset price, where the instantaneous correlation p is defined as:
E[dW2dW}] = pdt, p € [—1,1]. (5.3)

While stochastic volatility significantly improves the model’s ability to capture key dy-
namics of financial markets, it remains insufficient to account for the discontinuous price
movements frequently observed in asset returns. To address this, a jump-diffusion com-
ponent is incorporated into the model.
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5.2.2. Jump-diffusion process

Jump-diffusion models extend the continuous diffusion and stochastic volatility pro-
cesses by capturing sudden, discontinuous movements in asset prices that these models
cannot fully explain. Starting from a standard diffusion model, such as the Black-Scholes
framework, a jump component is incorporated to account for significant and abrupt price
changes. These jumps are typically modelled using a compound Poisson process, which
captures both the frequency and magnitude of each jump. The following sections present
the formal specification of these two components in detail.

Jump arrival process

The arrival of jumps is governed by a Poisson process with intensity A, which determines
both the expected frequency and the random timing of jumps within a given time inter-
val. The number of jumps occurring over a fixed period follows a Poisson distribution.
However, for sufficiently small time increments, this distribution can be approximated by
a Bernoulli variable. In this case, the probability distribution of observing jumps within

an infinitesimal interval dt is given by:
P(Niypar — Ny =0) = 1 — \dt.
P(Npypat — Ny =1) = A\dt (5.4)
P(Nyyar — Ny > 2) = 0.

Here, A\dt represents the probability of exactly one jump occurring in the time-instant dt,
while 1 — Adt is the probability of no jumps taking place. The probability of observing
more than one jump is negligible for small dt.
Jump size and distribution
The jump factor U, is an independent and identically distributed (i.i.d.) random variable
that follows a specific probability distribution, such as the normal or log-normal distribu-
tion. It acts as a multiplicative factor that determines the change in the asset price when
a jump occurs. Formally, the asset price immediately after a jump satisfies S; = U.S;_,
where S;_ denotes the asset price just before the jump. Then, the relative jump size can
be expressed as follows:

dSTS_'* = —Utst:qt_ Sy (5.5)
Although the formulation in terms of U, is valid, it is often preferable to express the jump
as the percentage change in the asset price J; = Uy, — 1.

Together, the jump timing and size distributions form the foundation of the jump
component within asset price models. These models can be viewed as particular cases of
a broader class of stochastic processes, known as Lévy processes. A Lévy process is a sto-
chastic process that starts at zero, with stationary and independent increments, meaning
that changes over non-overlapping time intervals are independent of each other, so the
process depends only on its current state, and that the distribution of the changes over
any time interval of a given length remains the same, regardless of when it occurs. In

addition, Lévy processes are stochastically continuous, indicating that as the time interval
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becomes very small, the probability of a significant change in the process approaches zero.
This class of processes can be completely characterised by their characteristic functions,
expressed in terms of the Lévy-Khintchine triplet (v,0% v). In particular, the triplet
allows the decomposition of a Lévy process into three independent components: a deter-
ministic linear drift, a Brownian motion, and a pure-jump Lévy process.

The jump behaviour of a Lévy process X; is fully determined by the Lévy measure
v, which specifies the expected number of jumps per unit time with magnitudes falling
within a given set, and governs both the frequency and size distribution of jumps. The
Lévy measure is expressed as v = A f, where f is the density of the jumps of the stochastic
process X; and A is the intensity of jumps arrivals.

Another important class in asset pricing is the exponential Lévy model. In this frame-
work, the asset price is modelled as the exponential of a Lévy process X;, ensuring that

log-returns are positive, independent, and stationary:
Sy = Spe™. (5.6)

Since in the context of exponential Lévy models the asset price is defined as S; = Spe™
(for further details, see Appendix B.7), it is important to characterise how the relative

jump size is determined within this framework. This leads to the following expression:

dSt . St — St, . €Xt — €Xt7 AX; 1

E Stf = oXio € 5 (57)

AXe _ 1 reflects

where AX; = X; — X;_ represents the jump in the Lévy process X;, and e
the percentage change in the asset price. Note that throughout this section, x will also
denote a generic realisation of the jump size AX;. Moreover, the formulation in equation
(5.7) is consistent with the general description in equation (5.5), from which it follows
that U, = e®Xt, thereby establishing the link between the exponential Lévy representation
and the standard jump framework.

It is also convenient to express the compound Poisson process associated with the asset’s

jump size distribution V;, va;l V; in integral form (for further details see Proposition B.2):

ZV / / (" = 1)Nx(du, dx), (5.8)

where Ny is the Poisson random measure. This measure is defined by Nx([0,¢{] N A) =
#{s € [0,t] : AX, € A}, which gives the number of jumps per unit of time, whose
amplitude belongs to A. Observe that, for each Borel set A, {Nx (¢, A),t > 0} is a Poisson
process with postulate given by (5.4), and mean number of jumps per unit time given
by v(A) = E[N(1, A)] = Afx(A) where f is the density of the jumps of the stochastic
process X; and A is the intensity of the jumps arrival. Finally, W; and Ny are independent
sources of randomness. Among the various types of Lévy models, jump-diffusion models

are particularly relevant in finance and will be introduced next.
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5.2.3. Jump-diffusion models

The jump-diffusion model combines a standard Brownian motion with drift and a com-
pound Poisson process, capturing both continuous fluctuations and abrupt price jumps
in asset dynamics such as market crashes or major corporate events.

The process is typically expressed as follows:

Ny
X =pt+ oW, + YV, (5.9)
i=1
where ut represents the drift term, oW, the Brownian motion, and the jump component
ZZN;I Y; is a compound Poisson process. Here, N, is a Poisson process with intensity A
that counts the number of jumps up to time ¢, and Y;, ¢« = 1,2,3,..., are i.i.d. random
variables with distribution f. For completeness, formal definitions of the Poisson and
compound Poisson processes are given in Definition B.2 of Appendix B.
As a classical example, in Merton (1976) model, the process X; follows a jump-diffusion
model, as defined in equation (5.9).
Applying It6’s Lemma to the exponential function defined in equation (5.6), and
using the dynamics of the jump-diffusion process X; specified in equation (5.9), taking
into account the existence of dividends, i.e with drift 4 — ¢, we obtain the stochastic

differential equation (SDE) for the asset price S, under the physical measure P:
dSt = (,u - Q)St_dt + O'St_thP + / St_(ex — ].)N)((dt, dl’) (5].0)
R

Here, S; denotes the asset price at time ¢, and S;_ represents its left-limit, accounting
for possible jumps. The parameter p is the drift under the physical measure P, ¢ is the
continuous dividend yield, and ¢ is the volatility coefficient associated with the standard
Brownian motion. N (dt,dz) is a Poisson random measure counting the number of jumps
of size dv € R occurring in the interval [t,¢ + dt). Finally, note that W and Ny are
independent sources of randomness.

This equation reflects both the continuous fluctuations and the discontinuous jumps
in the asset price. A full derivation of SDE (5.10), including all intermediate steps from
the application of It6’s Lemma to the exponential function, is provided in Appendix A.

Having established the jump component, we can now integrate it into the dynamics
of the classical diffusion model, leading to the class of stochastic volatility models with

jumps.

5.2.4. Stochastic volatility jump-diffusion models

Stochastic volatility and jump-diffusion models each address important shortcomings
of the standard diffusion framework, but neither alone fully captures the empirical be-
haviour of asset prices. To account for both time-varying volatility and discontinuous
price changes, these components can be integrated into a unified stochastic volatility
jump-diffusion model, formalised by the following system of stochastic differential equa-
tions, under the physical measure P:
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dS, = (u— q) Sp_dt + /V,S,_dW} + / S,_(e* — 1)Nx/(dt, dz), (5.11a)
R
AV, = k(t)(6(t) — V,)dt + £(t, V,)dW . (5.11b)

In this model, equation (5.11a) extends the stochastic volatility dynamics specified in
equation (5.1) by incorporating the jump component from equation (5.10), while the vari-
ance process in equation (5.11b) remains unchanged from equation (5.2). The processes
{W5}s0 and {W?};>o are standard Brownian motions, driving the asset price and the
variance dynamics, respectively, and are correlated with instantaneous correlation coeffi-
cient p € [—1,1], such that E[dW dW}] = pdt.

The jump component is modelled via a compound Poisson process, represented by:

/Ot/Rsu_(ew — 1)Nx(du, dz).

Furthermore, W,° and W} are assumed to be independent of the Poisson random measure
Nx governing the random arrival times of jumps, ensuring that continuous and discon-
tinuous sources of randomness remain uncorrelated. This formulation allows for both
continuous and discontinuous changes in asset prices and provides a rich framework for
capturing several empirical phenomena, such as volatility clustering, asymmetric return

distributions, heavy tails, and sudden price movements.

5.3. Merton Jump-diffusion model
The Merton (1976) jump-diffusion model, introduced by Robert C. Merton in 1976,

was the first to incorporate jumps into asset-pricing models. It represents a significant
advancement over the Black-Scholes-Merton framework by addressing one of its core lim-
itations. While the BSM model assumes that asset prices follow a continuous path driven
solely by geometric Brownian motion, the JD model incorporates the possibility of sud-
den, discontinuous changes in asset prices. As discussed in the previous sections, this
feature allows the model to more accurately reflect the empirical behaviour of financial
markets, where abrupt shifts in asset prices occur alongside continuous fluctuations.

In Merton (1976) specification, the dynamics of S; are described by the following
stochastic differential equation (SDE), combining a continuous Brownian motion with

constant volatility and a jump component driven by a Poisson process:
dSy = (u —q) S;_dt + oS;_dW} + / S,_(e® — 1)Nx(dt, dz). (5.12)
R

Here, 1 denotes the drift rate of the asset under the physical measure P, ¢ corresponds
to the continuous dividend yield, o represents the constant volatility of the diffusion
component, and Wj is a standard Brownian motion. As in the general specification, W[
and the Poisson process Ny are assumed to be independent, ensuring that the continuous
and jump components constitute distinct sources of randomness.

Since in this framework the asset price is modelled in exponential form as presented in
equation (5.6), it is natural to describe the asset price dynamics in terms of the logarithmic
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process X;. In Merton (1976) model, this process follows the jump-diffusion process in
equation (5.9), where the jump size variables Y; are i.i.d. and normally distributed with
mean m and variance §. Accordingly, the random percentage jump size can be written as
J, = e2Xt — 1, which implies that:

In(1+J;) ~ N(m,9). (5.13)

Therefore, the corresponding Lévy measure can be characterised by the following density:
1 r—m 2

v(dr) = A e~ 75 dz, (5.14)

L)

where m € R and A\, 0 > 0 are given parameters.

Having specified the Lévy measure, we now proceed to the risk-neutral formulation. For
option pricing, asset dynamics need to be expressed under Q rather than the physical
measure P. To perform this change, we apply Girsanov’s theorem, which provides the

following relation between the Brownian motions under the two measures:

AWE = pydt + dW2, (5.15)
with ¢; denoting the Girsanov kernel, defined as:
r—p— | —=1)v(de
o= fR(U ) vdz) (5.16)

Then, substituting equation (5.15) into equation (5.12), yields:
dS, = (r —q— / " — 1v(dz))S,_dt + oS,_dW 2 + / S,_(e* — 1)Nx(dt,dz). (5.17)
R R

In this expression, r denotes the deterministic instantaneous spot interest rate, and
{W>%} 50 is a standard Brownian motion under the risk-neutral measure Q.

Noting that, in the Merton (1976) jump-diffusion model, the Lévy measure (5.14) can be
written as v(dx) = \f(dx), where f(dx) is the density of a Normal distribution repre-
senting the jump size Y; of the compound Poisson Process vaztl Y;, the integral term in
Girsanov’s kernel simplifies to:

/R(ex —1Dv(dx) = )\/ (e —1) f(dz) = Auy. (5.18)

R

AXy

with uy; = Ele — 1] representing the average percentage jump size.

Substituting this result into equation (5.17), we obtain:
dS, = (r — q — A\uy)S,_dt + oS, dW; % + / S,_(e” — 1)Nx (dt, dx), (5.19)
R

where, in this case, u; is given by (see Corollary E.1):

gy =E[eA — 1] = ¢mt30 — 1, (5.20)
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5.3.1. Merton’s model as a special case of Duffie, Pan, and Singleton (2000)

The Merton (1976) jump-diffusion model can be seen as a particular case of the Duffie,
Pan, and Singleton (2000) framework introduced in Chapter 3. Embedding the model
in this setting allows us to identify the corresponding affine coefficients and derive the
exponential-affine transform. This provides a convenient way to obtain the marginal
characteristic function of the terminal log—price, the key input for option pricing.

In this formulation, X; is a 1-dimensional vector, defined as:

where the natural logarithm of the asset price is the only element of the state vector.

That said, applying the generalised [t0’s Lemma presented in Definition B.6 to X;, we

get:
din(s,) = 92 _ LA 5
g 2 o
) (5.22)
+/ [ln(St £ 5 (F = 1)) = In(Sy) = =S (¢" = 1)| Nx(dt,do).
R t—

Plugging in the dynamics of \S; specified in equation (5.19) and simplifying the integral
term yields:

1 2Q2
8 25 (5.23)

+/R[$—(e$—1)]NX(dt,dx).

As the Lévy measure in Merton (1976) model has finite activity and finite variation, the
two integral terms can be combined. Thus, cancelling the integral [ (e* — 1)Nx (dt, dx)
and rearranging the dt terms, we arrive at:
1
din(S,) = (r —q — My — 502)dt + odW Y + / x Ny (dt, dz). (5.24)
R

Comparing the dynamics in (5.24) with Duffie’s affine structure given in equation (3.3),
we identify the drift p(t, X;) and the volatility term o (¢, X;) as:

w(t, Xy) =r—q— Ay — 20° (5.25a)
o(t, X)) =o. (5.25Db)

Noting that Duffie’s framework imposes an affine form on both the drift u(¢, X;) and the
symmetric matrix o(t, X;)o(t, X;) ", as specified in equations (3.5) and (3.6), respectively,
we obtain: .

Ko(t)=r—q— Auy — 502, K.(t) = 0. (5.26)

Regarding the diffusion component, the affine structure of o(t, X;)o(t, X;)" takes the

form:
o(t, X )o(t, X,)" = o2, (5.27)

34



from which it follows that:
Hoy(t) = o* H(t) = 0. (5.28)

The short-term interest rate, R; is also specified by an affine structure, as in equation

(3.8). In this case, as R; = r is a deterministic constant, the coefficients are:
po(t) =r, pa(t) =0. (5.29)

Finally, the dynamics of the one dimensional pure jump process Z; described in equation

(3.3) corresponds to the integral term specified in (5.24):
dzP = / x Nx(dt,dz). (5.30)
R

Thus, the jump process Z2 = f(f Jz ®Nx (ds, dzx) is consistent with the compound Poisson
process introduced in equation (5.9), whose jumps have an arrival intensity A\(X;,t) =\ €
[0, +00[. This implies that the jump intensity is constant and, under Duffie’s framework,

follows the affine structure given in equation (3.7), where:
lo(t) = A, 1,(t) = 0. (5.31)

In turn, the associated jump-size probability distribution v, can be characterised through

the following jump transform 6 defined in equation (3.4):
blet) = [ edlml)
R
1 1 (z—m)2
— ec? e 2 35 dz (532)
/R V21

cm+%c26
)

=€

where we used the result given in equation (B.2). Note that v4(dz) presented in equa-
tion (3.4) refers only to the jump-size distribution, denoted by f(dz) in the Merton (1976)
model, and should not be confused with the Lévy measure introduced earlier. Moreover,
py can be directly recovered from the jump transform 6, where p; =60(1,t) — 1. The
derivation of this relation follows from straightforward algebra and is provided in Propo-
sition E.3 and Remark E.1 in the Appendix.

With these elements in place, we now turn to the system of ODEs that characterises the
exponential-affine transform. Recall that the ODE for § used in the transform (3.11) is
given by equation (3.12), i.e.,

Bl(tv T7 U’) = px(t) - Kx(t)—rﬁ(tv T7 U’) - % [B(ta Tv U)Ha:(t)ﬁ(tv T, u)] - [H(B(t, T? U’)v t) - 1] lx(t)

Substituting the relevant terms from equations (5.26), (5.28), (5.29), (5.31) and (5.32)
into this ODE, and using the boundary condition 5(T,T,u) =u, we obtain 3'(t,T,u)=0,
which results in:

B(t, T, u) = u. (5.33)
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Applying the same substitutions to the ODE for « given in equation (3.13), we have:

al(t7T7 u) = IOO(t> - ﬁ(t7T7 U)TKO(t) - éﬂ(t,T, U)THO<t)6(t7T7 u) - [9(6(t7 T7 u)vt) - 1] lO(t)

1 u?o?
:r—u(r—q—AuJ—§a2)— 5

Using the boundary condition (T, T,u) = 0 yields the following solution to this ODE:

o [€u~m+%(5u2 . 1i| A

u?o?

1
alt,T,u) = —r7 +u(r —q— My — =0)7 + 5

2

"t [e“'m+%6u2 _ 1] A (5.34)

where 7 =T —t.
This way, in the case of Merton (1976) model, the exponential-affine solution for the

transform (3.9) is given by:
Y(u,t,T; Xy) = exp [a(t, T,u) + B(t,T,u) In(S)], (5.35)

with w € C and ¢t < T, and where a and  are given by equations (5.34) and (5.33),
respectively.
Since in Merton (1976) model the interest rate is constant, the price of a zero-coupon

bond is the usual discount factor:
Pt,T)=¢e", (5.36)

where r is the short-term interest rate and 7 =T — t.
Following the notation introduced in Chapter 4, more precisely the one presented in
Remark 4.1, we can express the marginal characteristic function f; under the forward

T-measure in the following manner:

EQ |:6Xp <_ LTT<X37 S) dS) i@ In(S7)
P(t,T)

Fi
fo(T, ¢; S¢) = } (5.37)

Given that the numerator in equation (5.37) is a special case of the general exponen-

tial-affine transform in equation (3.9), we can further write:

T, 6,5 = LUOLTERE),

677‘7’

Thus, in Merton (1976) model, the marginal characteristic function under the forward
T-measure is given by:
¢2 02

2

fo(T, ¢;S;) = exp |ip(r —q — Ay — %O’Q)T —

5.4. Kou jump-diffusion model

T+ |e9mm30 1| Ar + iqbln(St)] :

Another widely used specification is the double exponential jump-diffusion model in-
troduced by Kou (2002). This formulation refines Merton (1976) framework by replacing
the normally distributed jump sizes with an asymmetric double exponential distribution.

In this way, it addresses the limitations of earlier approaches by capturing key features of
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asset returns, such as heavy tails, negative skewness, and implied volatility smiles, which
the Merton model fails to capture adequately.

As in the previous case, Kou’s jump-diffusion combines a diffusion term with a com-
pound Poisson jump component, following the same process as in equation (5.9), differing
only in the distribution of the jump sizes. Formally, in Kou (2002) model, the distribution
of the jump size Y is characterised as follows:

v 4 £t with probability p;

—&~ with probability po 7
where 1 and £~ are exponential random variables with means n—ll and n%’ respectively. The
parameters 7; and 7, correspond to the level of decay of the distribution and determine
the rate of the positive and negative jumps, respectively, while p; and p, represent the
probabilities of the jumps occurring in the positive or negative direction. In this model,
the Poisson process Ny, the Brownian motion W;, and the jump sizes Y; are assumed to
be independent.
The jump size distribution can equivalently be expressed in terms of the Lévy measure,
which is given by v(dx) = Af(dz), where f(dx) is defined as:

f(dﬁ) = plnle_nl'm]l{xzo} +p27726"2m1{x<0}d957 (5-38)

with 9y > 1, 79 > 0, p1 > 0, po > 0 and p; + p; = 1. The restriction 1; > 1 not only
ensures that S; has finite expected value but also prevents the mean upward jump from
exceeding 100%, which is both mathematically consistent and economically reasonable.

This modelling specification has several important implications. First, it captures
asymmetric leptokurtosis, as return distributions exhibit a sharper peak, heavier tails,
and skewness relative to the normal distribution. Second, it explains the volatility smile
observed in option markets, as implied volatilities under this model vary with strike
prices. Third, it provides an economic interpretation, where heavy tails correspond to
market overreaction to news and the sharp peak reflects underreaction (see Kou (2002)).
In addition, this model retains much of the analytical tractability of the Black—Scholes
framework. Closed-form or semi-analytical pricing formulas exist for a wide class of
derivatives, including European- and American-style options, barrier options, and look-
back options. Finally, the exponential distribution underlying the jump sizes has the
memoryless property, meaning that the probability of a future jump does not depend on
past jumps.

Having outlined its main implications, we now turn to the dynamics of the asset price
under Kou (2002) model. Recalling that the dynamics of the asset price is again given by
equation (5.19), we can apply generalised the Ito’s Lemma (see Definition B.6), as done
in steps (5.22) and (5.23) to X; = In(S;), and obtain:

1
din(Sy) = (r —q— Ay — §az)dt + odW > + / xNx(dt,dx), (5.39)
R
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where p; in Kou (2002) model is given by (see Corollary E.2):

Yo Up) Pt
1] = — — L 5.40
] I+mn 1-m (5-40)

py = E[e?% —

5.4.1. Kou’s model as a special case of Duffie, Pan, and Singleton (2000)

Kou (2002) model can also be viewed as a special case of Duffie, Pan, and Singleton
(2000). Since it shares the same dynamics as Merton (1976) model, the process X; =
In(S;) has the same drift u(t, X;) and volatility term o(t, X;) as specified in equation
(5.25). Thus, Ky(t) and K,(t) are also obtained from equation (5.26). Similarly, the
positive definite matrix o (¢, X;)o(t, X;) " is given by equation (5.27) and Hy(t) and H,(t)
are likewise given by equation (5.28). As R; = r is a deterministic constant, we have
(5.29). Finally, the arrival intensity A(Xy,¢) = A is also a deterministic constant and
given by equation (5.31). As a result, the corresponding coefficients take the following

form: .
Ko(t) =7 —q— Ay — =0°, Ki(t) =0, Ho(t) =0, H"(t) =0,

2 ; (5.41)
po(t) =m, pe(t) =0, lo(t) =\, 1.(t) =0.
In addition, the jump transform 6, in the case of Kou (2002) model, is given by:
bet) = [ edlu()
R
= / e (prme " L0y + panee™ L coy) dz
R
0 +o0
= a2 / ez 4 pyy / e M dz (5.42)
—00 0
e(c+772)z 0 e(c_nl)z +oo
= P27 + P ;
¢+ T2 — 50 C—T 0
_ b2z Pilh
c+m  c—m

Again, p; can be obtained from the jump transform as py = 6(1,t) — 1 (for more details
see Proposition E.3 and Remark E.2 in the Appendix).
Following the same steps as in Merton (1976) model, we get the same solution (¢, T, u) =u

as in equation (5.33). With regard to «, the corresponding ODE takes the form:

a,(t> Tv u) = pO(t) - ﬁ(tv Ta U)TKO(t) - %B(ta T’ U)THO(t)B<ta T’ u) - [‘9(6@7 T’ u)> t) - 1] lO(t)

2 2
uo— { P27)2 bim 1} A

1
=r—u(r—q— Ay —0°) — PR v—

2 2
Applying the boundary condition «(¢,7T,u) = 0, we obtain the following solution:
o

1 u’o’ D272 P
at,T,u) = —r7+u(r —q— My — =0)7 + T+ — — 1| A,
( ) ( q g 5 ) 2 {qung u— 1 }
(5.43)

where 7 =T — 1.
In the Kou (2002) model the exponential-affine solution for the transform (9) is given by
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equation (5.35), where o and 8 are specified in equations (5.43) and (5.33), respectively.
As in the previous case, the interest rate is deterministic, which means that the price
of a zero coupon bond is given by equation (5.36). Performing similar steps as in Mer-
ton (1976) model, we obtain the following marginal characteristic function under the

T-forward measure:

£2(T, 6:S,) = exp [i¢(7’ g = ot - E (igf; —pm 1)AT +igln st] .

It is worth noting that the main difference between Merton’s and Kou’s marginal charac-
teristic function lies in the characteristic function of the jump size distribution Y;. In the
former, it is given by ei‘j’m_%é& —1, whereas in the latter it takes the form % — % —

Correspondingly, the expected percentage jump size p; also differs, as defined in equation

(5.20) for Merton (1976) model and in equation (5.40) for Kou’s model.

5.5. Bakshi, Cao and Chen (1997) model
The Bakshi, Cao and Chen (1997) SVSI-J model is a geometric jump-diffusion process

that incorporates stochastic volatility, stochastic interest rates, and jumps in asset prices.
Under the risk-neutral measure QQ, the dynamics of the underlying asset price S; are

described by the following geometric jump-diffusion process:
dS, = (R, — q — A\uy)S,—dt + \/V,.S,_dW; 2 + / S,_(e" — 1)Nx (dt, dz), (5.44)
R

where R; is the time-t instantaneous short rate, ¢ denotes the continuous dividend yield,
and V; is the diffusion componentof the return variance. The stochastic process{W; %t >0}
is a standard Brownian motion under the risk-neutral measure Q, related to the dynamics
of the asset price, with S;_ representing the asset price immediately before the jump. As
in the previous models, Ny denotes the Poisson random measure associated with the
jumps and is assumed independent of the Brownian motion Wts’@.

In the Bakshi, Cao and Chen (1997) model, the random percentage jump size is defined

Az

as J; = €2 — 1, with mean pu;, and is independent of Ny. Hence, 1 + J; is lognormally

distributed, with:
1
In(1+4+J;) ~ N(In(1 + puy) — 503, o3). (5.45)
The dynamics of the instantaneous variance of asset returns, conditional on no jumps

occurring, follows the mean-reverting square root process:
AV, = (0, — K, V3)dt + o/ V, dW2, (5.46)

where k, denotes the speed of mean reversion, 6, the long-run mean level of variance, and
o, the volatility of variance (vol-of-vol), all assumed to be non—negative.
The process {th’@}tzo is a standard Brownian motion under the risk-neutral measure Q,

which is assumed to be correlated with Wts’@, such that:

d<WtS7Q7 th’Q> = pdta (547)
39



with —1 < p < 1.
Finally, the short-term interest rate is modelled by the Cox-Ingersoll-Ross (1985) process:

dR; = (0, — k. Ry)dt + 0,/ Ry ther (5.48)

where k.., 6,., and o, denote the speed of mean reversion, the long-run mean level, and the
volatility of the short rate, respectively, with all parameters assumed to be non—negative.
Here, the standard Brownian motion W;"? is uncorrelated with both W;>? and W2,

It is important to note that the Bakshi, Cao and Chen (1997) SVSI-J model provides a
general framework that encompasses almost all the known closed-form option formulas as
special cases. For instance, when only the interest rate follows a stochastic process while
volatility is constant and no jumps occur, one recovers the SI models, such as Vasicek
(1977) or Cox-Ingersoll-Ross (1985). When jumps are excluded and the interest rate is
deterministic, the specification reduces to Heston (1993) SV model. If jumps are included
while the interest rate is deterministic and volatility is constant, it results in the classical
JD models of Merton (1976) and Kou (2002). When both the variance and the short rate
are stochastic, but jumps are ruled out, the model corresponds to the SVSI specification.
Finally, when stochastic volatility is combined with jumps, one obtains the SVJ model of
Bates (1991). In the absence of both jumps and stochastic components, the framework
becomes the classical Black and Scholes (1973) model.

5.5.1. Bakshi’s as a particular case of Duffie, Pan, and Singleton (2000)

The Bakshi, Cao and Chen (1997) can also be regarded as a particular case of the
affine framework of Duffie, Pan, and Singleton (2000) presented in 3. As in the previous
models, this representation is used to identify the affine coefficients and derive the charac-
teristic function of In(Sr). However, unlike Merton’s and Kou’s specifications, where the
affine state vector reduces to the log-price, the SVSI-J model incorporates both stochastic
volatility and a stochastic short rate, leading to a three-dimensional affine representation.

Following the same steps as in the Merton case, we apply the generalised Ito’s Lemma
presented in Definition B.6 to (n(S;), plug in the dynamics of S; specified in equation
(5.44) and simplify the integral term and obtain:

1
din(S) = (R = q = M1y = 5Vi)dt + VVidWQ / xNx (dt, dz). (5.49)
R
In this affine structure, the vector X; is a 3-dimensional vector defined as:
Xt = [ln(St)7 ‘/;g, Rt]a (550)

where the natural logarithm of the asset price is the first element of the state vector, and
Y; = [Vi, Ry] represents the vector of additional state variables for some admissible state
space D, C R?. With this setting, we can write Bakshi, Cao and Chen (1997) model in
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matrix form, as follows:

din(S;) Ry —q—uy— 1V, VVi/I—2 pJVi 0 e iz
A e R 0 oV 0| a0
dR, 0, — k. Ry 0 0 oV, dW:’Q 0
(5.51)

where Wf’(@, Wf’Q and W:’Q are uncorrelated Brownian Motions and dZ;, = [, xNx (dt, dz).

Recall that Duffie’s model imposes an affine structure for both the drift p(¢, X;) =
Ko+ K1 X, and the definite positive matrix o (¢, X;)o(t, X;) " = Ho(t) + > HF(6)(X))x
(see equations (3.5) and (3.6)). Then, we can conclude that:

—q — A\t 0 —% 1
Ky(t) = 0, , K.()=10 —k, 0 |. (5.52)
0, 0 0 —k,

Since the definite positive matrix o(t, X;)o (¢, X;)" is given by:

Vi oV 0
o(t, X))o, X))" = |owpVs o2V, 0 |, (5.53)
0 0 o2R
we get:
(Ho(t))ij = (H;U(t))m —=0,fori,j =1,2,3 (5.54)
1 o, O
H? = |op o2 0], (5.55)
0 0 O
(Hg(f)(t))m =o’1{i =j = 3}. (5.56)
Since R; is assumed to be affine, i.e Ry = po(t) + p.(t)" X; we obtain:
po(t) =0, p,(t) = [0 0 1}T. (5.57)

Since the process Z4 = [, [, Nx(dt, dr) has jumps with an arrival intensity A(X,, ) = A,
and by the affine structure imposed by Duffie \(Xy,t) = lo(t) + I,(t) " X; implies:

o(t) = A L) = [0 0 o]T. (5.58)

The associated probability distribution v4, can be defined through the following jump

transform 6:

0c,t) = /R ()

1 (i=in(tp )+ E0%)?
2

- iz (5.59)

C1z
— ef171

2
—2 (&
R \2mo5
_ €C1(ln(1+uj)—%03)+%0%03‘

Again, p; can be directly recovered from the jump transform 6, where p; = 6(1,t) — 1.

The derivation of this relation can be found in the Appendix in Proposition E.3.
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We next consider the system of ODEs that characterises the exponential-affine transform.
Thus, recall that the ODE for 5 used in the transform (3.11) is given by equation (3.12),

ie.,

B(t. T u) = pu(t) — Ko(t) T B(t, Tou) — 5 [B( T, u) Ho(£) (¢, T, w)] — [0(B(t, T, w), ) — 1] L(2),
(5.60)

where in this case (¢, T, u)H,(t)B(t,T,u) is a 3-dimensional vector.

With regard to a, it is defined in equation (3.13), as follows:

01, Tvw) = polt) — BT, w) T Kolt) — & (L T,u) T Ho(t) B8 Tow) — [0(B( T.u), ) = 1] o(t).

(5.61)
Now, replacing the relevant terms from equations (5.52), (5.54), (5.56), (5.57), (5.58) and
(5.59) into the ODE (5.60), knowing that g} (¢, 7", u) = 0, and using the terminal condition
B(T,T,u) = u, we obtain the solution to the first ODE:

B1(t, T u) = uy. (5.62)
In turn, substituting this result into equation (5.60), we arrive at the particular solution
for (:

Quo, (1) + [ug(wrpoy, — Ky — Eo(ur)) + uy(ug — 1)] [1 — e 607

Bults T, u) = 2, () — 73 (ur, )1 — &S] |

(5.63)

where 7 =T — t, and:
Vo (U, ) = Up07 — Ky + u1p0y + Eu(un),
&) = \/ (k0 — w1p0)? — a1 — 1),
A complete derivation of s, covering both the general and particular solutions, is provided

in Appendix E.3.3.2.
Regarding the third component of 5 we proceed in the same way by substituting 5; in

(5.64)

equation (5.60), resulting as in the previous case in a Riccati equation with solution given

by:

2ugé(un) + [2(un — 1) — ug(&e(ur) + ky)][1 — e @)7]
»= 26, (u1) — v (uy, ug)[1 — e~ & ()7 ;

where 7 =T — ¢, and:

(5.65)

Y (ur, ug) = ugo? — Ky + & (1),

&(uy) = /K2 — 202(uy — 1).

Once again, a detailed derivation of the solution for £3 can be found in Appendix E.3.3.3.

(5.66)

Having derived the different values of (¢, T, u), we now proceed to determine (¢, T, u)
using ODE (5.61). Following a procedure analogous to that used for the f ODE, we apply
the same substitutions to the ODE for « in equation (5.61), and replace the solutions
obtained for (i, 5y and fs. Finally, imposing the boundary condition «(7,7T,u) = 0,
and recalling that 51(¢,T,u) = uy (derived in equation (5.62)), we obtain the following

42



solution for a:
Eo(ur) — Ky +urpoy) + ug(ug — 1)7_
Vo (1, uz)
i <2u1(u1 — 1) + 2ug(ug0? — 2k, + 2u1pav)) « I (1 B Vi (ug, us) (1 — €_£v(U1)T)>
’ Vo (ur, u2) v (ur, us) 28 (u1)
() = ) 2 — 1)
' Y (ur, us)
i (4(u1 — 1) + 2uz(uzo? — 2kr)) “ (1 ot (g, ug) (1 — e_Er(ul)T))
' Vo (ur, uz) vt (ur, us) 2&(u1)

alt,T,u) = —Gvu2 (

2

+ AT {(1 + ,LLJ)uleul(ul_l)%] — 1:| — AU fbyT — quqT,

(5.67)
where 7 =T — ¢, and v (uy, us), & (ur), v (ur, u3) and &,(uy) are given by:
Vo (U1, u2) = ug07 — Ky + urpoy + & (),
2
ou) = Ky — U1p0y)" — up(up — 1)o2,
§o(ur) \/( 1p0%) 1(w )o (5.68)

Yo (1, ug) = uzop — Ky £ & (u1),
& (u) = /K2 —202(ug — 1).
For completeness, a detailed derivation of «(t,T,u) is provided in Appendix E.3.3.4.

With all coefficients determined, the exponential-affine solution for the transform (3.9)

takes the form:
Y(u, t, T; Xy) = exp [a(t, T, u) + B1(t, T,u) In(Sy) + Ba(t, T, u)V; + B3(t, T, u)Ry], (5.69)

withu € C3and t < T, and where a, 3, (2 and 33 are given by equations (5.67),(5.62),(5.63)
and (5.65), respectively.
As done in previous models, we need to compute the time-t price of a risk-free pure

discount bond which can also be expressed in terms of the same transform:

P(t,T) = E° [exp (— /tTr(XS,s) ds)

= 2/}((07 Q)? t7 T7 Xt)
= exp[a(t,T'(0,0)) + B(£, T, (0,0))" - X4,

7
(5.70)

where 0 is a null vector in R? and X, is the 3-dimensional vector defined in equation
(5.50).

Note that setting u; = 0 and us = 0 in equations (5.62) and (5.63), we conclude that
both 81 and S, are zero. Applying the same procedure to equation (5.65), we arrive at

the following expression for fs:

B 2(6*&(0)7 —1)
Bs(t, T, 0) = 2000 T (6.0 — ) (e S0 —1)° (5.71)
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where 7 =T — ¢, and &,(0) = /K2 + 202.

With this result, we can now proceed to determine «. Building on the fact that +;7(0,0) =

K2+ 202k, and 7, (0,0) = —\/k2 + 202 — K, and setting u; = us = uz = 0, we arrive

at following expression for a:

2 1 992 1 — —7/ K2+202
o(t, T,0) = 0, 2 ;2 (1—(V“T+ or — )l - e )>]

2\/K2 + 20?2
(5.72)
Having determined the [y, (2, B3 and «, the price of the risk-free pure discount bond

defined in equation (5.70) can be expressed as:
P(t,T) = exp|a(t,T,0) + B3(t,T,0)Ry] (5.73)

where a(t,T,0) is defined as specified in equation (5.72), and f53(¢,7,0) as in equation
(5.71).

Finally, within Lee’s framework, the call option price can be expressed in terms of the
marginal characteristic function of the terminal log-price under the forward-7T" measure.
As explained when presenting the general definition in equation (4.10), in this setting
the function corresponds to fo. Therefore, in Bakshi, Cao and Chen (1997) model the
marginal characteristic function under Q7 takes the form:

B [eXp <_ ftT r(Xs, s) ds) i@ In(St) ]:t]

(T, ¢;5,Y;) = PET) ' (5.74)

Since the numerator in equation (5.74) is a special case of the general exponential-affine
transform in equation (3.9), we can write Bakshi’s marginal characteristic function under

the forward T-measure, as follows:

¥(i¢,0,¢, T (In(S), 1))

fo(T, 95, Y1) = PULT) , (5.75)
with ¢ being defined as:
w(2¢7 Qa tv T7 (ln(st)a Y;f)) = exp[a(t, Ta Z¢> Q) + 51 (t7 Ta Z¢7 Q) ln(St) (5 76)

+ BZ (ta T7 Z¢7 Q)V;f + 53 (ta T7 Z(ba Q)Rt]>
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where 7 =T — t, and:

) B i¢(i¢ — 1)
a(t,T,i¢,0) = —QUWT

B 2ig(ig —1) Ly EG9,0) (1 - o)
" (mzaﬁ,mmw,m) < (1 2%, (i) )

g 2i6—1)
"y (i, 0)

- Wio—=1) N (;_ 2li6,0)(1— 50
O (wqﬁ, 017 (0, o>> ! (1 %.(i0) ) (5.77)

0_2
+ AT {(1 + MJ)id’ew(w_l)TJ — 1} — MU T — qipT |

ﬁl(u TJ Z¢7 Q) = Z(,b?
[ig(ip — 1] [1 — e &7
28, (i¢) — v (i9, 0)[1 — e~ (O]’

. 2(i6 — 1)
T 0 = g 6. 0) L — e s

The marginal characteristic functions f, for the Merton, Kou, and Bakshi models, ob-

and

52(t7 Tv Z¢7 Q) =

tained in this chapter, serve as key inputs to Lee’s option pricing formulas derived in
Chapter 4. In the next chapter, we implement these models by incorporating their re-
spective characteristic functions into this framework to compute call option prices under
the three specifications.
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CHAPTER 6
Empirical analysis

6.1. Introduction

This chapter presents the main results obtained from the calibration of the three op-
tion pricing models introduced earlier. The aim is to assess how well each model fits
market data, both globally and across maturities, using several error metrics to evaluate
their performance. The analysis also examines the corresponding risk-neutral distribu-
tions, studding their shape and tail behaviour. Each dataset was calibrated separately
to allow an adequate comparison between models, highlighting their consistency with the

previously established theoretical framework.

6.2. Data and pre-processing

The empirical analysis is based on European-style S&P 500 index monthly options
obtained from the Chicago Board Options Exchange (CBOE) for the period between 1
January and 31 May 2022, comprising 103 trading days.

This period was characterised by three major macroeconomic events. First, inflation
in the United States reached its highest level since 1982 (8.6% in May 2022), driven by
the effects of the COVID-19 pandemic and expansionary fiscal policy. Second, Russia’s
invasion of Ukraine on 24 February 2022 triggered a geopolitical crisis, which led to higher
energy prices and increased global uncertainty. Third, the Federal Reserve initiated one
of its most aggressive monetary tightening cycles since 2000, raising the federal funds rate
from an initial target range of 0.00-0.25% to 0.75-1.00% over the sample period (25 bps
on 16 March, and 50 bps on 4 May). As a result, the S&P 500 declined 21% between its
January peak (USD 4,796) and its bottom in May (USD 3,810). The CBOE volatility
index (VIX) averaged 27 points, approximately 42% above its long-term mean. Such
volatility levels and monetary policy conditions represent a good stress testing scenario
for both stochastic volatility and jump-diffusion models. Additional market data are
presented in Appendix F.3.

To ensure an homogeneous and liquid sample, only options from the SPX cycle
(monthly expiration on the third Friday of each month) were retained.

For each trading day, the dataset includes the option mid-price, strike K, time to
maturity 7, the continuously compounded risk-free rate r, the dividend yield ¢, the un-
derlying mid-quote S;, and the implied volatility (IV), which serve as inputs for model
calibration. The risk-free rate was obtained from U.S. Treasury constant-maturity yields,
and the dividend yield was implied from S&P 500 option prices via put—call parity.
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Several filters were applied to ensure data quality and consistency with the option
pricing models. Contracts with fewer than seven calendar days to maturity were excluded,
and option mid-prices were required to exceed three-eighths of a dollar (= 0.375). Both
strike and underlying mid-quotes had to be strictly positive, and observations with missing
or non-positive implied volatilities were removed.

For each strike, a single out-of-the-money (OTM) leg was retained to avoid put—call
duplication and to limit microstructure noise around the at-the-money region. The price
filter was applied before the strike-level selection to guarantee that all retained options
meet the minimum quality threshold, consistent with standard practice (see Bakshi, Cao
and Chen (1997) and Bates (2000)).

Note that the filtering sequence affects both the final sample size and the composition
of strikes. When the filters are applied in reverse order, with the OTM filter preceding
the price filter, the strike distribution becomes markedly more asymmetric, increasing the
share of put options from 56.2% to 69.5% (see Appendix F.2.1.1). This occurs because
applying the OTM filter first retains a larger set of deep OTM puts in the lower tail. When
these puts are converted to synthetic in-the-money calls via put—call parity, the resulting
calls exhibit higher prices and are not subject to elimination by the price threshold.
Consequently, the proportion of puts increases to 69.5% while information about the left
tail of the risk-neutral distribution is preserved. The implications for estimated RND
moments are discussed in Appendix F.2.1.

The final calibration sample consists of 329,106 option observations comprising 23
distinct maturities, with time-to-maturity ranging from 7 to 1,810 days (with a mean of
437 days). This corresponds to an average of 3,195 observations per trading day and
14,309 per maturity. Additional descriptive statistics are presented in Appendix F.2.2.

6.3. Model calibration
Calibration was performed separately by trading day and by maturity (¢,7"). For each

cross-section, the model parameter vector 8 € RP was estimated using non-linear least
squares, minimising the sum of squared pricing errors (SSE) between model-implied and
observed option mid-market prices. Following the filtering described in Section 6.2, all
retained options are expressed as calls for calibration. If K < Fj r, the put was converted

to a synthetic call via put—call parity, as follows:
C =P+ e (Fr—K), (6.1)

where C'is the price of a European-style call with strike K and maturity 7', P is the price
of corresponding European-style put. F} r is the forward price of the underlying observed
at time ¢ for delivery at T', r is the risk-free rate, and 7 is the time-to-maturity in years.

Otherwise, the call was used. The forward F,r was taken directly from the dataset,
and it also computed using put—call parity. This approach reflects the liquidity asymmetry
in equity index option markets, where puts are more actively traded than calls for strikes
48



below the forward price (see Bates (2000)), producing a uniform panel of call prices for
each (¢,T) that stabilises calibration and density recovery.

Option prices for each specification are obtained by integrating the model’s charac-
teristic function derived in Chapter 5, using adaptive Gauss—Kronrod quadrature with
the semi-infinite integration domain mapped onto a finite interval and an absolute error
tolerance of 107%. Alternative numerical approaches such as Laguerre-based quadrature,
Gauss—Lobatto and Clenshaw—Curtis rules were tested but proved less stable at low values
(including near the ¢ = 0 singularity). By contrast, Gauss—Kronrod was the most reliable
and consistent across maturities.

Optimisation used MATLAB’s fmincon (interior-point) solver with simple box con-
straints, tight convergence tolerances, and warm starts from the previous maturity to
improve numerical stability. Solver settings, initial values, and parameter bounds are
presented in Appendix F.6, while the three models’ calibrated parameters are listed in
Appendix F.7.

Risk-neutral densities were recovered for all models by Fourier inversion of the fitted
characteristic function on a common terminal-price grid for each trading day, evaluated
numerically with Gauss-Kronrod quadrature. Each density was normalised to integrate to
one within a small numerical area tolerance and checked for non-negativity and smooth-
ness. The inversion formula and its derivation are provided in the Appendix F.1.

All models were treated identically in terms of dataset, numerical settings and inputs

to ensure strict comparability.

6.4. Empirical results
6.4.1. Model fit and comparative performance

This section reports the calibration results and comparative performance of the Mer-
ton, Kou, and Bakshi option pricing models, using a common dataset and identical cali-
bration settings. The performance is assessed using standard error metrics (RMSE, MAE,
MAPE (%), and SSE) and the goodness-of-fit measure R?, computed on the full dataset
and, separately, by maturity date (see Appendix F.4 for more details). The analysis is
presented at two levels of aggregation, first assessing the global fit across all maturities
and then within maturity buckets, to capture potential term-structure effects.

At the global level, aggregate error metrics were obtained by assigning equal weight to
all contract observations, regardless of maturity or trading day. An alternative aggregation
method that first averaged errors within each trading day and then across trading days
was also implemented. The resulting rankings are qualitatively similar, and full details
are reported in Appendix F.8.1.1 for robustness.

For the maturity bucket analysis, each contract was assigned to one of six buckets
based on time to expiration. Within each bucket, errors were first averaged by trad-
ing day and then across days. This two-stage aggregation smooths daily variability and
preserves term-structure patterns. As with the global fit, a direct bucket-level aggre-
gation yields qualitatively similar results and is also presented in Appendix F.8.1.1 for
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robustness. In our analysis, the maturity buckets follow a market tenor approach, with
contracts grouped into six categories as reported in Table 6.1. This classification is in line
with standard market practice and facilitates comparison with existing literature. Alter-
native aggregation methods based on short-term maturity splits (Table F.8.1.2), market
liquidity (Table F.8.1.3), and sample quantiles (Table F.8.1.4) were also examined and
yield qualitatively consistent results.

The following table summarises the calibration results for each model, both globally
and at the bucket level.

TABLE 6.1. Pricing errors by maturity bucket

Maturity Nops Model RMSE MAE MAPE (%) SSE R? 1-R? (bps)
0-30d 85 Merton 1.613 1.135 22.70 3461.21 0.999973 0.273071
Kou 2.444  1.761 34.12 4632.16 0.999956 0.438585
Bakshi 0.006  0.004 0.21 0.09 0.999999 0.000005
31-90d 204 Merton 2.299 1.801 12.10 1934.15 0.999985 0.149846
Kou 2.074 1.717 24.92 1648.03 0.999986 0.143659
Bakshi 0.012  0.009 0.13 0.06 0.999999 0.000004
91-180d 304 Merton 3.827  2.969 3.82 3749.56 0.999972 0.278204
Kou 2.346  1.754 3.83 1419.05 0.999989 0.106722
Bakshi 0.032  0.026 0.19 0.29 0.999999 0.000022
181-270d 301 Merton 5.318  4.347 5.50 4017.28 0.999968 0.324361
Kou 3.209  2.564 5.63 1486.32 0.999988 0.119892
Bakshi 0.066  0.056 0.54 0.65 0.999999 0.000054
271-365d 318 Merton 5.722  4.543 4.54 4511.74 0.999963 0.368434
Kou 3.325  2.607 5.50 1535.10 0.999987 0.127731
Bakshi 0.106  0.090 0.70 1.69 0.999999 0.000148
>365d 673 Merton 10.888  8.247 6.83 12137.55 0.999862 1.377478
Kou 5.380  3.735 3.60 4242.39 0.999950 0.495490
Bakshi 1.304  0.847 0.95 464.58 0.999994 0.057415
All 1885 Merton 6.607  5.107 7.10 6656.56 0.999933 0.671079
maturities Kou 3.703  2.729 8.12 2622.10 0.999973 0.268558
Bakshi 0.502  0.333 0.60 166.40 0.999998 0.020465

Note: N,ps = number of option contracts per bucket. RMSE = root mean squared error; MAE =
mean absolute error; MAPE = mean absolute percentage error; SSE = sum of squared errors; R?
= coefficient of determination; 1—R? (bps) = (1 — R?) x 10,000.

Table 6.1 shows a clear hierarchy in model performance. Across all 1,885 contracts, Bak-
shi, Cao and Chen (1997) model substantially outperforms both alternatives, achieving
a RMSE of 0.502 compared with 3.703 for Kou and 6.607 for Merton. This corresponds
to pricing errors approximately seven times smaller than Kou and thirteen times smaller
than Merton. The pattern holds consistently across all error measures. MAE declines
from 5.107 for Merton and 2.729 for Kou to 0.333 for Bakshi, MAPE drops from 7.10%
and 8.12% to 0.60%, and SSE decreases from 6,656.56 and 2,622.10 to 166.40.
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Regarding the coefficient of determination, all three models report R? values above
0.9999. However, clear differences remain in the unexplained variance. In terms of basis
points, (1 — R?) equals 0.671 for Merton, 0.269 for Kou, and 0.020 for Bakshi, which
means Bakshi explains about 0.25 basis points more variance than Kou and about 0.65
basis points more than Merton (for a visual representation of pricing errors with dispersion
measures across maturity buckets, see Appendix F.10).

Examining the performance across maturity buckets three patterns arise. First, pricing
errors increase consistently with time to maturity for all three models. The Bakshi, Cao
and Chen (1997) model keeps RMSE at or below 0.106 for maturities up to one year and
rises to 1.304 for contracts exceeding 365 days, whereas Kou and Merton rise to 5.380
and 10.888 in the longest bucket, respectively. This behaviour reflects the uncertainty
over extended horizons, where small modelling errors compound into material pricing
differences.

Second, Bakshi dominates uniformly across the curve. Even in the shortest bucket
(0-30 days), Bakshi records an RMSE of 0.006 compared with 2.444 for Kou and 1.613
for Merton. The advantage persists through intermediate and long maturities and is most
pronounced at the long end, where Bakshi’s RMSE is about four times lower than Kou’s
and about eight times lower than Merton’s.

Finally, the relative performance of Kou and Merton depends on maturity. At the
very short term 0-30 days, Merton reports marginally lower RMSE than Kou. Between
31 and 90 days, Kou gains Merton on level errors, and from 91 days onward Kou remains
superior, widening the gap as maturity increases. In the longest bucket, Kou’s RMSE is
5.380 versus 10.888 for Merton. Bakshi’s dominance reflects the importance of stochastic
volatility, while Kou’s asymmetric jumps become more valuable at longer horizons, where
skewness and tail asymmetry matter more.

While all models maintain R? above 0.9998 across all buckets, the unexplained vari-
ance shows a clear differentiation. In the shortest bucket (0-30 days), 1 — R? reach almost
0.000 basis points for Bakshi, 0.273 for Merton, and 0.439 for Kou. Across intermediate
maturities (31-365 days), Kou consistently outperforms Merton with unexplained vari-
ance between 0.107 and 0.144 versus 0.150 to 0.368 for Merton. In the longest bucket
(>365 days), 1 — R? equals 0.057 for Bakshi, 0.495 for Kou, and 1.377 for Merton. This
pattern indicates that volatility dynamics become progressively more important for pric-
ing accuracy over longer horizons.

To visualise the differences across maturities and models, the next figure presents
heatmaps of RMSE and MAPE by maturity bucket and model. Darker tones indicate

larger errors and weaker fit.
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Figure 6.1. Heatmaps of RMSE and MAPE across maturity buckets. Panel (A) reports
RMSE and panel (B) reports MAPE. Darker tones indicate larger errors.

Figure 6.1 complements the previous analysis by providing a visual summary across matu-
rity buckets and models. Errors rise with maturity for all models, and Bakshi maintains
low RMSE and MAPE across the grid, while Merton and Kou darken at longer hori-
zons. The crossover between the two jump diffusion benchmarks is evident, with Merton
marginally better in the 0-30 day bucket and Kou ahead from 31 days onward. Both
panels display the same ordering across maturity, confirming that Bakshi’s dominance
holds almost uniformly over the option surface.

These findings align with theoretical expectations. Bakshi’s stochastic volatility with
a jump component provides the flexibility needed to match the implied volatility surface,
particularly under the volatile market conditions of early 2022. Kou’s asymmetric jumps
improve upon Merton’s symmetric specification, yet remain substantially less accurate
than Bakshi, confirming the importance of stochastic volatility for option pricing under
volatile market conditions.

Having established the relative calibration fit, we now focus on the risk-neutral densi-
ties implied by each model.

6.4.2. Risk-neutral densities

While the preceding analysis focused on pricing accuracy, the ultimate objective is to
extract reliable risk-neutral densities that reflect market expectations for future prices. We
begin by visualising the RNDs in three dimensions. Figure 6.2 presents three-dimensional
surfaces of the RNDs as functions of log-returns Zp and time-to-maturity 7, using a
common colour scale to permit a direct comparison of the density shape, tail behaviour,
and mass concentration across models. For each maturity level 7, the surface displays
the average RND computed by averaging across all trading days in the sample period on
which that maturity was observed. This aggregation smooths out day-to-day fluctuations
and highlights the systematic evolution of density shape and tail behaviour as maturity

mcreases.
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Figure 6.2. Risk-neutral density (RND) surfaces as a function of log-returns Zr and
time-to-maturity 7 for the three models. All panels share the same color scale and
viewing angle for direct comparison of mass and tail height.

Figure 6.2 shows clear differences in the risk-neutral density surfaces across models (for
details on 3D RND contours see Appendix F.10). Merton presents relatively narrow den-
sities with a near-lognormal core and thin tails. The left tail thickens only slightly as
maturity increases and the shape remains overly symmetric around the mode, consistent
with symmetric Gaussian jumps and constant volatility. This structural limitation is con-
sistent with the larger errors observed for OTM options. In contrast, Kou shifts mass
to the downside and yields visibly asymmetric densities. Dispersion and left-tail weight
increase with maturity, representing a clear improvement over Merton from 31 days on-
ward, although the evolution of skew remains relatively rigid across maturities, limiting
the model’s ability to capture time varying asymmetry in the observed volatility surface.
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Among the three models, Bakshi presents the most economically plausible surfaces. Dis-
persion and kurtosis rise smoothly with maturity, the left tail is materially thicker, the
mode shifts in line with observed skews, and the temporal evolution is smooth, indicating
a good cross-section fit without overfitting.

Turning to the time dimension, Figure 6.3 displays daily wireframes for the 31 to 90

day bucket, a liquid and well populated segment that is representative of the sample.
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Figure 6.3. RND wireframes over trading days for the 31-90 day maturity bucket. All
three panels use the same vertical limit (z) and viewing angle for comparability.

The wireframes mirror the surface patterns shown in Figure 6.2. Merton is rigid through
time. The mode drifts from day to day but the shape remains narrow and nearly sym-

metric with thin tails, which is consistent with constant volatility and symmetric jumps
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and helps explain difficulty with downside risk. Kou introduces a persistent downside
skew and improves on Merton beyond one month, however, the degree of skew changes
only modestly across days, and both left tail thickening and time variation are limited.
Bakshi shows the most plausible evolution. Dispersion and left tail weight respond well
to the evolution of market conditions and the wires widen gradually smoothly, indicating
an adaptive and stable fit. In sum, the wireframes show that the qualitative features seen
in the surfaces persist through time within this reference bucket.

We now examine the distributional shape and tail behaviour of risk-neutral densities
for different maturity buckets and assess whether they are consistent with theoretical

expectations.
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Figure 6.4. Risk-neutral densities fz, with Merton, Kou, and Bakshi overlaid in
three representative maturity buckets. The z-axis range is identical across panels, and
the same y-axis limit is used for strict comparability.

Figure 6.4 displays the risk-neutral densities for three representative maturity buckets,
representing the short, medium and long terms. In the short-term bucket (31-90 days),
Merton produces a relatively narrow and almost symmetric distribution with limited
tail weight. Kou introduces visible negative skewness through its asymmetric double-
exponential jumps, shifting mass to the downside. Bakshi exhibits the most pronounced
left tail and the smoothest transition from core to tail, consistent with stochastic volatility
and correlated jumps. As maturity increases, for the 91-180 days and 271-365 days
buckets, dispersion rises for all models, but the relative patterns persist. Merton remains
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overly symmetric, Kou maintains moderate downside skew, and Bakshi continues to show
the thickest left tail and most gradual decay.

These visual patterns motivate the quantitative analysis of moments, tail quantiles,
and distributional distances presented in the following subsections. To characterise the
statistical properties of the risk-neutral densities, we computed moments (mean, standard
deviation, skewness, kurtosis), quantiles for each individual daily RND extracted from the
calibrated models (tail risk measures, such as Value-at-Risk and Expected Shortfall mea-
sure can be found in F.14). The daily statistics were then aggregated across maturity
by taking the median value, following the approach used in studies of option implied
moments (e.g., Bali, Hu, and Scott (2017) and Stilger, Kostakis, and Poon (2017)). This
methodology preserves the temporal variability of the distributions and provides robust
measures, particularly in the presence of extreme market events, as the median is less
sensitive to outlier observations than the mean. As a robustness check, we verified that
computing statistics from pooled densities across time, yields qualitatively consistent re-
sults, with a median difference of 1.37% across all measures, confirming the stability of
our findings (see Appendix F.12).
6.4.2.1 Moments

To characterise the statistical properties of the risk-neutral densities, we computed
the moments (mean, standard deviation, skewness, kurtosis), quantiles, and tail risk mea-
sures for each individual daily RND extracted from the calibrated models. As previously
mentioned, these daily statistics were subsequently aggregated across time by taking the
median value for each model-maturity combination. This methodology preserves the
temporal variability of the distributions and provides robust measures, particularly in the
presence of extreme market events, as the median is less sensitive to outlier observations

than the mean. The table 6.2 presents the aggregated moments.
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TABLE 6.2. Statistical moments and quantiles of risk-neutral den-
sities

Maturity Model Mean Std Dev Skewness Kurtosis Q10 Q50 Q90

0-30d Merton —0.002 0.070 —0.6824 4.2429 —0.089 0.004 0.082
Kou —0.002 0.073 —1.3054 11.5802 —0.083 0.003 0.083
Bakshi —0.014 0.168 0.0006 3.0141 —-0.229 —-0.014 0.201
31-90d Merton —0.005 0.109 —1.3874 6.1232 —0.149 0.015 0.107
Kou —0.005 0.114 —1.8298 10.0373 —0.136  0.013 0.108
Bakshi —0.066 0.364 —0.0037 2.9948 —0.534 —0.066 0.400
91-180d Merton —0.012 0.168 —1.6904 7.2001 —-0.244 0.027 0.145
Kou —0.012 0.173 —-1.9721 9.4597 —0.228 0.028 0.145
Bakshi —0.156 0.554 0.0326 2.7731 —0.879 —0.158 0.566
181-270d Merton —0.021 0.223 —1.7630 7.1182 —-0.337 0.037 0.179
Kou —0.021 0.227 —2.0016 8.7312 —-0.311 0.039 0.179
Bakshi —0.224 0.671 0.0265 2.8316 —1.093 —0.225 0.640
271-365d Merton —0.028 0.260 —1.6814 6.5235 —0.403 0.045 0.204
Kou —0.028 0.265 —1.9037 77379 —-0.376  0.046 0.205
Bakshi —0.308 0.781 —0.0066 2.8169 —-1.322 —-0.304 0.698
> 365d Merton —0.051 0.358 —1.2907 4.8437 —0.575 0.053 0.275
Kou —0.047 0.358 —1.5644 5.8572 —0.549 0.049 0.284
Bakshi —0.459 0.968 —0.0327 2.7875 —1.730 —0.440 0.781
All Merton —0.026 0.248 —1.5441 6.1424 —0.383 0.040 0.197
maturities Kou —0.026 0.253 —1.8006 7.7345 —0.355 0.041 0.198
Bakshi —0.272 0.739 0.0031 2.8155 —1.239 —-0.274 0.688

Note: Statistical moments and quantiles of RNDs extracted from S&P 500 options for the
period Jan—-May 2022, across six maturity buckets and aggregated across all maturities.
All metrics are computed in normalised return space (Z = In(St/F')). Mean and standard
deviation measure central tendency and dispersion; skewness captures asymmetry; kurtosis
measures tail thickness. Q10, Q50, Q90 represent the 10th percentile, median, and 90th
percentile of the risk-neutral distribution. Values represent medians across daily observa-
tions.

Table 6.2 reports the statistical moments and quantiles of the RNDs extracted from S&P
500 monthly options for the period from January to May 2022. All calculations were
made in a normalised log-return space, Z; = In(Sr/F'), where Sy is the terminal stock
price and F' is the forward price (for boxplots showing the distribution of RND moments
by maturity bucket, see Appendix F.10).

The results show clear differences in how each model characterises the risk-neutral
distribution. Merton and Kou models present a similar aggregate mean of -0.026. The
mean becomes more negative with increasing maturity for all three models. For Merton, it
ranges from -0.002, for the 0-30d bucket, to -0.051 beyond one year (> 365d). Kou exhibits
a similar pattern, ranging from -0.002 to -0.047 over the same period. Bakshi shows
substantially more negative means throughout, reaching -0.459 at the longest maturity.
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In all three models, the standard deviation increases with maturity. At the aggregate
level, Merton has a standard deviation of 0.248 and Kou 0.253, while Bakshi is substan-
tially higher at 0.739. This pattern holds across maturities. At 0-30d, standard deviation
is 0.070 for Merton, 0.073 for Kou, and 0.168 for Bakshi. In the > 365-day bucket, it
reaches 0.358 for both Merton and Kou, and 0.968 for Bakshi. Bakshi is consistently two
to three times more dispersed than the jump-diffusion models across all maturities.

The main difference between Merton and Kou appears in the higher-order moments.
Aggregate skewness is -1.80 for Kou versus -1.54 for Merton. Aggregate kurtosis is 7.73
for Kou versus 6.14 for Merton. This holds across all maturity buckets. Bakshi behaves
differently, with aggregate skewness of 0.0031 and kurtosis of 2.82, indicating an approx-
imately symmetric distribution with near-normal tails.

The quantile analysis provides a clear representation of these differences. For Merton
and Kou, the left tail extends almost twice as far as the right (e.g., Merton aggregate:
Q10 is -0.383 vs. Q90 is 0.197), consistent with their negative skewness. Conversely,
Bakshi’s quantiles are symmetric (Q10 is -1.239 vs. Q90 is 0.688), confirming the near-
zero skewness and wider dispersion.

This symmetric pattern in the Bakshi, Cao and Chen (1997), with near-zero median
skewness (0.0031) and kurtosis close to normality (2.82), contrasts with the typical be-
haviour of S&P 500 options, which generally exhibit negative skewness. This suggests that
the jump component contributes little to asymmetry, resulting in a distribution closer to
normality than expected for equity index options during stress periods. As a result, the
model achieves superior fit for mid-priced options but produces RNDs with weaker left-tail
asymmetry and heavier right tails than expected for equity markets during market stress.
This is most evident in skewness, where mean aggregation produces -0.007905 while the
median yields 0.003074. Despite this difference, the underlying RND dynamics remain
consistent across both aggregation methods, as shown in Appendix Tables F.9 and F.12.
A detailed analysis of these results is provided in Section 6.4.3.

6.4.2.2 Tail behaviour
Table 6.3 presents the tail probabilities at extreme thresholds at aggregate level and

maturity.

o8



TABLE 6.3. Tail probabilities at extreme thresholds by maturity

Maturity Model Left Tail (%) Right Tail (%)

Z<—-036 Z<-022 Z<-0.11 Z>0.10 Z>0.18 Z>0.26
(~-30%)  (=~-20%) (=-10%) (=~+10%) (=+20%) (~+30%)

0-30d Merton 0.04 0.75 717 5.79 0.02 0.00
Kou 0.26 1.16 6.08 6.18 0.07 0.00
Bakshi 2.02 10.59 29.19 25.46 11.99 4.88
31-90d Merton 1.05 4.96 14.21 13.10 0.63 0.03
Kou 1.60 4.84 13.13 13.27 0.70 0.02
Bakshi 21.17 33.28 45.63 32.78 24.72 18.26
91-180d Merton 5.00 11.16 19.13 23.59 4.21 0.43
Kou 4.90 10.21 19.27 24.03 3.91 0.34
Bakshi 36.21 45.41 53.67 32.64 27.32 22.80
181-270d Merton 9.13 14.98 21.83 30.90 9.37 1.75
Kou 8.25 14.14 22.57 31.83 9.39 1.42
Bakshi 42.23 50.07 56.95 31.80 27.34 23.56
271-365d Merton 11.68 17.73 24.25 35.28 13.67 3.63
Kou 10.60 16.65 24.83 36.13 14.13 3.32
Bakshi 47.29 54.07 59.90 30.57 26.81 23.55
> 365d Merton 17.90 23.95 30.44 42.15 23.87 11.15
Kou 15.94 22.13 29.98 42.12 25.29 12.34
Bakshi 53.38 58.68 63.24 29.35 26.35 23.52
All maturities Merton 10.92 16.75 23.67 33.85 12.41 3.07
Kou 9.85 15.83 24.22 34.82 12.72 2.77
Bakshi 45.66 52.65 58.67 30.90 26.80 23.43

Note: Tail probabilities of RNDs extracted from S&P 500 options for the period Jan-May 2022,
across six maturity buckets and aggregated across all maturities. All metrics are computed in a
normalised return space (Z = In(Sp/F)). Left tail probabilities represent the likelihood of losses
exceeding the specified threshold; right tail probabilities represent the likelihood of gains exceeding
the specified threshold. Values shown as percentages and represent medians across daily observa-
tions.

Table 6.3 summarises risk-neutral tail probabilities at fixed thresholds in the normalised
log-return space Z = In(Sr/F'). For all models, tail mass increases with maturity on
both sides, reflecting the increase in standard deviation across maturities reported in
Table 6.2. Comparing the jump-diffusion models, Kou assigns slightly more probability
to large negative outcomes than Merton at most horizons, while right-tail probabilities are
very similar. This is consistent with Kou’s more negative skewness and higher kurtosis. In
contrast, the Bakshi, Cao and Chen (1997) model places substantially more mass in both
tails, and the increase with maturity is more pronounced. Aggregated across maturities,
the probability of Z < —0.22 is about 16-17% for Merton and Kou, against roughly 53%
for Bakshi. On the right side, P(Z > 0.18) is about 12-13% for Merton and Kou and
around 27% for Bakshi. Once more, these results suggest a trade off, where achieving
a better fit to option prices comes at the cost of a more symmetric and less negatively

skewed risk neutral density.
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6.4.2.3 Divergence and distance measures

The next table presents the statistical distances between models for all maturities.

TABLE 6.4. Statistical distances between models — All Maturities

Comparison Jensen-Shannon Hellinger Wasserstein-1
Merton vs Kou 0.002 0.049 0.009
Bakshi vs Kou 0.240 0.529 0.475
Bakshi vs Merton 0.239 0.529 0.475

Note: Statistical distances between RNDs for the period Jan-May 2022, aggregated across all ma-
turities. Jensen-Shannon divergence measures information-theoretic distance (range: [0, In(2) ~
0.693], lower = more similar); Hellinger distance measures geometric similarity (range: [0, 1], lower
= more similar); Wasserstein-1 (Earth Mover’s Distance) measures the minimum “cost” to transform
one distribution into another in Z = In(St/F') space. Values represent medians of daily distances
across the sample period. Small distances between Merton and Kou (< 0.01 for JS and W1) indicate
these models produce very similar risk-neutral densities, while large distances between Bakshi and
the other models (> 0.2 for JS, > 0.5 for Hellinger, > 0.4 for W1) indicate fundamentally different
distributional characteristics.

Table 6.4 summarises three standard, symmetric distances between pairs of model implied
RNDs, aggregated across all maturities. Jensen—Shannon divergence captures information-
theoretic differences, Hellinger distance measures geometric overlap between distributions,
and Wasserstein-1 quantifies the mass transportation required to map one density into
another. Lower values indicate greater similarity:.

Merton—Kou shows uniformly small values, with JS = 0.002, Hellinger = 0.049, and
W1 = 0.009, which indicates very similar shapes across maturities. By contrast, dis-
tances between Bakshi and either jump-diffusion model are much larger, with JS ~ 0.240,
Hellinger ~ 0.529, and W1 =~ 0.475, which implies a substantial departure. The near
equality of the Bakshi-Kou and Bakshi-Merton values indicates that Bakshi is roughly
equidistant from the two, while Merton and Kou lie close together. Merton and Kou are
relatively concentrated and left-skewed, whereas Bakshi is closer to symmetric and more

dispersed.

6.4.3. Explaining Bakshi’s RND characteristics

As shown in Section 6.4.2.1, Bakshi exhibits a distinctive pattern, with near-zero
skewness and kurtosis close to normality despite achieving superior pricing fit. This
outcome warrants further investigation to understand why the model produces RNDs
that diverge from typical equity market characteristics during stress periods.

Analysing the calibrated parameters, we observe a diffusion-heavy calibration pattern.
As detailed in Appendix F.6, the calibrated mean jump intensity (A; = 0.138) is substan-
tially lower than typical equity calibrations (0.5 to 1.5 jumps per year), with 66.3% of
calibrations at the lower bound, indicating that the jump component is largely inactive.
In contrast, mean reversion speed (k, = 0.23) operates at the lower bound in 74.5% of
calibrations, indicating slow mean reversion and persistent stochastic volatility that dom-
inates the pricing dynamics. Consistent with this diffusion-heavy calibration, the leverage
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effect is weak (p ~ —0.24), and long-run variance (6,) operates near the lower bound in
97.9% of calibrations. Together, these patterns explain the near zero skewness. With-
out active jumps, the diffusion component alone cannot generate the pronounced left tail
asymmetry typical of equity markets during stress.

Additionally, several factors may have contributed to this outcome. First, the objective
function minimises squared pricing errors with equal weighting across all options, which
implicitly assigns greater weight to higher-priced options (those closer to ATM) and less
weight to lower-priced deep OTM options, where jumps matter. Second, because the USD
3/8 price filter was applied before the OTM filter, deep out-of-the-money puts, which
are typically low-priced, were disproportionately eliminated before the OTM filter could
retain them (61.4% of puts retained in the reduced sample, as shown in Appendix F.2.1).
As a result, the left tail of the risk-neutral distribution was truncated and information
about downside risk was reduced. Furthermore, the sample period exhibits elevated but
non-extreme volatility (VIX ranged between 25 and 27, with peaks of 36 points) rather
than discrete jumps. Finally, this pattern is also influenced by the aggregation choice, as
the use of median rather than mean downweights extreme days and can shift moments
upwards when negative outliers are present.

One may ask why these factors affect only Bakshi’s results. The answer lies in the
model’s flexibility, as Bakshi’s adaptive structure allows the calibration to exploit the data
characteristics, whereas Merton and Kou impose structural asymmetry through their jump
specifications, making them more rigid and better at preserving left-tail mass despite the
same filtering bias. Additionally, insufficient information from available strikes to identify
both volatility and jump components separately may lead the model to allocate more
weight to stochastic volatility, further enhancing its adaptation to market prices. These
results suggest a trade-off in which achieving a better fit to option prices, as measured
by pricing-error metrics, comes at the cost of a more symmetric, less negatively skewed
risk-neutral density.

This was the main reason why we decided to use the log-return space Z = In(Sr/Fp)
for risk analysis, as this metric removes scale effects and maintains the expected negative
skewness across all models, correcting Bakshi’s near-zero or positive skewness when using

the St space.

6.5. Implied-volatility smoothing and calibration design

In this section we investigate whether smoothing the implied volatility surface prior
to calibration improves model performance compared to the baseline approach using raw
market data. To this end, we will use the Bakshi, Cao and Chen (1997) SVSI-J model,
as it is the only model among those reviewed that incorporates stochastic volatility.

The motivation for smoothing implied volatility surfaces stems from three main rea-
sons. First, market-observed implied volatilities usually contain microstructure noise. As
such, they can be decomposed in two components as Gopserved = Ttrue + €, Where Oirue
represents the “real” volatility structure and ¢ denotes microstructure noise arising from
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bid-ask spreads, discrete trading, and market impact. Smoothing techniques effectively
filter out the high-frequency noise component e, while preserving the lower-frequency
structural dynamics captured by oi... This is particularly critical for optimisation al-
gorithms, which may overfit to noise rather than signal, leading to unstable parameter
estimates. Then, raw market data often violate no-arbitrage conditions, which require
that call prices increase with maturity (calendar spread arbitrage) and exhibit convexity
in strike (butterfly spread arbitrage). Spline interpolation enforces continuity, reducing
arbitrage violations between observed strikes and producing economically coherent and
arbitrage-free volatility surfaces. Finally, smoothing results in optimisation efficiency. As
model calibration involves minimising an objective function over a high dimensional pa-
rameter space, when market prices are noisy, the objective function becomes rugged with
many local minima that trap gradient optimisation algorithms. Smoothing regularises
this space, facilitating convergence to the global optimum and reducing computational
time as we will later see.

Before proceeding, it is important to mention that two calibration approaches were
considered regarding the calibration target. One where the model would be calibrated
against smoothed option prices, isolating model performance from surface noise, and
another where the model would be calibrated directly against raw market prices, testing
the joint smoothing and pricing performance. Following the literature, the first was

chosen, as it gives a clearer assessment of the model’s structural fit.

6.5.1. Spline interpolation methods

Two spline methodologies were employed to smooth the implied-volatility surface, each
with distinct continuity properties. We used cubic splines with C? continuity, producing
smooth first and second derivatives across the entire surfaces, and the cubic Hermite
method, which enforces C! continuity, by allowing second derivatives to be discontinuous.

Cubic splines are piecewise cubic polynomials that minimise the integrated squared
second derivative while satisfying natural boundary conditions at the endpoints. In this
case, the method was implemented using MATLAB’s spline function (see Appendix F.5).
For each maturity segment, the implied volatility surface was interpolated in log-returns
space rather than strike space for numerical stability. However, this global optimisation
approach makes cubic splines sensitive to outliers, where a single extreme point can distort
the entire curve. They may also show oscillations near the boundaries of the interpolation
range, a numerical effect known as Runge’s phenomenon, in which the interpolated curve
develops artificial fluctuations that are not present in the underlying smooth data.

In contrast, Hermite splines are segmented cubic polynomials with different conti-
nuity requirements. Unlike cubic splines, which determine derivatives through global
minimisation of the integrated squared second derivative, Hermite splines estimate slopes
locally from the data, allowing more localised control. We implemented Hermite splines
using MATLAB’s piecewise cubic Hermite interpolating polynomial function (see Ap-
pendix F.5 for more details). This algorithm automatically estimates derivatives using
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a shape-preserving algorithm that guarantees monotonicity preservation, meaning that
if input data is monotonic, the interpolant remains monotonic without introducing un-
wanted oscillations. It also prevents overshooting, ensuring the interpolant stays within
the data range, which makes Hermite splines robust to outliers because changes to one data
point affect only neighbouring intervals rather than propagating across the entire curve.
However, the Hermite method has reduced smoothness (C' rather than C?), which can
result in discontinuous second derivatives. For calibration, this is often offset by greater
robustness to data anomalies.

6.5.2. Sample period and implementation issues

Our final sample comprises 300 independent calibrations from 30 trading days with
10 maturities per day. To assess calibration quality, both smoothing methods were run
under identical calibration settings.

During preliminary testing, two implementation challenges emerged. First, cubic
splines showed increased sensitivity to outliers. This issue motivated the adoption of
the Hermite method in our analysis. Then, percentage-based metrics became unstable
when option prices were close to zero. To prevent overflow and division by zero, we add
a small epsilon to denominators equal to MATLAB’s double-precision machine epsilon
(2 2.22 x 10716). This value is negligible relative to typical prices, including deep OTM
options, and it prevents non-finite or undefined values that would otherwise disrupt the
optimisation process.

For this reason, and in addition to the six standard metrics, we introduce the sym-
metric mean absolute percentage error (SMAPE). The sMAPE treats over- and under-
prediction symmetrically, is bounded between 0% and 100%, and remains well defined
near zero because the denominator includes both market and model prices. The formal
definition of the sSMAPE metric is reported in Appendix F.4.5.

6.5.3. Comparative results and main findings

6.5.3.1 Model fit and convergence stability

As in section 6.4.1, the errors were summarised using two aggregates, a global measure
that gives equal weight to all contracts across maturities and trading days, and a maturity-
bucket measure that groups contracts into six time-to-expiry buckets and averages errors
by day within each bucket and then across days. However, in this case, the bucket levels
are different because the sample is smaller and contains fewer observations for maturities
above one year. The thresholds were adjusted to maintain the same number of buckets
and ensure the analysis remains comparable. The following table presents these results

by bucket and for all maturities.
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TABLE 6.5. Pricing errors by maturity

Maturity Nobs Method RMSE MAPE (%) sMAPE (%) Conv (%) CV (%)

0-30d 26 Baseline 0.0106 0.23 0.24 96.15 91.53
0-30d 26 Cubic 0.0036 0.16" 7.71 100.00 34.39
0-30d 26 Hermite 0.0036 0.16 0.14 100.00 34.18
30-60d 34 Baseline 0.0076 0.15 0.24 100.00 29.16
30-60d 34 Cubic 0.0075 0.11 3.46 100.00 29.07
30-60d 34 Hermite 0.0075 0.11 0.13 100.00 29.59
60-90d 28 Baseline 0.0116 0.09 0.10 100.00 25.98
60-90d 28 Cubic 0.0114 0.09 2.68 100.00 40.19
60-90d 28 Hermite 0.0114 0.09 0.13 100.00 40.87
90-180d 90 Baseline 0.0237 0.12 0.13 100.00 23.21
90-180d 90 Cubic 0.0229 0.12 3.40 100.00 34.85
90-180d 90 Hermite 0.0229 0.12 0.15 100.00 34.15
180-270d 85 Baseline 0.0563 0.49 0.51 100.00 15.64
180-270d 85 Cubic 0.0543 0.48 18.70 100.00 22.69
180-270d 85 Hermite 0.0543 0.51 0.57 100.00 23.19
270-365d 37 Baseline 0.0822 0.71 0.76 100.00 12.14
270-365d 37 Cubic 0.0789 0.70 28.06 100.00 15.34
270-365d 37 Hermite 0.0789 0.75 0.84 100.00 15.97
All maturities 300 Baseline 0.0362 0.31 0.33 99.67 51.81
All maturities 300 Cubic 0.0344 0.30 11.20 100.00 41.39
All maturities 300 Hermite 0.0344 0.31 0.36 100.00 41.39

Note: RMSE = Root Mean Squared Error; MAPE = Mean Absolute Percentage Error; sMAPE =
Symmetric Mean Absolute Percentage Error; Conv (%) = percentage of calibrations that converged;
CV (%) = Coefficient of Variation. For Cubic in bucket 0—30d on 05-Jan-2022 there was an extreme
outlier: MAPE ~ 4.95x10'%. Entries marked with * (0-30d, Cubic) indicate this outlier is excluded
from the reported statistics.

Table 6.5 presents the error metrics for the three calibration methods: Cubic spline,
Hermite spline and the original baseline approach'. The results show that smoothing
significantly enhances calibration quality across several dimensions, in line with what
is reported in the literature (see, for instance, Fengler (2005), or Andreasen and Huge
(2011)). The Hermite spline methodology achieves the best overall performance, with
an average RMSE of 0.034439, representing a 4.95% reduction compared to the original
baseline (RMSE = 0.036232). The cubic spline methodology performs nearly identically,
with an RMSE of 0.034445, indicating a 4.93% improvement over the baseline.
Regarding MAPE, the original baseline model exhibits a global MAPE of 0.31%, which
is marginally reduced by the Cubic model to 0.30%, representing an overall improvement
of approximately 3.2%. The Hermite model shows no improvement at the global level,
with a MAPE of 0.31%. This enhancement is not uniform across all maturities. A granular

analysis shows that the most substantial gains occur in the short-term buckets. The Cubic

!The pricing errors presented here are significantly lower than those reported in Section 6.1, reflecting
a smaller sample composed primarily of short- and very short-term maturities, where errors tend to be
lower.
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and Hermite models reduce the MAPE by approximately 30% in the 0-30d bucket (from
0.23% to 0.16%) and by over 26% in the 30-60d bucket (from 0.15% to 0.11%). As the
time-to-maturity increases, the relative accuracy of all three models converges. For the
60-90d and 90-180d buckets, the smoothing techniques offer no improvement in MAPE. In
the long-term buckets (e.g., 180-365 days), the improvements are only marginal, with the
Cubic model offering a reduction of just 2% in the 180-270d bucket and 1.4% in the 270-
365d bucket. This confirms that the main benefit of the Cubic and Hermite models lies
in mitigating the pricing instability in the short-term, where the market noise is higher.

The sMAPE gives a scale-independent assessment of pricing accuracy. Hermite splines
achieve an sSMAPE of 0.36%, while Cubic splines achieve 11.20%, both compared with the
baseline (sSMAPE = 0.33%). This pattern varies across maturities. This pattern varies
across maturities. In the short-term buckets (0-60d), the Hermite model achieves values
of 0.14% and 0.13%, improving over the original SMAPE of 0.24%, while the Cubic model
exhibits elevated values of 7.71% and 3.46% due to outlier sensitivity. For mid-term matu-
rities (60-180d), the Hermite model maintains stable performance (0.13-0.15%), compa-
rable to the original (0.10-0.13%), while the Cubic model shows values of 2.68-3.40%. In
long-term buckets (180-365d), the Hermite model shows values of 0.57-0.84%, marginally
higher than the baseline 0.51-0.76%, while the Cubic model escalates to 18.70-28.06%.
These results demonstrate that the Hermite spline maintains stable sMAPE across all
maturities, while the Cubic spline shows increasing error for longer-term options.

Regarding the coefficient of variation (CV), it is used to assess the temporal stability
of the pricing error, with a lower CV indicating more reliable performance. The base-
line model exhibits a global CV of 51.81%, which is reduced to 41.39% by both spline
methods, representing an improvement of approximately 20%. This improvement is con-
centrated in the short-term bucket (0-30d), where the splines reduce the CV from 91.53%
to approximately 34%. For mid-term maturities (60-180d), the pattern reverses as the
original model registers CV values of 25.98% and 23.21%, while the splines increase these
to 34-40%. For long-term buckets (180-365d), the Original model maintains lower CV
values (12-16%) compared to the splines (15-23%). In conclusion, the spline methods of-
fer superior global stability but mainly in the short-term bucket. However, for mid-term
and long-term maturities, the original model shows better temporal consistency.

Finally, we tested robustness to numerical outliers. On 5 January 2022, the cubic spline
produced an extreme MAPE due to near-zero option prices with short time to expiry,
where the near-zero denominator inflated the percentage error. For the same calibration,
the Hermite method returned a normal MAPE. Across the full sample of 300 calibrations,
the Hermite method produced zero such outliers (defined as MAPE > 1000%), whereas the
cubic spline produced one, which represents 0.3% of the sample. The outlier magnitude
was approximately 4.95 x 1011%. Overall, the Hermite method matches or exceeds the
cubic spline in pricing accuracy while providing stronger convergence, parameter stability,

and better robustness to numerical issues.
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6.5.3.2 Parameter robustness
We further assessed parameter stability by computing the coefficient of variation (CV)
of the calibrated for all Bakshi parameters.

TABLE 6.6. Summary Statistics of Calibrated Parameters

Baseline Cubic Spline Hermite Spline
Param. Mean SD CV (%) Mean SD CV (%) Mean SD CV (%)
0y 0.0057 0.0054 95.15 0.0053 0.0007 12.81  0.0053 0.0007 12.87
o 0.0821 0.0118 14.42 0.0790 0.0106 13.46  0.0791 0.0105 13.28
Ko 0.2962 0.4515 152.43 0.2422 0.0685 28.30 0.2424 0.0686 28.31
p -0.1868 0.0728 38.95 -0.1930 0.0601 31.14 -0.1923 0.0585 30.41
0, 0.0065 0.0036 55.48 0.0061 0.0019 30.54 0.0059 0.0015 25.06
oy 0.0256 0.0208 81.43 0.0376 0.0205 54.48 0.0390 0.0216 55.29
Kr 1.8055 0.5414 29.99  1.7973 0.5528 30.76  1.7533 0.5687 32.44
Yy 0.1047 0.0216 20.60 0.1357 0.1149 84.68 0.1339 0.1146 85.55
I -0.0634 0.0371 58.59 -0.0471 0.0426 90.40 -0.0477 0.0431 90.39
oj 0.0592 0.0265 44.71  0.0567 0.0259 45.75  0.0565 0.0251 44.46

Notes. SD = standard deviation; CV = coefficient of variation. Means/SDs in level units;

CV in percent.

Table 6.6 reports CVs for the ten Bakshi parameters. The coefficient of variation (CV)
measures parameter stability across the sample for the three smoothing methods. Given
the large number of parameters in the model, we focus on the key findings. The spline
methods significantly improve the stability of volatility-related parameters, with the co-
efficient of variation for both 6, and k, reduced by approximately 80% compared to the
original baseline method. In contrast, the spline methods introduce greater variability
in the jump parameters ()\; and p;), suggesting that while they stabilise the volatility

structure, they may capture jump events less consistently.

6.5.4. Smoothing impact on calibration time

Table 6.7 compares the average computational times required to calibrate the model under

the Original, Cubic, and Hermite spline interpolation schemes.

Table 6.7. Calibration time comparison (seconds)

Method Mean Median Std Dev Min Max

Baseline 253.5 150.3 356.1 1.1 1980.0
Cubic 2407.5 895.8 6623.4 139.6 37103.1
Hermite 2572.0 1126.1 7641.6 163.2 42791.0

Table 6.7 presents the calibration time statistics for the three methods. The results show
that the spline methods require substantially longer computational time, with both Cubic
and Hermite methods taking approximately 9 times longer than the baseline method.
This significant computational cost represents the main limitation of the spline based

approaches, despite their improvements in pricing accuracy and parameter stability.
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CHAPTER 7

Conclusions

7.1. Main findings

This chapter presents the main conclusions from the calibration and comparison of
the Merton (1973), Kou (2002), and Bakshi, Cao and Chen (1997) option pricing models
on S&P 500 monthly options from January to May 2022.

All models converged successfully and exhibited robust estimation and excellent fit,
yielding economically interpretable parameters. We assessed performance using a compre-
hensive set of pricing error metrics and analysed the structure and shape of the risk-neutral
densities, including its moments, distances, tails, and quantiles. Finally, we evaluated pa-
rameter stability under cubic-spline and Hermite smoothing.

Global results reveal a clear hierarchy aligned with theoretical expectations. Bakshi
model substantially outperforms alternatives, achieving pricing errors approximately 7
times smaller than Kou and 13 times smaller than Merton. This hierarchy is evident in
the unexplained variance, with Bakshi showing significantly superior precision across all
maturity buckets.

Performance varies across maturities. For very short-term options (0-30 days), Mer-
ton’s symmetric jumps prove more adequate, outperforming Kou. However, from 31 days
onward, Kou dominates Merton due to its double-exponential structure better captur-
ing asymmetry and tail thickness, consistently achieving RMSE values 30 to 40% lower.
Bakshi delivers the best fit across all maturity buckets, though this superior performance
comes at the cost of higher model complexity.

Analysis of the recovered RNDs confirms the pricing hierarchy and reveals distinct
tail behaviors. While Merton and Kou capture negative skewness and elevated kurtosis
consistent with equity market expectations, Bakshi’s RNDs exhibit near-zero skewness
and kurtosis close to normality, despite delivering superior pricing fit. This outcome is
inconsistent with market expectations, especially in equity markets, during periods of
market stress such as the Russia-Ukraine conflict and change in interest rate policies,
where strong negative skewness is expected.

This finding reflects a diffusion-heavy calibration where the jump component is largely
inactive, while stochastic volatility dominates pricing dynamics. Three main factors may
have contributed to this pattern. First, the objective function implicitly weights toward
ATM options, reducing the influence of deep OTM options where jumps matter. Second,
applying the 3/8 USD price filter first disproportionately removes deep out-of-the-money
puts, truncating the left tail of the risk-neutral distribution. Finally, the sample period

exhibits persistent volatility rather than discrete jumps. As a result, the model achieves
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superior fit for mid-priced options but produces RNDs with weaker left-tail asymmetry
than expected for equity markets during stress.

Bakshi was the only model to exhibit this effect, as its adaptive structure allows the
calibration to exploit the data characteristics, whereas Merton and Kou impose structural
asymmetry through their jump specifications, making them more rigid and better at
preserving left-tail mass despite the same filtering bias.

Regarding the smoothing of calibrated parameters, the results show that it significantly
enhances calibration quality across several dimensions, in line with the literature. The
Hermite spline methodology achieves the best overall performance, with RMSE reductions
of approximately 5% compared to the baseline. Granular analysis shows that the most
substantial gains occur in the short-term bucket (0-30 days), where MAPE is reduced by
approximately 30%.

With respect to parameter stability, the spline methods reduce the global coefficient of
variation by approximately 20%, with volatility-related parameters (6, and k,) showing
reductions of approximately 80%, compared to the baseline method. the spline methods
introduce greater variability in the jump parameters (A, and ), suggesting that, while
they stabilise the volatility structure, they may capture jump events less consistently.
Overall, the Hermite method is preferred due to its superior robustness to numerical out-
liers and shape-preserving properties. The main limitation is the computational cost, as
spline-based approaches require approximately nine times longer calibration time than
the baseline method, representing a significant computational burden despite their im-

provements in pricing accuracy and parameter stability.

7.2. Limitations and future work

In this study, Bakshi demonstrated maximum flexibility and superior fit across all
maturities. However, there are indications of possible overfitting, as the optimisation
process relied solely on minimising squared pricing errors, which may have limited the
preservation of tail characteristics in the recovered risk-neutral densities. This raises the
question of whether alternative objective functions, such as minimising implied volatility
errors or using vega-weighted pricing errors, would better preserve tail representation.

Morevover, in our work, the filtering procedure proved to be critical, particularly the
OTM filter combined with the 3/8 USD price threshold. It would be interesting to study
Bakshi’s performance in other market contexts, such as periods with lower volatility,
non-stress conditions, or even rising markets.

Finally, we used Fourier inversion to extract risk-neutral densities. A comparative
analysis with alternative methods, such as the Breeden and Litzenberger (1978) approach,
could assess whether the extraction method introduces bias or whether the results are
robust across different techniques.

Much remains to be explored in this field, and it is hoped that this work may contribute

to further research.
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APPENDIX A

General Definitions

Definition A.1. (Moment-generating function of a Normal distribution) Let
X be a normally distributed random variable, following a Normal distribution with mean p
and variance 0?: X ~ N(u,0?). Then, the moment-generating function of X, represented
by Mx(s), is given by:

Mx(s) =E[e¥] = / e ()X = e (A1)

where, fx(x) is the probability density function of X and s is a real-valued parameter used

to compute the moment-generation function.

Definition A.2. (Normal distribution characteristic function) Let X be a nor-
mally distributed random variable, following a Normal distribution with mean p and vari-
ance 02: X ~ N(u,0?). Then, the characteristic function of X is given by:

+oo

px(u) =E [e"] = / e fx(w)dX = e (A.2)

where px (u) represents the characteristic function of X evaluated at u, fx(x) is the p.d.f
of X, i is the imaginary unit (i = v/—1) and u is a real-valued parameter used to compute

the moment-generation function.

Definition A.3. (Fourier transform) Let o(x) be a function of a real variable x be-

longing to the set of integrable functions in R.
Then, the Fourier transform of p(x) € L*(R) is defined as:

s - [ " (o) dr, € € R, (A3)

where (&) is the complex-valued function representing the Fourier transform of o(z), i

is the imaginary unit (i = /—1) and £ is the angular frequency variable (a real number),

Definition A.4. (Inverse Fourier transform) Let 1)(§) be a complex-valued function
of a real variable & belonging to the set of integrable functions in R.
Then, the inverse Fourier Transform of ¥(§) € L'(R) is defined as:

1 [T

Y(z) = o= (E)e™7dg, € € R, (A.4)

T o o
where &(x) 15 the function in the time domain obtained from the inverse Fourier transform
of ¥(§), i is the imaginary unit (i = \/—1) and £ is the angular frequency variable (a real

number).






APPENDIX B

Lévy processes

This appendix contains several key definitions concerning Lévy processes. We intro-
duce the main concepts, including Lévy processes, Poisson and compound Poisson pro-
cesses. We also discuss Lévy-Khintchine representation, Ito formula for Lévy processes,
among other aspects.

B.1. Definition of Lévy processes

Lévy processes are a class of stochastic processes with discontinuous paths, character-
ized by three fundamental properties. They possess independent increments, stationary
increments and stochastically continuous. Formally, a Lévy process can be defined as
follows:

Definition B.1 (Lévy Process). Consider a fized probability space (Q, F, Q). A
stochastic process Xy, such that Xo = 0, is called a Lévy process if:
i) X¢ has independent increments: for every ty < t; < ... < t,, the random variables
Kig, Xty — Xty Xty — Xty oo, Xy, — Xy, are independent.
ii) Xy has stationary increments: the law of Xy — Xy does not depend on t.

ii1) X, is stochastically continuous,i.e., for all a > 0 and s > 0:

limP[|X; — X,| > a] = 0.
t—s

B.2. Poisson process and main definitions

As an example of a Lévy process, the Poisson process is often regarded as the simplest
and most illustrative case. It is a pure-jump process with independent and stationary
increments, which starts at zero and has jump sizes always equal to 1, and where the

increment over a time interval of length greater than zero follows a Poisson distribution.

Definition B.2. (Poisson process) Let (1;); > 1 be a sequence of independent expo-

nential random variables with parameter X and T,, = >, 7.
The counting process (N, t > 0) defined by:

Nt — Z 1tZTn7 (Bl)

n>1

1s called a Poisson process with intensity X > 0. This process counts the number of
random times (T,) that occurs between 0 and t, where T,, — T,,_1 > 1 is an independent
and identically distributed (i.i.d.) sequence of exponential random variables.

For any t > 0, N; follows a Poisson distribution with parameter At. Therefore, the
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expected value and variance of the process Ny are:
E[N;] = X and var[Ny| = A, (B.2)

respectively,where A represents the average intensity of jumps arrival.

Finally, the characteristic function of N; is given by:
E[e™M] = exp [M(e™ — 1)], Vu € R. (B.3)

Another prominent example of a Lévy process is the compound Poisson process. Unlike
the Poisson process, the compound Poisson process introduces additional variability by

allowing for random jump sizes. This process can be formally defined as detailed below:

Definition B.3. (Compound Poisson process) Let the counting process (Ni)i>o be
a Poisson process with intensity X > 0, and let jump sizes (Y;)i=1 be a family of i.i.d.
random variables with distribution f, and also independent from (Ni)i>o-

A compound Poisson process Ny is a continuous-time (random) stochastic process with

Jumps that can be represented as:
Nt
N=) Y, t>0, (B.4)
i=1

where the jumps arrive randomly according to a Poisson process Ny, and the size of the
gumps Y; is also random, with a specified probability distribution.

It is possible to demonstrate that the mean and variance of N, are, respectively, given by:
E[N,] = pAt and var[Ny] = At(o? + p?). (B.5)

Definition B.4. (Compensated Poisson process) Let the counting process (N, t >
0) be a Poisson process with intensity A > 0.
A compensated Poisson process is a ‘centered’ version of the Poisson process (Ny)i=o that
can be defined by

N, = N, — M, (B.6)

where the (A)i=o is the compensator of (Ny)io-
Therefore, the compensated Poisson process (Nt)teR . 18 a martingale with respect to

(Ft)ier, and has an expected value of 0, as follows
E[N,] = 0. (B.7)

ProoF. (Compensated Poisson martingale) Knowing that the compensated

Poisson process (Nt)t>0 has independents increments, it easy to demonstrate that
E[N;|Ns, s < t] = E[N; — Ng + Ng|Ng| = E[N; — Ng|Ns] + Ny = At —s)+ N, (B.8)
thus, the process (Nt)t>0 possesses the martingale property
Vt > s, E[N,|N,] = N,. (B.9)
OJ

v



Finally, the compensated Poisson process has the following characteristic function

o5, () = exp [At(e” — 1 —iz)]. (B.10)

Proposition B.1 (Characteristic of a compound Poisson process).
Let N; be a Poisson process with rate A, and let Y; be i.1.d. random variables. The
expectation Eq, [exp (zu Zf\il Ylﬂ can then be expressed as:

exp (Mt (dy (u) — 1)). (B.11)

Proor. Applying the law of iterated expectations to N;, we obtain:

Eq, |exp <w§:Y> — Eq, |Eq, |exp (ZUiY) ’Nt” . (B.12)
i=1 i=1
Given N; = n and since Y; ~ i.d.d., we have:
Eg, |Eq, |exp <zu i Yi> Ny =n|| =Eq, [Eg, [¢" - ™ ... "™V IN(t) =n],
i=1
— Eq, [Eq, [¢"] Eg, [6™¥?] - ... Eq, ["*¥0]] = Eq, [(EQt [ewyiDN(t)] _

(B.13)
Here, Eq, [¢™¥7] is the characteristic function ¢y (u) of Y, where Y follows a double

exponential (Laplace) distribution:
wwy; 1\ NV
Eq, |(Bq, [])""] = Ea, [(0v ()] (B.14)
Then equation (B.14) can be rewritten as follows:
Eg, [(¢y(u))N(t)} = Eg, [elog(qby(u))mt)] = Ky, [eN(t)log(aby(u))} ) (B.15)

Knowing that the moment generating function of a Poisson random variable N () with
rate At is given by the expression Eg, [e*N)] = exp (M (e* — 1)), where in this case,

s = In (¢y (u)), the expectation outlined in equation (B.15) can be written as:

Eg, [(gzﬁy(u))]vt} = exp (/\t(eln(d)Y(“)) —-1)). (B.16)
Simplifying the exponential term, yields:
Eq, [(6v ()] = exp (\(oy (w) — 1)) (B.17)

Therefore, we finally reach the following expression for the expectation of the exponential
Poisson specified in equation (B.16):
N
exp (zu Z Yi>
i=1

Eg, — exp (M(dy(u) — 1)). (B.18)
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B.3. Lévy measure

The Lévy measure plays a fundamental role in characterising the jump behavior of
general Lévy processes. The Lévy measure quantifies the frequency and size of the jumps,
providing a detailed description of the distribution of these discontinuities. In precise

terms, the Lévy measure is defined as:

Definition B.5 (Lévy measure). Let (X;)i>o be a Lévy process and assume v is a Borel

measure on R that satisfies:
V({0}) = 0 and /(|x|2 A1) (dr) < . (B.19)
R
Then for every A € B(R)

W(A) = E[#{t € [0,1]: AX, £ 0, AX, € A}] = %E[# (te[0,T]: AX, £0, AX, € A},

(B.20)

is called the Lévy measure of X. Here, v(A) represents the expected number of jumps, per

unit of time, whose amplitude belongs to A. If the density of the jump size is represented

by g(x) and X the intensity of jumps then the Lévy measure can be represented in the
following way:

v(dx) = Ag(dzx). (B.21)

Remark B.1. Note that [, (|z|* A1) v(dz) < co is equivalent to the following two condi-

tions: .
/ 2?v(dz) < oo, (B.22)

-1
and

/ v(dz) < oo, (B.23)
|z|>1

meaning that, by definition of Lévy measure, the condition (B.23) implies that there is

only a finite number of big jumps.

B.3.1. Lévy-Khintchine representation

Next, we introduce a key concept in the theory of Lévy processes known as the Lévy-
Khintchine representation. This representation provides a complete characterisation of
Lévy processes by specifying their characteristic functions in terms of the Lévy-Khintchine
triplet (,0% v). This triplet enables the decomposition of a Lévy process into three
independent components: a linear drift, a Brownian motion, and a Lévy jump process.

The following theorem provides a detailed explanation:

Theorem B.1 (Lévy-Khintchine representation). Let X = {X;,t > 0} be a Lévy

2

process associated with a triplet (v,02 v), where v € R, 0 > 0, and v is a positive

measure concentrated on R\ {0} that satisfies:
v({0}) =0 and/(l A 2?)v(dx) < oo. (B.24)

R
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Then, the characteristic function of Xy is given by the following Lévy-Khintchine repre-
sentation formula:

(z) = B[] = e, (B.25)
where the cumulant characteristic function ¥ (z), also known as the characteristic expo-

nent, is defined by:

0252 too
P(z) = iyz — 5 +/ (e — 1 —izaljy<i) v(dz), Vz € R. (B.26)
Proor. For a proof, see Cont and Tankov (2004, Sections 8.1-8.3). O

B.4. It6’s lemma for Lévy processes

The following variant of 1t6’s lemma will be fundamental for our analysis of Lévy

processes:

Definition B.6 (Ité lemma for Lévy type stochastic integrals). Let (X;)i>o, be a
Lévy stochastic process with Lévy triplet (b,o?,v). Let f € CY*([0,T] x R) and H, K €
C([0,T] x R), where H(t,z) represents the small jumps and K(t,x) the large jumps.
Consider now a Lévy process given by:

dX, = bdt + odW, + H(t,z)J(dt,dx) + K(t,x)J(dt, dz), (B.27)

|z|<1 |z|>1

where Nx s a Poisson Randon measure and NX 1s the compensated Poisson measure,
defined by Nx([0,t] x A) = Nx([0,t] x A) — tv(A). The differential dX, can be decom-
posed into two components: a continuous part dX;y = bdt + odW,, which encompasses
the drift and wvolatility terms, and a discontinuous part dX¢ = f‘x|<1 H(t,x)J(dt,dx) +
flx\zl K(t,z)J(dt,dx), which accounts for both small and large jumps.

Then, the Ito lemma for Lévy type stochastic integrals is given by:

of of . 10*f . .
dt+a—dX +28 d[X°¢, X

ot
+ / (6 X0+ H(t, ) — £(t, X)) Tx(dt, da)

|z|<1
of
ox

df(ta Xt)

(B.28)
+ lf(t,Xt+H(t,x))—f(t,Xt)—H(t,x)

lz|<1

(t, Xy) | v(dz)dt

4 /| X K () = f(6 X)) T (dh, da),

If H(t,z) = K(t,x), then the Ité formula simplifies to:

of ., Of 102 f
St o X+ 52

df (t, X3) = —=d[ X, X°] ( |
B.29

(t, X)) | Jx(dt, dz).

Proor. For a proof, see Applebaum (2004, Sections 4.3-4.4). 0

vil



B.5. Propositions and definitions

Definition B.7. (Exponential Lévy model) Let (S;)i>o be an stochastic process rep-
resenting an underlying asset process under a filtered probability space (Q, F,{F:},Q),
where Q is a risk—neutral measure under which discounted prices of all traded assets are
Q-martingales. The filtration {F;} represents the price history up to time t. Under Q, S;

follows the exponential Lévy model:
Sy = Spe™, (B.30)

where 1 is the risk-free rate, q is the (continuous) dividend yield, and X; is a Lévy process
with characteristic triplet (v,0%,v). In an arbitrage-free market, the dividend-adjusted
discounted price S, 1= Spe= (Tt = GpeXi—(r=a)t g g martingale, which is equivalent to the
following conditions imposed on the triplet (v, 02 v):

02

A>1 e’ V(dx) <00, v= (7” — Q) - ? — /R(ex -1 - l’]1{|x\§1}) V(dl') <B31)

The dynamics of Sy under Q can also be written in integral form:

¢ ¢ ¢
Sy =S50+ / (r—q) Su—du+ / Sy— o dW, + / /(em —1) S, Nx(du,dz), (B.32)
0 0 0o Jr

or, equivalently, in differential form.:

dS; = (r — q) S;_dt + o S,_ dW, + / (e® — 1) S,_ Nx(dt, dz), (B.33)
R

where N is the jump measure of X and Nx/(dt,dz) := Nx(dt,dx) — v(dz) dt denotes the

compensated random measure describing the jumps of X;.

The next proposition expresses the compensated jump contribution of S; in terms of

the jumps of the Lévy process X; in integral form.

Proposition B.2 (Integral representation of the compound Poisson component
of S;). Let the asset price be defined as a exponential Lévy model S; = eXt, where X; is a
Lévy process. Expressing the absolute jump size of X; as AX; = Xy — X;_ we can express
a compound Poisson Process (as defined in definition B.3) with jump size distributions V;

associated with process Sy, in the following way:

iw = /Ot/RSu(e*” — 1)Nx(du, dz). (B.34)

PRrROOF.
Nt
DVi= Y AS =) (Su—8u)= ) (=S, )= ) (Mt X g )
i=1 0<u<t 0<u<t 0<u<t 0<u<t
= ) (AN =8, )= ) (eANS =S )= ) S (e 1)
0<u<t 0<u<t 0<u<t
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Using the result in Cont and Tankov (2004, Equation. (2.92)), the jump process
> (T Yo,
{n,Tnel0,t]}

can be expressed in integral form in the following way:

Z f(TTHYn /0 R0 f(57y>NX(dS7dy>>

{n,T,€

where f(T,,Y,) is a function representing its jump amplitude, 7,, the random variable
that represent the time of the jump and where Nx is the Poisson random measure. Given
that in our case f(s,y) = S,-(e¥ — 1) with Y¥,, = AX, we have:

t
> (e -1 = [ ] Sufer = )Nxldudo)
0<u<t 0 JR

which proves (B.34). O
B.6. Additional results and proofs

Proposition B.3 (Derivation of the jump-diffusion SDE for S; under the P

measure). Consider the jump-diffusion process

t
Xi=(p—qQt+oW;+ / / xNx(ds,dz). (B.35)
o Jr
The dynamics for the exponential Lévy model S; = Spet is given by
R

where I = |+ %0’2, 1 1s the expected rate of return of the asset, q is the continuous
dividend yield, and o is the volatility associated with the Brownian motion Wy. The term
S;_ represents the asset price immediately before the jump, Nx is a Poisson random

measure. Wy and Nx are independent sources of randomness.

PROOF. Applying Ito’s Lemma to f(t, X;) = Spe™* where X is given by (B.35), yields:

of .. of 10%f
Spdt St dX oo
of

n /R [ F X+ H(t2) — F(E X)) — H(t,x)%(t,Xt)} Ny (dt, dz)

ds, = L d[X*, X

' (B.37)
= SidX, + 5 Sd[X*, X]

Substituting the dynamics of X; and the term d[X¢, X¢] = o2dt into equation (B.37),

(t, Xt)] Ny (dt, dz).

1
ds; = (u—q+ 502)Stdt + 05, dW, + / xSy Nx (dt, dx) +

R
of

(B.38)
+/R {f(t,Xt +H(E ) = £ Xe) = H{t )5

(t, Xt)] N (dt, dz),
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Knowing that a jump of size H(t,z) = z leads to f(t, X; + x) = Spe**™ = S;e®, we can

calculate the jump terms inside the integral as follows:

f(t7Xt + .I') - f(taxt) = St<€x - 1)?

P (B.39)
$a—£(t, Xt) = ZUSt.
As a result, the full jump integral term becomes:
[ [0 = ptex0 = a3 .30 mctatan) = [ e 1 opnslar,an.
R R
(B.40)

Replacing the jump integral in equation (B.38) and simplifying the terms, we obtain the
SDE for the jump-diffusion model for the asset price S;:

1
dSt = (/.L —q+ 502)575(175 + UStth + /

xS Nx (dt,dz) + / Si(e® —1 — x)Nx(dt,dx)
R

R

1

=(pu—q+ 502)Stdt + oS, dW; + / Si(e® — 1)Nx(dt, dx).
R

(B.41)

Defining /i = y1 + 0* we obtain (B.36). O

Having discussed the dynamics of the asset price process under the probability measure
P, the next step is to adjust this process to the risk-neutral probability measure used in

the Lee (2004) framework. To achieve this, we use Girsanov theorem.

Proposition B.4 (Derivation of the Girsanov kernel o2). Assume the dynamics
of an asset price S; under the real probability measure P is described by the following
stochastic differential equation (SDE):

45, = (ji — q)S,_dt + oS, dWF + / S, (¢" — 1) Ny (dt, dz), (B.42)
R

Then, the Girsanov kernel gp? for transition from the real measure P to the risk-neutral

measure Q is given by:

o_ r—j— fple — 1)V(d$). (B.43)

g

¥

Proor. To derive the kernel g09, we begin by applying the It6’s formula for Lévy-type
stochastic integral (outlined in Definition B.29 for the case where H(t,x) = K(t,z)) to
f(t) = d(Sie ") yields:

1
d(S;e ") = (g — r)e TS, _dt + 7S, + 5.0 +
+ / ((St_ + H)e it G, e~ Jorsdstat _ He‘”*qt) Ny(dt,dz)  (B.44)
R

= (q—r)e "TNS,_dt + e NS,



Now, incorporating the .S; dynamics into the stochastic process, we get:

d(Sie” ") =e " (g — r)Sp_dt + (p — q)Si—dt + 0 S, dW + / S;—(e" — 1)Nx(dt, dz)],
R

= [St_ (n—r)dt + oS, dW} + / S;—(e® — 1)Nx(dt, dx)] :
R
(B.45)
Applying the Girsanov transformation dW} = @Pdt + th@ to the previous equation,
and knowing the relationship between the two Poisson measures is given by Ny (dt, dz) =
Nx(dt,dz) — v(dz)dt, we can rewrite equation (B.45) as follows:

d(Ste_Tt+qt) _ St_e—rt—&-qt(ﬂ _ T’)dt + USt—(@Pdt + thQ)e—rt—s-qt

4 ettt / S, (¢" — 1) (N (dt, dz) + v(dz)dt)

(B.46)
= Sy_e "y — 1+ o + /(em — 1) v(dx)dt)
R

+ oS, _e et a2 + e_mrqt/ S,_(e® — 1)Nx(dt, dx).
R
For Si;e %4 to be a martingale, the drift of the stochastic process must be zero, which
occurs only when g — r + opg + Jp(e” = 1)v(dz) = 0. Thus, the Girsanov kernel for the
transition to the risk-neutral measure Q is given by:

0 _ r—p— [p(e" —1)v(dx) (B.47)

pu .

2
U

Proposition B.5. The asset price dynamics under the risk-neutral measure Q is given
by

dS; = (r—q— /R(ex — D(dx))S,_dt + oS,_dW®< + /RSt(ex — 1)NY(dt,dz). (B.48)

ProOF. Since the dynamics of the asset price under P given by equation (B.36) in

Proposition B.36 is as follows
dSt = (ﬂ — Q)St_dt + USt_thP + / St_(ex — 1)Nx(dt, d.flf), <B49)
R

applying the Girsanov transformation dW} = gp?dt + dVVtQ with the following kernel:

9 _ r—j— (e — l)y(dx).

we reach SDE (B.48). O

(B.50)

¥
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APPENDIX C

Affine jump-diffusion framework

C.1. Propositions and definitions
C.1.1. Duffie, Pan, and Singleton (2000) framework-one dimensional case

In this section we prove the one dimensional case, result of Duffie, Pan, and Singleton
(2000), and the general case follows with minor adjustments by adopting matrix notation

and standard calculus rules.

Proposition C.1 (Transform Explicit solution one-dimensional case). Con-

sider the transform (3.9) in the one-dimensional case

e (u,t, T, X,) = Eg {exp {— /t TT(XS, s)ds] exp (uXT)‘]-"t} , (C.1)

where u € C and t <T. An exponential-affine solution can be derived for the transform
Y*e, under the technical reqularity conditions given in Definition 3.3, and is given by the

following equation:
V¥ (u,t, T, X,) = expla(t,T,u) + B(t, T,u)Xr], (C.2)

where B € C and o € C satisfy the following complex-valued ordinary differential equa-
tions (ODEs):

ﬁ(tv T? u) = px(t)_Kx(t)ﬂ(tv T? u) _% [ﬂ(tv T? U)Hx(t)ﬁ(t> T? u)] - [0<ﬁ<t7 T7 u>> t) - 1] l:r(t)a

(C.3)

and

d(t7 T7 u) = pO(t) - B(ta T? U)Ko(t) - %B(ta T7 U)Hﬁ(t)ﬁ(t7 T? U,) - [9<6(t7 T7 u)v t) - 1] lO(t)a
(C.4)

constrained by the boundary conditions (T, T,u) = u and o(T,T,u) = 0.

ProoF. Let X;,t > 0, be a stochastic process and dX; its corresponding dynamics
dX; = w(X)dt + o(X)dW; + dZ,, (C.5)
where dZ; is a pure-jump process, which can be represented by the following expression

dZt:/xNX(dt,dx), (C.6)
R
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and where Nx([0,t] x A)#{s € [0,t]: AX, € A} is a Poisson process.
As a result, the dynamics of the process X;, can be defined as follows:
dX; = p(X)dt + o(X)dW; + / xNx(dt,dx). (C.7)
R
Note that the expression fR xN,(dt,dx), when written in its integral form, is equivalent to

the sum of all jumps of all amplitudes (see Cont and Tankov (2004)), and can be written

/0 t /R Ny (dt dr) = 37 AX, (C.8)

0<s<t

as:

Equation C.7 can now be divided into two components, one referring to large jumps (i.e.,
|z| > 1) and the other relating to small jumps (i.e., |z| < 1)

dX; = w(X)dt + o(X)dW; + /

|z[>1

xNx (dt,dz) +/ xNx (dt, dz). (C.9)

Jz|<1

Knowing that the Poisson process Ny is related with its corresponding compensated
process Nx through the Lévy measure v(A), i.e., that Ny = Nx +tv(A), and aggregating
the terms associated with dt, equation (C.9) simplifies to:

dX; = [,u(X) + /

lz|<1

xu(dx)] dt + o(X)dW; + /

|lz|>1

xNx(dt,dx) + / xNx (dt, dz).

lz|<1
(C.10)
Now, in order to find a solution to the transform ¥ (u,t, T, X;) = E[e~Ji Xa)dsque| )

(as shown in Nunes and Alcaria (2015)), we will perform an Ansatz:
W(u,t, T, X,) = B[~ rXsquXr | ) — f(¢ X,), (C.11)

where f(t,z) is the exponential defined by f(t,z) = e®®)+b®)z,
Then, we apply, as a first step, the generalised 1td’s formula (B.29) to the function
f(t,x) = W2 and, subsequently, substituting, in the dynamics of (C.7) we obtain

the following expression:

df =|a(t) + bO X+ DX ) + %b(t)?a%xt_)] F(t, X, )dt + b(t) (£, X ) (X)dW,

+ / [£(6, X ) = J(t, Xo0)| Nx(dt, o)
‘ (C.12)
For the process U = e~ Jo "(X)dsy) £ be a martingale, we have to ensure that its dynamics
have a zero drift, i.e., that there are no elements associated with the term dt. For this
purpose we use the compensated Poisson process Nx (dt, dz) = N (dt, dx)—v(dz)dt which
is a martingale (see equation (B.4) and Cont and Tankov (2004, Proposition 2.16)). As a
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result, we get:

df = [a(t) + b(t)z + b(t)u(X,-) + %b(t)QJQ(Xt) -+ /R(eb(t)f” - 1)V(dx)} f(t, X,-)dt

bt f(t X )o(X,- ) AW, + /

00 X 2) = 70 X0 | Wit ),

(C.13)
since

F(h Xy + ) — f(t, X, ) = OO0+ _ qa@+OXT _ p(y X, )(eH07 1),

Using the definition given by equation (B.21) in Definition B.5 that defines the Lévy
measure v(dx) as A\(X;)g(dx), equation (C.13) turns into:

df =|a(t) + b(t)x + b(t)u(X,-) + %b(t)%Q(Xt) + /

(07 = 1) g(d)A(X)| £ (2, X, )t

+B(E) F(E, X )or(X,- ) AW, + /

R[ Ft, Xoe + 1) — f(t,XS,)] N (dt, dx).

(C.14)
By the definition of the jump transform 6(c) given by Definition 3.4, we can write 0(b(t)) =
Jg €W?14(dz). Thus, equation (C.14) becomes:

4 =[a(t) + B(0)Xe- + DO )+ b0 (X )+ (B0(0) ~ DA 700, Xyt

+b(E) £ (t, X o (X )W, + /

R

[(F(t. X0+ ) = (X Nx(dt, da).
(C.15)
Now, taking into account the affine structure, given by Duffie, Pan, and Singleton (2000)

we have
w(r) = Ko(t) + Ky (t)x, 0% (x) = Ho(t) + Hi(t)w, M) = lo(t) + [ (t)

. Substituting the affine structure into (C.15) and rearranging the terms, we reach the

following equation:
df = [a(t) + b(t)Ko(t) + %b(t)2H0(t)+(0(b(t)) —1)l(t)
X [b(e) + K (1) + %b(t)QHl ()

+(0(b(1)) - 1)z1<t>}] F(t X )t + nd W, + / (X + @) = f(t, X, )| Nx(dt, da),
R
(C.16)
As such, as a second step, we apply generalised Ito’s Lemma to ¥ = e~ I T’(Xs)dsf(t, Xy):

d(e™h OB F (X)) = —r(X,)eT RO (1, Xyt 4 el TG X,). (CT)
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Substituting (C.16) in (C.17) and f(¢,z)e” Jor(Xs)ds 1y U(u,t, T, X;) simplifies to:

d(V(u,t,T,X;)) = ¥(u,t, T, X;) {d(t) +b(t) Ko (t) + %b(t)zHo(t)+(6(b(t)) —1)o(t)

#2504 BOKA) + FHOPHL+(400) — (0] - ()|t

1
2
+ e—fgr(Xs)dsdet + / |:(\IJ(S7X8_ + x) — \IJ($7XS_):| Nx<d8,d$).
R

(C.18)
Finally, plugging in the affine dynamics for 7(X;), where r(X;) = po(t)+ p1(t) X+, equation
(C.18) becomes:

d(V(u,t, T, X;)) = ¥(u,t, T, X;) [a(t) —po(t)+b(t) Ko(t) + %b(t)QHo(t)—i— (0(b(t))—1)1o(2)

+ X, |b(t) + b(t) K1 (t) + %b(t)zHl t)+(0(b(t)) — 1)l (t) — pl(t)Hdt
e R, gy / (s, X, +2) = W(s, X, )| Nx(ds, d). (C.19)

Let us now define dM; by:

dM, = / [(\y(s,xs_ + z) — \If(s,Xs_)]NX(ds,dx) + e JorXdsp qiy, . (C.20)
R

In order for M, to be a martingale, its two constituent parts must also be considered
martingales. Recall that a process X; is a martingale if it satisfies the following two
conditions:
E[X7|F] = X A E[|X,]] < +o0. (C.21)
We first verify these conditions for the first term in (C.20). Let us denote this term by
Y.
Y, = / / (t, Xp- +2) \If(t,Xt_)}NX(dt,dx).

The first condition in (C.21) holds automatically, as it follows directly from the definition
of the compensated Poisson random measure Ny. To verify the finite moment condition,
we apply the triangle inequality together with point (iii) of Definition 3.3, which states
that E[|Ur|] < C < +oo:

E[|Y;]] :E:‘/OT/R[(\IJ(t,Xt ta) - \IJ(t,Xt)]NX(dt,dm)H

<E -/OT/R’(\D(t,Xt +a)— \If(t,Xt)‘NX(dt,dx)}

gEiAT4<\C\+{C\>NX(dt,dx)]
= 2OE[/OT/RNX(dt,dx)] = 0.

(C.22)
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Since e~ Jo r(Xs)dsp AW, is a martingale and well defined process due to point (ii) of Defi-
nition 3.3 the process M, is a martingale which means that W (u,t, T, X;) is a martingale
if and only if the drift of its dynamics is zero (Cont and Tankov (2004, Prop. 8.9; Re-
mark 8.2) provide the result).

py = 0 sa(t) — po(t) + b(t)Ko(t) + %b(t)zHo(t)+(6(b(t)) — 1)lo(t) .
42 [b0) + D) + S50 B0+ (B0(0) — D) (5) — pu(1)] =0,

which, by the method of undetermined coefficients, is equivalent to saying that W(¢, T, X})

is a martingale iff

() — polt) + BOK(1) + Sh(tYHo(t)+ (006(1)) — 1)oft) = 0

=
b(t) — pi(t) + b(t) K1 (t) + %b(t)zHl (t)+(0(b(t)) — 1)l (t) = 0.

(C.24)
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APPENDIX D

Lee (2004) framework

D.1. Equivalent Martingale measures and change of numeraires

Definition D.1. (Martingale measure) Let P denote the physical (or “real world”)
probability measure, defined on the measurable space (0, F). Additionally, assume X is a
random variable on the probability space (2, F,P).

A process (Xi¢)>o is called a martingale under the probability measure P, if:
Ep [ X7|F] = Xy, VT > t, (D.1)

where the conditional expectation Ep [Xr|F;] is the expected value of the unknown future
value that X will assume at time-T (> t), based on the information available at the

previous time t (i.e., on the o—algebra F ).

Definition D.2. (Money-market or savings account): is a deposit that earns inter-
est at the risk-free rate r. Assuming constant interest rates, and continuous compounding,

the time-t value of the money-market account is equal to:
M, = Mye'™, (D.2)

where My represents the initial value of the money-market account (at time-0).

Definition D.3. (Equivalent Martingale measure Q) The martingale probability
measure Q is a probability measure equivalent to the original probability measure P, such
that the discounted price of any asset, expressed in units of the numeraire money-market

account, 1s a Q-martingale. Hence, for any financial asset X, we have:

Xy X7

— = Eg | —|H T >t D.3

= Ee | 3IR] ot 023)
Now, substituting the money-market account M;, outlined in the Definition D.2, equa-

tion (D.3) becomes:

X, = e "TIEY [ Xp|F], for T >t. (D.4)

As such, the risk-neutral measure Q assumes that any financial asset generates a rate of

return equal to the risk-free rate.

Theorem D.1. (Abstract Bayes’ theorem for change of probability measure)
Assume that X is a random variable defined on a filtered probability space (2, F, (Ft)eo,1), P),
and let Q be another probability measure on (2, Fr) with Q < P on Fr.
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Additionally, let L denote the Radon—Nikodym derivative of Q with respect to P:

dQ
Lr = —| . D.5
T dP | 7y (D-5)
Define the density process Ly := Ep[ Ly | Fi], t € [0,T]. If X¢ is Fr-measurable with
Ep[ | X7| L7 ] < 00, then for allt € [0,T) the Abstract Bayes’ theorem reads
Ep[ X7 Ly | F] _ Ep[ X7 Ly | Fi]
Ep[Lr | F] L,

D.2. Theorems and propositions from Lee (2004)

Eo[Xr | ] =

P-a.s. (D.6)

Proposition D.1. (Non-existence of the Fourier transform of the option price.)
Let the Fourier transform of initial option price Cq(k) be represented as follows:

+oo

Ca(u) = /_ e"*Ce(k)dk. (D.7)

o0

The transform ég(u) does not exist since the call price Cg(k) does not decay as k ap-

proaches —oo, indicating that the call pricing function is not square-integrable.

PrOOF. Let us consider the Fourier transform presented in equation (D.7). Substi-
tuting Cg(k) with its definition under the T-forward measure, we obtain the following
expression for the transform Ce(u):

+0o0 X
Calu) = / ¢ BEqr (X~ &) |F] dk = / e BEgr [(eX — e*) | 7] dk.
- - (D.8)
Now, applying Fubini’s theorem, we can change the order of the integral and the expec-

tation in the previous expression, yielding:

b's
CG(U) = EQT |:/ eiukBt (€X — ek)+ dk|Ft:| . (Dg)
To address the infinite range of integration, we use an improper integral with a lower
limit, resulting in the following expression:

X

Calu) = Egr [Bt tgr_noo e (eX —€¥) dk;\]—"t} : (D.10)

t

Performing the integration and then simplifying, we get:

piuk+X piuk+k k=X
B, lim - | Fy
t——o0 ket

U _iu+1

) 1 1 tut+X (tut1)t
= EQT Bt €(Zu+1)X -— — = — hm © - + e |E .
w tu+1 t——o0 u w1

It is easy to note that the previous limit does not exist. Using Euler’s identity, we can

N

CG (u) = ]EQT

(D.11)

demonstrate that tEI_noo et = tE:E%O(cos(ut) +isin(ut)) = P. This fact prevents existence
of the integral, since the option price C (k) does not decay as k approaches —oo, making
the call pricing function non-square-integrable. Therefore, the Fourier transform of the
option price also does not exist, as we intended to prove. [l
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Proposition D.2. (Fourier transform of the damped option price) Assume a
damping constant o > 0. For any such «, the Fourier transform ¢, (u) of the damped

option price co.c(k) exists and can be represented as follows:

Cac(u) = a? —I—JZ (f ;2(—?1'—1_(21012 Du (D-12)

PROOF. As per Lee (2004) theorem 3.1, ¢, (k) decays exponentially for |k| — oo,
and, since it is bounded, it follows that c, (k) is in L' and has a Fourier transform.
Let us recall the definition of the damped option price function ¢, : R — R, given by
the following expression:

Cac(k) = e*Cql(k), (D.13)

where:
Ca(k) = BEgr[G(X, k)] is the time-t option price on state variable X, with G(X, k) :=
(eX — ef)T representing the payoff of a long call at maturity 7, and k denoting the
contractual strike.

Applying now the Fourier transform to ¢, ¢(k), we obtain:

+oo
Cac(u) = / e coq(k)dk. (D.14)

Substituting, first, the damped option price by the relation established by equation (D.13),

and, then, Cg(k) by the corresponding valuation formula, we get:

+00 +0o0
Cac(u) = / ek e *Co(k)dk = / e e BiEgr [G (X, k) |F) dk

foo o (D.15)
= / €iUk€akBt]EQT |:(€X — 6k)+ |f'tj| dk.
Applying Fubini’s Theorem allows us to adjust the order of integration in the following
manner: !
Ca,c(u) = BiEgr {/ ke (eX — €F) dk:|]-"t] = BEgr {/ ek e (eX — €F) dk|F,

X
_ BtEQT |:/ (e(iu+a)k+X o 6(iu+o¢+1)k) dkl.E:| )
B (D.16)

By solving the integral, we arrive at the following result for ¢, ¢(u):?

|:€(iu+a)k+X pliuta+1)k ]X | ]
t

C = B/E —
CQ’G(U) et w+ w+a+1

e(iu—l—a—l—l)X e(iu—i-a—l-l)X e—(z’u—l—a)oo—l—X e—(iu+a+1)oo
= B,Egr , — - - : - = || -
1+ o w+ o+ 1 (AT e w+ o+ 1

Xk
lfj;o (eX — ek)+ dk = fj(oo (eX — ek) dk, as (eX — ek)+ = (()e ¢ );€k><XX

2 lim elutakb= lim e**eF= lim e (cos(uk) + isin(uk)) = 0, with o > 0.
k——o0 k——o0 k——o0
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B,E el D _ gliurerd? Fi L L B,E (iutat)X|
S {( iu+ o _iu—l—a+1)| t} N (iU+a_iu—|—a+1) iEqr [e | F]

futa+l—wuw—a
-\ (iu+a)(iu+a+1)

) BtEQT [€(iu+a+1)x|ft]

B (oﬂ +a— u21+ 2aiu + w) BiEqr [V F].

(D.17)
Now note that the integral inside the expectation in equation (D.16) exists for positive a.
Knowing that the discounted characteristic function of X, with respect to the T-forward
measure Qr, where a T-maturity discount bond Bt::EQ[M; lMt|]-“t] =Eq [e— I T5d8|]-"t} is
used as numeraire, is (for ¢ restricted to R™) given by the expression f(¢):=f;(0)Eqr[e"*|F],
equation (D.17) can be rewritten as follows:

Ca,c(u) = ( .

a?+a—ur+i2a+ 1)u

> J:(0)Egr [ei(“_ai_i)x|}}] , where f;(0) is equal to B;.

(D.18)
Resulting in the expected outcome for the Fourier transform of the damped option price,
as we set out to prove:

filu = (a4 1)7)
a?+a—u?+i2a+ u’

Cac(u) = (D.19)

assuming, once again, a positive a. U

Proposition D.3. (Complex Fourier transform of the unmodified option price)
Let ' be the set I'x g :={z € C: —=Im(2)by + by € Ax}. For a positive o, the complex
Fourier transform of the unmodified option price Ce(k), can be specified as Co I'xe—C,
and its definition is given by the following equation:
5 z—1
bc(z) = ft(—z) (D.20)
iz—z
ProOF. Building upon the results of Proposition (D.2), and assuming, once again, a
damping constant o > 0, the Fourier transform of the damped option price c, (k) can be

represented in the following manner:

fi(u—(a+1)17)

o — . D.21
Cac(u) a?+a—u+i(2a+1)u ( )
By rearranging the terms, it is possible to write the previous expression as follows:

N U— ol —1 U— ot —1

Carci (1) = fel ) 1 ) . (D.22)

i(u— i) — [(az’)Q —2aiu+u?]  i(u— i) — (u— i)’
Now, through a substitution, where z = u— ai € C, we arrive at the definition of complex
Fourier transform of the unmodified option price C(k), as originally intended:
Golz) = ft(z—_? . (D.23)
1z — 2
O
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Corollary D.1. (Insights from the complex Fourier transform proposition)
Following Proposition D.3, which sets the link between the Fourier transform of the damped
option price specified in equation (D.12), and the complex Fourier transform outlined in
equation (D.20), a relationship can be established between the two definitions, knowing,
once again, that z = u — «i.

Therefore, for a positive o and aby + by € Ax (with by :=1,by := 1), we have:

Cac(u) = Golu — ai), (D.24)

and hence, for z € T', such that —Im(z) > 0, we can also derive the following representa-
tion for the complex Fourier transform of the unmodified option price Cg(k):
+00

Ca(z) = /_ e**Ce(k)dk. (D.25)

PrOOF. Assume the set I'x g := {z € C: —Im(2)by + by € Ax} and consider the

following representation for the Fourier transform ¢, o(u) of the damped option price
Cac(k):
too
Conci (1) = / e co o (k)dk. (D.26)

Applying, both the damped option price definition, where ¢, c(k) = €**Cg(k), and the

equivalence outlined in equation (D.24), we get:

A~ +Oo .
Ce(u—ai) = / ek e * O (k) dk. (D.27)
Readjusting the terms, we obtain:
A +m . +OO . .
Ca(u — ai) = / IR (k)dk = / Dk (K dE. (D.28)

By substituting z = u — i and assuming a positive a, with z € I' such that —Im(z) > 0,
we reach the final expression for the complex Fourier transform of the unmodified option
price Cq(k):

+0o0
ba(2) :/ e Cq(k)dk. (D.29)
0
Proposition D.4. (Conjugate of the Fourier transform of the damped option
price) Let ¢o(u) be the Fourier transform of the damped option price as defined in

Proposition (D.2). Then its conjugate corresponds to the transform evaluated at the neg-
ative of the variable u:

émg(u) = émg(—u). (D?)O)

PRroOOF. Being ¢, (u) the Fourier transform of the damped option price, given by
equation (D.12), its conjugate can be express as:

ft (U_ (a+1) Z) (D?)l)

Ca,G(u): a2+a_u2—|—i(201+]—)u '
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Since the conjugate of a quotient is equal to the quotient of the conjugates (z’.e., g = %),

equation (D.31) can be rewritten as:

fi(u—(a+1)7)
a?4+a—-u2+iR2a+1)u

Cac(u) = (D.32)

Knowing that the discounted characteristic function of X, with respect to the discount fac-
tor e~ Ji" rsds s given by the function f; : A, — C, such that f;(¢) := Eqg [e* I rsdsiCX | Tl

we can now perform the following substitution, by setting ( = u — (a + 1) i:

— [T rods i(u—(at 1)) X ]
Eo [6 ‘ i (D.33)

éa7g<u) =

a?+a—-u+iRa+1)u
As the conjugate of a product is the product of conjugates (i.e., zy - 23 = Z1 - Z3), we obtain:
Eq [e Ik rsdsm‘ ]_-t} Eq [e I rsdsm‘ ft]
Ca(u) = ta—w2—ia+Du  a2+a-uw2—i(2a+1)u
Eq [esz rsdsefiuX+(a+1)X|J—_-t] Eq [eftTrsdsei(fuf(a+1)i)X|ft]
a?+a—u?—i(2a+1)u - a?+a—u2—iRa+1)u

Using, again, the discounted characteristic function of X, where f;(() ::E@[e_ S redt gicX \.7-}] ,
we can execute the inverse substitution, obtaining the corresponding function by setting
(=-u—(a+1)i

Cacu) = a? —i—ftof_—uu;f); —(;;)42—)1) u’ (D-34)

Finally, in line with the definition provided in equation (D.2), we can rewrite the previous

expression as a function of the Fourier transform of the damped option price, however, in

this case, evaluated at —u, as we wanted to demonstrate:
Ca,c(u) = Ca,g(—u). (D.35)

0

Corollary D.2. (Conjugate of the complex Fourier Transform of the damped
option price) Let (fg(u—ai) denote the complex Fourier transform of the damped option
price defined in Proposition (D.3), where z = u — avi. Then its conjugate is given by:

~ ~

Cc(u— i) = 6a(—u — ai). (D.36)

PRrOOF. Let ¢, ¢(u) be the Fourier transform of the damped option price specified in
Proposition (D.2). Additionally, assume that 65 (u — i) represent the complex Fourier
transform of the damped option price defined in Proposition (D.3), where z = u — «i.
Using the results from Corollary D.1, namely the ones given by equation (D.24), we can

establish the following relationship between the two Fourier transforms:

Cac(u) = Colu — ai). (D.37)
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Applying the conjugate to both sides of equation (D.37), and inverting the terms, we find
that:

bo(u— ai) = éqa(u). (D.38)
Now, building upon Proposition D.4, which sets the equivalence between the Fourier
transform of the damped option price and its conjugate, as shown in equation (D.30), we

are able to derive a new relationship:

~

Co(u—ai) =éag(u) = ag(—u). (D.39)

)

Knowing, by definition, that ¢, q(—u) = G¢(u — ai), we finally conclude:

~

~

bc(u— i) = éoc(u

)

= boc(—u) = Co(—u — ai). (D.40)
0

~—

Theorem D.2. (Inverse Fourier transform for damped option price) Let o > 0
be a damping constant. For any such o, both the damped option price function c,c and
its Fourier transform ¢, ¢ exist and belong to L', ensuring they are absolutely integrable
over their entire domain (i.e., f_Jr:OO |Cac| < 00 and fj;o |Ca,c| < 00).
Then, the call option price is determined by:

—ak

+o00 —ak 400
CG(k):‘f% / e_i“kéag(u)du:eﬁ /O Re [ ¢ 6(u)] du. (D.41)

PRrOOF. As per Proposition D.2, the damped option price function c, (k) belongs to
L' and possesses a Fourier transform, given its exponential decay for |k| — oo and its
bounded nature. Additionally, in the context of this particular payoff structure, and for
a positive «, it is easy to establish, by the dominated convergence theorem, the continuity
of ¢o¢(k). This, combined with the fact that the Fourier transform of the damped option
price is also in L', allows for the recovery of the option price Cg(k) through the inverse
Fourier transform using an undamping factor of e=@*.
That being said, applying the classical result for the Fourier inversion theorem provided
by (see, for example, Kendall and Stuart (1977), we can express the recovered damped
option price cq.c(k) as follows:
|
cac(k) / e "y o(u)du. (D.42)

:% N

Using the damped option price definition, outlined in equation (D.13), we can substitute
the left-hand side of the previous expression with e®*Cg(k):

1 [T _
e Co(k) = > / e~ e, o(u)du. (D.43)
™ —0oQ
Rearranging the terms, we then arrive at the first equality of equation (D.41):
e—ak 400 )
Ca(k) = 5 / ek ey a(u)du. (D.44)
™ —0o0
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Decomposing the integral into two components, while preserving the integration limits,

we get:
e—ak 0 ) +o00 )
Calk) = 5 ( / ek e q(u)du + / e—wkéw(u)du> : (D.45)
s —00 0
Now, performing a change of variable in the first integral by substituting z = —u, and

subsequently adjusting the corresponding integration limits, we obtain:

—ak +00 +o00
CG(k:):e% ( /0 ey o(—2)dz + /O e_wkéavg(u)du>, (D.46)

or equivalently, substituting, again, z = u:

e—ak’ too . o
Co(k) = o /0 (e eac(—u) + e " eq q(u)] du. (D.47)

Applying the results of the Proposition D.4 to the first term of the equation, which
establishes that ¢, ¢(u) is equivalent to ¢, ¢(—u), as outlined in equation (D.30), we can

rewrite the previous expression, resulting in the following outcome:

efozk +00 ) ]
Calh) =5 / [ ) + e ()] du
™ Jo
ok poo | (D.48)
=5 /0 [e—i“kéa,g(u) + e*“‘kéa,g(u)] du.

Given that the product of a complex number and its conjugate is equal to twice its real part
(i.e.,z4+Z = 2Re(z)), we can easily derive an alternative expression for the unmodified

option price, assuming, once again, a positive o

—ak +o0
Co(k) = ¢ / Re [e™"*¢, c(u)] du, (D.49)
™ Jo
which corresponds to the second equality of equation (D.41). O

Theorem D.3. (Complex inverse Fourier transform for unmodified option
price calculation) Let us consider the set I'x g == {z € C: —Im(2)by + by € Ax}
and define the complex Fourier transform of the unmodified option price Cg(k) as ‘5@(;:)
where € I'x ¢ — C is defined in (D.20) of Proposition D.S3.

Then, the unmodified call option price can be obtained by integrating the complexr inverse
Fourier transform ?G(z) along the contour Im(z) = —a for a positive o and abg+b; € Ax
(i.e with by := 1,by := 1) in the complex plane, as follows:

+oo—ai . +oo—ai . R
Corlk) = — / e / Re [e—z’fZ%(z)] dz. (D.50)
— 0

27 co—at ™ —at

ProoF. Leveraging the results from Theorem D.2, namely the first equality of equa-

tion (D.41), we can write the call option price as:

—ak +oo
Co(k) = ‘ / ek ey a(u)du. (D.51)

27

—00
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Based on the relationship established in equation (D.24) of Corollary D.1, between the
Fourier transform ¢, ¢(u) of the damped option price and the representation of the com-

plex Fourier transform %¢(u — i), we are able to express equation (D.51) as follows:

—ak +o0 ) . 1 +o00 ) ) R
Co(k) = c / e " Ca(u — ai)du e~k (u — ai)du.  (D.52)

2m T o e

—00
Performing a change of variable, by substituting z = v — ai € C, and subsequently

adjusting the corresponding integration limits, we get:

1 ) ~
Cg(k) = —/ e*”“%g(z)dz, (D53)
27 Jr_,
where I'_, = {z € C: Im(z) = —a, a > 0}. Rewriting this expression with explicit
integration limits, we obtain: (D.50):
1 [too—ad
Calk) = 5- / e G (2)dz, (D.54)
T J—co—ai

which corresponds to the first equality of equation (D.50).

Having established the first equality, we can now proceed to demonstrate the second
equality of equation (D.50). Thus, building on the proven relationship between the first
terms of equations (D.50) and (D.41), we can set the following link with the second
equality of equation (D.41) of Theorem D.2:

1 Foorad —ikzcp e—ock e —iuk 4
Ca(k) / e "6 (z)dz = / e ""e a(u)du

T o . 2
" oomad e (D.55)
efozk +o00 )
= / Re [e7"*¢q,¢(u)] du.
T Jo
Rearranging the terms, yields:
1 [T ) )
Co(k) = — Re [e’z("’m)kéa,g(u)] du. (D.56)
T™Jo

Once again, using the relationship between the Fourier transform ¢, ¢(u) of the damped
option price and the representation of the complex Fourier transform Cfg(u —ai), outlined
in equation (D.24) of Corollary D.1, leads to:

1 [t . o
Colk) = = / Re [6_’(“_‘“)]’“&;@ - ai)} du. (D.57)
0

™

Performing a change of variable by substituting z = u + az € C, and subsequently

adjusting the corresponding integration limits, we obtain:
1 . A
Colk) = = / Re [e % ()| dz. (D.58)
I'_a

™

Rewriting the previous expression, and assuming a positive «, we finally reach the second

equality of equation (D.50), as we intended to prove:

Ca(k) = 1 /0+°°—ai Re [e‘ikchg(z)] dz. (D.59)

™

—at
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D.3. Option pricing under the Lee (200/) framework

To derive the option pricing formula under the Lee (2004) framework, we will build
upon the results of Theorem D.3. Starting from the second equality of equation (D.50), as
an additional step, we will incorporate the value of the residues for each « scenario. Note
that, to simplify the notation, we will assume the function f will be always evaluated at
time-t, i.e., from now on f; = f.

Defining the residues as R, ¢, the general pricing formula for the current payoff is given
by the following expression:

1 “+oo—ai ) .
Co(k) = - / Re {6—2“%(@} dz + Rac, (D.60)
0

™ —at

where Cg(k) represents the price of the call, considering the value of the residues.

To determine R, ¢, we will apply the Cauchy’s residue theorem, used in complex analysis
to evaluate integrals of holomorphic (analytic) functions, by identifying and computing
residues at singularities along a specific contour. In our specific scenario, the contour is
the vertical line from 0 — a¢ to +00 — a2, and the singularities arise from the integrand
in the pricing formula.

This theorem states that for a function f(z) that is holomorphic within (i.e., inside and
on) a simple closed contour C' in the complex plane, except for a finite set of isolated

singularities z1, zg, ..., 2, inside C, the contour integral of f(z) is given by:

jivf(z)dz = 271 ZRes(f, 2k). (D.61)

The term Res(f, z,) denotes the residue of f at each singularity z, and is calculated using
the following derivative formula for complex functions, assuming a pole of order n at
z=a:

1 n—1

Resf(z =a) = 1) llgzlz ;an [(z—a)"f(2)]. (D.62)

Before proceeding with the contour integral estimates, it is useful to recall a fundamental

bound from complex analysis. This inequality, often referred to as the ML inequality,
provides an elementary way to control the absolute value of a contour integral in terms

of the maximum size of the integrand along the path and the length of the path itself.

Theorem D.4 (ML inequality). Let C' be a rectifiable contour in C (for instance, a

piecewise C1 curve) and let f be continuous on C. Denote

M = max]|f(z2)], L = len(C). (D.63)

zeC

‘ [

Then the following bound holds:

< ML. (D.64)
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D.3.1. Singularities and residues for the complex Fourier transform of the

unmodified option price

Having presented the methodology, our focus now shifts to the identification of the sin-
gularities and the computation of the corresponding residues associated with the complex
Fourier transform ‘fg(z) of the unmodified option price, as outlined in Proposition D.3.
We start by defining the following auxiliary function
if(z — i)e—ikz
2w iz — 22

1 . .
h(z) = ggG(z)@—W = , z€C, (D.65)

where € (2) is given in equation (D.20). The singularities of h(z) arise from the zeros of
the denominator. Factoring iz — 2% = 2(i— z), we immediately identify two singular points
at z = 0 and z = i. We then classify each singularity based on its order, by studying the
lim, ,, [(z — a)"h(2)].

Lemma D.1. The function h(z) has a simple pole at z = 0.

PROOF. We consider

2f(z —i)e k=  fle— i)e k=

—0)h(z) = = D.66
(2 = 0)h(z) 27 (iz — 2?) 27(i — 2) ( )
Taking the limit as z — 0, we obtain
. _ f(=1)
l% zh(z) = Sy (D.67)
which is finite and non-zero. Hence, the singularity at z = 0 is a pole of order one. 0
Lemma D.2. The function h(z) has a simple pole at z = i.
ProoOF. We compute
| (z—i)f(z—i)e ™  flz—i)e
—1)h(z) = = - D.
(z = D)h(z) 27 (iz — 22) 21z (D-68)
Taking the limit as z — 4, we find
. ‘ f(o)e—zkz
1 —i)h(z) = ——— D.69
Zn_g(z i)h(2) 9 ( )

which is finite and non-zero. Therefore, the singularity at z = 7 is a pole of order one. [J

Having identified and classified the singularities as simple poles, let’s proceed to cal-
culate the corresponding residues. Since both singularities are simple poles, the residue
of h(z) at z = a is given by

Resp(a) = lim(z — a)h(z). (D.70)

zZ—a
Lemma D.3. The residue of h(z) at z =0 is

Resp,(0) = #ST_Z) (D.71)
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Proor. Applying (D.70) with a = 0, we have

Resy (0) = lim 2L = 9™ _ —i/(=0), (D.72)

=0 2m(iz — 22) 27

Lemma D.4. The residue of h(z) at z =1 is

L if(0)e*
= , D.
Resy, (1) 5 (D.73)
Proor. Applying (D.70) with a = i, we obtain
, . (2= f(z—d)e ™ if(0)eF
=1 = D.74
Resa(7) Pt 27 (iz — 2?) 2 (D-74)
where we used e~ = eF, O

D.3.2. Pricing formulas for different o cases

D.3.2.1 Theorems needed for constructing o cases
Theorem D.5 (Vertical-side vanishing via ML inequality). Fiz real numbers a < b

and define the vertical segments

I'r = {R+iy:y¢€lab]}, 'R = {-R+iy:y€labl} (D.75)
Let - n ) e — i)
h(z) = %%ﬂg(z)e , Ca(z) = s (D.76)

where f(¢) = Eg [e‘ftT rsds giCXT | ft} is the (discounted) characteristic function under Q.
Then there is a constant K > 0, independent of R, such that
K

sup |h(z)| < —, D.77
s i) < 7 (0.77)
and
lim h(z)dz = lim h(z)dz = 0. (D.78)
R—o0 Tx R—o0 T_p
PROOF. Since
f(Q) =Eq [e*ftTTs ds gicXT Ft} : (D.79)
for any z with Im(z) € [a, b] we obtain
|f(z B Z)| _ ‘E@ |:e_ ftT'rS ds ei(z—i)XT ‘E:|
<E, [6_ I rs ds ‘ei(z—i)XTl ) ]_—t]
(D.80)

_ EQ |:€— ftT rs ds 6—(Imz—1) Xr

g
<M

— )
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since we assumed the discounted exponential moments are uniformly finite on that inter-
val, i.e.

M = sup [Eg = Ji rads BX1
BE[1-b,1—a]

th] < 00, (D.81)

where § =1 — Im(z2).

For the denominator of % (z) we note that, for sufficiently large |z|,

iz — 2°| = |2||z — i| > |2|(]2| = 1) > 3|2, (D.82)

so that . o
_ < D.83
liz — 22| ~ |2|? ( )

The exponential factor, e~**Z, is uniformly bounded on the strip. Indeed, for z = = + iy
with y € [a, b],

‘efikzl — |efikx€ky’ — eky < e\k\max{\a|,|b\}. (D84)
Combining these bounds we obtain

1
2

e < (D.85)

iz — 22

o L —ikz| __
()] = o o) ] =

for large |z| and for some constant K > 0 independent of R. On 'Ly we have |z| > R,

hence sup |h(z)| < K/R?% The ML inequality given in Theorem D.4 (length-supremum

ze€lyLpr

bound) applied to each vertical segment, whose length is L = b — a, yields

K
’/ h(z)dz‘ < L-suplh| < (b—a)—= —— 0, (D.86)
Tir

Tip R2 R—oo

as claimed. O

Corollary D.3 (Specializations used in Sections Case 1-5). In each of the follow-
ing settings, Theorem D.5 applies with the indicated strip and vertical segments, so that

the two vertical integrals vanish as R — oo.
Case 1 (a >0). Usea=—a, b=0:
I'p={R+iy:ye€|[-a0]} ' R={-R+1iy:ye|—a0]} (D.87)
Case2 (-1 <a<0). Usea=—a,b=a:
F'r={R+iy:y€[-a,a]}, ' R={-R+iy: y€[-a,a]}. (D.88)
Case 3 (e =0). For any fired 0 <e <1, usea=—¢, b=0:
F'r={R+iy:ye€[—-¢0]} ' R={-R+1wy:yel-¢0} (D.89)
Case 4 (v < —1). Use a = —a, b=« (a symmetric strip):
Fr={R+iy:ye€|[-a,a]l, ' r={-R+iy:ye[-a,al} (D.90)
Case b (o = —1). For any firede > 1, usea =1, b=e:

Fr={R+iy:yellel}, ' R={-R+iy:yelle}. (D.91)
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In all cases the length is L = b — a, and Theorem D.5 yields

‘/Fﬂ h(z) dz K

< (b—a)— —— 0. (D.92)
Let us recall the general pricing formula, presented in equation (D.60), before delving

RQ R—o0

into the specific cases and explore their implications:

+oo—ai N
Co(k) = l/ Re [e”'kz%g(z)} dz + Rac, (D.93)
0

™

—ai

where C(k) represents the call option price, incorporating the residues R, ¢.

D.3.2.2 Residue theorem for poles on contours
The classical Cauchy residue theorem applies when all poles lie strictly inside or outside
the contour of integration. When poles lie exactly on the contour, the following extension

is required.

Theorem D.6 (Residue theorem for poles on contours). Let h(z) be a meromorphic
function, and let C' be a positively oriented, piecewise smooth closed contour. Denote by T
the set of poles strictly inside C' and by B the set of simple poles on C' (crossed transversely
by C'). Then
7{ h(z)dz = 2mi Z Res(h, zi,) + mi Z Res(h, w;), (D.94)
c €T w B

where the integral is understood in the Cauchy principal value sense when B # ().

Remark D.1. Poles on the contour (B) contribute half their residue (factor mi instead
of 2mi). More generally, if C' forms an interior angle 6(w;) € [0,2x] at a pole w; € B,
replace ™ by 6(w;). This is the standard Sokhotski-Plemelj/indentation result (see both
Gakhov (1990, Chapter 1) and Muskhelishvili (2008, Chapter 2)).

Corollary D.4. If two contours T'y and Ty (open with the same endpoints, or closed with
the same orientation) coincide outside a small neighbourhood of a simple pole a and differ
only by a deformation that crosses a once, transversely, without changing the winding

numbers around any other singularities, then
/ h(z)dz — / h(z)dz = mi Res(h,a). (D.95)
Fl FQ
For multiple crossings or multiple poles, sum the corresponding contributions.

D.3.2.3 Case 1: pricing formula for a> 0

For the first scenario, let us consider the case a > 0. Then, define C' to be a simple
closed contour and let I' = {z € C : Im(z) = —a, a > 0}. The function h(z) =
%?G(z)e_ikz is analytic inside and on C, since the singularities of order one, z = 0 and
z =1, lie outside the contour.
In this case, the closed contour C' can be represented by the following rectangle:
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R__. Im(z)=0

N
|
=

-~

5
2y
—
y

%
Im(z)=—a, (a > 0)

- @----0-

where:
={z € C: Im(z)=—-a,a>0A Re(z) € [-R,R]}
I'r={z € C: Re(z) =R AN Im(z) € [—a,0[}
I'o={z € C: Im(z) =0 A Re(z) € [-R,R|}
I' R={2 € C: Re(z) = —R A Im(z) € [—«,0[}
C= Ul'rUTqyUI'_R
Thus, the line integral of h(z) along the closed contour C' can be calculated by summing

the integrals representing the four sides of the rectangle:

i h(z) dz = / ez /F )iz + /F () /F G (D.96)

Given that, in this case, no singularities are enclosed by the contour C, Cauchy’s theorem

implies that the integral of h(z) over C is equal to zero, yielding:

]{ h(z)dz = 0. (D.97)
c
Then (D.96) becomes:
0= / 2)dz +/ h(z)dz +/ h(z)dz +/ h(z)dz. (D.98)
FR 1—‘7R
The integrals fr 2)dz and fr h(z)dz vanish as R — oo as shown in Case 1 of Corollary
D.3, which 1mp11es
/ h(z)dz = — / h(2)dz (D.99)
_ I
The price of the call option is given by the first equality of (D.41):
oo . ,
Ca(k) = / Z—éa,g(t)e*’k“*m)dt. (D.100)
Lo 2m
Using the relation (D.24) we have:
+o00 1 (o) +o0 1 k(o)
= —¢ TRtmot) g — — - v dt. D.101
Ce(k) /_oo 27TCa,G<t)e dt /_Oo 27‘5@(15 ai)e” dt (D.101)

Performing the change of variables z = v_,(t) =t — «i with ¢t € [—R, R] when R — oo,
which implies 7" () = 1. Using (D.99) we have:
+oo 1 ]
Cok) = / o Gale)e W dz = - / h(2)dz — / h(2)dz. (D.102)
_ s To

[e.9] —a
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The last term can be written in the following way:

et g —ikzcp
/ h(z)dz —/_ 7¢ ba(z)dz

w (?i;:n L et | (D.103)
— /_Oo_m %e’z *Ca(2)dz + /O_M %e”k“gg(z) dz.
Performing the change of variables z = —u in the first term we obtain:
/ h(z)dz = / T ke () de / TN g ae (DA0W)
—a 0—ai 2m O—cvi 2w

Using the fact that e**%;(—z) = e=**%4(z) and the property z +z = 2Re(z) we finally
obtain:

e too—ai
/ h(z) dz:/ — MG (—2) dz+/ —e " G5(2) dz
I o 0 0 2m

—ad 27 —ai

too—ai e e— 1 . o
_ /0 S 2) + e G (2) ds (D.105)

—at

+oo—ai 1 Cikned
= —Re(e™*%65(2)) dz.
0

™

Therefore, the pricing formula for the call option when a > 0 is given by:

Ca(k) = 1 /0+0<>0ﬂ' Re [e’ik“fg(z)] dz. (D.106)

™

—at

D.3.2.4 Case 2: Pricing formula for -1 < a <0

Let us now consider the case where —1 < a < 0. Once again, define C' as a simple
closed contour and assume h(z) = %%’%(Z)e*ikz is an analytic function in C', except for
a finite set of isolated singularities inside C'. In this particular scenario, there is only one
singularity within the simple closed contour of h(z), at z = 0.

As such, C' can be represented by the subsequent rectangle:

+z=i
< o : . Im(z)=—a
Ry L $Z=0. R Im@z)=0, (-1<a<0)
I' r |
| Im(z)=a

where:
={z€C:Im(z)=a, -1 <a<0A Re(z) € [-R,R]}
I'r={z € C: Re(z) =R AN Im(z) € [—a,al}
I o={z € C: Im(2) =—a,0< —a<1A Re(z) € [-R,R]}
I' g={2 € C: Re(z) = —R A Im(z) € [—a,a]}
C= Ul'RUI'_,Ul'_R
Thus, the line integral of h(z) along the closed contour C' can be calculated by summing

XXX1V



the integrals representing the four sides of the rectangle:

740 h(z)dz = / )+ /F e + / )z + /F RCE (D.107)

Following the Cauchy’s residue theorem, the contour integral is given by the sum of the
residues of the poles enclosed by C'. Since only z = 0 lies inside the contour, the sum will
include just the residues given by Lemma D.3, resulting in the following expression:
0N N B
h(z)dz = QW@Z Res(h, z = 0) = 2mi———= = f;(—i). (D.108)
¢ k=1 2

™

Therefore, substituting the previous results into the equation (D.107), we have that:

Fo(—i) = /F wh(z)der /F ) h(z)dz + / a h(z)dz + /F - h(z)dz. (D.109)

To compute the line integrals, we will need to parametrise the curves and then perform
the integration along each curve separately.

Let’s start by evaluating the first integral along the curve I'_,, denoting its parametrisa-
tion by v_,(t). This allows us to express the function h(z) in terms of ¢, as h(y_qo(t)).

Consequently, the line integral can be expressed as:
R
[ werz= [ bmao) o, (D.110)
o -R
where 7_,(t) = —t —ai and t € [-R, R].
Substituting the parametrisation into the equation (D.110) and performing the change of

variable z = —t — ai, we get:
R R R—ai
/ B (ya(8) A (1) = / h(—t — ai)(—1)dt = —/ We)de (D111
—R —R —R—ai

Similarly, evaluating the second integral along I',,, and denoting the curve parametrisation

by 7a(t), we can define the line integral as:

/ h(2)dz = /_ h (a (D) L. (D)t (D.112)

R
where 7,(t) =t 4+ oi and t € [—R, R].

Once again, substituting the parametrisation into the equation (D.112) and performing
the change of variable z = t + az, we reach:

R+ai

/_ h(’ya(t))’y;(t)dt:/ h(t—{—az’)(l)dt:/ h(z)dz. (D.113)

R -R ~R+ai
Regarding the integrals over ' and ['_g, since they are both zero when R — oo, as

proven in Case 2 of Corollary D.3, they can be excluded from the equation. As a result,
(D.109) becomes:

R—ai R+aa
fu(—i) = — / h(z)dz + / h(z)dz. (D.114)

R—ai R+ai
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Replacing h(z) in the previous equation, rearranging the terms and letting R — +oo,
yields:
footai ) too—ai 1 )
/ —ba(2)e™dz = fi(—i) +/ —Ca(2)e ™ dz. (D.115)

—ootai 21 co—ai 2m

Knowing that the left-hand side corresponds to the call price as defined by equation

(D.54), we are able to rewrite the expression in the following manner:

+oo—a 1 . )
Ca(k) = fi(—i) —I—/ T%g(z)e_lkzdz. (D.116)
—oo—at @
Splitting the integral and performing a change of variables, such that z = —u — ai for the

first integral, and z = u — ai for the second, we obtain:
1 Too ) ) Too ) )
Ca(k) = fi(—i)+ . ( i Ca(—u — ai)e kvl gy 4 i Ca(u — ai)e”Fu=ad gy
(D.117)
Now, applying the results of Corollary D.2 to the first integral, specified in equation
(D.36), which states that G5 (u — ai) = Ge(—u — ai), we have:

+w ~ ~ . .
Co(k) = fi(—i) + QL/ (‘&;(u — aui)e~tk(u—ai) 4 G (u — az’)e‘lk(“_o")>du. (D.118)
T Jo

Recognising that z +Z = 2Re(z), we arrive at:

Cak) = fu(—i) + % /0 " Re [e*ikwm’)%(u - az)} du. (D.119)

Finally, making one final variable change by setting z = u — ai, we reach the final formula
for the unmodified option price in the case where —1 < a < O:

Colk) = fi(—i) + ~ /0 T Re [e’i’“‘fg(z)] dz. (D.120)

™

—ai

D.3.2.5 Case 3: pricing formula for a =0

Let us explore the case a = 0. For that purpose, assume C' remains a simple closed
contour and consider a new function g(z) = 3 (Cfg(z)e_ikz + ?fg(—z)eikz), which is ana-
lytic in a neighbourhood of C, except for a singularity at z = 0 lying on the contour I'.
To properly define the contour integral, we introduce a regularised contour C. obtained
by deforming I'y in a neighbourhood of z = 0 with a semicircular indentation of radius
e > 0 in the lower half-plane. The integral along Iy is defined via the regularised contour
C., which coincides with the Cauchy principal value.

Hence, the closed contour C' can be illustrated by the following rectangle:

_____ p Fo $Z:0 p R___ Im(z)=0, (a _ 0)
I'r

Im(z)=—¢,(0<e<1)
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where:
={ze€ C:Im(z)=—-¢,0<e<1A Re(z) € [-R,R|}
I'r={2z € C: Re(z) =R AN Im(z) € [-¢,0],0<e <1}
I'o={z € C: Im(z) =0 A Re(z) € [-R, R]}, (Cauchy principal value)
I' g={2 € C: Re(z) = —R N Im(z) € [-¢,0],0<e <1}
C= UT'rUTZUT _g
As established, the line integral of the symmetric auxiliary function g(z) along the closed

contour C' is given by the sum of its constituent segments:

]i o(2)dz = /F o)z + /F RECE / o)z + /F NEE (D.121)

In the present setting, the path I'y lies on the real axis, where the function g(z) is singular
at z = 0. To evaluate an integral along a path intersecting such a singularity, we apply
the residue theorem for poles on contours to the indented contour C.. This construction
allows the contour integral to be decomposed into the Cauchy principal value along the

real axis and the contribution of the semi-circular indentation I'. around the origin:

j{ g(z)dz = PV/ g(x)dx +/ g(z)dz. (D.122)
According to Theorem D.6, the value of the integral over the indented contour is deter-
mined by half the residue at the singularity, namely:
7{ g(z)dz = miRes(g,0). (D.123)

To evaluate this expression, we compute the residue of the symmetric function g(z) at
the origin. Recalling the definition g(z) = 1 [‘fg(z)e_ikz + Ség(—z)eikz} , and utilising the

residues of the base auxiliary function h(z) from Lemma D.3, we obtain:
1 . . . .
Res(g,0) = 5 [Res (%G(z)e_mz, 0) + Res (%G(—z)e’kz, O)] : (D.124)

Using the identity G (z)e** = 27h(z) together with Lemma D.3, the residue of the first

term at the origin is given by:

Res <‘fg(z)6_ikz, O) = —if,(—1). (D.125)
Applying the change of variable z — —2z to the second term yields:
Res(%(—z)em,o) = ify(—i). (D.126)
Consequently,
Res(g, 0) = %{— if(—i) + z’ft(—z’)] 0. (D.127)

Since the residue of g(z) at the origin vanishes, it follows from the residue theorem that
the entire contour integral is null. Furthermore, the contribution of the indentation I', also
vanishes as ¢ — 0, since it is proportional to Res(g,0). Consequently, the Cauchy principal

value coincides with the standard integral, and the balance of the contour segments in

XXXVil



equation (D.121) reduces to:

0= /1*0 g(z)dz +/ g(z)dz. (D.128)

Given that it has already been demonstrated in Case 3 of Corollary D.3 that the integrals
fFR and fRR tend to zero as R approaches +o0o, we can promptly rewrite equation (D.121)

as follows, also incorporating the result from equation (D.122):

0= /FO g(z)dz +/ g(z)dz. (D.129)

To calculate the remaining line integrals, we first need to parametrise the curves and
perform the integration along each curve separately.

Starting with the integral along Ty, let’s define its parametrisation by ~o(t) = —t + 01,
where t € [—R, R], and represent the function as g(7(t)). Applying this parametrisation

to the line integral definition, and performing the change of variable z = —t, we reach:
R R R
[ s@iz= | gtumnriat= [ g(-o-vit=- [ ged D130)
1) -R -R —-R

Similarly, with regard to the second integral along I'_., let’s define its parametrisation
by v_.(t) = t — €i, also with t € [—R, R|, and denote the corresponding function as
g(7-<(t)). Using this parametrisation and performing the change of variable z = t — i,

the line integral can be expressed as:

[ o= [ g [ gu-cyma= [ g s

-R -R —R—¢i
Substituting the previous results into equation (D.129) and rearranging the terms, we

obtain:

/ e = /_ ) (D.132)

~R R—ei
Now, let’s take the limit as R — 00 on both sides of the equation (D.132), and multiply
cach side by 5-:
1 R 1 R—ei

oy REI-EOO _Rg (2)dz = py RI_I)IEOO _R_Eig (2)dz. (D.133)

Replacing g(z) in the right-hand side of equation (D.133), and then performing the change

of variable —z = u to the second integral, yields:

1 1; R ( )d 1 1; fimer 1 <<€2 ( ) —ikz _‘_cgf ( ) zk:z) d
—_— 1m z = — 1m — zZ)e —z)e V4
o1 Rt | g o7 Rotoo ) 2 W€ ¢

R—ci ¢ —ikz R+ei —iku
_1 lim [/ —Qo”g(z)e dz—l—/ —%ﬂg(u)e du

2 R—+o00 —R—¢i 27 —R+ei 27

(D.134)
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Changing, once more, the variable of the second integral, such that u = z, as R tends to

400, results in:

1 +o00 1 +oo—ci ¢ —ikz “+ootei ¢ —ikz
g(2)dz = 5 [/ Mdz —1—/ Mdz] : (D.135)

27 —00 c0—E€l 27 —oo+¢t 27

with 0 < e < 1.
In relation to the right-hand side of equation (D.135), it is easy to note that the first
integral corresponds to the case o > 0, while the second integral, after the variable
change, matches the case where —1 < a < 0.
Substituting the integrals with the respective results derived from equations (D.96) and
(D.120), and noting that R_. ¢ = fi(—i) for —1 < —e < 0, equation (D.135) can be
written as
| fi(=i)
2

9(2) dz = 3 (Calk) + Colk) ~ fi(~)) = Calk) - (D.136)

2r ) o

Rearranging the terms and substituting, again, the function g(z), now on the left-hand
side of equation (D.136), as R — +o0, yields:

. ft(_l) 1 ! 2 —ikz 2 ikz

Co(k) = + — —(Ca(z)e™™ + Ca(—2)e™ ) dz. (D.137)
2 2r J_o 2

For simplicity, let’s now focus solely on the two integrals. That said, let’s split them into
two parts and adjust the integration domain for each of the resulting four integrals. As a
result, we reach:

0 —ikz 0 & (_ )\, ikz +oo —ikz ‘oo o () ,ikz
/ Ca(2)e i+ / Ca(—2)e i+ / Ca(2)e i+ / Ca(—2)e .
—oo 2 2 0 2 0 2

—00
Performing two changes of variables to the first two integrals, starting with z = —u and

then v = z, we arrive at:

/—i-oo %G(_Z)eikz s N /—l-oo %G(Z)efikz s N /—l-oo CgAG(Z)efikz s N /—l-oo CgAG(_Z)eikz s
2 2 2 '

0 0 0 0 2
At last, aggregating the similar terms and plugging in the previous result into equation
(D.137), leads to:

=) 1 / 7 (Gal=2)e™ + Gul2)e ) d. (D.138)

Co(k) = =5 o

Next, we apply the results of Proposition (D.4) to the first integral, as described in
equation (D.30), which states that ¢, g(u) = ¢o.c(—u), leading to:

—q 1 too — A .
Co(k) = fl=1) + —/ <<5g(z)e_lkz + Cfg(z)e*”“) dz. (D.139)
2 2 Jo
Knowing that z + Z = 2Re(z), we can rewrite equation (D.139) as:
— 1 [ L
Colky = 1ED L L / 2.Re [e_’k“gg(z)} dz. (D.140)
2 2m Jo
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Thus, we finally reach the formula for the unmodified option price in the case a = 0:

Cao(k) = %_2) + % /0+°° Re [e_ikchg(z)] dz. (D.141)

D.3.2.6 Case 4: pricing formula for a <-1

Let’s delve into the case @ < —1, maintaining the same conditions for C' and h(z)
as before: C remains a simple closed contour and h(z) is an analytic function within C,
except for a finite set of isolated singularities. In the current scenario, both singularities
2z =0 and z = ¢ are inside the contour.

The next rectangle exhibits the closed contour C":

«— s Im(z)=—a
R ez=i R
LD R T S L Im(z)=0, (a< -1
B - ~Im(z)=0. (@ < 1)
! Im(z)=«
where:

={2e€ C: Im(z)=a,a< —1 A Re(z) € [-R,R|}
I'r={z € C: Re(z) =R AN Im(z) € [—a,al}
I' o={z € C: Im(z)=—a, —a>1A Re(z) € [-R,R]}
I' g={2 € C: Re(z) = —R A Im(z) € [-a,al}
C=1_ Ulrrul'_ouUl'_pg
This figure illustrates the integration contour for Case 4. Note that the condition a < —1
implies that the upper segment I'_,, lies above the line (z) = 1, thereby enclosing the
pole at z = 4. The real axis Im(z) = 0 is shown solely for reference.
That said, the line integral of h(z) along the closed contour C' can be calculated by

summing the integrals corresponding to the four sides of the rectangle:

j{c h(z)dz = / } h(z)dz + /F ) h(z)dz + / a h(z)dz + /F - h(z)dz. (D.142)

Using the Cauchy’s residue theorem, we can obtain the contour integral by summing the
residues associated with the poles inside C'. Since, in this case, both z = 0 and z =i are
enclosed by the contour, we need to add the residues given by Lemma D.3 and Lemma D 4.

As a result:

]{ h(z)dz = 2mi Z Res(h, zy) = 2mi
c

k=1

(_U;:(r_i) ! fé?r)k) = fil=i) — " 0).

(D.143)

Since it has already been proven in Case 4 of Corollary D.3 that the integrals fr and
R

fRR tend to zero as R — 400, we can promptly rewrite equation (D.142) discarding

these integrals, and incorporating the result from equation (D.143), as follows:

fi(—i) — " f,(0) = / h(z)dz + / h(z)dz. (D.144)
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To compute the remaining line integrals, again, we will need to parametrise the curves
and then perform the integration along each curve separately.

Let’s then start by evaluating the first integral along the curve I'_,, defining its parametriza-
tion by v, (t) = —t — «i, where ¢, €,[—R, R|, and denoting the function as h(y,(t)). Ap-
plying this parametrisation to the line integral definition, and performing the change of

variable u = —t, we reach:
/ h(z)dz = /R h (y1(t)) v (¢)dt = /Rh (=t —ai)(—1)dt = — /Rh (u — ad) du.

(D.145)
Moving on to the second integral along I',,, let’s define its parametrisation by y2(t) = t+av,
also with ¢ € [—R, R], and denote the corresponding function as g(7»(t)). Using this
parametrisation and performing the change of variable © = ¢, the line integral can be

expressed as:

R R R
/ h(z)dz = / h (2(t)) v4(t)dt = / h(t+ i) (1)dt = / h(u+ ai)du. (D.146)
Ta -R -R -R
Plugging in the previous results into equation (D.144) and rearranging the terms, we
obtain:
R R
/ h(u+ ai)du = f,(—i) — e"f,(0) + / h (u — i) du. (D.147)
-R -R

Taking the limit as R — +o00 on both sides of the equation (D.147), and performing the
change of variable z = u + a4 on the left-hand side integral, we have:

R+tai R
lim h(2)dz = f,(—i) — €"f,(0) + lim h(u — ai) du. (D.148)

R0 J_pigi R—+oo J_p
Replacing h(z) in equation (D.148), and substituting R with 400, results in:

+oo+tai 1 . ' +o0 ¢ — i) e~ tk(u—ai)
/ —‘Kg(z)e—mzdz = fi(—i) — ekft(()) + / o v O;ere

cotai 27

du. (D.149)

Knowing that the left-hand side corresponds to the call price given by equation (D.54),
we are able to rewrite the previous expression in the following manner:
+oo cng (U _ oz@) o~ th(u—ai)

du. (D.150)
2T

Ca(k) = ful~i) = " £,(0) + /

— 0o
For simplicity, let’s now focus solely on the integral, dividing it into two parts and per-
forming two changes of variables to the first integral. Starting with u = —z and then
substituting z with u, we arrive at:

+00 2 (ot — i) e~ ik(—u—ai) +00 ¢ i) p—tk(u—od)
/ Fo(u—aic du+/ Colu—aie du. (D.151)
0 27 0 2

Now, applying the results of Corollary D.2 to the first integral, specified in equation
(D.36), which states that €5 (u — ai) = 6a(—u — ai), we have:
1 [t

o (‘fg (u — i) e~ik(u=ad) 1 G (u — i) e_ik(”_‘”)> du. (D.152)
T Jo
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Incorporating the previous results into equation (D.150), and recognising that z + z =
2Re(z), leads to:

+o0 .
Ca(k) = fi(—i) — " £,(0) + % /0 2Re [e_ik(“_ai)‘fg(u — ai)] du. (D.153)

Finally, making one final variable change by setting z = u — ai, we reach the final formula
for the unmodified option price in the case where a@ < —1:

Colk) = 1 /0 T Re [ Ga(2)] d + (i) - ¢ £00). (D.154)

™ —ai

D.3.2.7 Case 5: pricing formula for a =-1

Let us now contemplate the case & = —1. In this scenario, the symmetric auxiliary
function g(z) is integrated along the line I'y = {z € C : Im(z) = 1}. Since this integration
path passes through the simple pole of ¢g(z) at z = 4, and absolute convergence fails for
a = —1 due to the critical decay of g(z) at infinity, the integral along I'; is interpreted in
the symmetric Cauchy principal value sense. More precisely, all integrals in this case are
understood in the sense of a Cauchy principal value, defined via symmetric truncation in
the real direction, PV [i. g(2) dz := limg o f_RgiZ g(z) dz. Equivalently, we introduce a
regularised contour C; obtained by locally deforming I'; in a neighbourhood of z =7 by
a small semicircular indentation of radius € > 0.
We then consider a closed rectangular contour C' bounded by I'y and I'., with ¢ > 1,
together with the vertical segments I'yg, such that the function g(z) is holomorphic in

the interior of C.

)=1A Re(z) € [-R, R}
I'r={2 € C: Re(z) =R A Im(z) € [l,¢],e > 1}
I'.={2 € C: Im(z)=¢,e>1 A Re(z) € [-R, R|}
I' r={2 € C: Re(z) =—R A Im(z) € [l,¢],e > 1}
C=1" Ul'rul'.UI' _R
As before, we can obtain the line integral of g(z) along the closed contour C' by adding

the integrals representing the four sides of the rectangle:

J(ég(z) dz:/rl o) dz—i—/FRg(z) dz+/8 a(2) dz—l—/FRg(z) dz. (D.155)
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According to the residue theorem for poles on the contour (see Theorem D.6), the contour

integral over a regularised path may be written as:

j{ 9(z)dz = 2mi Z Res(g, z) + mi Z Res(g, zk). (D.156)

€ ZkEint(C) zpeC
In the present case, the regularised contour encloses no poles in its interior. The only
singularity of g(z) relevant to the contour integral is the simple pole at z = 4, which lies

on the contour itself. Formally, equation (D.156) therefore reduces to:

]{C g(z)dz = i Res(g,1). (D.157)

As in Case 3, however, the integral is understood in the Cauchy principal value sense
and evaluated via a symmetric regularisation of the contour. Although the function
g(z) possesses a simple pole on the integration path, the contribution arising from the
semicircular indentation around z = i is exactly cancelled by the symmetric displacement
of the horizontal contour segments. Consequently, the pole does not contribute to the

contour integral, and one obtains:

f g(2)dz = 0. (D.158)

Given that it has already been shown in Case 5 of Corollary D.3 that the integrals
fFR g(z) dz and fLR g(z) dz tend to zero as R approaches 400, we can immediately dis-
card them from equation (D.155). Therefore, we can reformulate (D.155) as follows, also

incorporating the results from equation (D.158):

0= /F | g(2)dz + / 6 g(2)dz. (D.159)

To calculate the remaining line integrals, we first need to parametrise the curves and
perform the integration along each curve separately.

Beginning with the integral along I'y, let’s define its parametrisation by 1 (t) = t+i, where
t € [ R, R], and represent the respective function as g(y;(¢)). Applying this parametri-

sation to the line integral definition and performing the change of variable z =t + 4, we

reach:
R R Ri
[ o@iz= [ seunmnwi= [ gerama= [ g 1o
I -R -R —R+ti
Similarly, with regard to the second integral along I'., let’s define its parametrisation by
Y:(t) = —t + ei, where t € [-R, R] and € > 0, and denote the corresponding function
as g(7:(t)). Using this parametrisation and performing a change of variable, setting
z = —t + i, we arrive at:
R R R+ei
[ s@iz= [ gtenrwar= [ gt -vi=- [ g(:)dz D10
B _R R —R+ei
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Substituting the previous results into equation (D.159) and rearranging the terms, we

/_RH g(2)dz = /_R+Ei g (2)dz. (D.162)

R+i Rtei
Now, let’s take the limit as R — +o00 on both sides of the equation (D.162), and multiply

each side by 3-:

obtain:

1 R+ 1 R+ei

o Rgrfoo - g(z)dz = . RETOO - g(2)dz. (D.163)

Replacing ¢(z) on the right-hand side of the previous equation (D.163), and then per-
forming the change of variable —z = u to the second integral, yields:

1 R+1 1 R+ei 1

— i — i _( 5 —ikz | o zk:z)
5 il " g(2)dz 5 il 2 Cc(2)e”™ + Ca(—2)e"™ ) dz
1 R+ei %2 —ikz R—ei cgf —iku
= — lim / —G(z)e dz+/ —G(U)e du
2 Rotoo | | pig 2m —R—ei 2m

(D.164)
Changing, once more, the variable of the second integral, such that u = z, as R tends to

400, results in:

1 +oo+i 1 “+oo+tet (g —ikz +oo—¢i %ﬁ —ikz
o g(2)dz = 5 [/ %dz +/ %dz] , (D.165)
s 7r _ s

—00+1 —00+£1 co—et

where € > 1 in both integrals.

Regarding the right-hand side of equation (D.165), as in Case 3, note that the first
integral coincides with the representation obtained in Case 4 (o < —1) and therefore
yields the same correction term f;(—i) — e*f;(0) by analytic continuation. The second
integral matches Case 1 (o > 0) and does not generate any additional contribution.
Substituting the integrals with the respective results derived from equations (D.96) and
(D.154), we can rewrite equation (D.165) as follows:

% CLE % (Ca(k) = Reg) + Ca(k)) , (D.166)

—00+1
where C (k) represents the call option price, incorporating the correction term R, ¢ in-
herited from the o < —1 case.

As in the case a < —1, the correction term R, ¢ is given by fi(—i) — ¥ f,(0), yielding:

(Colk) + Calh) — i) + ¢ 1(0)) = Ca(h) — TV HO),

2
(D.167)

Rearranging the terms and substituting, again, the function g(z), now on the left-hand

1 +o0+1

o

g9(z)dz =

N | —

—oo+1

side of equation (D.167), as R — +o00, we get:

Cq(k) = fi(=1) _Qekft(o) n % /+oo+i% (Cfg(z)e_ikz + %G(_Z)eikz> dz. (D.168)

oco+1
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For simplicity, let’s focus solely on the two integrals. That said, let’s split them into two
parts and adjust the integration domain for each of the resulting four integrals. As a

result, we reach:

/O—H cng(Z)e—ikz b /O-i-i ch(_Z)eikz et /+oo+i cgc(z)e—ikz 0ot /+oo+i cng(_z)eikz i
2 2 0 2 0 ‘

—0oo+1 —00+1i +i 4q 2
Performing two changes of variables to the first two integrals, starting with 2 = —u and
then v = 2, we arrive at:

/+oo—i (ng(_Z)eikz drt /-‘roo—i cng(Z)e—ikz drt /-‘roo-‘ri cng(Z)e—ikz drt /-‘roo-‘ri cng(_Z)eikz e
0 2 0 2 0+2 2 0+2 2

—1 —1

Next, applying the results of Proposition (D.4) to the first and fourth integrals, as de-
scribed in equation (D.30), which states that ¢, ¢(u) = ¢a.q(—u), leads to:

/*“"i ‘éa(z)ei’fzder/*o"_i Cgc(z)e‘ikzdz+ /*0"” ‘fa(z)e‘i’”der/*o"” ‘éc(z)e*ikzdz
2 2 '
0 0 0 0

—i —i +i 2 +i 2

Given that z + Z = 2Re(z), we can rewrite the previous expression as:

/0+00—i Re [e’ik“fg(z)] dz +/

—1 0+1

+oo+1

Re [e”'k“fg(z)} dz. (D.169)
Plugging in the previous result into equation (D.168), leads to:
Nk 1 +oo—i o +ooti o
Cq(k) = Ju=) — € /i(0) + — [/ Re [e_““cfg(z)] dz +/ Re [e"kzc&;(z)} dz] .
0

2 2m —i 0+i
(D.170)
To evaluate the first integral in equation (D.170), we shift the integration contour from
Im(z) = —1 to Im(z) = 1. The pole at z = i lies on the final line Im(z) = 1 and

is not crossed. Interpreted as an endpoint in the principal-value (indentation) sense, it

contributes no additional term. By contrast, the shift crosses the pole at z = 0 (located

at Im(z) = 0), which lies between the two contours. To determine the contribution from

this crossing, we first compute the residue of the integrand e*ikz‘f(;(z) at z = 0. Since
e~ (z) = 2 h(z) and using Lemma D.4, we obtain:

—ikzc) —t ft(_z> ; ;

Res(e "**%¢,0) = 27 Res(h,0) = 27r2— = —i fy(—1). (D.171)

s

By Corollary D.4, a transverse crossing contributes i7 times the residue at the crossing

point. Therefore:

i Res(e "6, 0) = i (— i fi(—i)) = 7 fi(—i). (D.172)
As a result, the shift yields:
+oo—1 ) R +oo+1i . N
/ Re [e_’kz%”g(z)] dz = / Re [e_mz%”g(z)] dz + 7 fi(—1). (D.173)
0—i 0+i
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Substituting equation (D.173) into equation (D.170), yields:

_ 5\ _ ok +oo+i ) R +o00o+i ) .
Ca(k) = Jl=0) = ¢/(0) + L / Re [e‘lkz%@v(z)} dz + 7 fi(—1i) +/ Re {e"’”‘fg(z)} dz|.
2 2T 0414 0+1
(D.174)
Aggregating the similar terms, equation (D.174) becomes:
1 +oo+1 ) R _ 5 ok 0 g
Ca(k) = —/ 2Re [e_mz%g(z)] dz + Jul=i) = ¢ 1(0) + Jul Z). (D.175)
o1 Jous 2 2
Thus, simplifying equation (D.175), we finally reach:
1 +oo-+1 ) . k 0
Colk) = — / Re [e‘lkz(ﬁg(z)} dz + fi(—i) — & f;( ). (D.176)
0+i
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APPENDIX E

Jump-diffusion models

E.1. Theorems, definitions and propositions

Definition E.1 (Relationship between the Characteristic Function and the
Moment Generating Function). Let Y be a random variable with distribution func-
tion Fy (y), characteristic function ¢y (u), and moment generating function (MGF) My (t).
The relationship between the characteristic function and the moment generating function
18 given by:

oy (u) = E[e™], 1)
and

My (t) = E[e"], (E.2)
where E denotes the expected value. For real values of t and u, the characteristic function

oy (u) is related to the moment generating function My (t) by the following:
oy (u) = My (iu). (E.3)

This shows that the characteristic function ¢y (u) can be obtained by evaluating the mo-

ment generating function My (t) at t = iu.

E.2. Additional results and proofs

Proposition E.1 (Relationship between the Parameter ;i; and the Charac-
teristic Function ¢y(u)). Let Y be a random wvariable with characteristic function
oy (u) = E[e™Y] and parameter u; defined as py = Ele¥ — 1]. The relationship between

py and ¢y (u) evaluated at w = —i is given by:

ny = ¢y(—2) — 1, (E4)

where ¢y (—i) = E[e¥].

Proo¥F: The parameter p; can be rewritten as:
py = E[e¥] — 1. (E.5)

The characteristic function ¢y (u) is defined as:

oy (u) = E[e™Y]. (E.6)
When evaluated at ©w = —1, it becomes:
oy (—i) = E[e” '] = E[eY). (E.7)
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Thus, we obtain:

g = ¢y (—1) — 1. (E.8)
This concludes the relationship between the parameter p; and the characteristic function
¢y (u) evaluated at u = —i. O

Proposition E.2 (Relationship between jump transform and the character-
istic function ¢y (u)). Let Y be a random variable representing the jump size with
characteristic function ¢y (u) = E[e™Y] and its associated jump transform represented by
0(c,t) = [peYd(v(y)). Then:

O(c,t) = oy (—ci). (E.9)

PRrROOF: By definition of characteristic function, we have:

by (1) = ] = / e F(dy). (E.10)

R

If u = —ci and representing the density f by 7;(y) we obtain for every ¢ € C

by (—ci) = /ge“-mﬂwh<dy>

= [ evatmiv),

which by definition is the jump transform defined in (3.4), proving (E.9). O

(E.11)

Proposition E.3 (Relationship between the Parameter ;1; and the jump trans-
form 6(c,t)). Let Y be a random variable representing the jump size distribution and the
mean percentage jump size iy defined as py = Ele¥ — 1]. The relationship between iy
and the jump transform 0(c,t) = [, ed(vy(2)) is given by:

jy = 0(1,t) — 1. (E.12)

Proor: Using the relation in Proposition E.2 with ¢ = 1, we obtain 0(1,t) = ¢y (—i).
Knowing the identity (E.4) we have p; = ¢y (—i) —1 = 6(1,¢) — 1, which proves (E.12).
U

E.3. Chapter 5 jump-diffusion models proofs
E.3.1. Merton (1973) jump-diffusion model
Proposition E.4. In Merton’s model, the characteristic function of the jump size distri-

bution Y takes the form:
¢y (u) = exp(imu — 16°u?) . (E.13)

PROOF: Since the jump size distribution Y follows a Normal distribution with Y ~ A (m, §2),

we compute:

oy (u) =E[e™] = \/% / :o exp (iuy — (y;—(;”)z) dy. (E.14)
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We now complete the square in the exponent. Expanding and regrouping, we get:

. (y—m)* y? — 2my + m?
iuy S5z~ =y 552
1
= 1( ( +'52)>2+' L2
=55 (Y~ (m+iu i — 67",
Substituting equation (E.15) into equation (E.14) factors the integrand:
~+o00 0 $2))\2
e is22 L (y — (m + 1ud?))
=" v — . E.16
¢Y(u) € 2 \/W/_oo eXp( 252 dy ( )
Performing the change of variables z = M, (so that dy = ddz), the remaining

integral is the standard Gaussian integral, \/%7 fR e~2%" dz which evaluates to one, yielding:

¢y (u) = exp(imu — 16°u?) , (E.17)
which proves (E.13). O
Corollary E.1 (Mean percentage jump size ji; in Merton (1976) model). Using
the characteristic function derived in Proposition FE.4 with Proposition E.1, and evaluating

at u = —1, yields:
g = gy (—i) —1 =m0 1, (E.18)

Remark E.1. Note that py can also be obtained using the relation in Proposition E.3,
from which py; =0(1,t) — 1 = em™ 39 — 1 follows immediately.
E.3.2. Kou’s model

Proposition E.5. The characteristic function of the jump size distribution Y in Kou
(2002) model is given by:

P27z P11
= — ) E.19
ov(u) w+mn  wu— ( )

Proor: Using previous relation the characteristic

+oo
¢y(U) = EQT [e“‘y} = / e’ <p1771€7my]1{y20} + pzngemy]l{y<0}> dy (EZO)

[e.9]

Evaluating the integrals, we obtain:

Py (u) = p2772/

— 00

0 +00
e(i“+"2)ydy+p1n1/ e(iu—m)ydy
0

iu 0 u— +00
—_— r( +n2)y] - F( m)y} (E.21)
w+ne | _ o w =" |,
p2m2 P1iln
Cdutny du—ny
O
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Corollary E.2 (Mean percentage jump size j; in Kou (2002) model). Using the
characteristic function derived in Proposition E.5 with Proposition E.1, and evaluating at
u = —1, we get:

. P27)2 P1Th
= —)—1= — —1. E.22
fy = ¢y (—i) T+m 1-m (E.22)

Remark E.2. Note that ju; can also be obtained using the relation in Proposition E.3,

from which py = 6(1,t) =32 — P —1 follows immediately.

E.3.3. Bakshi, Cao and Chen (1997) model
E.3.3.1 Bakshi’s as a particular case of Duffie’s Model
In this affine structure, the vector X; is a 3-dimensional vector defined as:

Xy = [In(Sy), Vi, R, (E.23)

where the natural logarithm of the asset price is the first element of the state vector, and
Y; = [Vi, Ry] represents the vector of additional state variables for some admissible state

space D, C R%. With this setting, we can write Bakshi’s model in matrix form, as follows:

din(S,) (Ry — q — My — 2Vp)dt + VVidW® + [ e Nx(dt, dx)
v, | = (0, — ko V})dt + 0/ VidW,2 : (E.24)
dR, (6, — ke Ry)dt + o/ RedW; 2
and identify u(t, X;),0(t, X;) and dZ; as in (3.3). Equivalently, we have:
din(S,) Ry —q— Mug — 3V, VVidw ¢ [ xNx(dt, dz)
v, | = 0, — k,V, dt + | o,/ VidW @ | + 0
dR, 0, — kR, o/ RedW @ 0

(E.25)

Representing the correlated Brownian motions in terms of the standard uncorrelated

WS = T4 T

Brownian motion as:

Wl = e (E.26)
W[,Q — W:Q’
we obtain the system of SDE’s also in terms of the uncorrelated Brownian motion:
75.Q —v,Q
din(Sy) R —q— Ay — 3V, VVi(/1 = p2W " + pW, ™) Je ©Nx (dt, dz).
av, | = 0, — K.V, dt + VAT Tt + 0
dR, 0, — kir Ry oo/ Red W, 0
(E.27)
Defining dZ; = fR xNx(dt,dz), we can express terms in an equivalent form:
75”Q
din(S) Ry —q— Mg — 3V, VViV1=p* pVVi 0 aw, dz,
av, | = 0, — K,V dt + 0 VA daw ;| +

0
th 01" - KVTRt 0 0 O_T\/E dW:VQ 0
(



As a result, the drift u(¢, X;) and the volatility term o (¢, X;) are given by:

M(t Xt) =

o(t,X;) =

Ry —q— My — 3V

ev - 'Liv‘/t
L 97" — HrRt
VV/T=p2 vV, 0
0 oVVi 0
0 0 Ory Rt

(E.29)

Recall that Duffie’s model imposes an affine structure for both the drift p(t, X;) = Ko +
K;X; and the definite positive matrix o(t, X;)o(t, X;)" = Ho(t) + > p_; HE(t)(X¢)x (see
(3.5) and (3.6)). Then, we can write u as:

(E.30)

(E.31)

[—q— | [Re— 1V,
M(t7Xt) = 01} + _K'v‘/:‘,
L 97’ ] L _/{/rRt
[—q— s [0 -1 1 In(S)
= 0, +10 —ky, O Vi
L 07‘ i _0 0 — KRy Rt
and conclude that
[—q — /\,uJ- 0 —% 1
Kot)=| 6, | K®=[0 - o0
0] 0 —k,
Next, to identify the matrices involved in the affine structure of o(t, X;)o(t, X;)", we
consider
VVNT=p* vV 0 ] [VV/1=7?
o(t, Xp)o(t, X)) = 0 VAT V'V
0 0 oR 0
Vi(1—p?) +p*V; oupVi O
= oupVi o2V, 0
L 0 0 O'ERt
[ Vi oV 0
= |owpVi Vi 0 |,
0 0 O'ZRt

and conclude that

T

(Ho(t))i; = (HV(#)), ;= 0.for i, j = 1,2,3,

0 0
oV 0
0  oVR
(E.32)
(E.33)
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Hf) = o, o2 0], (E.34)
0 0 0
(HOW),, = oii{i=j =3}, (E.35)
and
ln(ST)
Be=polt) +pot) X =0+ [0 0 1] | Vi | =R, (E.36)
1T
o) =0 p(t) = [0 0 1] . (E.37)

Assume now the 3-dimensional pure jump process is dZ2 = [ ®Nx(dt,dz),0,0]". Then,
the process Zg = fot Jg ®Nx(dt, dz) exhibit jumps with an arrival intensity A(X;,t) = A
€ [0, +o0], so that

ln(ST)
X t) =) + L X =2+ [0 0 0] | Vi | =A (E.38)
Ry

-
which implies lo(t) = A and [,(t) = [0 0 O} . The associated probability distribution
vy, can be defined through the following jump transform 6:

O(c,t) = /R 3 e Zd(vy(2))

_ / 51 (1)) -
R E.39

1 G1—In(l+p )+ 50%)2
-1 d
77 dz;

R \/27‘(‘036

_ ecl(ln(l—l—uJ)—%a%)—i-%cfag ]

Again, p; can be directly recovered from the jump transform 6, where p; = 0(1,¢) — 1.
The derivation of this relation can be found in Proposition E.1.

We next consider the system of ODEs that characterises the exponential-affine transform.
In particular, recall that the ODE for /5 used in the transform (3.11) is given by equation
(3.12), i.e.,

1
Bl(tv T, u) = px(t) - Kw(t)T/B(t7 T, u) - 5 [ﬁ(tv T, U)Hﬁ(t)ﬁ(t, T, U)] - [Q(B(t, T, u), t) - 1] ll’(t)
(E.40)
Note that in this case, 5(t,T,u)H,(t)5(t, T, u) is now a 3-dimensional vector, such that:

B(t, T, u) T HM () (¢, T, u)
B(t, T, w)H,()B(t, T, w) = | B(t, T,u)THS ()5(t, T, u)
B(t, T, u)THP )B(t, T, u)
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Substituting the relevant terms from (5.52), (5.54), (5.56), (5.57), (5.58) and (5.59) into
this ODE, the ODE (5.60) becomes:
-

oo 1] s Bt T u) H (05(t T, u)
5’(t,T,u):[O 0 1] —|0 =m0 | |B| -5 BT THO AT )
0 0 —rl| |Bs Blt, T, u)TH (4)B(t, T, w)

— 103, T,0), 1) 1] [0 0 O]T

[0 0 ' 0
= 0] = | =361 — Kol | — B B3 + 20upp1 P2 + 0753
1 B — kO3 ol
[ 0
= %& + Ky — %ﬁ% — oupPBiPa — %0553
1 — 51+ kB3 — %Uzﬁg

(E.41)
Applying the same substitutions to the ODE for « given in equation (3.13), we have:

O/(tv T: u) = IOO(t) - B(tv Tv U)TKO(t) - %6@7 T, UJ)THO(t)ﬁ(ta T, u) - [e(ﬁ(t7 T7 u)v t) - 1] lO(t)

—q=u| 00 0115
—0=1[a & || 6 |-3[n & &0 00|
0, 0 0 0f [Bs

_ |:651(ln(1+uj)_%03)+%5%g3 B 1} \

— (q+ M1g) By = Bably — Bty — A [Pt brdyedsted g |,
(E.42)
Based on the fact that g(t,T,u) = 0, and using the terminal condition 5(7,T,u) = u,
we obtain the solution to the first ODE:

But, Tyu) = uy. (E.43)

Turning to the second ODE, we begin by substituting (; into the second expression

outlined in equation (E.41), yielding the following equation:

0Ba(t, Tou) 1 1 1
—52(& ) = gt~ 5“? + (Ko — u1poy) B2 — 50353- (E.44)

It is easy to verify that ODE (E.44) is a Riccati equation. Solving this equation with
respect to (3, results in:
ks — exp (M (t+ C)) k1

P2 = - : (E.45)
1 —exp (M (t+ C’))

where C' is a constant of integration. Having determined the general solution for 5, we
now proceed to calculate the particular solution. Starting by imposing the boundary con-

dition Bo(T,T,u) = us to equation (E.45), we obtain the following expression associated
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with the constant C:

2 _ 2 — —
exp (—U”““Q k”c) = exp <—””(k12 k2)T> = Z? (E.46)
Uz — Ry

Substituting this result into equation (E.45), we arrive at the particular solution for ODE
(E.44):
2wy (wr) + [ua(wipoy, — Ky — &o(wr)) 4 ug(ug — 1)] [1 — eS0T

T = 26, (12) — 78 s, )1 — 0T B

where 7 =T — t and:

Vi (ur, ug) = u0? — Ky + urpoy, + &, (ur),

Eo(ur) = \/(/{v —u1poy)? — uy(ug — 1)02.
A complete derivation of 35, covering both the general and particular solutions, is provided

in Appendix E.3.3.2.
Proceeding to the third ODE, we begin by substituting the solution for §; calculated in

(E.48)

equation (5.62) into the third expression outlined in equation (E.41), resulting, as in the

previous case, in a Riccati equation:

853 (t, T, U)
ot

Solving this equation with respect to (3, results in:
ks — exp (M (t+ C)) k1

1 —exp (M (t—i—C’))

1
=1—u+ kP — 503@?- (E.49)

B3 = , (E.50)
where C' is a constant of integration.

Having determined the general solution for 3, we now proceed to calculate the particular
solution. Imposing the boundary condition 53(7, T, u) = ug to equation (E.50), we obtain
the expression associated with the constant C:

2 _ 2 _ _
exp (MC) = exp (—Jr(kl2 kQ)T) s :2. (E.51)
Uz — R

Substituting in the general solution we arrive at the particular solution for ODE (E.49):

_ 2ugo () + 20w — 1) — ug(§o(w) + R )][L - e

B3 = 26, (ur) — v (ug, ug)[1 — e~&(w)7] (E.52)

where 7 =T — ¢, and:
W (ur, uz) = uzoy — ki + & (w),

& (un) = /K2 — 202 (up — 1).
A detailed derivation of the solution for §3 can be found in Appendix E.3.3.3.

(E.53)

Having derived the different values of (¢, T, u), we now proceed to determine «(t, T, u)

using ODE (5.61). Thus, substituting ; into this equation, we obtain:

o/ (t, T u) = (q+ Meg) Br — Baby — B3ty — A [eﬁl“"“*w’—%“?”%ﬁf“? - 1] . (E54)
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Next, integrating both sides of equation (E.54) from ¢ to T, yields:

T T
Oé(T, T, u) —O./(t,T, U) = (Q+)‘MJ> 517__91)/ o5 dS—QT/ Bs ds
" K (E.55)
— N\ |:<1 + MJ)51651(51*1)7‘]) _ 1:| ’

where 7 =T — t.

Regarding equation (E.55), it remains to compute the second and third terms of the
right-hand side of the equation. To evaluate these terms, we use the partial fraction
decomposition and the equating coefficients method, obtaining the solutions for 5 and 5.
Substituting the solutions into ODE (E.55), imposing the boundary condition o(7', T, u) =
0, and recalling that 51 (¢, T, u) = u; (as derived in equation (5.62)) we obtain the following

solution for a:

alt,T,u) = _evu2 (&o(ur) — Ky +urpoy) + ug(ug — 1>7

Vo (u1, uz)
0 <2u1(u1 — 1) + 2uz(ug0? — 2k, + 2u1pav)) w1 i (uy, up) (1 — e &)
' Yo (s uz) 7 (ua; u) 26, (uy)
0 us (&‘(ul) - K“r) + 2(“1 - 1)
- Ur T
'7;<U1,U3)
-0, (4(u1 — 1)+ 2ug(usoy - 2kT)) x In (1 o (u, us)(1 - G_ET(UI)T))
Yy (w1, uz) Y.t (ur, uz) 2&,(uq)

o2
+ AT {(1 + ,uJ)uleul(“l_l)T‘] — 1] — AU g T — QU1 T.

(E.56)
where v (u1, us), & (u1), v (ur, us) and &,.(uy) are given by:
YE(ur, ug) = ugo? — Ky + urpo, + &y (ur),
2
w(u1) = £/ (ky — u1poy)” —ug(ug — 1)o2,
€)= /(= wrpo)” — ua(ur — 1) i

%?E(Uhuza) = U?ﬂf — Ky & (un),
& (ur) = /K2 = 202(uy — 1),
For completeness, a detailed derivation of «(t, T, u) is provided in Appendix E.3.3.4.

With all coefficients determined, the exponential-affine solution for the transform (3.9)

takes the form:
W(u,t,T; Xy) = exp [a(t, T,u) + f1(t, T,u) In(Sy) + Bo(t, T, u) Vi + B3(t, T, u)Ry), (E.58)

with u € C3 and t < T, where a, 31, 3, and 5 are given by equations (5.67),(5.62),(5.63)
and (5.65) respectively.

As done in previous models we need to compute the time-t price of a risk-free pure discount
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bond which can also be expressed in terms of the same transform:

P(t,T) = E9 [exp (— /tTr(Xs,s) ds) ‘ft]

= %ZJ((Oa Q)? t,T, Xt)
— exp [a(, T, (0,0)) + B4, T, (0,0)) - X,

(E.59)

where 0 is a null vector in R? and X, is the 3-dimensional vector defined in equation
(5.50).
Note that setting u; = 0 and us = 0 in equations (5.62) and (5.63), we conclude that
both 8, and f, are zero. Applying the same procedure to equation (5.65), we arrive at
the following expression for (5:

2(6_ET(O)T — 1)
26:(0) + (&(0) — k) (e 4O — 1)’
where &.(0) = \/k2+ 202, and 7 =T — t.

With this result, we can now proceed to determine «. Building on the fact that ;7 (0,0) =

K2+ 202 —k, and 7, (0,0) = —\/k2 + 202 — K, and setting u; = us = uz = 0, we arrive

at following expression for a:

Bs(t,T,0) = (E.60)

a(t,T,0) = —

0 27 + 2 1 1 (\/m—lir)(l—e_T\/M)
r “In _ |

where 7 =T —t.

(E.61)

Having determined the [y, (2, B3 and «, the price of the risk-free pure discount bond

defined in equation (5.70) can be expressed as:
P(t,T) = exp|a(t,T,0) + B3(t,T,0)Ry] (E.62)

where a(t,T,0) is defined as specified in equation (5.72), and f3(¢,7,0) as in equation
(5.71).
Finally, within Lee’s framework, the call option price can be expressed in terms of the
marginal characteristic function of the terminal log-price under the forward-T measure.
As explained when presenting the general definition in equation (4.10), in this setting
the function corresponds to fs. Therefore, in Bakshi, Cao and Chen (1997) model the
marginal characteristic function under Q7 takes the form:

EC [exp <— ftT r(Xs, s) ds) e'®m(Sr) ]:t]

fo(T, 0,5, V) = BT : (E.63)

Since the numerator in equation (5.74) is a special case of the general exponential-affine
transform in equation (3.9), we can write Bakshi’s marginal characteristic function under
the forward T'—measure as follows:

006,04, T; (In(S,), Y)))

f2<T7 ¢; St7Y;f) = P(t T)

(E.64)
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with ¢ being defined as
¥(ip,0,t,T; (In(Sy), Yr)) = expla(t, T,ip,0) + Bi(¢, T, 1¢, 0) In(St) £ 65
+ ﬁQ(taTa ’Kb,Q)Vt + ﬁB(t?Ta Z‘b?Q)Rt]a ( . )

where 7 =T — ¢, and

alt,T,ig,0) = —ev%T
B 2ig(ig — 1) ) % (i9,0) (1 — e & 0oT)
" (%‘ (i6.007: s, 0)) <" (1 26, (i9)
200 1)
" (i6,0)

i6,0)77 (19,0 2,(i0) ) (E.66)

2
+ AT {(1 + pug)PeiioF 1] — NigpT — qigT,

_ 0. ( ( 4(i¢p — 1) )) “ln (1 (i, 0)(1 — =S
T

B1(t,T,ip,0) =i,
[ig(ig — D] [1 — e~ &(97]
26, (i¢)) — 75 (i, 0)[1 — e~ & (0)T]

. 2(i¢ — 1)]
t,T,ip,0) = ———
HETI00 = 26 li0) 3 i6.0) [1 — e e 0o7]
E.3.3.2 Derivation of the solution for 3,
To obtain the solution for the second ODE in the Bakshi, Cao and Chen (1997) model,
which corresponds to f, (or, equivalently, /3,), we begin by substituting ; into the second

, and

ﬁg (t, T, ’l(b, Q) -

expression outlined in equation (E.41), yielding the following equation:

aBa(t, T, u 1 1 1

% = 5“1 - 5“% + (Ko — u1p0y) B2 — 5012)522 (E.67)
It is easy to verify that ODE (E.67) is a Riccati equation. To simplify the problem, we
need to convert it into a second-order linear differential equation. Therefore, rearranging

the terms, equation (E.44) can be rewritten as:

dﬁg(t, T, U)
= dt. E.68
tug — 22 + (Ky — w1p0y)Bo — 30233 ( )

Analysing the second-order equation in the denominator of the left-hand side fraction, we

find two distinct roots, k; and ko, given by:

Ry — W1p0y — gv(ul)

k= , (E.69)

2
0y

Ry — U1Pp0y + &J(ul)
o}

ky =

where Sv(ul) = \/(Hv - ulpav)Z - ul(ul - 1)03
Using the solutions to factor equation (E.68), we obtain the following ODE for g, evaluated
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at (¢, T, u):
dps
_%Ug (B2 = k1] [B2 — ko]
From the partial fraction decomposition, we know that:
! - - ;0 (E.71)
—302[Ba — k] [Ba — ko] —50202+ 502k P2 — ko '

which implies, by the equating coefficients method, that:

1 1
Oj(ﬁg — k2> + b <——O' 62 + O' ]{71> =1 <CL - 50’3()) 52 + <20'vk1b - ak;Q) =

1 29 1
:>{clz—2§<7vb—0 :>{a - ];2
iavkzlb—akQ:l b:m

= dt. (E.70)

(E.72)
As a result, equation (E.71) can be rewritten as follows:
2
kllkzdﬁ U%(kl—kQ)dﬂQ — dt. (E?S)
—50265 + 502k, Ba — ko
Rearranging the terms and applying the integral to equation (E.73), we get:
-2 dfs, 2 dfs,
+ =t+C,
UQ(kl - k‘2) P2 — k1 03(k1 - k2) B2 —
9 5 (E.74)
—l k I — k| =t+C
o2 (k1 — ko) n By — 1’+03(k:1—k2) n (B2 — k +0C,
where C'is a constant of integration. Simplifying equation (E.74), yields:
2 Ba — ks
In =t+C. E.75
o3k — ko) | B2 — Fa (E.75)

Solving equation (E.75) with respect to (35, results in:

By — exp (572 (4 C) ) by .
n e 1 (”E(kl—m) ' (E.76)
—exp |52 (t+ O)

Having determined the general solution for 55, we now proceed to calculate the particular
solution. Starting by imposing the boundary condition 55(7T,T,u) = uy to equation

(E.76), we obtain the following expression associated with the constant C:

ko — exp M(t—i—(ﬁ') ky 2k — k —k
( 2}3 - ) & exp <—U”( ! 2)(T+C’)) _ k:2 &
1—exp (—U”( o 2) (t+ C)) 2 —h

2 _ 2 _ _
2 2 ug — ki

U =

(B.77)
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Substituting this result into equation (E.76), leads to:
ko — exp <M (t+ C’)> ki ke —exp (Mt) exp (MC) k1

B2 = -
1—exp (ag(k;l?*kz) (t + C)) 1 — exp (ag(kgflm)t) €xXp (U%(kgi_k2)0>
b — exp (5701 exp (U7 ok y — exp (gl ) ma,
1= oxp (B oxp (—HBEIT) s exp (— 2l r) ke
(E.78)

To solve equation (E.78), we begin by identifying and calculating its components to sim-
plify the process. Substituting k; and ko derived in equation (E.69), defining v (uy, up) =

U062 — Ky + Uy poy, £ & (uy), and knowing that €2(uy) = (K, — u1p0y)? — uy(ug — 1)o?, we

have:
Ky — U1P0y + &y Ky — ULPO, — Ep(u 2&,(u
by — ky = L% Solw) _ L% Solwn) _ 2 <2 ) (E.79)
O—'U UU O—’U
and
Ko —U1 poy—Ey(u1)
uz — ko _ U2 — 1 o? 1 _ u2012) — Ky + 0ypuy + &;(Ul) o ’YJ(Ul,Ug) (E 80)
_ kj - Hv_ulpov"f‘fv(ul) - 2 _ — - - ’ ’
up — ki gy — BTLTE ) uyof — Ky + oppur — &o(wr) vy (un, )
and
_ l‘fv*ulpo'vffv(ul)
Uy — k2k - U2 o2 Ky — U1Pp0y + gv(ul)
s — kq L= Uy — mfuwcrng&v(ul) 02

UnkyO2 — Uty pos + ugly(uy)o? — k2 — uip?o? + E(uy) + 2k,uy po,

o3 (U203 — kv + u1poy, — §u(ur)) (E.81)
Uk 02 — Ut po> + usy(ur)o? — ui(up — 1)0?

oy (U1, up)
Ugky — Ugu1 POy + Ug§y(u1) — ug(ug — 1)

Vo (u1, up) '

Then, plugging in the terms given by equations (E.79), (E.80) and (E.81) into equation
(E.78), leads to:

Ky —u1poy—Eu(u1) _ —Eu(ur)T U2y —Upu1 poytusgy (un) —ur (ur—1)
By = o3 Yo (u1,u2)
) =
1 _ e—&,(ul)q— 'Y:F(uh“&)
Yo (u1,u2)

_ (ko —wipoy — & (u)]yy (ur, uz) + oge DT ug (urpoy, — Ky — & (wr)) + wr (g — 1)]

o2y (uy, ug) — eS0T d (g, ug)]
(E.82)

where 7 =T — ¢.

Substituting ~, (u1,u2) in the numerator, and noting that v, (uy,us) = v (uy,uz) —
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26, (uy), we can rewrite equation (E.82) as follows:

5, et = K Do, — unprl — o — ) + )
i Ug[_ng(ul) + %*(ul, Ug)[l — 6*{1;(1“)7']]

E.83
aae” T [y (urpoy, — Ky = E(w)) +wr (ug — 1)) (1:59)
5[ =280 (ur) + 7 (w1, up)[1 — e~ ()7]]
Again, replacing £(u) in the numerator, equation (E.83) simplifies to:
5 U0 — Uty po> — usy(uy)o? — up(up — 1)0?
2 = 5 -
02[=2&,(ur) + v (ug, ug)[1 — e~ &o(w)7
2126 (w1) + 7f (wr, w2)| Il (E.84)

aie*fv(m)f[ug(mpav — Ky — & (ur)) + up(ug — 1)]
0-12)[_2511(“1) + ’7{}— (Uh UQ)[l — e—ﬁu(u1)7]]

Cancelling the term o2 from both the numerator and the denominator, results in the

following expression:

— Uy (U1poy — Koy + & (u1)) — wr (ug — 1) + e &7 [ug (uy pory — Ky — & (1)) + g (ug — 1))

P2 = 9, (ur) + 17 (ar, )1 — &)

(E.85)
Finally, summing and subtracting us,(u;) in the numerator, and multiplying both the

numerator and denominator by —1, we arrive at the particular solution for ODE (E.67):

_ 2up&y(ur) + [ug(uipoy — Ky — Eo(ur)) + ur(uy — 1)) [1 — e~ € (u)7]
Polt T ) = 28, (ur) — v (un, up)[1 — e~ lu)7] - (B0

where 7 =T — t, and:

Vi (g, ) = Up02 — Ky + Uy poy + & (ur),

Eo(ur) = \/(Hv — u1poy)’ — uy(uy — 1)02.

E.3.3.3 Derivation of the solution for g3
To obtain the solution for the third ODE in the Bakshi, Cao and Chen (1997) model,

which corresponds to (3 (or, equivalently, (3,), we begin by substituting the solution for

(E.87)

py calculated in equation (E.43) into the third expression outlined in equation (E.41),

resulting, as in the previous case, in a Riccati equation:

oBs(t, T 1
OBOTY) ) oy — 2o (.55)
ot 2
Again, we begin by rearranging the terms, as shown below:
dﬁg (t, T, U)

= dt. E.89
—50205 + Kpfs + 1 — (E-89)

Analysing the second-order equation in the denominator of the left-hand side fraction, we

find two distinct roots, ki and ks, given by:
Kr — §r(ua)

o B &lu) g g, = B Sl (E.90)

2 2
(o (o

ky =
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where & (uy) = /K2 — 202(u; — 1).
Using the solutions to factor equation (E.89), we obtain the following ODE for 83 evaluated
at (¢,T,u):
dps
_%03 (83 — k] [B3 — ko]
From the partial fraction decomposition, we know that:

1 a b
= , E.92
1028k [Bs — ks | —10%3 + 102k, | Bs— ks (E.92)

which implies, by the equating coefficients method, that:

1 1 1 1
a(ﬁg — kQ) + b <——0' ﬁg + 0' ]{Z1> =1& (CL - 50’3()) 63 + <§O'3k?1b — CLk?Q) =1

_ 1
L) a- $02b =10 I e
102kb — aky = 1 b= 2

= dt. (E.91)

o2 (k1—ks)
(E.93)
As a result, equation (E.91) can be rewritten as follows:
1 2
k1—ko 53 J%(lﬂ—kz)dﬂ?) —dt (E94)
—50203 + 502k, B3 — ko
Rearranging the terms and applying the integral to equation (E.95), we get:
-2 d s 2 dps
+ =t+C
2(ky — — 2(ky — k — ’
g ( 1 — k) B3 — k1 Ur( 12 2) B3 (E.95)
—l k — — kol =t+C
o2(ky — ks) | = kil + o2(ky — ks) nlfs = kof =t +C,
where C'is a constant of integration. Simplifying equation (E.95), yields:
2 Bs — k2
In =t+C. E.96
o} (kr —k2) B3 — ki (E.96)
Solving equation (E.96) with respect to (3, results in:
ks — exp (@ (t+ C)) k)
Py = (E.97)

1 —exp (M (t—i—C))

Having determined the general solution for 3, we now proceed to calculate the particular
solution. Starting by imposing the boundary condition (3(7,T,u) = uz to equation

(E.97), we obtain the following expression associated with the constant C:

ks — exp (M (t+ C)) k1

2(ky — k —k
Us = Py & exp (—UT( 12 2)(T+ C’)) = k:2 &
1—e><p(w<t+0>) —k
0'2(]{?1 — ]{?2) 0'2(]{31 — kg) Uus — ]{32
ZrAM e = T T .
exp ( 5 C’) exp ( 5 ) R
(E.98)
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Substituting this result into equation (E.97), leads to:
ko — exp (M (t+ C’)> ki ke —exp (Mt) exp (MC’) k1

B3 = =
1 —exp (M (t + C)) 1 —exp <Mt> exp (MC)
0'2 . 0'2 — ugz— 0'2 — u3—
B ko — exp <—T(k12 kQ)t) exp <— T(klz kQ)T) ugf’;? ky B ko — exp <— T(klz k2)T> ung? ky
o o2(kyi—k o2(ky—k ws—ks o2(ky—k us—k
o (B () sy 1o () 5
(E.99)

To solve equation (E.99), we begin by identifying and calculating its components to sim-
plify the process. Substituting k; and ko derived in equation (E.90), defining v (uy, u3) =

uz0? — k, &+ &.(u1), and knowing that £2(u;) = K? — 202%(u; — 1), we have:

Ry +§r(u1> . Ry — gr(ul) _ 26,.(”1)

b= ky = 5 = ot (E.100)
and e )
U3 — k:g _ u3 _ or U'% i) _ u30-72‘ — /{T’ + 6,,,('“11) _ ’Y:F(ULUS) (E 101)
uz — ki oy — %g(“l) uz02 — Ky — & (ur) v (wa,ug)
and
Uz — k‘zk U~ HT_?%(M) for + & (u1)  usolky +usorle(uy) — k7 4+ &2 (un)
us — ki Uz — %g(“l) o2 B uzot — K02 — & (uy)o?
ugotky + uzobe(ur) — 202 (uy — 1) ugk, +usp(ur) — 2(ug — 1)
N uzod — K,02 — & (ur)o? N uz02 — Ky — & (uq) ’
_ ugky +ugéy(un) — 2(ug — 1)
¥y (w1, uz) .

(E.102)
Then, plugging in the terms given by equations (E.100), (E.101) and (E.102) into equation
(E.99), leads to:

fr=br(u1) _ e—fr(’m)ruskr+u3§'r(u1)72(u171)
ﬁ — 0% ’77‘7('“1,1143)
’ 1 — p—&r(ur)r 2 (u1,us)

I (u1,u3) (E.lOB)
_ (e = & (un)]ry (u, u) — o7 us (& (ur) + k) — 2(us — 1)]e&rlu)7
o2y (u1, uz) — eS0Ty (ug, ug)]

Y

where 7 =T —t.
Substituting +,” (u1,u3) in the numerator, and noting that v, (uy,us) = v (uy,us) —

2&,(u1), we can rewrite equation (E.103) as follows:

Frtigo? — k2 — uséy(uy)o? 4+ €2 — 02us(&(uy) + k) — 2(uy — 1)]e &7
0-7% [’Yj(ula U3) - 257"(“1) - e_gr(ul)T’ﬁi_ (Ul, U3)]

B3 =
(E.104)
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Again, replacing £2(u;) in the numerator, equation (E.104) simplifies to:

kgl — usér(ur)o? — 202 (up — 1) — 02[us (& (uy) + k) — 2(uy — 1)]e (w7

ﬁB B 0-7%[_257“(“1> + ’Y{J— (ul, u3)[1 — @—ﬁr(ul)’rﬂ

(E.105)
Cancelling the term o2 from both the numerator and the denominator, results in the

following expression:

Rrtty — ugly(ur) = 2(us — 1) = [ug(§(ur) + ky) = 2(uy = 1)Je &7
=26 (ur) + 9 (ur, ug)[L — =& ()7 .

Finally, summing and subtracting us,(u1) in the numerator, and multiplying both the

B3 = (E.106)

numerator and denominator by —1, we arrive at the particular solution for ODE (E.88):

2ué(un) + [2(un — 1) — ug (& () + K,)][L — 6—&@)7}.

53 N 267“(“1) - 'Yj_(ul, U,3)[1 — e—fr(ul)T] <E107)

where 7 =T — t, and:
Y (ur, ug) = ugo? — Ky + & (u),

gr(ul) = \/:‘i% - 20’3<U1 — 1)
E.3.3.4 Derivation of the solution for «

To determine «(t,T,u) using ODE (5.61), we first substitute 3; into this equation,
yielding;:

(E.108)

0/ (t,Tu) = (q+ Mag) B = Batly — Bofy — X [P =ded)eddies _q) - (B.100)

Next, integrating both sides of equation (E.109) from ¢ to 7', yields:

T T
a(T,T,u) —a(t, T,u) = (q+ M\uy) f17 — QU/ By ds — Qr/ B3 ds
! ¢ (E.110)
g
— M7 [(1 + )P P05 1} ,
where 7 =T —t.
Regarding equation (E.110), it remains to compute the second and third terms of the right-

hand side of the equation. To evaluate these terms, we note that the two integrals take

the form ftT % ds. Then, performing a change of variables where y = e =<'
which implies s = T + % and j—; = iy Furthermore, since t < s < T, it follows that
e T <y < 1. Therefore, integral form can be rewritten as follows:
T'A— Be (=) ' A-By 1
C = Deat = C—Dywy ¥
t e it (E.111)
1 / A — By J
w e—wT (C - Dy)y
Using partial fraction decomposition and the equating coefficients method, we get:
A — By E F A A
= — < FEFy+F(C—-Dy)=A—-Bys EFE=—-B+—=-DANF =—.
(C—Dyy C-Dy vy v+ F( v) Y e C
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Applying this result to equation (E.111) and simplifying the terms, we arrive at:

TA—BewT 1 1 [-B44D 4
tc_mwm@“—wlmc_p+ydy

_1[[" AD-BC / 7d

~w|/). .. C(C— Dy o Oy Y

_l' AD — BC d +A 14

“w| D emc D 7 ) wy™

1 [ AD- BC A !

== —_— —_—— —D -

L e (e = Dy« Gty

1 [AD — BC o A .

:E_T [ln(C—De )—ln(C—D)]—l—a[ln(l)—ln(e )]

1 [AD — BCZ C — De™vT AwT

“w| ¢cp "\Uc-D C

_AD-BC, (C—DeT\ Ar

T Cbw "\ C-D c

(E.112)
With the solution for the general form established, we can now use it to determine the

solution for the integral of 35, as follows:

T C, — Dye &7\ (A,D, — B,C,\ = A,
91} ds = ev 1 Y . E.113
[ﬁﬁ ’ [n( C, =D, )(@a&@))*a} (B-113)
Similarly, we can obtain the solution for the integral of 3, as shown below:
T C, — D,e~4)™\ (A.D, — B,C. AT
0.ds =10, |1 . d s s . E.114
Zﬁ% ’ [n( C.— D, )(aa@w))+a] (E.114)

Finally, substituting the solutions for 5, and 3 into ODE (E.110), and imposing the

boundary condition «(7T,T,u) = 0, we arrive at the o general form:

C. — D, e S(u)r A.D, — B,C A,
T,u) = — In [ ——— AR ;
ot, Tyu) = — (g + Ag) nat + 0, [n< ¢, - D, ) ( CoDy&y(u) ) Cu]

C, — D &)™\ (A.D, — B.C,\ AT 7
QT 1 r p. rLy rYr T )\ 1 B1 ﬁl(ﬁl*l)T) —1
" |:n < C. — D, ) < CrDrgr(ul) ) " Cr :| I |:( " Iuj) ’ ’
(E.115)
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where 7 = T — ¢, and the constants A,, B,,C, and D, are defined in accordance with

equation (E.86) as:
Ay = 2u98, (ur) + ua(urpoy, — Ky — & (ur)) + ur(ug — 1),
B, = us(w1po, — Ky — &(wr)) +ur(ur — 1),
Cy =28 (w1) — 7, (w1, ua),
Dy, = = (u1, u),
while the constants A,, B,., C, and D, follow from equation (E.107) and are defined as:
A = 2u38 (ur) + 2(uy — 1) — uz(§(wa) + Ky),
B, =2(u; — 1) —uz(&-(u1) + Ky,
Cp = 26, (ur) — 7, (ua, uz),
D, = = (w1, u3),
where, again, v, (u1, us), & (u1), 7" (uy, u3) and &.(uy) are given by:
Vi (U, up) = u0? — Ky + urpoy, + E(uy),
Eolur) = \/(m — u1poy)? — uy(ug — 1)o2,
Y (ur, us) = uzor — Ky + & (ur),

& (ur) = VK2 — 202 (uy — 1).

(E.116)
Plugging in the constants into the a equation (E.115), leads to:

—2us&, (u1) v, (U1, ug) — 28, (u1) [uz (urpoy, — Ky — & (ur)) + ur(uy — 1)]
= (ur, ug) (26, (ur) — 7f (wr, uz)) §u(ur)
(

i (uy, ug) (1 - e*év(ul)r) o 2u9, (1) + ug(uipoy, — Ky — &p(ug)) + ug(ug — 1)7_
28y (u1) ‘ 260 (u1) — 7 (u, uz)

‘e E2U3§r(ul)%~+(ula uz) — 2 (ur) [2(ug — 1) — uz(&-(u1) + fir)])
(
|

a(t,T,u) =0,

(28 (u1) — % (u, uz)) (=F (wr, us)) & (ua)
Y (ur, ug)(1 — e&(mﬁ)) 2usé, (ur) 4+ 2(up — 1) — ug(&(ur) + /‘Gr)T
257"(“1) "

o

(14 py)frerBr=0% 1} — (g + Apg) wiT.

2§r(ul) - Wf(ula Us)

(E.117)
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Substituting the terms 7, (u1, u2) and ;" (u1, ug) with the expressions outlined in equation
(E.115), and recalling that £, (t,T,u) = uy (as derived in equation (5.62)), yields:

at,T,u) =0 (_fv(u1>(_2ul + 2ui + duyugpo, — dugk, + 2u§a§))

(Ve (ur, ug) — 28, (ur)) vt (w1, u2)&y(ur)
[ 1— Yo (1, ug) (1 - effv(ul)T) _ 0 Uy, (u1) — ugky + Uguy poy, + ug(ug — 1)
28, (1) ° Vof (ur, ug) — 28, (ur)
=& (uy) [2u30? — duzk, + 4uy — 4] ) < o (u, us)(1 - 6_&(“1)7))
o ((W(Ul,u?») — 26 (u1)) vt (ur, uz)é, (ur) <l 26 (u1)

usér(ur) + 2(up — 1) — ugk,) .
M| (U ) e DS — 1 — Ny = qui.
7 (un, ug) = 26, () THAT (L) : ULy T — qUiT
(B.118)

Finally, defining v, (uy, u2) = u202—ky+ui po,—&,(ur) and 7y, (ug, uz) = uzo?—k, —&-(wy),
and noting that ~y, (u1,us) = v (w1, uz) — 28, (u1) and v, (ug, uz) = v, (ug, uz) — 28, (uq),
we obtain the following solution for «:

—0,

Oé(t,T’ U) — _evu2 (fv(ul) — Ky + UlpO'v> + ul(ul _ 1)7_

Yo (Ub UQ)

— 0, (2U1(u1 — 1) + 2uz(ugo? — 2k, + ZU1PU1;)) < In (1 _ Vi (uy, ug) (1 — e—&,(ul)T)>

Yo (ub u2)7;r (ulv u2) 251} (ul)
ug (& (u1) — kp) +2(ug — 1)7
vy (ur, uz)

0 (4(U1 — 1) + 2uz(uso; — 21@«))  In (1 o (u,us)(1 - e‘ﬁr(ul)T))
' Y (ub u3)7:’r <u17 Ug) 251“(“1)

— 0,

2

+ AT {(1 + ,uj)“leul(“l_l)%] - 1] — AUpfigT — quaT.
(E.119)
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APPENDIX F

Results

F.1. Fourier inversion of the risk-neutral density

Fourier inversion methods provide an alternative to differentiation-based approaches
by exploiting the relationship between option prices and the characteristic function of
the logarithm of the underlying asset price under the risk-neutral measure. When the
characteristic function of the log-price is available in closed or semi-closed form, this
approach is particularly attractive, as it avoids numerical differentiation of option prices
and allows the full risk-neutral density to be recovered directly through inversion. More
precisely, the risk-neutral probability that the stock price at maturity exceeds a given
threshold z, conditional on the information available at time ¢, can be expressed in terms
of the characteristic function of the log-price via the Gil-Pelaez inversion formula (see the
Fourier inversion theorem in Kendall and Stuart (1977), Melick and Thomas (1997), and
Stuart and Ord (1991a, Theorem 3)), as follows:

11 [t f(t, 0,5 Y,
Asr>aiF) =5+ [ Re [ewnw—f 40,5 Y0 gy (F.1)
2 7 110
where = denotes a real-valued threshold for the terminal asset price, and f(t, ¢, S, Y:) is

the marginal characteristic function of In(Sr) under the risk-neutral measure Q, condi-

tional on the current state variables (S;,Y:), defined as:
f(t, 6,8, Y:) = EQ[eS0)| 7).

Here, ¢ is the argument of the characteristic function, and Y; represents additional state
variables, such as stochastic volatility or other risk factors. Equivalently, noting that the

cumulative distribution function is the complement of the survival function, we obtain:
Q(Sr < z|F) =1 —Q(Sr > z|F)

oo F.2
1 1 /+ Re |:€_¢ln($)if(t7 (bz?jt; }/;‘/) d¢ ( )
0

Differentiating equation (F.2) with respect to z, and assuming sufficient regularity to

2 0w

justify the interchange of differentiation and integration via Leibniz’s rule, yields the
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following expression for the conditional risk-neutral density:

0Q(Sr <z|F) 1 [T O gt 9,5 Y
ox B _%/0 Re [8x o ] dé
_ 1 oo ¢/L —¢ln(x)if(t7¢7 Sta}/;f)
_ _%/0 Re {—;e e ] do (F.3)

_ _/+oo Re |: —¢ln x)Zf( t, ¢, St,Y;):| do.
0 i

™

The risk-neutral density associated with the terminal asset price St is therefore given by
Q(t7 St7 }/157 TJ ST? 0)

q@&%ﬂﬁ@@zlfwh{ M&f<¢&nqw, (F.4)
0

™ St

where 6 is the vector of model parameters. Consequently, the price of a European-call

option can be written as a function of the previous density:

+o0o
Co = Eole ™ (Sp — X)*] = 7 / (Sy — X)q(t, S0, Yo T, Sp. 0)dSr.  (F.5)
X

Approximating the improper integral in equation (F.4) by replacing it with a finite
weighted sum, whose nodes and weights are determined by a Gauss—Kronrod quadra-

ture rule, yields:

+o0 —¢In(St)i f( ¢ St,Y;) ~ N
/0 Re { 3 } do = ;wjg(%')-

As a result, the theoretical risk-neutral density given by equation (F.4) can be approxi-

mated numerically as follows:
| N
1(t, Sy, Yy, T, S,0) = — (o, .
q(7 ty Lty L5 T, ) sz:;wjg(qb])v <F6)

where the integrand g(¢) is given by:

B ¢>lnST)zf( ¢ St,Y;)
9(¢) = Re { S } :

In this study, risk-neutral densities are recovered from the corresponding characteristic
functions via Fourier inversion in the following form:
. 1 +o00 e—iqbln STf ¢; 0
its) =+ [ re] 0 g, (£7)
m 0 ST

computed numerically with a Gauss—Kronrod integration scheme. Each density was nor-

malised to integrate to one within a numerical tolerance of 5%, and checked for non-

negativity.
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F.2. Data and pre-processing information
F.2.1. Data filtering effect
Figure F.1 shows the effect of the both data filters (first 3/8 USD, then OTM filter)

to the SPX option sample after the initial cleaning process.

Impact of Data Filtering on Strike Distribution

25000
—— ATM (KIFI=1)

Raw SPX7 Final sample
N = 725,792 N = 329,106

20000 Converted pu(é =61.4%

a) Raw ata inal Calibration Sample

Raw SPX7 D: b) Final Calibration Sampl
1 25000

—-— ATM (K/FI=1)

[E=3 Converted puts (K<Fl): 202,200

B Original calls (K 2 Fi): 126,906

15000

Count
Count

10000
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0.9 1.0 11 . . %7 0.8 0.9 1.0 11
Moneyness K/FlI Moneyness K/FlI

Figure F.1. Strike distribution before and after filtering. Panel (a): raw SPX sample
(N = 725,792). Panel (b): final sample (N = 329,106); removed 54.7%; converted puts
61.4%. Dashed line: K/Fy =1

The initial dataset contained almost one million options. As shown in Figure F.1, we
reached 725,792 contracts after the cleaning process, in which we removed observations
with missing or inconsistent values. We retained SPX monthly contracts, and excluded
maturities with 7 < 7 days. Quotes with mid prices below USD 3/8 were discarded
following (Bakshi and Chen, 1997). We then kept out-of-the-money legs relative to the
forward price Fy (calls with K > Fpy and puts with K < Fj) and converted OTM puts into
calls using put—call parity. After filtering, the final calibration sample included 329,106
observations, a reduction of 54.7% from the raw data. Converted puts accounted for
61.4% of the remaining observations (originally OTM puts with K < Fj), while original
calls represented 38.6% (OTM calls with K > F). This asymmetric composition reflects
the combined effect of the OTM filter (which retains calls with K > Fy and puts with
K < Fp) and the USD 3/8 price threshold. Since deep OTM puts typically trade at lower
prices than the corresponding synthetic calls obtained via put-call parity, the price filter
disproportionately removed options from the left tail of the strike distribution, truncating
the natural negative skewness typically observed in equity index options. These filtering
effects will be reflected in both the shape of the RND distribution and its corresponding
moments.

Now, Figure F.2 lustrates the evolution of the proportion of converted puts in the final

sample during the analysis period.
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Daily Share of Options that are Converted Puts
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Figure F.2. Daily share of options that are converted puts. The dashed line
indicates the sample average (61.3%). Shaded areas mark the Ukraine invasion (February
2022) and the first Fed rate hike (March 2022)

As shown in figure F.2, the proportion of converted puts varies considerably over time,
ranging from 51% to 73%, with spikes during periods of market stress such as the Ukraine
invasion and the first USA federal reserve rate hike in March 2022. The average of
61.3% confirms the high proportion of converted puts in the final sample, and justify the
asymmetric impact of the price filter on deep OTM puts. This may have occurred due to
the demand for puts by traders seeking downside protection during a period of elevated
market uncertainty.
F.2.1.1 Data filtering sequence

Table F.1 compares the impact of two filtering approaches using a subset of the final
data composition (12 trading days across 10 maturities), showing that applying the OTM
filter first substantially alters the strike distribution by increasing the share of put options

from 56.2% to 69.5%, while also reducing the overall sample size by 39%.

TABLE F.1. Impact of filtering order on a subset of the final dataset

Approach Final Sample K < F (Puts) K > F (Calls)
A: Price filter first (current) 49,304 27,726 (56.2%) 21,578 (43.8%)
B: OTM filter first 30,102 (-39%) 20,923 (69.5%) 9,179 (30.5%)

Notes: Approach A applies the USD 3/8 price filter before the OTM filter. Ap-
proach B applies the OTM filter before the price filter. The percentage change in
final sample size for Approach B is relative to Approach A.

The order of data filtering operations can significantly impact the final sample compo-
sition and subsequent model calibration. Table F.1 compares the current approach (A),
where the USD 3/8 price filter is applied before the out-of-the-money (OTM) filter, with
an alternative (B), where the OTM filter is applied first. Reversing the order, results
in a 39% smaller final sample and a more skewed composition. Specifically, applying
the OTM filter first (Approach B) increases the proportion of puts (K < F) from 56.2%
to 69.5%. This occurs because applying the price filter first symmetrically removes the
cheapest deep-OTM puts and calls. In contrast, applying the OTM filter first creates a
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sample that is then asymmetrically truncated by the price filter. This analysis confirms
that the chosen filtering order is a critical methodological decision, as the resulting sample
composition has a direct impact on model estimation, particularly for models like Bakshi

that are highly sensitive to the empirical distribution of strikes.

F.2.2. Final sample statistics

Table F.2 presents a detailed overview of the final calibration sample characteristics,
including the composition of converted puts and original calls, the maturity structure,

and the distribution of observations across trading days and maturities.

Table F.2. Descriptive statistics of the final calibration sample

Sample Composition ‘ Maturity Structure
Total observations 329,106 Distinct maturities 23
Converted puts 202,200 (61.4%) | Min TTM (days) 7
Original calls 126,906 (38.6%) | Max TTM (days) 1,810
Raw sample 725,792 Mean TTM (days) 437
Removed 396,686 (54.7%) | Median TTM (days) 284
Trading Activity ‘ Calibration Blocks
Trading days 103 Total blocks 1,885
Avg. obs. per day 3,195 Avg. maturities per day 18.3
Avg. obs. per maturity 14,309 Avg. days per maturity = 82.0

Notes: TTM = time-to-maturity. Converted puts refer to OTM puts transformed into calls via put—call
parity. Calibration blocks represent unique trading day X maturity pairs used in model estimation.

F.3. Additional market data

Figure F.3 illustrates the market data and macroeconomic context for the sample
period, showing the evolution of the S&P 500 index, the VIX volatility index, and the
United States Federal Reserve policy rate.
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Market Context: 2020-2022 (Sample Period: Jan-May 2022)
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Figure F.3. Market context: 2020—2022 (sample period: January—May 2022).
Top panel: S&P 500 index. Middle panel: VIX volatility index with long-term average
(19). Bottom panel: Federal Reserve funds rate. Shaded areas highlight the COVID-19
crash (March 2020), the sample period (January—May 2022), and the Ukraine invasion
(February 2022)

The sample period, from 1 January to end of May 2022, was marked by several shifts,
both in terms of volatility and interest rate policy. After two years of near zero rates due
to COVID-19 pandemic, the Federal Reserve began raising rates in March 2022, in fast
pace, reaching 1.00% at the end of May. Combined with the Ukraine invasion in February,
this led to a 13% drop in the S&P 500. The VIX averaged between 27 and 30 during this
period, well above its long-term average of 19 points, reflecting high market uncertainty.
This environment likely drove increased demand for put options as investors looked for

downside protection.

F.4. Pricing Error Metrics

This section presents the pricing error and goodness-of-fit metrics used to evaluate the
calibration performance of the option pricing model.

Let O™ denote the observed market price of option i, C™°! the corresponding
model-implied price, and N the number of options for a given trading day and maturity.
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F.4.1. Sum of Squared Errors (SSE)

The calibration procedure minimizes the sum of squared pricing errors:

N
SSE = Y (Cpmodel — gmke)?, (F.8)

i=1

F.4.2. Root Mean Squared Error (RMSE)

1 & 2
RMSE = | = (€7t = )", (F.9)

=1

F.4.3. Mean Absolute Error (MAE)

1 - mode m
MAE:N;\Q del _ okt (F.10)

F.4.4. Mean Absolute Percentage Error (MAPE)

N
100 Cirnodel _ szkt
MAPE = — > o (F.11)
i=1 i
F.4.5. Symmetric Mean Absolute Percentage Error (sMAPE)
The symmetric mean absolute percentage error is defined as:
N
100 9 ‘Cmodel . kat|
sMAPE = — . . F.12
N — |Cim0dell + |C;nkt| ( )
F.4.6. Coefficient of Determination (R?)
N mkt model 2 N
- (oms— - 1
R2 11— szl ( i j )2 7 kat _ ZCZ‘mkt‘ (F]_S)
Zij\il (Oz‘mkt - Omkt) N i=1

F.4.7. Unexplained Variance (in basis points)
For interpretability, the fraction of price variance not explained by the model is re-
ported in basis points as:

Unexplained Variancey,,, = 10,000 x (1 — R?) . (F.14)

F.5. Cubic Spline and Hermite Spline Smoothing

This section presents the theoretical definitions of the spline interpolation methods
used to smooth the implied volatility smile in MATLAB.

F.5.1. Cubic Spline Interpolation

Let {(K;,w;)}Y, denote the observed strikes and total implied variances.
A cubic spline interpolant S(K) is defined as a piecewise cubic polynomial such that,
on each interval [K;, K; 1],
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S(K) = a; +bj(K — K;) + ¢;(K — K;)* + di( K — K;)?, (F.15)

subject to the conditions

S(K;) = w;, (F.16)
S(Kiv1) = wiy, (F.17)
S'(K;)=S"(K;"), (F.18)
S"(K;)=S"(K;"), (F.19)

for all interior knots K;. These conditions ensure that the interpolant is twice contin-
uously differentiable over the strike domain.
F.5.2. Hermite (Piecewise Cubic Hermite) Spline

The Hermite spline, also referred to as the piecewise cubic Hermite interpolating poly-
nomial (PCHIP), is defined on each interval [K;, K;11] as:

H(K) = hoo(t) w; + hl()(t) mi(KiH — Kz) —|— h()l(t) wi+1 + hn(t) mi+1(KZ~+1 — KZ), (F20)
where:

K- K,
t= F.21
Ko K (F.21)

and the Hermite basis functions are given by:

The slopes m; are chosen so as to preserve the local shape of the data and avoid the

introduction of spurious oscillations.

F.6. Calibration initial parameters and bounds

Table F.3 reports the initial values and parameter bounds used in the constrained optimi-
sation. These choices follow parameter ranges reported in empirical studies on S&P 500
index option calibration (see, e.g., Bakshi, Cao and Chen (1997), Bates (2000), Pan (2002)
and Eraker, Johannes, and Polson (2003)) and are refined to ensure numerical stability

and convergence.
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Table F.3. Initial values and bounds for model calibration parameters

Model Parameter Initial Lower Upper
Merton (1976) o (diffusion volatility) 0.180  0.050  1.000
A; (jump intensity) 0.300  0.050  3.000
m (jump mean) ~0.050 —0.300  0.300
0 (jump variance) 0.020  0.000  0.200
Kou (2002) o (diffusion volatility) 0.200  0.050  0.600
A; (jump intensity) 0.600  0.050  3.000
p1 (upward jump prob.) 0.350  0.050  0.950
m (upward jump rate) 20.000  1.200  60.000
ne (downward jump rate)  10.000  2.000  60.000
Bakshi, Cao and Chen (1997) 6, (long-run variance) 0.040  0.005  0.080
o, (vol of variance) 0.350  0.050  0.600
K, (mean reversion speed)  2.000  0.200  4.000
p (correlation) —0.400 —0.950  0.600
0, (long-run rate) 0.025  0.005  0.040
o, (vol of rate) 0.030  0.005  0.080
K, (rate mean reversion) 1.500  0.200  2.500
A; (jump intensity) 0.800  0.100  1.500
1ty (jump mean) ~0.020 —0.150  0.100
oy (jump std dev) 0.120  0.020  0.250

Notes: Parameters are estimated via constrained nonlinear optimization (fmincon with SQP algorithm).
Initial values are updated adaptively across trading days when optimization converges successfully. The
Bakshi, Cao and Chen (1997) model includes stochastic volatility, stochastic interest rates, and jumps.

F.7. Final parameters statistics for the three models calibrated

F.7.1. Calibrated parameter statistics for Merton (1976) JD model

Table F.4 reports the calibrated parameter statistics for the Merton (1976) model across

all trading days and maturities.

Table F.4. Calibrated parameter statistics for Merton model

Component Parameter Mean Median Std Dev Bounds % at LB
Jumps o (diffusion volatility) 0.0969  0.0953 0.0285  0.050 1.000 5.8
As (jump intensity) 0.7982  0.4895 0.7427  0.050 3.000 0.0
m (jump mean) -0.2551  -0.3000 0.0668 —0.300 0.300 56.1
9 (jump variance) 0.0613  0.0529 0.0442  0.000 0.200 2.3

Notes: Statistics computed across 1,885 observations (103 trading days x 18.3
average maturities per day). LB = lower bound. Bold values indicate parameters

operating near bounds or exhibiting boundary behaviour.

F.7.2. Calibrated parameter statistics for Kou (2002) model

Table F.5 reports the calibrated parameter statistics for the Kou (2002) model across all

trading days and maturities.

Ixxv



Table F.5. Calibrated parameter statistics for Kou model

Component Parameter Mean Median Std Dev Bounds % at LB
Jumps o (diffusion volatility) 0.0992  0.0910 0.0278  0.050 0.600 0.4
As (jump intensity) 1.2058 0.8735 0.9154  0.050 3.000 0.0
p1 (upward jump prob.) 0.0581 0.0500 0.0530  0.050 0.950 91.0
n (upward jump rate) 28.5522  13.5169 24.9871 1.200 60.000 0.0
ne (downward jump rate) 5.5329  4.6579 2.9650 2.000 60.000 3.0

Notes: Statistics computed across 1,885 observations (103 trading days x 18.3
average maturities per day). LB = lower bound. Bold values indicate parameters
operating near bounds or exhibiting boundary behaviour.

F.7.3. Calibrated parameter statistics for Bakshi and Chen (1997) model
Table F.6 reports the calibrated parameter statistics for the Bakshi and Chen (1997)

model across all trading days and maturities.

Table F.6. Calibrated parameter statistics for Bakshi model

Component Parameter Mean Median Std Dev Bounds % at LB  Literature
Stochastic Volatility 6, (long-run variance) 0.0051  0.0050 0.0017 0.005-0.080 97.9 0.01-0.04
0, (vol of variance) 0.0930  0.0890 0.0400 0.050-0.600 15.5 0.10-0.40
Ky (mean reversion) 0.2298 0.2000 0.1310 0.200-4.000 74.5 2.0-4.0
p (correlation) —0.2428 —0.2228 0.1400 —0.950 to 0.600 1.0 —0.6 to —0.8
Stochastic Rates 0, (long-run rate) 0.0119  0.0110 0.0057 0.005-0.040 9.6 0.01-0.03
o, (vol of rate) 0.0135  0.0066 0.0140 0.005-0.080 40.7 0.01-0.05
K, (rate mean reversion)  1.0764 1.0993 0.6026 0.200-2.500 10.3 0.5-2.0
Jumps A; (jump intensity) 0.1381 0.1001 0.0925 0.100-1.500 66.3 0.5-1.5
s (jump mean) —0.1022 —0.1233 0.0523 —0.150 to 0.100 40.5 —0.10 to —0.05
oy (jump std dev) 0.0999  0.0854 0.0607 0.020-0.250 9.8 0.05-0.15

Notes: Statistics computed across 1,885 observations (103 trading days x 18.3 average maturities per
day). LB = lower bound. Literature ranges from Bakshi, Cao and Chen (1997), Bates (2000), Eraker,
Johannes, and Polson (2004), and Pan (2002), based on S&P 500 calibrations (1980-2000). Bold values
indicate parameters operating near bounds or exhibiting values inconsistent with literature. A; shows
66.3% at lower bound, with 98.9% below 0.5, confirming diffusion-heavy calibration. 6, (97.9% at LB)
and k, (74.5% at LB) also exhibit boundary behavior. p exhibits weak leverage effect (—0.24 vs expected
—0.6 to —0.8).

The calibrated parameters show a pattern of diffusion-heavy behaviour, with three key
parameters operating near their lower bounds: long-run variance (6,, 97.9% at bound),
mean reversion speed (k,, 74.5% at bound), and jump intensity (\;, 66.3% at bound). This
indicates that the model assigns dominant weight to persistent stochastic volatility rather
than discrete jumps. The slow mean reversion (k, = 0.23 means that volatility persist
over time, reducing the need for the use of jumps in capturing sudden price movements.
While this configuration achieves excellent pricing accuracy, it may underestimate tail
risk, as 98.9% of A; observations fall below 0.5.

F.8. Detailed calibration performance metrics and robustness tests

This section of the appendix presents detailed calibration performance metrics for
Merton, Kou and Bakshi models, as well as several robustness tests to ensure the best
methodologies were chosen in the main results tests.
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F.8.1. Robustness checks

F.8.1.1 Different maturity aggregation methods

As a robustness check, Table F.7 presents pricing errors using an alternative aggregation

methodology. Global fit was obtained averaging by trading date, then simple average

across trading dates. Buckets imposed equal weight across all 1,885 contracts.

TABLE F.7. Pricing errors by maturity (Method B)

Maturity Nop,s Model RMSE MAE MAPE (%) SSE R? 1-R? (bps)
0-30d 85 Merton 1.613 1.135 22.70 3461.21 0.999973 0.273
Kou 2.444  1.761 34.12 4632.16 0.999956 0.439
Bakshi 0.006  0.004 0.21 0.09 0.999999 0.000
31-90d 204 Merton 2.305 1.810 12.32 1944.10 0.999985 0.150
Kou 2.082 1.721 26.02 1660.82 0.999986 0.145
Bakshi 0.012  0.009 0.14 0.06 0.999999 0.000
91-180d 304 Merton 3.828  2.969 3.85 3756.81 0.999972 0.279
Kou 2.347  1.755 3.85 1422.94 0.999989 0.107
Bakshi 0.031  0.026 0.19 0.28 0.999999 0.000
181-270d 301 Merton 5.321  4.350 5.52 4021.65 0.999968 0.325
Kou 3.215  2.569 5.61 1491.46 0.999988 0.120
Bakshi 0.066  0.056 0.54 0.65 0.999999 0.000
271-365d 318 Merton  5.722  4.542 4.54 4509.04 0.999963 0.369
Kou 3.325  2.607 5.50 1534.37 0.999987 0.128
Bakshi 0.106  0.090 0.70 1.69 0.999999 0.000
> 365d 673 Merton 10.839 8.213 6.86 12041.91 0.999864 1.361
Kou 5.375  3.734 3.60 4218.70 0.999951 0.491
Bakshi 1.307  0.851 0.95 464.81 0.999994 0.057
All 1885 Merton 5.986  4.622 7.48 5904.78 0.999940 0.598
maturities Kou 3.481  2.589 9.12 2489.94 0.999974 0.256
Bakshi 0.414  0.278 0.54 132.68 0.999998 0.016

Note: Robustness check. Global fit:

(bps) = (1 — R2) x 10,000.

average by trading date, then simple average across trading
dates. Buckets: equally weighted across contracts. Nops = number of option contracts (observations)
per bucket. RMSE = root mean squared error; MAE = mean absolute error; MAPE = mean
absolute percentage error; SSE = sum of squared errors; R? = coefficient of determination; 1—R?

The similarity of results illustrated by the Table F.7, confirms that the conclusions pro-

vided in the main section text are robust to the aggregation method choice.
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F.8.1.2 Short-term split bucket aggregation method
Table F.8 presents pricing errors using an alternative bucketing aggregation, in this case

the short-term split approach.

TABLE F.8. Pricing errors by maturity bucket — Short-term split

Maturity Nobs Model RMSE MAE MAPE (%) SSE R? 1-R?2 (bps)
0-30d 85 Merton 1.613 1.135 22.70 3461.21 0.999973 0.273
Kou 2,444  1.761 34.12 4632.16 0.999956 0.439
Bakshi 0.006  0.004 0.21 0.09 0.999999 0.000
31-60d 102  Merton 1.979  1.585 14.74 1478.20 0.999987 0.125
Kou 2271 1.913 29.86 2061.98 0.999981 0.188
Bakshi 0.008  0.006 0.14 0.03 0.999999 0.000
61-120d 202 Merton 3.010 2.319 4.60 2955.07 0.999979 0.208
Kou 1.971 1524 5.37 1278.62 0.999991 0.093
Bakshi 0.019 0.015 0.13 0.13  0.999999 0.000
121-180d 202 Merton  4.081  3.176 3.78 3923.88 0.999970 0.302
Kou 2.477  1.850 3.62 1450.07  0.999989 0.113
Bakshi 0.036  0.030 0.22 0.34 0.999999 0.000
181-3656d 619 Merton  5.527  4.450 5.02 4273.13  0.999965 0.347
Kou 3.270  2.588 5.56 1512.17 0.999988 0.124
Bakshi 0.087 0.074 0.62 1.18  0.999999 0.000
> 365d 673 Merton 10.888  8.247 6.83 12137.55 0.999862 1.377
Kou 5.380  3.735 3.60 4242.39 0.999950 0.495
Bakshi 1.304 0.847 0.95 464.58 0.999994 0.057

Note: Pricing errors with more granular short-term maturity buckets. Aggregation: average by
trading date, then across trading dates (2 pivots). Nops = number of option contracts (observations)
per bucket. RMSE = root mean squared error; MAE = mean absolute error; MAPE = mean
absolute percentage error; SSE = sum of squared errors; R? = coefficient of determination; 1—R?
(bps) = (1 — R?) x 10,000.
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F.8.1.3 Market liquidity bucket aggregation method

Table F.9 presents pricing errors using an alternative bucketing aggregation, in this case

the market liquidity approach.

TABLE F.9. Pricing errors by liquidity bucket

Maturity Nobs Model RMSE MAE MAPE (%) SSE R? 1-R?2 (bps)
0-30d 85 Merton 1.613 1.135 22.70 3461.21 0.999973 0.273
Kou 2,444  1.761 34.12 4632.16 0.999956 0.439
Bakshi 0.006  0.004 0.21 0.09 0.999999 0.000
31-60d 102  Merton 1.965 1.576 18.53 1458.97 0.999987 0.125
Kou 2.281  1.920 43.10 2062.79 0.999981 0.193
Bakshi 0.008  0.006 0.14 0.03 0.999999 0.000
61-90d 102  Merton 2.687  2.075 5.31 2491.16 0.999982 0.177
Kou 1.858  1.496 6.76 1207.53 0.999991 0.090
Bakshi 0.016 0.012 0.13 0.10 0.999999 0.000
91-180d 304 Merton  3.828  2.969 3.85 3756.81 0.999972 0.279
Kou 2.347  1.755 3.85 1422.94 0.999989 0.107
Bakshi 0.031  0.026 0.19 0.28 0.999999 0.000
181-3656d 619 Merton  5.526  4.448 5.02 4270.81 0.999965 0.347
Kou 3.272  2.588 5.55 1513.40 0.999988 0.124
Bakshi 0.087 0.074 0.62 1.19  0.999999 0.000
>365d 673 Merton 10.839  8.213 6.86 12041.91 0.999864 1.361
Kou 5.375  3.734 3.60 4218.70 0.999951 0.491
Bakshi 1.307  0.851 0.95 464.81 0.999994 0.057

Note: Pricing errors by liquidity buckets using Method A. Aggregation: average by trading date,
then across trading dates (2 pivots). Nops = number of option contracts (observations) per bucket.
RMSE = root mean squared error; MAE = mean absolute error; MAPE = mean absolute percentage
error; SSE = sum of squared errors; R? = coefficient of determination; 1—R? (bps) = (1 — R?) x

10,000.
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F.8.1.4 Five quantiles bucket aggregation method
Table F.10 presents pricing errors using an alternative bucketing aggregation, in this five

quantiles approach.

TABLE F.10. Pricing errors by time-to-maturity quantile

Quantile No,; Model RMSE MAE MAPE (%) SSE R2  1-R2 (bps)
Q1 377 Merton  2.361 1.814 13.18 2585.92  0.999980 0.195
Kou 2174 1.702 24.58 2264.31 0.999980 0.202
Bakshi ~ 0.013  0.010 0.15 0.09 0.999999 0.000
Q2 377 Merton  4.505  3.592 4.66 3850.20  0.999969 0.305
Kou 2734  2.104 4.21 1434.32  0.999989 0.115
Bakshi ~ 0.045 0.038 0.32 0.41 0.999999 0.000
Q3 377 Merton  5.665  4.560 478 4506.48 0.999965 0.351
Kou 3.350  2.660 5.94 1585.76  0.999987 0.125
Bakshi ~ 0.089  0.076 0.65 118 0.999999 0.000
Q4 377 Merton  6.040  4.751 5.04 4818.57 0.999957 0.435
Kou 3.287  2.549 3.53 1434.50  0.999987 0.132
Bakshi ~ 0.154 0.125 0.55 3.96 0.999999 0.000
Q5 377 Merton 14.319 10.713 8.07 16863.74  0.999798 2.016
Kou 6.722  4.495 3.73 5896.38  0.999929 0.715
Bakshi ~ 2.095  1.350 1.27 763.55 0.999991 0.094

Note: Pricing errors by time-to-maturity quantile. Contracts are divided into five equal-sized groups
(quintiles) based on time-to-maturity. Q1 = shortest maturities (0-20*" percentile), Q5 = longest
maturities (80-100*" percentile). Aggregation: average by trading date, then across trading dates
(2 pivots). Nops = number of option contracts (observations) per quantile. RMSE = root mean
squared error; MAE = mean absolute error; MAPE = mean absolute percentage error; SSE = sum
of squared errors; R? = coefficient of determination; 1—R? (bps) = (1 — R?) x 10,000.

F.9. Statistical moments and quantiles of RND using mean instead of median

Additionally, as a robustness check, we recomputed key moments and quantile statis-
tics using standard mean aggregation. Table F.11 presents the statistical moments (mean,
standard deviation, skewness, and kurtosis) and selected quantiles (Q10, Q50, Q90) of the
risk-neutral densities extracted from S&P 500 options across six maturity buckets, with
values representing means across daily observations.

The comparison of median and mean for the Bakshi model’s global RND moments
shows a clear difference in how the model handles asymmetry versus tail thickness. For
Kurtosis, the median is 2.8155 and the mean is 2.8285. The difference is minimal (+0.0130,
or +0.5%), confirming that the model’s output is stable and close to a Gaussian distribu-
tion (Kurtosis ~ 3) across all days. In contrast, Skewness shows a high relative variation:
the median is near-zero (40.0031), but the mean is —0.0079. Although the absolute
difference is small (—0.0110), it represents a significant —357% change. This large vari-
ation occurs because the negative skewness is concentrated in a small number of daily
observations where the model captures stronger directional risk. The mean is pulled into
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TABLE F.11. Statistical moments and quantiles of risk-neutral

densities (Mean)

Maturity Model Mean Std Dev Skewness Kurtosis Q10 Q50 Q90
0-30d Merton —0.002 0.069 —0.7074 4.2285 —0.088 0.004 0.080
Kou —0.002 0.072 —1.3838 14.2147 —0.081 0.003 0.080
Bakshi —0.015 0.163 0.0038 3.2393 —-0.223 —-0.015 0.193
31-90d Merton —0.005 0.109 —1.3584 6.1774 —0.149 0.015 0.108
Kou —0.005 0.114 —1.7278 10.5097 —0.138 0.014 0.109
Bakshi —0.069 0.362 —0.0020 29713 —0.534 —0.069 0.395
91-180d Merton —0.012 0.167 —1.6714 7.1015 —0.244 0.027 0.146
Kou —0.013 0.173 —1.9419 9.4681 —0.228 0.028 0.146
Bakshi —0.158 0.556 0.0315 2.7904 —-0.881 —-0.159 0.563
181-270d Merton —0.021 0.221 —1.7591 7.1483 —0.336  0.037 0.180
Kou —0.021 0.227 —2.0029 8.7938 —0.310 0.039 0.180
Bakshi —-0.237 0.685 0.0360 2.7986 —1.128 —0.239 0.649
271-365d Merton —0.029 0.260 —1.6681 6.5131 —0.403 0.045 0.206
Kou —0.028 0.265 —1.8849 7.7146 —0.377 0.046 0.207
Bakshi —0.290 0.757 0.0092 2.8041 —-1.274 —0.288 0.688
> 365d Merton —0.062 0.380 —1.2442 4.7549 —0.613 0.052 0.294
Kou —0.068 0.407 —1.5896 6.0152 —0.632 0.048 0.305
Bakshi —0.448 0.951 —0.0573 27730 —1.703 —0.429 0.768
Allmaturities Merton —0.033 0.257 —1.4550 5.9424 —0.400 0.038 0.207
Kou —0.035 0.270 —1.7679 8.1586 —0.394 0.037 0.212
Bakshi —0.280 0.712 —0.0079 2.8285 —1.210 —-0.273 0.635

Note: Statistical moments and quantiles of RNDs extracted from S&P 500 options for the
period Jan—-May 2022, across six maturity buckets and aggregated across all maturities.
All metrics are computed in normalised return space (Z = In(St/F')). Mean and standard
deviation measure central tendency and dispersion; skewness captures asymmetry; kurtosis
measures tail thickness. Q10, Q50, Q90 represent the 10th percentile, median, and 90th
percentile of the risk-neutral distribution. Values represent means across daily observations.

negative territory by these few high-impact days, while the median remains near zero, rep-

resenting the model’s typical, symmetric output. This finding suggests that the model’s

response to market stress is through asymmetry (skewness), rather than through extreme

tail thickness (kurtosis).

Aggregated moments mean vs. median comparison by model and maturity
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TABLE F.12. Aggregated moments comparison by maturity (mean
vs. median)

Bucket Model Aggregation Mean Std. Dev. Skewness Kurtosis
0-30d Merton Median —0.001631 0.070371 —0.682389  4.242892
Mean —0.001585 0.068636  —0.707403  4.228 529

Kou Median —0.001780 0.073255 —1.305378 11.580191

Mean —0.001775 0.072357 —1.383834 14.214684

Bakshi Median —0.013962 0.167636 0.000596  3.014 136

Mean —0.014918 0.162513 0.003806  3.239314

31-90d Merton Median —0.004843 0.108932 —1.387394 6.123211
Mean —0.005058 0.109331 —1.358411 6.177420

Kou Median —0.005183 0.113830 —1.829834 10.037323

Mean —0.005268 0.114164 —1.727791 10.509653

Bakshi Median —0.066225 0.364393 —0.003731  2.994 818

Mean —0.068999 0.361775 —0.001995 2.971296

91-180d Merton Median —0.012032 0.167851 —1.690408  7.200087
Mean —0.012225 0.167361 —1.671380 7.101515

Kou Median —0.012447 0.172830 —1.972111  9.459667

Mean —0.012568 0.172639 —1.941865  9.468 050

Bakshi Median —0.155762  0.553939 0.032608  2.773107

Mean —0.158049  0.556 346 0.031538  2.790404

181-270d Merton Median —0.021069 0.222509 —1.763014 7.118194
Mean —0.020952 0.221403 —1.759078  7.148332

Kou Median —0.021081 0.226893 —2.001574  8.731247

Mean —0.021119 0.226608 —2.002901  8.793799

Bakshi Median —0.224288 0.670523 0.026477  2.831571

Mean —0.237481  0.685259 0.035968  2.798 589

271-365d Merton Median —0.028304 0.259726 —1.681416 6.523501
Mean —0.028510 0.260263 —1.668080  6.513 142

Kou Median —0.027953 0.264637 —1.903665  7.737873

Mean —0.028167 0.265255  —1.884907 7.714621

Bakshi Median —0.307973 0.781466 —0.006630 2.816927

Mean —0.289857 0.757124 0.009177  2.804128

> 365d Merton Median —0.051374 0.357725 —1.290700 4.843720
Mean —0.061716 0.379831  —1.244185  4.754870

Kou Median —0.046573 0.357941 —1.564396 5.857239

Mean —0.068013 0.406928 —1.589599  6.015196

Bakshi Median —0.458922 0.968342 —0.032699  2.787459

Mean —0.447685 0.950757 < —0.057331  2.773042

All Maturities Merton Median —0.025916  0.248206 —1.544143 6.142428
Mean —0.032780 0.256789  —1.454967  5.942 352

Kou Median —0.025787 0.253299 —1.800594  7.734523

Mean —0.035083 0.269679 —1.767903  8.158576

Bakshi Median —0.272244  0.738981 0.003074 2.815484

Mean —0.279566  0.711505 —0.007905 2.828524

Note: Comparison of the four central moments of the RNDs across all maturity buckets and aggre-
gated globally. Two aggregation methods are used: the median and the mean of the daily moment
observations. All values are computed in the normalised log-return space (Z = In(Sp/F)). The
results confirm the robustness of the main findings across the term structure.
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We verified that computing statistics from pooled densities across time, yields qualitatively

consistent results, as shown in table F.12, confirming the stability of our findings.

F.10. Other relevant error metrics and 3D RND figures

Figure F.4 presents five error metrics (RMSE, MAE, MAPE, SSE, and 1 — R?) across
maturity buckets in logarithmic scale, demonstrating the consistent superiority of the
Bakshi model across the entire term structure.

)

1600 >a65d

61-120 1211800 191 > % X 61-1200 1211804
Maturity buckets Maturity buckets.

(A) RMSE (log) (B) MAE (log) (C) MAPE (%) (log)

61-12 211800
Maturity buckets.

(D) SSE (log) (E) 1 — R? (log)

@» Merton @» Kou @ Bakshi

Figure F.4. Global error metrics across maturity buckets (log scale): RMSE, MAE,
MAPE, SSE, and 1 — R%2. Buckets are ordered along the horizontal axis to visualize
the term-structure trend; lines are drawn for readability only. Colors: Merton—blue;
Kou—orange; Bakshi—green.

Figure F.5 presents risk-neutral density (RND) contour maps as a function of S and
time-to-maturity 7 for the three models, using the same colour scale to enable direct
comparison. The maps reveal distinct distributional patterns: Merton and Kou exhibit
concentrated probability mass around the forward price with visible tail asymmetry, while
Bakshi displays a more diffuse, symmetric distribution, consistent with its near-zero skew-

ness and diffusion-dominated calibration.
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(A) Merton (B) Kou (C) Bakshi

Figure F.5. Risk-neutral density (RND) contour maps as a function of Sy and time-
to-maturity 7 for the three models. All panels use the same color scale to enable
like-for-like comparison.

Figure F.6 presents boxplots of risk-neutral distribution moments in price space (Zr) by
maturity bucket, aggregated over trading days, illustrating location parameters (mean,
standard deviation) and shape diagnostics (skewness, excess kurtosis) for each model. The
results reveal a contrast. While Merton and Kou exhibit negatively skewed distributions
with elevated kurtosis (consistent with typical equity index behaviour), Bakshi produces

near-zero skewness and low kurtosis, reflecting its diffusion-dominated calibration.
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Figure F.6. Boxplots of risk-neutral distribution moments in price space (Zr), by

maturity bucket and aggregated over trading days. Top row: location and scale (mean,
standard deviation). Bottom row: shape diagnostics (skewness, excess kurtosis).
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F.11. Additional risk measures: statistical distances, Value-at-Risk and Expected Shortfall measure tables
F.11.1. Statistical Distances by Maturity
While Table 6.4 in the main body presents overall distances, Table F.13 provides a detailed breakdown by maturity bucket.

TABLE F.13. Statistical Distances Between Models by Maturity Bucket

Maturity Merton vs Kou Bakshi vs Kou Bakshi vs Merton
JS Hell W1 JS Hell W1 JS Hell W1
0-30d 0.006351 0.080780 0.004534 0.211362 0.492857 0.087534 0.212451 0.499027 0.087972

31-90d 0.002049 0.046061 0.004525 0.265245 0.558042 0.234691 0.267739 0.561064 0.235139
91-180d 0.001989  0.044850 0.005740 0.268778 0.559710 0.368640 0.270043 0.562330 0.369588
181-270d  0.002421 0.049555 0.008117 0.256210 0.546982 0.448462 0.255830 0.545966 0.448692
271-365d  0.002176 0.046831 0.009293 0.239669 0.528941 0.525613 0.238408 0.525620 0.525482
> 365d 0.004148 0.064821 0.018015 0.204359 0.483510 0.600806 0.202363 0.483785 0.616453

Note: Statistical distances between risk-neutral densities of three jump-diffusion models (Merton 1976, Kou 2002, Bakshi 1997) by maturity bucket. JS
= Jensen-Shannon divergence (range: [0, In(2) ~ 0.693]); Hell = Hellinger distance (range: [0, 1]); W1 = Wasserstein-1 (Earth Mover’s Distance) in
Z =In(St/F) space. Lower values indicate more similar distributions. Values represent medians of daily distances across the sample period (January—May
2022). Merton and Kou show consistently small distances across all maturities, indicating similar risk-neutral densities. Bakshi shows large distances from
both Merton and Kou, with distances generally increasing with maturity, reflecting the growing importance of stochastic volatility at longer horizons.
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TABLE F.14. Value-at-Risk and Expected Shortfall of risk-neutral densities by maturity

Maturity Model Left Tail (Loss) Right Tail (Gain)

VaR ES VaR ES VaR ES VaR ES VaR ES VaR ES
95% 97.5% 99% 95% 97.5% 99%

0-30d Merton —0.125 —0.182 —0.167 —0.217 —0.212 —0.257 0.100 0.121 0.116 0.136 0.133 0.151
Kou —-0.115 —-0.196 —0.159 —-0.255 —0.240 —0.332 0.102 0.127 0.119 0.140 0.139 0.160
Bakshi —0.290 —0.361 —0.343 —0.406 —0.404 —0.461 0.262 0.332 0.315 0.378 0.376 0.433
31-90d Merton —0.223 —0.313 —0.286 —0.371 —0.363 —0.449 0.130 0.158 0.149 0.176 0.171 0.198
Kou —0.220 —0.345 —0.305 —0.428 —0.415 —0.539 0.132 0.161 0.152 0.179 0.174 0.203

Bakshi —0.666 —0.820 —0.782 —0.921 —0.916 —1.041 0.532 0.684 0.647 0.784 0.780 0.902

91-180d Merton —0.359 —0.504 —0.461 —0.603 —0.589 —0.730 0.175 0.215 0.202 0.242 0.234 0.275
Kou —0.355 —0.540 —0.484 —0.667 —0.652 —0.829 0.173 0.214 0.198 0.240 0.228 0.271
Bakshi —1.074 —1.263 —1.234 —1.378 —1.393 —1.485 0.768 0.983 0.939 1.119 1.128 1.265

181-270d Merton —0.490 —0.681 —0.623 —0.810 —0.797 —0.978 0.215 0.265 0.248 0.298 0.288 0.341
Kou —0.484 —0.722 —0.656 —0.884 —0.875 —1.079 0.213 0.257 0.242 0.285 0.277 0.326
Bakshi —1.336 —1.588 —1.541 —1.747 —1.762 —1.909 0.883 1.158 1.093 1.336 1.335 1.542

271-365d Merton —0.576 —0.792 —0.730 —0.939 —0.932 —1.121 0.246 0.307 0.284 0.350 0.335 0.408
Kou —0.579 —-0.842 —0.776 —1.015 —1.017 —1.217 0.243 0.298 0.277 0.332 0.320 0.380
Bakshi —1.610 —1.919 —1.856 —2.117 —2.129 —2.327 0.977 1.281 1.215 1.476 1.483 1.688

> 365d Merton —0.793 —1.046 —0.991 —-1.207 —1.220 —1.373 0.339 0.461 0.410 0.550 0.542 0.683

Kou —0.812 —1.092 —1.044 —-1.262 —1.287 —1.424 0.342 0.429 0.396 0.490 0.466 0.591
Bakshi —2.092 —2.458 —2.393 —2.686 —2.710 —2.909 1.119 1.494 1.409 1.735 1.736 2.009
All Merton —0.548 —0.756 —0.695 —0.899 —0.889 —1.078 0.238 0.294 0.274 0.333 0.322 0.385
maturities Kou —0.549 —0.805 —0.737 —0.975 —0.972 —1.176 0.236 0.284 0.268 0.316 0.308 0.361

Bakshi —1.499 —1.740 —1.707 —1.883 —1.905 —2.009 0.958 1.251 1.188 1.441 1.446 1.653

Note: Value-at-Risk (VaR) and Expected Shortfall (ES) of risk-neutral densities extracted from S&P 500 options using three jump-diffusion
models (Merton 1976, Kou 2002, Bakshi 1997) across six maturity buckets and aggregated across all maturities. All metrics computed
in normalized return space (Z = In(S7/F)). VaR represents the threshold at the specified confidence level; ES (also known as CVaR or
conditional VaR) represents the expected value beyond the VaR threshold. Left tail measures capture downside risk (losses), while right
tail measures capture upside potential (gains). Values represent medians across daily observations (January—May 2022). For interpretation:
VaRgs4, = —0.125 means there is a 5% probability of losses exceeding 11.8%.
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F.12. Bakshi smoothing error metrics by maturity

TABLE F.15. Pricing errors by maturity bucket

Maturity Nobs Method RMSE MAE MAPE (%) sMAPE (%) MAE Conv (%) CV (%)

0-30d 26 Original 0.0106 0.0082 0.23 0.24 0.0082 96.15 91.53
0-30d 26 Cubic 0.0036 0.0027 0.16" 7.71 0.0027 100.00 34.39
0-30d 26 Hermite 0.0036 0.0027 0.16 0.14 0.0027 100.00 34.18
30-60d 34 Original 0.0076 0.0050 0.15 0.14 0.0050 100.00 29.16
30-60d 34 Cubic 0.0075 0.0048 0.11 3.46 0.004 8 100.00 29.07
30-60d 34 Hermite 0.0075 0.0048 0.11 0.13 0.004 8 100.00 29.59
60-90d 28 Original 0.0116 0.0075 0.09 0.10 0.0075 100.00 25.98
60-90d 28 Cubic 0.0114 0.0073 0.09 2.68 0.0073 100.00 40.19
60-90d 28 Hermite 0.0114 0.0073 0.09 0.13 0.0073 100.00 40.87
90-180d 90 Original 0.0237 0.0189 0.12 0.13 0.0189 100.00 23.21
90-180d 90 Cubic 0.0229 0.0181 0.12 3.40 0.0181 100.00 34.85
90-180d 90 Hermite 0.0229 0.0181 0.12 0.15 0.0181 100.00 34.15
180-270d 85 Original 0.0563 0.0480 0.49 0.51 0.0480 100.00 15.64
180-270d 85 Cubic 0.0543 0.0459 0.48 18.70 0.0459 100.00 22.69
180-270d 85 Hermite 0.0543 0.0459 0.51 0.57 0.0459 100.00 23.19
270-365d 37 Original 0.0822 0.0705 0.71 0.76 0.0705 100.00 12.14
270-365d 37 Cubic 0.0789 0.0673 0.70 28.06 0.0673 100.00 15.34
270-365d 37 Hermite 0.0789 0.0673 0.75 0.84 0.0673 100.00 15.97
All maturities 300 Original 0.0362 0.0301 0.31 0.33 0.0301 99.67 51.81
All maturities 300 Cubic 0.0344 0.0284 0.30 11.20 0.028 4 100.00 41.39
All maturities 300 Hermite 0.0344 0.0284 0.31 0.36 0.0284 100.00 41.39

Note: RMSE = Root Mean Squared Error; MAE = Mean Absolute Error; MAPE = Mean Absolute Percentage Error; sMAPE = Symmetric Mean
Absolute Percentage Error; Conv (%) = percentage of calibrations that converged; CV (%) = Coefficient of Variation. For Cubic in bucket 0-30d on
05-Jan-2022 there was an extreme outlier: MAPE a 4.95 x 10''%. Entries marked with * (0-30d, Cubic) indicate this outlier is excluded from the
reported statistics.



