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Resumo

A sincronizacao é um fenémeno fundamental em sistemas naturais e artificiais, presente
em processos sociais, cognitivos e cooperativos. Esta dissertacao aborda o problema da
selecao de parceiros em interacoes sociais ritmicas, como na danca a pares ou em tarefas
colaborativas, formulando-o como um processo de decisao sequencial no qual agentes
autéonomos escolhem parceiros com o objetivo de maximizar a sincronizagao.

Para tal, combina-se o modelo de osciladores de Kuramoto, que descreve as dinamicas
ritmicas intrinsecas de cada agente, com algoritmos de Multi-Armed Bandits, nomeada-
mente Upper Confidence Bound (UCB), Discounted Upper Confidence Bound (D-UCB)
e EXP3. Esta integracao permite que os agentes aprendam incrementalmente a partir de
interacoes sucessivas, equilibrando exploracao e aproveitamento, e adaptando-se tanto a
ambientes estaciondrios como a ambientes sujeitos a variacoes dinamicas.

Foi desenvolvido um motor de simulacao que possibilita experiéncias sisteméticas em
multiplos cendarios, incluindo diferentes topologias de rede, niveis de ruido e alteragoes
estruturais no conjunto de agentes. Os resultados demonstram que modelos de selecao
de parceiros baseados em osciladores constituem estratégias eficazes para promover a
sincronizacao, revelando capacidade de adaptacao a mudancas graduais ou stbitas no
ambiente. A comparagao entre algoritmos evidencia a vantagem do D-UCB em contextos
dindmicos e confirma a robustez do UCB em cenérios estacionarios.

Este trabalho contribui para a compreensao dos mecanismos de sincronizagao em sis-
temas multiagente e oferece perspetivas relevantes para areas como interacao humano-
robo, coordenacgao colaborativa e desenvolvimento de agentes artificiais adaptativos.

Palavras-chave: Sistemas Multiagente, Aprendizagem por Reforco, Osciladores de

Kuramoto, Multi-Armed Bandits, Selecao de Parceiros, Sincronizacao






Abstract

Synchronization is a fundamental phenomenon in natural and artificial systems, present
in social, cognitive, and cooperative processes. This dissertation examines the problem of
partner selection in rhythmic social interactions, such as paired dancing or collaborative
tasks, formulating it as a sequential decision-making process in which autonomous agents
choose partners with the goal of maximizing synchronization.

To this end, the Kuramoto oscillator model, which captures the intrinsic rhythmic
dynamics of each agent, is combined with Multi-Armed Bandit algorithms, namely UCB,
D-UCB, and EXP3. This integration enables agents to learn incrementally from successive
interactions, balancing exploration and exploitation while adapting to both stationary
environments and those subject to dynamic variations.

A simulation engine was developed to support systematic experimentation across mul-
tiple scenarios, including different network topologies, noise levels, and structural changes
in the agent population. The results show that oscillator-based partner selection models
constitute effective strategies for promoting synchronization, demonstrating the ability to
adapt to gradual or sudden environmental changes. The comparison between algorithms
highlights the advantage of D-UCB in dynamic contexts and confirms the robustness of
UCB in stationary settings.

This work contributes to a deeper understanding of synchronization mechanisms in
multi-agent systems and offers relevant perspectives for areas such as human-robot inter-
action, collaborative coordination, and the development of adaptive artificial agents.

Keywords: Multi-Agent Systems, Reinforcement Learning, Kuramoto Oscillators,

Multi-Armed Bandits, Partner Selection, Synchronization
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CHAPTER 1

Introduction

1.1. Context

Synchronization is a fundamental phenomenon observed across natural and artificial
systems, from fireflies flashing in unison to humans walking in step or engaging in musical
ensembles [1]. In social and cooperative settings, rhythmic synchronization plays a central
role in enabling coordination, trust, and collective performance. These processes are not
limited to humans: they are also evident in animal behavior, social groups, and artificial
systems such as multi-robot teams or human-robot interactions [2].

In computer science and engineering, synchronization has become increasingly relevant
in the design of adaptive and cooperative artificial agents. This paradigm extends to
domains such as collaborative robotics in industrial settings and socially assistive agents
in healthcare and education, where effective coordination with human partners depends
on rhythmic and timely interactions [2|. By understanding how agents autonomously form
partnerships and sustain synchronization, it becomes possible to design more natural and
efficient systems for real-world collaboration.

Within artificial intelligence, this problem lies at the intersection of multi-agent sys-
tems, reinforcement learning, and computational models of rhythmic behavior. Multi-
Agent Reinforcement Learning (MARL) provides a framework in which agents can learn
to act autonomously while adapting to others [3,4], but most approaches rely on direct
communication or pre-defined coordination strategies. In contrast, many natural systems
achieve synchronization implicitly, through local interactions and dynamic adaptation.
Exploring how artificial agents can replicate these processes without explicit communica-
tion offers both theoretical insight and practical benefits.

This dissertation situates itself as the study of partner selection in rhythmic multi-
agent environments. By examining how agents choose interaction partners and adapt
their rhythms to maximize synchronization, the work contributes to ongoing research in
cooperative Al and dynamical systems. It builds on established theories of oscillatory
synchronization while addressing open challenges in adaptive partner selection, with im-
plications for fields as diverse as human-robot collaboration, distributed control, and the

modeling of social coordination.

1.2. Research Questions

The following research questions were defined to guide the development of this study:
RQT1 - How can agents learn to autonomously select partners and achieve synchroniza-

tion in multi-agent environments?



RQ2 - What mechanisms and reward structures can best promote coordinated oscil-
latory behavior and stable synchronization among agents?

RQ3 - How can Kuramoto oscillators, combined with a multi-armed bandit formula-
tion, be used to represent the partner selection problem and evaluate different learning
strategies?

1.3. Goals

The main goal of this dissertation is to model the problem of rhythmic partner selec-
tion in multi-agent environments, correct and update a simulation prototype, and conduct
experiments that allow answering the research questions defined in the previous section.
Specifically, the work aims to design and implement a framework where agents, mod-
eled as Kuramoto oscillators, must autonomously select partners in order to maximize
synchronization and cooperation.

To achieve this, the prototype integrates Multi-Armed Bandit algorithms for partner
selection (UCB, Discounted-UCB, and EXP3.P), together with different reward formu-
lations that capture synchronization performance, through systematic simulations under
varied environmental conditions including stationary, abrupt, and gradual changes. The
project evaluates how each algorithm adapts and which reward components are most
effective.

By combining problem modeling, prototype development, and experimental valida-
tion, the dissertation seeks to contribute with both practical insights into the design of
adaptive artificial agents and theoretical understanding of synchronization in complex
multi-agent systems. Ultimately, the goal is to demonstrate how multi-agent reinforce-
ment learning can replicate or even surpass communication-based approaches to partner

selection, offering a scalable and flexible solution for real-world applications.

1.4. Planning

The planning schedule presented in Figure 1.1 organizes the work to be developed
across the academic year 2024/2025. The initial months (October to December 2024)
were dedicated to defining the scope of the project through discussions on the theme, as
well as conducting a thorough literature review to identify research gaps. In parallel, the
elaboration of the state of the art extended into early 2025, refining the research objectives
and consolidating the theoretical foundation of the work.

From February 2025, the focus shifted to the design and implementation of the simu-
lation platform, followed by the execution of simulations between March and May 2025.
These two phases are closely linked, since the development of the simulation engine pro-
vided the basis for experimentation under different configurations. The subsequent stage,
between April and July 2025, involved analyzing the results obtained, validating the mod-
els, and comparing algorithmic performance under diverse conditions.

In addition, the plan includes the preparation of a scientific article during the sum-
mer months (June to August 2025), ensuring dissemination of the main contributions.
2



Finally, the production of the dissertation spans from December 2024 until September
2025, accompanying all stages of the project, but intensifying in the last months with the

integration of the results, conclusions, and final writing.

Discussions on the Theme and Scope
Literature Search and Analysis

State of the Art Elaboration

Develop Code and Simulation

Run Simulations

Analyse Results

Scientific Article Writing

Thesis Production

FIGURE 1.1. Planning schedule

1.5. Research Methodology
The investigation methodology used is Design Science Research (DSR), which is widely

used in research fields such as computer science, engineering, and management. It focuses
on creating and evaluating artifacts (such as models, frameworks, software, or processes)
to address specific real-world problems. The DSR process typically involves six key phases,

which the steps shown above can be split into.

Identify
Problem & Demonstration|—®| Evaluation [—#=|Communication
Motivate

Design &

v B

Define Desion &
Objectives of o esign
a Solution evelopment

Probdem Objective developmen Client f
centared centarad cantored Contaxt
initiation solution Sodviad initiation

Initiation

FIGURE 1.2. DSR Structure

Discussions on the Theme and Scope: This step aligns with Problem Identifica-
tion and Motivation, where the research topic of partner selection in rhythmic multi-agent
synchronization was chosen. The scope was narrowed to simulations with Kuramoto os-
cillators and multi-armed bandit algorithms (UCB, D-UCB, EXP3.P), focusing on how
rewards influence adaptability in dynamic environments.

Literature Search and Analysis: Part of Defining Objectives of a Solution, this
phase involved reviewing academic work on synchronization, reinforcement learning, and
partner selection. Special attention was given to prior studies on multi-agent bandit
algorithms and rhythm-based coordination, identifying gaps in how partial rewards and
environment variability were handled.

State of the Art Elaboration: Within the objectives definition stage, this task
deepened the investigation of current methods and frameworks, such as bandit formu-
lations, MARL approaches, and oscillator models. From this, the goals were refined to

3



design a simulation platform that could test different algorithms under varied environ-
mental conditions.

Develop Code and Simulation: This phase corresponds to Design and Develop-
ment, during which the main simulation engine originally implemented in C++ using
GNU Scientific Library (GSL) and JsonCpp was extended and refined. While the core
system, responsible for modeling oscillators, reward functions, and partner selection algo-
rithms, had been previously developed, several improvements and complementary tools
were added as part of this work. These included the implementation of additional simula-
tion features (Section 1.7), thorough code verification and testing procedures, corrections
to existing modules, and the creation of Python scripts for generating plots and automat-
ing the configuration and execution of multiple simulation runs.

Run Simulations: Mapping to the Demonstration phase, this step executed sys-
tematic experiments under multiple environments (stationary, abrupt changes, gradual
changes, maze, Perlin noise, etc.) using different parameter configurations, enabling con-
trolled comparisons of algorithm performance.

Analyse Results: This task corresponds to Evaluation, where outputs such as reward
trajectories, partner selection stability, and network visualizations were analyzed. The
results validated the artifact’s ability to highlight differences between algorithms and to
answer the research questions about adaptability and reward structure.

Scientific Article Writing: Part of Communication, this task focused on preparing
a paper where the methodology, experiments, and results will be structured and submitted
for peer review.

Dissertation Production: The final step in Communication, formalizing the project’s
methodology, findings, and contributions in a comprehensive dissertation that synthesizes

the literature, the simulation framework, and the experimental evaluation.

1.6. Dissertation Structure

The remainder of this dissertation is organized as follows:

Chapter 2 — State of the Art: reviews the literature on synchronization, partner
selection, reinforcement learning, and oscillator models, highlighting existing approaches
and identifying open challenges.

Chapter 3 — Proposed Model: presents the formulation of the problem, the design
of the reward functions, and the integration of partner selection algorithms with Kuramoto
oscillators.

Chapter 4 — Simulations: describes the simulation framework, experimental setup,
and the different environments and conditions under which the algorithms were tested.

Chapter 5 — Results: reports the outcomes of the simulations, comparing the per-
formance of UCB, D-UCB, and EXP3.P across different scenarios.

Chapter 6 — Conclusions and Future Work: analyzes and interprets the results in
relation to the research questions, implications, and limitations of the work, and concludes
with directions for future research.

4



1.7. Contribution to Code Implementation

The implementation of the code used in this dissertation was originally initiated by
Professor Pedro Mariano, who provided a preliminary version of the codebase. Building
upon this initial foundation, the author of the present dissertation undertook the tasks of
debugging, correcting, and substantially expanding the code in order to meet the specific
requirements of the research.

This process involved not only the refinement of the existing implementation but also
the development of new functionalities, including the integration of the UCB algorithm,
the implementation of the communication reward system, the introduction of mechanisms
to modify and adapt the environment dynamically, and the creation of environment gen-
erators such as the Perlin Noise generator. Additionally, the output files were improved
to enhance the quality and usability of the generated results. The author also automated
a range of experiments and visualization tools, resulting in a framework that represents
a significantly extended and adapted version of the initial code, tailored to the objectives

of this work.

1.8. Dissemination

An academic article is currently under development, intended for submission in the
field of multi-agent systems and artificial intelligence. The target venue is still being
considered. The article aims to provide a comprehensive account of the research carried
out in this dissertation, with particular emphasis on the proposed model of rhythmic
partner selection based on Kuramoto oscillators and multi-armed bandit algorithms.

The structure of the article is being designed to offer a thorough overview of the
problem addressed, the theoretical background, and the methods employed. It will include
a review of the literature on rhythmic interactions and partner selection, situating the
study within the broader academic discourse and highlighting the novelty of integrating
oscillator dynamics with reinforcement learning techniques.

A substantial section will be dedicated to describing the design of the simulation
environment and the implementation of the algorithms. This will include details on
parameterization, evaluation metrics, and the variations of experimental scenarios used
to assess the robustness and adaptability of the approach.

The article will conclude with an analysis of the results obtained so far, outlining how
the proposed framework contributes to a deeper understanding of cooperative behavior in
artificial agents and what potential applications it may have in human-robot interaction
and industrial collaboration contexts. As the article is still under preparation, further

refinements and extended analyses are expected before submission.






CHAPTER 2

State of the Art

The different fields that were studied had seen significant advancements in recent
years, driven by interdisciplinary research and technological innovation. Understanding
the state of the art was crucial for identifying gaps, building on existing knowledge, and
guiding future research directions. This literature review aimed to provide a comprehen-
sive analysis of the field by combining two complementary approaches: an ad hoc search
and a Systematic Literature Review (SLR). The ad hoc search offered a flexible and
exploratory overview of the different fields, highlighting key themes, seminal works, and
emerging trends. This approach allowed for a broad understanding of the landscape, en-
suring that foundational and cutting-edge research was acknowledged. Building on this,
the SLR provided a rigorous and structured analysis, ensuring the review was thorough,

unbiased, and methodologically sound.

2.1. Ad hoc Search

The ad hoc search conducted for this dissertation was primarily based on documents
and references suggested by the supervisor, Professor Pedro Santana. These initial ma-
terials served as a foundation for exploring relevant topics and identifying key research
directions. Building upon these references, additional sources were consulted to deepen
the understanding of the subject matter and to ensure that the literature review was both

comprehensive and aligned with the objectives of the work.

2.1.1. Rhythmic Interactions in Humans

Rhythmic interactions play a pivotal role in a wide range of agent interactions, from ba-
sic cooperative tasks to complex conversational exchanges requiring precise turn-taking [5].
Humans excel in these interactions, which enhance activities such as music-making, dance,
and social bonding, ultimately fostering prosocial behavior [6]. Beyond their functional
purposes, synchronization among agents strengthens social connections and promotes co-
operation [7]. Research into rhythmic interactions has identified five key mechanisms
that drive human cooperation: direct reciprocity, indirect reciprocity, spatial selection,

multilevel selection, and kin selection [8|.

2.1.2. Rhythmic Interactions in Artificial Agents

These principles extend beyond human contexts, finding applications in engineering
and robotics, such as robotic locomotion [9], the coordination between robotic and hu-
man drummers [10], and conversational systems where turn-taking plays a critical role in
human-robot interaction [11]|. A critical factor in achieving stable cooperation is partner

7



selection, which has been extensively studied in both human and robotic dynamics [12,13].
In artificial systems, partner selection has increasingly been explored through reinforce-
ment learning approaches 14|, offering adaptive mechanisms for agents to optimize their
interactions. Nevertheless, significant challenges remain in transferring these methods
effectively to human-robot interaction contexts [15].

A possible interplay between rhythmic interactions and partner selection is synchrony
detection for partner selection in human-robot interaction settings [16], which has also
been applied to the study of coordination between patients with schizophrenia and social
robots [17].

2.1.3. Agent-Based Modeling for Multi-Agent Coordination
Agent-Based Modeling (ABM) is a well-established paradigm for simulating and ana-

lyzing complex systems composed of multiple interacting and autonomous entities. Such
systems are typically decentralized, non-linear, and characterized by emergent behav-
ior arising from local interactions among agents [18|. In social and organizational con-
texts, computational agent-based models have been shown to provide richer insights into
dynamic phenomena than traditional analytical approaches, as they explicitly capture
adaptation, feedback, and heterogeneity [19|. Sequential decision-making in ABM is
commonly formulated as a reinforcement learning problem, enabling agents to learn co-
ordination strategies through interaction with the environment and other agents.

Recent work has focused on extending ABM with complementary data-driven and
reasoning-based approaches. The integration of agent-based modeling with data mining
allows agent behaviors and interactions to be derived and validated using real event logs,
improving model realism and empirical grounding [20]. In parallel, the emergence of
Large Language Model (LLM) based agents has introduced new possibilities for flexible
communication, reasoning, and coordination in multi-agent systems. As surveyed by Guo
et al. |21, LLM-driven multi-agent frameworks show promising results in collaborative
and cooperative tasks, while also raising open challenges related to scalability, reliabil-
ity, and evaluation. Together, these developments indicate a trend toward hybrid ABM
frameworks that combine learning, data-driven modeling, and language-based interaction

for complex multi-agent coordination.

2.1.4. Sequential Decision-Making and Reinforcement Learning

Sequential decision-making is often formulated as a reinforcement learning problem,
with Multi-Armed Bandits (MAB) [22] algorithms providing a suitable framework for
simplified settings [23], [24], [25]. MAB algorithms balance exploration and exploita-
tion, enabling agents to maximize cumulative rewards based on environmental feedback.
Among the most influential algorithms is the UCB [26], which operates under the princi-
ple of “optimism in the face of uncertainty.” UCB assigns each action an index composed
of the empirical mean reward and a confidence bound that decreases as the action is
sampled more frequently. This ensures that actions with high uncertainty are explored,
8



while actions with consistently high rewards are exploited, leading to logarithmic regret
bounds in stochastic environments.

A refinement of this approach is the D-UCB [27], |28], which introduces a discount
factor on past rewards, giving more weight to recent interactions. This modification
enables agents to adapt more effectively in non-stationary environments, where reward
distributions evolve over time. In such cases, older experiences may no longer be reliable
indicators of current dynamics, and D-UCB mitigates this by progressively “forgetting”
outdated information.

Complementary to these stochastic approaches, the Exponential-weight algorithm for
Exploration and Exploitation (EXP3) was introduced by Auer, Cesa-Bianchi, Freund, and
Schapire [29] to address adversarial bandit settings, where rewards are not assumed to
follow a fixed or stochastic distribution. EXP3 maintains a probability distribution over
actions, updated multiplicatively according to the observed rewards, and ensures that even
poorly performing actions retain a non-zero probability of selection. This probabilistic
exploration mechanism guarantees robustness in environments where reward structures
may be arbitrary or adversarial, providing regret bounds that hold without stochastic
assumptions. However, the theoretical guarantees of EXP3 rely on the assumption of an
oblivious environment, where the sequence of rewards is independent of the agent’s pre-
vious actions. In other words, the adversary is not reactive but predefined, allowing any
randomized policy to be viewed as an a priori random choice among deterministic strate-
gies [29]. When this independence assumption is violated as in interactive or co-adaptive
multi-agent systems where actions influence future rewards EXP3 may exhibit reduced
stability and performance. Together, UCB, D-UCB, and EXP3 represent foundational
strategies that extend the applicability of MAB frameworks from stationary stochastic
environments to non-stationary and adversarial ones, thereby broadening their relevance
in multi-agent and human-robot interaction contexts.

Beyond stochastic and adversarial formulations, extensions such as contextual bandits
incorporate side information in the form of observable features that guide action selec-
tion. This formulation is particularly relevant in human-robot interaction scenarios, where
contextual cues such as gestures, affective states, or task-specific conditions influence the
likelihood of successful synchronization. From a learning perspective, contextual bandits
provide a principled framework for exploiting shared structure across tasks and agents
while adapting to heterogeneous context distributions. Recent work on distributed and
multi-task contextual bandits [30] highlights how incorporating context under communi-
cation and coordination constraints can improve learning efficiency and robustness. In
such settings, leveraging human-specific contextual signals not only enhances adaptabil-
ity in dynamic environments but also supports more natural, trustworthy, and effective

collaboration between humans and artificial agents.



2.1.5. Kuramoto Oscillators and Biological Inspiration

Kuramoto oscillators, widely recognized for their ability to characterize cortical net-
work dynamics [31,32], have provided a simple yet powerful paradigm for understanding
synchronization phenomena across natural and artificial systems. Since their original for-
mulation [33], these models have been instrumental in explaining how large populations
of coupled oscillators achieve self-entrainment and collective order, despite differences in
individual frequencies.

In neuroscience and cognitive science, Kuramoto-based approaches have been applied
to study synchronization in consensus formation [34| and to determine the maximum
team size that still allows for effective coordination [35]. Phase synchrony in brain signals,
often measured through phase-locking and coherence metrics, serves as a key indicator of
neural coordination and communication [36]. By capturing these dynamics, Kuramoto
oscillators provide a theoretical foundation for linking micro-level rhythmic interactions
with macro-level patterns of cooperation among humans.

Beyond neuroscience, classical and diverse examples of synchronization observed in
nature from Huygens’ pendulum clocks and the coordinated flashing of fireflies to the
rhythmic oscillations of cardiac pacemaker cells illustrate the universality of phase cou-
pling [1,32]. These biological systems provide strong motivation for oscillator-based
models such as Kuramoto’s and inspire the design of artificial agents capable of achiev-
ing coordinated behavior in multi-agent environments. By drawing on both neural and
natural synchronization phenomena, Kuramoto oscillators offer a principled approach to

modeling and engineering coordinated interactions in complex distributed systems.

2.1.6. Multi-Agent Reinforcement Learning (M ARL)

MARL has emerged as a powerful framework for addressing decision-making problems
involving multiple agents interacting within a shared environment. Building on the prin-
ciples of single-agent reinforcement learning, MARL extends the paradigm to scenarios
where agents must adapt their policies not only in response to environmental dynamics
but also to the evolving behaviors of other agents. The formal foundation for MARL
was established through the introduction of Markov games [37], which generalize Markov
Decision Processes to multi-agent settings, enabling the modeling of purely cooperative,
purely competitive, or mixed interactions.

Over the past decades, numerous surveys have consolidated theoretical and practical
advances in this field. A comprehensive review by Busoniu et al. [38] synthesized early
approaches, encompassing tabular methods, heuristic coordination mechanisms, and dis-
tinctions between centralized and decentralized learning, while highlighting fundamental
challenges such as scalability, non-stationarity, and credit assignment. With the advent of
deep learning, MARL evolved into deep MARL, capable of operating in high-dimensional
state and action spaces, thus widening its applicability to complex, real-world domains.
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Hernandez-Leal et al. [39] provided a critical survey of this evolution, examining mod-
ern architectures, communication protocols, and stability issues in training, as well as

strategies for balancing exploration and exploitation in multi-agent contexts.

2.1.7. Convergence Challenges in MARL

Despite the practical success of MARL, convergence of learning algorithms in multi-
agent settings is generally not guaranteed. This stems from the inherent non-stationarity
of the environment: as each agent adapts its policy, it simultaneously alters the dy-
namics experienced by other agents, violating the stationary assumptions underpinning
classical reinforcement learning convergence proofs [37]. Early surveys highlighted ad-
ditional challenges, including the exponential growth of the joint state-action space and
difficulties in credit assignment, which further complicate stable learning [38|. Even with
advances in deep MARL, strategies such as Centralized Training with Decentralized Fxe-
cution (CTDE) and communication protocols can improve stability but do not ensure the-
oretical convergence in general cooperative, competitive, or mixed settings [39], [40]. Con-
sequently, most MARL research emphasizes empirical stability and performance rather
than formal guarantees, acknowledging that oscillatory or non-convergent behaviors may
emerge in complex multi-agent interactions.

In addition to theoretical developments, practical algorithms have been proposed to
address the unique challenges of MARL. Notably, the Multi-Agent Deep Deterministic
Policy Gradient (MADDPGQG) algorithm [40] implements a CTDE paradigm, where each
agent has its own actor network but shares a centralized critic with access to the joint
state and actions. This design enables agents to operate effectively in continuous and
mixed cooperative-competitive environments and has become a cornerstone in modern
MARL research.

Communication in MARL also plays a pivotal role in enabling agents to share infor-
mation, coordinate strategies, and adapt to dynamic conditions. Communication can be
explicit, where agents exchange direct messages through differentiable channels such as
CommNet or TarMAC [41,42], or implicit, where coordination emerges from observable
behaviors in the environment, such as movement patterns or timing signals. It may follow
centralized paradigms, typically during training, where a global entity aggregates and
distributes information (CTDE), or decentralized paradigms, where agents independently
decide when and what to communicate based solely on local observations. The choice
of communication paradigm influences scalability, robustness, and the ability to operate
under partial observability. By capturing the adaptive and interactive nature of multi-
agent systems, MARL provides a comprehensive foundation for modeling scenarios where
coordination, competition, and learning occur simultaneously.

This study investigates MARL with a particular emphasis on the conditions under
which learning convergence can be achieved or approximated in multi-agent settings,
alongside an analysis of how different communication paradigms ranging from centralized
information sharing during training to fully decentralized and emergent communication
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mechanisms influence stability, scalability, and learning dynamics. By emphasizing these
aspects, this work seeks to contribute to a more principled understanding of MARL in

complex coordinated environments.

2.2. Systematic Literature Review
2.2.1. Keywords

To guide the identification of relevant literature, a set of specific keywords was defined
to capture the scope of the research. The search was conducted using the following key-
words: (“Resonance” OR “Synchrony” OR “Synchronization” OR “Rhythmic interaction”)
AND (“Partner Selection” OR “Cooperation” OR “Collaboration”) AND (“Robot” OR
“Agent”) AND (“Learning” OR ”"Adaptive”’) AND (“Bandit” OR “Multi-armed bandit”)”.

These keywords were chosen to encompass both the conceptual and technical dimen-
sions of the study, including the core phenomena of rhythmic interactions, the mechanisms
of partner selection and cooperation, and the computational approaches used in learning
and adaptive multi-agent systems. Using this set of keywords ensured that the literature
review remained focused on studies directly relevant to human-robot and multi-agent in-
teraction, while also including methods grounded in reinforcement learning and adaptive
algorithms. By combining terms related to social and behavioral concepts with those
related to computational techniques, the search strategy was able to capture interdisci-
plinary research spanning robotics, artificial intelligence, and social coordination studies.
This approach facilitated the identification of high-quality, peer-reviewed articles that ad-
dress both the theoretical foundations and practical implementations of synchronization,

partner selection, and adaptive learning in agent-based and robotic systems

2.2.2. Inclusion Criteria

To ensure that the selected documents were both relevant and of high academic qual-
ity, a set of inclusion criteria was established. Documents were required to be written in
English to guarantee accessibility and consistency in language. Additionally, the docu-
ments had to contain the specified keywords either in the title or abstract, ensuring that
they addressed the main topics of interest. Only works within relevant subject areas,
such as Computer Science, were considered, which helped focus the review on literature
directly related to the study’s scope. Furthermore, only documents published within the
last five years were included, ensuring that the research considered was up-to-date and
reflected the most recent developments in the field.

Finally, to maintain academic rigor and credibility, only peer-reviewed articles or pa-
pers were selected from the databases in Subsection 2.2.4. Collectively, these criteria
allowed for the inclusion of literature that was current, reliable, and highly relevant to
the research objectives.
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2.2.3. Exclusion Criteria

Exclusion criteria were applied to remove documents that did not meet the quality
or relevance standards required for the study. Documents were excluded if they were
duplicates, as including the same work multiple times could bias the review and affect
the synthesis of results. Studies that were not directly related to the defined keywords
were also excluded, ensuring that only literature pertinent to the research questions was
considered.

Additionally, publications from sources that were not peer-reviewed, such as informal
reports, preprints without validation, or non-academic outlets, were removed to maintain
the scholarly quality of the dataset. By systematically applying these exclusion criteria,
the review process focused on retaining documents that were both relevant and method-

ologically sound, ultimately enhancing the reliability and validity of the study’s findings.

2.2.4. Databases

The literature review for this study was conducted using articles and papers sourced
from well-established academic databases, specifically IEEE Xplore, ACM Digital Library,
and ScienceDirect. These platforms were selected due to their extensive collections of
high-quality, peer-reviewed publications in the fields of computer science, engineering,
and related disciplines.

By focusing on these databases, the study ensures access to up-to-date research, au-
thoritative sources, and a broad range of relevant studies, thereby providing a solid foun-

dation for a comprehensive and reliable review of the literature.

2.2.5. Query Results

During the search across various databases for the most relevant articles, a total num-
ber of documents was retrieved. Table 1 shows the number of documents obtained before
and after applying the Inclusion Criteria (IC) and Exclusion Criteria (EC), as well as
the final set of documents considered for analysis. Since there was a large amount of
documents and not all retrieved documents were relevant to the research objectives, their
contents were examined in detail, allowing for the selection of the most pertinent works

and the identification of key themes presented in the Literature Review section.

TABLE 1. Document amount with and without Inclusion Criteria and Ex-
clusion Criteria across databases

Not using IC and EC | Using IC and EC
IEEE Xplorer 129 76
ACM Digital Library 2589 161
Science Direct 7869 20
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2.2.6. Literature Review

2.2.6.1. Synchronization in Human and Artificial Agents

Synchronization is a fundamental aspect of interaction across biological, social, and
artificial systems, influencing processes from human cooperation to multi-agent coordi-
nation. Previous research has explored how agents select partners for rhythmic entrain-
ment, where synchrony serves as a critical factor in optimizing collaboration and social
bonding [43|. This phenomenon is evident in natural group dynamics, where synchrony
enhances social cohesion, trust, and mutual understanding, whether in simple interactions
like walking in sync or more complex collective activities such as choir singing or team
sports [44].

The significance of synchrony extends to artificial agents as well, particularly in ro-
botics and multi-agent systems. In the realm of Human-Robot Interaction (HRI), syn-
chronization is crucial for achieving natural and fluid cooperation between human and
artificial agents. Robots designed to engage in social and collaborative environments often
require mechanisms that enable them to synchronize their behaviors with human partners,
thereby improving task performance, reducing cognitive workload, and enhancing user ex-
perience [45]. Sensorimotor synchronization, in which an artificial agent aligns its actions
with external rhythmic stimuli, has been actively investigated through the use of adaptive
virtual partners that dynamically adjust their behavior to human timing. Recent studies
show that such virtual agents can successfully synchronize with humans in rhythmic tasks
and even enhance coordination performance in joint interaction settings [46].

2.2.6.2. Joint Action and Adaptive Synchronization

Joint action, defined as the ability of multiple agents to coordinate their actions toward
a shared goal, is deeply rooted in synchronization mechanisms. Whether in human-only
or human-robot interactions, entrainment plays a key role in dynamically aligning ac-
tions, predicting partner movements, and improving overall performance in cooperative
tasks [47]. This process is not limited to explicit communication; instead, it often emerges
implicitly through mutual adaptation and continuous feedback loops between agents. In
robotic applications, adaptive synchronization strategies have been proposed to enhance
cooperative behavior in multi-agent settings. These strategies include phase locking,
where the oscillatory dynamics of agents adjust to achieve stable synchronization and
behavioral coupling, where agents modify their actions based on partner responses [48|.
By leveraging these principles, multi-robot systems can perform highly coordinated tasks
such as swarm robotics, automated assembly lines, and autonomous driving [48].

Additionally, body movement mirroring has been explored as an effective mechanism
for fostering synchrony in human-robot teams. Studies have shown that when robots
replicate human movements in real time, users perceive them as more intuitive and so-
cially attuned, leading to improved interaction quality and collaboration outcomes [49|.
Insights from human and animal synchronization, such as implicit cues, entrainment, and

collective timing strategies, provide valuable guidance for designing robotic coordination
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mechanisms. By mimicking these natural processes, artificial agents can achieve more fluid
and robust interactions. This approach has been particularly beneficial in applications
like therapy, rehabilitation, and educational robotics, where non-verbal synchronization

plays a key role in engagement and learning.

2.2.6.3. Reinforcement Learning for Partner Selection

Partner selection in multi-agent environments is a complex problem, often framed
within the context of Reinforcement Learning (RL). In scenarios where direct communi-
cation between agents is limited or unreliable, reinforcement learning provides a powerful
framework for enabling agents to learn optimal interaction strategies autonomously [50].
Agents must iteratively explore potential partners, adapt their behaviors based on ob-
served outcomes, and refine their selection criteria to maximize long-term rewards. In
multi-agent partner selection, agents face a fundamental trade-off between exploring
new potential partners and exploiting previously successful collaborations. Balancing
these strategies is critical to optimizing long-term cooperation and avoiding suboptimal
fixed patterns. Additionally, the dynamic nature of multi-agent systems introduces non-
stationarity, as each agent’s policy evolves over time. This requires agents to continuously
adjust their partner selection strategies to maintain effective coordination.

Reinforcement learning has been successfully applied in various aspects of HRI, includ-
ing emotional adaptation, where artificial agents learn to modulate their behavior based
on human affective states [51|. By incorporating intrinsic motivation mechanisms, such
as curiosity-driven exploration and social reinforcement signals, agents can develop more
natural and context-aware synchronization behaviors. Furthermore, entrainment models
inspired by human group dynamics offer valuable insights into optimizing collaboration,
revealing patterns of synchronization that contribute to effective teamwork and coordina-
tion [52]. Overall, reinforcement learning enables adaptive, scalable, and context-sensitive
partner selection, providing a robust foundation for both human-robot and multi-agent

interactions.

2.2.6.4. Semantic Communication and Initial Interaction Phases

In addition to rhythmic synchronization, the role of semantic communication in mul-
ti-agent collaboration has been extensively studied. Recent research has emphasized the
importance of shared representations and mutual understanding in facilitating coordina-
tion between agents, particularly in heterogeneous teams where humans and robots must
work together [53]. Establishing common ground is a critical factor in ensuring smooth
interactions and various computational models have been proposed to enhance seman-
tic alignment through adaptive learning and contextual reasoning. The initial phase of
human-robot communication plays a crucial role in shaping long-term collaboration out-
comes. Studies have analyzed how early interactions influence subsequent engagement,

trust formation, and synchrony development [54]. Robots that can effectively interpret
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and adapt to human communicative cues from the outset are more likely to establish
strong cooperative relationships. Early interaction phases have a lasting impact on sub-
sequent collaboration, as initial patterns of communication and alignment influence the
efficiency of later synchronization and the overall stability of cooperative behavior.
Additionally, virtual agents have demonstrated the ability to learn synchronization
capabilities through adaptive decision-making frameworks, an approach particularly use-
ful in applications such as psychotherapy, where aligning with human affective states is

essential for successful interaction [55].

2.2.6.5. Applications in Industry 4.0 and Beyond

In industrial environments, Human-Robot Collaboration (HRC) has become a cor-
nerstone of modern manufacturing, and recent trends highlight a shift from the tradi-
tional Industry 4.0 paradigm towards the emerging Industry 5.0 vision. While Industry
4.0 focuses on the integration of intelligent automation, cyber-physical systems, and data-
driven technologies to enhance efficiency, Industry 5.0 places a stronger emphasis on hu-
man-—centricity, resilience, and symbiotic interaction between humans and robots. Within
this framework, adaptive synchronization models are essential to support dynamic and
robust coordination between human operators and robotic systems, addressing variability
in work rhythms, task demands, and individual operator behaviours [56|.

Industry 5.0 envisions robots that not only augment human capabilities but also col-
laborate safely and intuitively with workers across tasks such as assembly, inspection, and
logistics. Human-robot synchronization in such contexts can lead to improvements in
productivity, safety, and operator well-being by allowing humans to focus on creative and
judgment-intensive tasks, while robots execute repetitive or hazardous operations. How-
ever, heterogeneous teams of humans and robots introduce challenges related to adapt-
ability, variability in human pacing, and unforeseen workflow interruptions. Consequently,
there is a need for adaptive strategies including reinforcement learning, oscillator-based
models, and semantic communication frameworks that enable robots to iteratively adjust
their synchronization policies in real time, anticipate operator behaviour, and maintain
stable performance across diverse operational conditions. By leveraging continuous feed-
back loops and learning mechanisms, HRC systems can improve coordination efficiency,
reduce cognitive load on human workers, and support the broader human-centric goals of
Industry 5.0.

2.3. Summary and Research Gap

This chapter reviewed the state of the art across rhythmic synchronization (see Subsec-
tions 2.1.1 and 2.1.2), partner selection (see Subsections 2.1.2 and 2.2.6.3), and adaptive
decision-making in both human and artificial agents (see Subsections 2.1.4 and 2.1.6).
The literature reveals that rhythmic entrainment plays a central role in cooperation,
while reinforcement learning and multi-armed bandit algorithms provide powerful tools
for adaptive partner selection. Moreover, oscillator-based models such as Kuramoto’s
16



(see Subsection 2.1.5) offer a biologically inspired framework for describing synchroniza-
tion dynamics in multi-agent systems.

Despite these advances, few studies have explored the direct integration of rhythmic
synchronization mechanisms with learning-based partner selection frameworks. Most rein-
forcement learning and multi-armed bandit approaches focus on abstract reward optimiza-
tion, without explicitly modeling temporal or oscillatory coordination between agents.
Conversely, existing synchronization models rarely incorporate adaptive decision-making
or reward-driven adaptation.

This dissertation addresses this gap by proposing a unified model that combines the
rhythmic coupling of Kuramoto oscillators with decision-making algorithms based on
the multi-armed bandit framework. By doing so, it seeks to bridge the divide between
continuous-time synchronization and discrete-time partner selection, providing a novel

approach to studying adaptive coordination in non-stationary multi-agent environments.
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CHAPTER 3

Proposed Model

In order to formalise the partner selection problem, it was necessary to establish a
theoretical foundation that combines principles from oscillator models and reinforcement
learning. These concepts provide the basis for defining the mechanisms through which
agents interact and adapt to their environment. Building on this foundation, new formulas
were introduced to refine the agents’ learning process and enhance their ability to make

effective partner choices.

3.1. Project Contextualization

The proposed model assumes a set of agents A, distributed in a square bidimensional
grid L of dimension w, X w.. The interactions between agents can assume two distinct
configurations: a Moore neighborhood, in which each agent i € A interacts only with its
immediate neighbors M; C A, thus limiting connectivity to adjacent agents; or a fully
connected topology, in which all agents can potentially interact with each other.

At each iteration n = 1,2,..., each agent p € A selects an interaction partner from
its set of neighbors M,, according to a policy m,. The partner selected by agent p at
iteration n is denoted by I,(n) € M,. This choice is modeled as a MAB problem, in
which each neighbor corresponds to an arm, and the agent incrementally learns which
partner maximizes its expected long-term return. Thus, the partner selection problem
is formulated as an optimal sequential decision-making process, whose objective is to
learn a policy 7, that maximizes the accumulated reward. Formally, the optimal policy
7, is the one that minimizes the expected accumulated regret over a finite horizon H,
with regret being defined as the expected difference between the reward obtained by the
learned policy and the reward that would have been collected by an optimal policy (an
oracle that always chooses the neighbor with the highest expected value), where 1, (n, q)

represents the expected reward of agent p at iteration n if it selects neighbor ¢:
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Although the interaction of each agent with its neighbors can be represented as a lo-
cal bandit problem, the overall system exhibits characteristics similar to those of MARL
environments. This happens because multiple agents learn simultaneously in a shared
environment; the environment is non-stationary from the perspective of each agent, since
the reward distribution of each neighbor depends on the evolving policies of the others;
the rewards of an agent depend not only on the characteristics of the environment but
also on the adaptive behavior of other agents; and coordination and learning occur in
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a decentralized manner. Regarding the communication paradigm, this model is similar
to the implicit and decentralized communication models in MARL. It is called implicit
because the agents do not exchange information directly with each other; instead, they
“communicate” through their rhythmic dynamics, where the degree of synchronization
achieved serves as an indirect signal of the quality of the interaction. This type of com-
munication is also considered decentralized, since there is no global entity that aggregates
or distributes information to all agents. Each agent only observes the results of its own
local interactions and autonomously adjusts its policy. In this way, coordination emerges
naturally from local interactions, rather than being imposed by explicit communication

channels or centralized mechanisms.

3.2. Kuramoto Model

In this model, an oscillator is characterized by its natural frequency w,, its phase 0,,
and an influence component calculated from the interaction with its partners, weighted
by the coupling coefficient W, ,. Let t =0,6,20,...,T denote the sequence of S = |T'/]
interaction time steps, each with duration 6 (7" mod 6 = 0). Depending on the strength
of the connection between agents, the oscillator phase of agent p gradually adjusts to
approach the phases of its most compatible neighbors, leading to partial or total synchro-
nization.

To represent realistic dynamics, two independent noise components are introduced.
The first, an action noise term &,(t) ~ N(0,0), perturbs the agent’s phase velocity to
model uncertainty in its intrinsic behavior or decision-making process. The second, an
observation noise term O, 4(t,n) ~ N (0,(t,n), 0y), affects how agent p perceives the phase
of its neighbor ¢, representing imperfect or noisy communication.

Considering both sources of noise, the phase evolution of each oscillator 8,(¢,n) follows

the stochastic Kuramoto model:

89pgt7 2 = wy(n) +&(t) Z Wh,q(n) sin Op,q(t’n) - ep(t’n))’ (2)

qeM,
where w,(n) is the natural frequency of oscillator p at iteration n, and M, is the set of
neighboring agents interacting with p. The combination of the two stochastic components
ensures diversity in trajectories and prevents perfect deterministic synchronization.

The Figure 3.1 illustrates the temporal evolution of the trajectory of an agent in two
distinct situations: in the first, at the initial moment of the simulation (iteration 0), a
clean harmonic trajectory defined in timesteps ¢ € [0, 10] is observed, without interference
from partners, corresponding only to the natural frequency of the agent; in the second,
at iteration 249, it is noted that the trajectory of the same agent slightly decreased its
frequency, in addition to showing small perturbations and deviations in the waveform
resulting from the influence of neighbors through the coupling W, ,. This effect demon-
strates how the Kuramoto model incorporates the interaction between agents, allowing
the phases to dynamically adjust according to the established connections.
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FIGURE 3.1. Comparison between an agent’s trajectory without partner
influence (a) and with partner influence (b).

As mentioned earlier, the parameter w, is the component of the agent’s frequency
without the influence of the environment and can be defined as follows. This parame-
ter is later used in the computation of one of the partial rewards. For this purpose, a
noise component £ is explicitly introduced in the frequency dynamics, which is essential
to enable its subsequent removal during the reward calculation, thereby ensuring an ac-
curate evaluation of the reward. The motivation for introducing this noise term is better
discussed later (see Subsection 3.4.3):

doy(t,n)

- wp(n), (3)
doy(t,n)
o §i(t) + wy(n). (4)

The Kuramoto model also defines the level of coherence among a set of agents, through
the calculation of an average vector of the positions of the various oscillators. This value
is greater the closer the phases of all oscillators are to each other:

rp(t,n) = 00l > exp(iby(t,n))|. (5)

Pl gem,

According to this formulation, it is possible to compute a local synchronization metric
that not only accounts for the phases of neighboring agents but also incorporates the
agent’s own phase. To achieve this, the term exp(if,(t,n)) is explicitly included in the
numerator and the term 1 in the denominator. These additional terms correspond to the
contribution of agent p itself, effectively treating the agent as coupled to itself with unit
weight. By doing so, the metric r’(t,n) reflects a weighted combination of the agent’s

and its neighbors phases, providing a more complete measure synchronization:

exp(i0,(t,n)) + > Wye(n) exp(if,(t,n))

qEM)y

L+ > Wye(n)
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where the self-weight is defined as W), ,(n) = 1, ensuring that the agent’s own trajectory

is included on equal footing with its neighbors in the calculation of local synchrony.

3.3. Agents Interaction

To determine how strong the relationship between agents is, the parameter W), called
coupling strength, is used. This is determined according to the choices of the agent and
those of its neighbor in a given iteration. The relationship will be stronger if the agents
choose each other mutually. I,(n) corresponds to the choice made by agent p in iteration
n. W corresponds to the sum of v; and v, if both agents choose each other mutually. The
value v; corresponds to the weight of being chosen by another partner, while the value v
corresponds to the weight of choosing a partner. As a rule, when summed, these should

total one unit:

Wp(n)
Wp,q(n) = P , (7)
ZkeMp Wok(n)
Wm(n) = Ly, ()=gyv2 + Lz, (n)=p}1- (8)

The diagram presented in Figure 3.2 simplifies an environment with three agents (p,
q, k). In this case, three types of interaction can be observed: no interaction, unilateral
interaction, and mutual interaction. The first case is the simplest, since as none of the
agents choose each other, both couplings are zero, i.e., Wy, = 0 and W, = 0. The
unilateral interaction between g and p shows that W, ,, is only v, and W, ; only v, meaning
that ¢ chose p, but p did not choose ¢ in return, resulting in a lower coupling strength.
In the case of mutual interaction, both W), and W}, have the same value because both
agents chose each other. From this, it can be understood that the strength of coupling in

each type of interaction is always higher in mutual interactions.

I(n)=p
L=k W) = v,
7yg) =14 @ Woutn =0

p k) = @ L(n)=p
We,(m) =1+,
Wk‘q(n) =0

FIGURE 3.2. Coupling Calculation Based on Selections

In the context of MARL, the phase 6, can possibly be interpreted as the internal
state of agent p, reflecting its rhythmic dynamics over time. Similarly, the coupling W,
represents the direct impact of partner selection actions, since it depends on the choices
made by agents in each iteration. Finally, the reward function, explained in the following
section, is built upon the synchronization capacity achieved, reflecting the quality of the
emergent coordination between pairs or groups of agents.

The coherence and synchronization metrics derived from the Kuramoto model do not
function merely as analytical descriptors of the dynamic system, but also constitute the
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basis for the calculation of the partial rewards. In this way, the mathematical evolution
of phases and couplings is directly connected to the learning process, since agents adjust
their partner selection policies based on the observed levels of synchronization. This link
between oscillatory dynamics and reward will be detailed in the subsection 3.4.3, dedicated

to the calculation of the reward function.

3.4. Reinforcement Learning Algorithms
3.4.1. UCB and D-UCB

In terms of algorithms, two were used throughout this study, namely Upper Confidence
Bound (UCB) and Discounted Upper Confidence Bound (D-UCB). The UCB and D-UCB
algorithms follow the same basic logic but differ in a fundamental aspect. The distinction
between them will be presented by first introducing the UCB algorithm, followed by the
differences that lead to the D-UCB variant.

The UCB algorithm makes it possible to balance exploration and exploitation by
choosing the action (or arm) with the highest upper confidence bound. For each action,
the algorithm calculates the sum of the rewards already observed and the number of
times that action was selected, dividing these two values to obtain the simple average
of the rewards. To this average is added an uncertainty term (confidence bound), which
decreases with the number of times that the action has been chosen. Thus, the algorithm
favors actions that present good expected results, exploiting what has already proven
advantageous, but also ensures that actions that have been chosen less often, and therefore

carry greater uncertainty, are tested regularly, thereby promoting exploration:

Upa() = Fpn) + Oy 22D, )

where U, s(n) represents the upper confidence bound of agent p with respect to partner s
at iteration n, X, (n) corresponds to the simple arithmetic mean of the rewards already
observed, N, s(n) is the number of times partner s has been chosen, n,(n) is the total
number of selections made by agent p up to iteration n, defined as

np(n) = D Npx(n), (10)

ke M,

and C is the exploration parameter, which adjusts the weight of the confidence term.
The higher the value of C', the more the algorithm favors the exploration of less-selected
partners.

The Discounted UCB (D-UCB) algorithm is a variation of UCB that introduces an
exponential discount factor over the interaction history. This factor makes it possible to
give greater weight to more recent rewards and gradually reduce the influence of older
ones, making the algorithm more adaptable to non-stationary environments in which
the rewards associated with actions may change over time. The main formal difference
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between UCB and D-UCB is precisely the introduction of the discount factor v, in the
calculation of the statistics, which is absent in classical UCB.

In D-UCB, the value of X, (n), which corresponds to the discounted sum of the
observed rewards, is obtained through the recursive formula:

Xp,s(”) = deXp,s(n - 1) + H{Ip(n):s}Xp(n>7 (11)

where 4 is the discount factor that takes values between 0 and 1, 17, (n)—s) is the indicator
function that equals 1 if agent p chose partner s at iteration n and 0 otherwise, and X,(n)
is the reward received by agent p at iteration n. This mechanism ensures that older
rewards gradually lose weight over time, allowing the agent to adapt better to changes in
the environment.

Analogously, the discounted number of selections N, s(n) is updated according to:

Np,S(n) = 'Vde,S(n - 1) + H{Ip(n)=8}> (12)
which means that, as with rewards, older selections are progressively forgotten. The
average used in D-UCB is no longer the simple arithmetic mean but instead becomes a

weighted average with discount:

Xp,q(”) N (n
Ky q(n) = { Npaln) palt) =0 (13)
, Np,q(n):O.

With these definitions, the D-UCB index retains the same structure as UCB, given
by (9), but now with X, (n) and N,(n) calculated with discount. This makes the
algorithm more reactive to recent changes, since it gives less importance to past behaviors.
The closer the value of 7,4 is to 1, the more the behavior of D-UCB approaches that of
classical UCB, since in that case there is no forgetting.

To ensure the proper functioning of the algorithm from the beginning, it is important
that the initial values of U are defined as sufficiently high, thereby promoting exploration
in the first iterations. The initial values of X and N should be set to zero, since no action

has yet been taken and no reward observed:

The intention of both algorithms, after calculating the U values for all neighbors, is

to allow the agent to select the action with the highest U:
I,(n) = arg max Upq(n). (15)

This choice represents a decision that may favor a partner with higher average rewards,
corresponding to exploiting a good option already known, or a partner still little explored,

and therefore with greater uncertainty, which corresponds to exploring new alternatives.
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With the introduction of the discount factor 74 in D-UCB, the importance of the ex-
ploit component may become less dominant, since the algorithm gradually forgets past
behaviors. This makes the confidence term gain greater influence in decisions, promoting

adaptation and reactivity to changes in the environment.

3.4.2. EXP3.P

In addition to UCB and D-UCB, the Exponential-weight algorithm for Exploration
and Exploitation with probability (EXP3.P) was employed to address partner selection
in environments where rewards may be adversarial or non-stationary. Unlike UCB-based
algorithms, which rely on confidence bounds of empirical averages, EXP3.P maintains a
probability distribution over all possible partners and updates it multiplicatively accord-
ing to the observed rewards. This probabilistic formulation allows the agent to balance
exploration and exploitation even when the reward structure is unpredictable, providing
robustness in scenarios where stochastic assumptions may not hold.

At each iteration n, agent p selects a partner [,(n) based on the probability distribution

P,(n) over the set of available partners M,

Ip(n) ~ Pp(n), (16)

The probability of selecting partner g is given by:

Wy q(n) i Ye

Zke]\/lp wpk(n) [ My’

where w, ,(n) represents the weight associated with partner ¢ at iteration n, |M,| is

Ppa(n) = (1 =) (17)

the total number of possible partners, and v, € (0,1] is the exploration parameter that
guarantees all partners are occasionally selected, preventing premature convergence to
suboptimal options. The first term favors partners with higher accumulated rewards
(exploitation), while the second term ensures a uniform probability of selection across all
partners (exploration).

The weights are updated recursively using the observed reward X, (n) as follows:

Ve Xp(n)
tpa) = i = 1) exp (Lo 1B ) (18
pip,q

where 17, (n)=¢) 1 an indicator function that equals 1 if agent p selected partner ¢ at
iteration n, and 0 otherwise. This update mechanism increases the probability of se-
lecting partners that yield higher rewards while maintaining non-zero probabilities for
less-selected partners, promoting continued exploration.

The initial weights are set uniformly to one for all partners:

wpg(0) =1, (19)
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ensuring that the algorithm begins with no prior preference and allows for unbiased ex-
ploration in the first iterations.

The design of EXP3.P enables agents to remain responsive to fluctuating reward con-
ditions. High-reward partners gradually gain higher selection probabilities, but due to the
exploration term, all partners continue to be sampled, which prevents overcommitment to
early successes. By adjusting the exploration parameter ., the agent can control the rel-
ative influence of exploration versus exploitation: lower 7, values prioritize exploitation,
while higher values promote exploration and adaptability.

It is important to note that the theoretical guarantees of the EXP3 family assume an
oblivious or non-reactive environment, where the sequence of rewards is independent of
the agent’s previous actions [29]. In such settings, any randomized policy can be viewed
as an a priori random choice among deterministic strategies, simplifying the analysis and
ensuring valid regret bounds. In interactive and co-adaptive multi-agent systems, however,
this assumption is violated because each agent’s decisions affect the future rewards of
others through dynamic coupling and phase synchronization. As a result, EXP3.P may
exhibit greater variability and slower convergence, not because of algorithmic inefficiency,
but because it operates outside its theoretical validity regime. Despite this, its inclusion
in this study remains valuable for assessing how an adversarial bandit algorithm behaves
in an interactive, non-oblivious setting, and for contrasting it with the stochastic methods
UCB and D-UCB.

3.4.3. Reward Calculation

This section presents two types of rewards used in the simulations. The first three
are combined into one total reward for environments without communication, while the
fourth reward presented, the communication reward, is used independently in environ-
ments where agents can exchange information.

3.4.3.1. Phase Alignment Reward

The first component of the reward function, represented by R,;(n) (or R1 in the
remainder of this work), corresponds to a measure inspired by the concept of Phase
Locking Value (PLV), frequently used in neuroscience to quantify phase synchronization
between two oscillatory signals. In this context, the metric is used to measure the degree
of alignment between the phase trajectory of an uncoupled oscillator (that is, without
influence from neighbors) and the phase trajectory of the same agent after the influence
of neighbors, during iteration n. The equation calculates, for each time step s over the
total interaction interval S, the phase difference between the two trajectories: the natural
phase 9;(3(5, n), which represents the evolution of agent p’s oscillator independently, and
the coupled phase 6,(sd,n), which results from interaction with neighbors. This phase
difference is represented as a unit value on the complex plane, through the imaginary
exponential exp(i - Af), so as to represent the angular phase on the unit circle.

The complex vector sum of the terms over the S steps, normalized by 1/5, results in a
complex number whose magnitude is then extracted by the absolute value operator. This
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final value lies in the interval [0, 1], being closer to 1 if the phase difference over time is
constant. On the other hand, if the difference varies in a disorderly manner, the vector
sum tends to cancel out and the result approaches 0.

This term favors situations in which the oscillatory dynamics of the agent, even under
interaction with neighbors, remain close to its natural trajectory. The underlying idea is
that, from the point of view of comfort or efficiency of the agent, the more its rhythmic
behavior remains close to its natural behaviour, the better the result of that interaction
will be. Thus, this component of the reward penalizes interactions that excessively deviate
the agent from its comfortable oscillation.

An additional and important aspect to consider is the treatment of noise present in
the coupled phase. Since the phase 6,(sd, n) includes noise due to imperfect observation
of the neighbors’ phases, this noise could introduce instability or unjustified bias in the
comparison with the natural phase. To mitigate this effect, the same noise added to the
coupled phase is also applied to the natural phase ¢; during the reward calculation. This
ensures that the comparison term reflects only the distortion caused by coupling and not
the variations introduced by noise, thereby maintaining consistency in the evaluation of
synchronization.

This careful modeling allows the agent to maximize R,;(n) whenever its oscillation
after coupling remains well synchronized with its own frequency and natural trajectory,

promoting a form of rhythmic homeostasis within a dynamic social environment:

Ry1(n) = %Zexp@'(e;;(sa, n) — 6,(s5,n))| (20)

3.4.3.2. Coherence Reward

The second component of the reward function, represented by R,2(n) (or R2 along
the study), is derived from the concept of phase coherence as formalized in the Kuramoto
model. This metric aims to quantify the degree of synchronization between agent p and
its neighbors during iteration n, assessing whether the oscillatory behavior of the agent is
in tune with the behavior of the elements with which it interacts. The equation consists of
the average, over S discrete time steps along the trajectory duration, of a local coherence
measure 7,’(sd,n), which already incorporates the effect of coupling with neighbors. This
local measure evaluates, for each instant s, how the agent’s phase aligns with the average
phase of its neighbors, taking into account the coupling strength assigned to each neighbor
relationship.

In this context, the term 7(sd, n) is calculated based on a Kuramoto-type formula, in
which the agent receives weighted influence from the phases of its neighbors, modulated
by a parameter that represents the coupling strength. The greater this coherence (that is,
the more the neighbors’ phases are aligned with the agent’s), the higher the value of 7,

and consequently, the higher the final value of R, 2(n) after summation and normalization.
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This reward term therefore values situations in which the agent is well synchronized
with its neighbors, promoting a harmonious collective dynamic. Conversely, if the agent’s
phase deviates significantly from the phases of its neighbors, local coherence decreases,
penalizing such desynchronization. Thus, the agent is encouraged to adjust its oscillatory
dynamics to approach the global behavior of the surrounding network, reinforcing the
idea of collective alignment.

It is also important to note that this reward component captures the quality of the
agent’s local coupling over time, being sensitive to fluctuations in synchronization along
the trajectory of the iteration. The average over the S steps ensures that the evaluation is
not based on a single instant but on a global analysis of the stability of synchronization,

making the metric more robust and representative:

S—1
R,2(n) = % Z 7, (s0,m). (21)

The illustrations in Figure 3.3 serve to facilitate the understanding of the concept of
phase coherence used in the second component of the reward function. In Figure 3.3a,
the phase of each neighbor is represented as a point on the unit circle, corresponding
to complex vectors of unit modulus. Their angular dispersion reflects the degree of mis-
alignment among neighbors. In the right image, on the other hand, the average vector
resulting from the sum of all neighbor phases is shown. The position of this vector inside
the circle indicates the magnitude of coherence, being closer to the circumference when
there is greater synchronization among neighbors’ phases. It is important to stress that
these images are merely illustrative and do not result from real data. They serve only to
convey the geometric idea behind the calculation, and their numerical accuracy should

not be considered rigorous.

i Im

Re Re

(A) Neighbors Phases on Unit Circle (B) Mean Phase on Unit Circle

Ficure 3.3. Illustration of phase coherence: individual neighbor phases
represented on the unit circle and the average phase vector of the neighbor-
hood.
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3.4.3.3. Spectral Similarity Reward

The third component of the reward function, represented by R, 3(n) (also called R3
during the study), is based on the spectral analysis of the phase trajectory of agent p’s
oscillator throughout iteration n. This analysis is carried out through the Discrete Fourier
Transform (DFT), applied to the sequence of values cos(6,(sd,n)), corresponding to the
angular trajectory of the agent. The DFT makes it possible to decompose this signal
into different frequency components, providing the complex coefficients F,(f,n) for each
frequency f, which describe the energetic contribution of each frequency to the agent’s
oscillatory behavior.

The calculation of F,(f, n) follows the classical definition of the DF'T, where each term
results from the weighted sum of cos(6,(sd,n)) with complex exponentials, representing
each frequency f in terms of periodic curves on the unit circle. This operation allows
the identification of dominant frequencies in the oscillation during the trajectory of the
iteration.

With the Fourier coefficients obtained, the reward R,3(n) is calculated based on the
spectral energy contained in those frequencies, with a Gaussian weighting centered on
the agent’s desired natural frequency f,, (n). More precisely, the energy associated with
each frequency f is given by |F,(f,n)|?, and it is multiplied by a Gaussian weight that
reaches its maximum value when f = f, (n), decaying as f moves away from this value.
The parameter o controls the width of the Gaussian, that is, the degree of tolerance in
the proximity to the natural frequency: lower values of ¢ make the reward narrower,
rewarding only spectral energy concentration very close to the natural frequency, while
higher values allow some flexibility.

The final value of R, 3(n) is the ratio between the total energy weighted by the Gauss-
ian and the unweighted total energy. This ratio is always between 0 and 1, and represents
the degree of alignment between the spectral distribution of the agent’s phase trajectory
and its ideal natural frequency. The more concentrated the energy is around f, (n),
the higher the reward value. This mechanism makes it possible to evaluate the spectral
quality of the oscillatory behavior, favoring trajectories in which the dominant frequency
approaches the expected natural frequency.

This reward therefore acts as an evaluation filter of the purity of the agent’s oscillatory
behavior, reinforcing patterns that clearly and consistently express the intended frequency,

and penalizing trajectories with dispersed or unstable components:

n

-1

F,(f,n)=">» cos(0,(s6,n)) - exp(—i2rwfs/S), (22)

V.
I
o

>y (1F(f.n)P - exp((=(f = fu,m)/(20))?)) .

Rps(n) = >op [Fp(f )2

(23)

3.4.3.4. Communication Reward
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The communication reward quantifies the natural compatibility between agents’ in-
trinsic oscillations. It assumes that each agent can access the natural frequencies of its
neighbors information that, in this context, would require communication with the envi-
ronment. Its formulation follows the same logic as the first reward, using the PLV metric,
but is applied directly to the natural phases of two distinct agents p and ¢, without noise
or coupling effects. Importantly, this reward will be used separately from the partial re-
wards. This separation ensures that standard rewards, which evaluate agent performance
without explicit communication, are not influenced by information sharing. In other
words, communication is only leveraged when computing this specific reward, keeping the
other reward mechanisms purely intrinsic.

This reward measures how closely two agents’ natural rhythms evolve in synchrony,
independently of any partner selection or external influence. It is computed as the mag-
nitude of the average complex phase difference across the trajectory:

R.(n) =|= Zexp(i(ﬁlgsé, n) — 055(5, n)))|. (24)

The resulting value ranges from 0 (complete desynchronization) to 1 (perfect natural
synchronization). Because it reflects intrinsic compatibility rather than learned coordi-
nation, the communication reward serves as a reference or upper bound for evaluating
learning outcomes. It represents the ideal level of synchronization that agents could
achieve if their natural frequencies were already aligned.

It is important to note that natural frequencies are not directly observable during
interaction agents only perceive partner phases affected by coupling and perceptual noise.
Consequently, partner selection is guided by the overall synchronization achieved through
interaction rather than by direct frequency matching. Changes in natural frequency are
perceived only indirectly, through phase variations, and cannot be isolated from other
dynamic influences.

3.4.3.5. Total Reward

The calculation of the total reward X, is computed as the weighted sum of the different
partial rewards. When in a direct communication simulation, the total reward is instead
defined solely by the Communication Reward, and the other partial rewards are not
considered:

Xp(n) = Z CnBpm(n), (25)

Xp(n) = Re(n). (26)

The choice between these two approaches depends on the type of simulation being
performed. In a simulation without communication, X, is computed as the sum of the
partial rewards, reflecting intrinsic agent interactions. In a simulation with communica-
tion, X, can instead be set equal to the Communication Reward, since agents have access

to each other’s natural frequencies and can leverage this information.
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CHAPTER 4

Simulations

To validate the functioning of these formulations, a prototype of the system was devel-
oped, in which simulations could be run to study the dynamics involved. These simulations
require a set of agents and certain parameters, which will be presented below. From them,

several conclusions were drawn that can be observed in the following chapters

4.1. Technologies and Tools Used

The development of this work was carried out in a Linux operating system environ-
ment. Although the prototype and simulator are not specific to this platform, using Linux
proved to be more practical due to its stability, compatibility with low-level libraries, and
ease in the automation of tasks. The main programming language used was C++, due
to its high performance and direct control over memory management and computational
structures. This language was responsible for the entire implementation of the simulation
engine, where the agents, the neighborhood structure, the Kuramoto oscillatory mod-
els, and the partner selection algorithms, including UCB, Discounted-UCB and EXP3.P,
were defined. A diagram with the code logic implemented in C++ is presented in the
Section 4.4.

For computational support of the most demanding mathematical operations, the GSL
was used. It was essential for the numerical integration of the ordinary differential equa-
tions that govern the evolution of the oscillators’ phases. Through the use of the higher-
order Runge-Kutta method, it was possible to accurately calculate the natural and cou-
pled trajectories of agents over time. GSL was also used for the implementation of the
Fourier transform, required for the spectral analysis component of the reward, as well as
for the generation of Gaussian noise in the observation and action processes.

The configuration of simulation parameters, agents, and scenarios was performed ex-
ternally to the source code, through files in JSON format. These files contained, among
others, the definition of natural frequencies, initial phases, neighborhood type, exploration
parameters, reward weights, and number of iterations. For efficient handling of these files
within the C++ program, the JsonCpp library was used. This separation between con-
figuration and simulation logic facilitated the reproduction and modification of scenarios
while keeping the base code unchanged.

Data analysis and visualization of results were carried out using the Python language,
chosen for its versatility and wide range of available scientific libraries. Several auxiliary
scripts in Python were developed for the automatic reading and processing of the output
files generated by the simulations. These scripts made it possible, for example, to generate
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plots of the evolution of agents’ average rewards, visualize the trend of UCB values over
time, and build heatmaps of interactions and partnerships between agents. The Graphviz
library was used together with Python to generate graphical representations of agent
networks, highlighting, at each iteration, the selected partners, coupling weights, and the
natural frequency of each node.

The entire project structure was organized in a modular way. The C++ code was iso-
lated in the simulation component, the Python scripts handled visualization and analysis,
the .json files defined the experimental parameters, and the results were automatically
produced in .csv and .jpeg formats, organized into directories separated by simulation.
The data produced by the simulations included phase trajectories, partial reward values,
communication between agents, UCB values, and selections made over time. These data
were stored in .csv files, later analyzed with libraries such as Pandas and NumPy, and
visualized with Matplotlib and Seaborn. The general workflow of the system, including

simulation execution, data handling, and result visualization, is illustrated in Figure 4.1.

Selections

—{plot_grouped_selections.py; Plot
N~ N

Rewards Final

| | *state.csv %@otgrouped_rewards.@—» Plot | Relsnljts

N——

Other python files to Other
P
generate plots Plots
SN———"

FIGURE 4.1. Project workflow showing simulation, configuration, and re-
sult generation.

Parameter
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Additionally, a Python script named run_simulations.py was developed, whose main
function is to automate the execution of batches of simulations with different combina-
tions of experimental parameters. This script allows dynamic modification of the values
defined in the .json files that specify environments, generate consistent variations of the
environment, and invoke the simulation binary with specific configurations, without re-
quiring manual intervention. By passing arguments in the command line, the user can
define lists of values for parameters such as the weights of the partial rewards (rl, r2, r3),
the exploration factor (-exp), the discount factor (-disc), the gamma weight (-gamma),
the standard deviations of noise (-std_phase, -std_action), as well as the activation of
simulations with abrupt agent replacement (-replace_sim) and activation of simulations

with gradual agent drift (-gradual_drift). A concrete example of execution is as follows:

python3 run_simulations.py ./simulator parameters.json \
--exp=0.1,0.2 --disc=0.8,0.9 --gamma=0.3 --r1=0.2,0.4 --r2=0.3,0.3 \
--r3=0.5,0.3 --cr=0,0 --std_phase=0.01,0.02 --std_action=0.05,0.07 \
--replace_sim --gradual_drift --rewards --ducb,
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all the parameters refered in this Section are presented with their respective ranges in
Table 2 (see Subsection 4.3.5).

This command generates all possible combinations among the indicated values, exe-
cutes the simulation for each of them, and saves the results in directories organized by
configuration. In addition, the script can automatically trigger the visualization scripts,
producing plots and images at the end of each simulation, plots about selections with
"—ucb" and reward plots with "-rewards". This tool proved fundamental for ensuring re-
producibility, efficiency in the experimentation process, and the ability to systematically
analyze system behavior in varied scenarios.

The average time per simulation varies according to the number of agents, the number
of iterations, the complexity of the selection algorithms used, and especially the amount
of noise considered. However, the modular architecture and automation made it possible
to run hundreds of simulations sequentially while maintaining total reproducibility.

In summary, the development of this work involved a solid combination of tools and
programming languages, where C+-+ ensured the computational performance required
for the simulation, and Python provided an effective environment for the analysis and
communication of results. The use of specialized libraries such as GSL, JsonCpp, and
Graphviz, as well as the methodical organization of the project, contributed decisively to

the quality and scalability of the simulations developed.

4.2. Construction of Agent Environments

For the simulations, a set of environments was created by varying both the spatial dis-
tribution of agents and their intrinsic properties, namely natural frequencies and initial
phases. It is important to distinguish between two independent design dimensions: neigh-
borhood models and environment types. Neighborhood models define how agents interact
with one another, whereas environment types define how agents and their properties are
distributed in space.

Two neighborhood models were considered. In the Moore neighborhood model, each
agent p interacts only with its adjacent agents on the grid, forming a local neighborhood
N, composed of the surrounding cells. This model captures localized interactions and
spatial constraints. In contrast, the all-connected model assumes global interaction, where
the neighborhood of each agent contains all other agents in the system, i.e., N, includes
the entire population. Figure 4.2 illustrates these two interaction models, where agent p
is highlighted and the corresponding neighborhood N, is indicated.

While neighborhood models specify how agents interact, environment types specify
where agents are placed and how their natural frequencies and initial phases are dis-
tributed. Several environment types were designed to expose agents to diverse and chal-
lenging conditions:
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FIGURE 4.2. Different neighborhood configurations

e All-connected random environment: agents are assigned random natural
frequencies and initial phases, and interactions follow the all-connected neigh-
borhood model. This configuration removes spatial constraints and serves as a
baseline for global synchronization behavior.

e Perlin noise environment: agents are arranged on a grid with natural fre-
quencies distributed according to Perlin Noise [57], producing smooth, spatially
correlated variations. Interactions in this environment follow the Moore neigh-
borhood model, emphasizing local coupling under structured heterogeneity.

e Fade (gradient) environment: agents are placed on a grid with frequencies
and phases varying gradually along a spatial gradient. As in the Perlin case, the
Moore neighborhood model is used, allowing the study of synchronization under
slowly varying local conditions.

e Maze environment: agents are distributed in a maze-like spatial structure, in-
troducing irregular boundaries and obstacles that constrain interaction pathways.
Natural frequencies are assigned according to the spatial layout, and interactions
again follow the Moore neighborhood model.

Figure 4.3 presents examples of these environment types. In all cases, the color gradi-
ent represents agents’ natural frequencies, with darker shades indicating lower values. By
combining different environment types with distinct neighborhood models, the simulations
explore how spatial heterogeneity and interaction topology jointly influence synchroniza-

tion dynamics and agent behavior.

FIGURE 4.3. Environments: All-connected, Perlin noise, Fade, and Maze.
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In addition, in some simulations the agents had their frequencies and phases altered to
assess whether they would be able to adapt to adversities introduced after their learning
and partner selection. In these cases, frequencies and phases were randomly altered at two
points during the simulation: midway through and at three-quarters of the total duration,
to further dynamize the environment. In parallel with these abrupt changes, there were
also simulations in which the frequencies and phases were not changed suddenly but rather
gradually, increasing or decreasing the frequency at each 5 iterations, the values added
were generated by a normal distribution. This made it possible to understand in which

of these cases the agents would adapt more easily.

(A) Environment Before (B) Environment After
Changes Changes

FIGURE 4.4. Example of natural frequency alterations within a simulation.

4.3. Simulation Parameterization

The simulations carried out in this study are based on a set of fundamental parameters
that determine the behavior and interactions of the agents over time. Each simulation is
accompanied by a configuration file with the extension .parameters.json, in which all
the values necessary for the execution of the model are defined. This file serves as the
structural basis that guides the decision-making process, the dynamics of the oscillators,
and the way rewards are calculated.

Table 2 provides an overview of the main simulation parameters and the ranges of
values explored. The parameters are grouped by category, and each will be described in
detail in the subsequent subsections, highlighting their role in the simulations and the
effects they have on the agents’ behavior.

Among these parameters, the first one specified in the configuration file is the seed of
the random number generator, which guarantees the reproducibility of results. By keeping
the seed value the same across simulations, the observed behaviors will be identical in

different runs, allowing for more rigorous and controlled analysis.

4.3.1. Partner Selection Parameters

These parameters concern the functioning of the reinforcement learning algorithm
used for partner choice. The field type defines the active algorithm in the simulation,
which can take the values UCB, discounted-UCB or EXP3.P, depending on the desired
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TABLE 2. Main parameters of the simulation and their explored ranges.

Category Parameter Range / Values
Partner Selection | Type {UCB, D-UCB, EXP3.P}
Exploration factor (c) [0.1,2.0]
Discount factor (D-UCB, ~4) [0.8,0.995]
Gamma weight (EXP3.P, 7.) [0.01,1.0]
Coupling strength selected [0.0,1.0]
Coupling strength selector [0.0,1.0]
(Sum of couplings) = 1.0
Oscillator Std. deviation phase observation (o) (107, 1.0]
Std. deviation action (&;) (10~ i ,1.0]
Trajectory duration (t) {10}
Trajectory sampling period [0.05,0.1]
Reward Weight first partial reward ((;) 0.0, 1.0]
Weight second partial reward (() [0.0,1.0]
Weight third partial reward ((3) [0.0,1.0]
Weight communication partial reward {0.0,1.0}
(Sum of weights) =1.0
Environment Number iterations [1000, 20000]
Population type {moore _rectangle,
all _connected}
Population rows, cols (2, 10]
Agents initial phase (6,) [0, 27]
Agents natural frequency (w,) [0.5,6.0]
Phase Changes | Replace Sim {True, False}
Gradual Drift Sim {True, False}
Drift Base [107°,5 x 1077]
Drift Std. [107°,1 x 1073]
Sigma Rw. 10765 x 1074]
Wmin, Wmax [0.5,1.0], [5.0,6.0]

method. For the D-UCB algorithm, the parameter discount_factor becomes relevant,
as it allows greater or lesser weight to be assigned to more recent actions. This factor
varies between 0 and 1: the closer to 1, the more similar the behavior of D-UCB will be
to that of classical UCB, since there will be less forgetting of past decisions.

Another important parameter in this section is the exploration_factor, applicable
to both UCB and D-UCB. This defines the degree of exploration of the algorithm, that is,
how much the agent is willing to try new options. Low values promote a more conservative
and exploitative behavior, whereas high values make the selection closer to a random
choice.

There is also the parameter gamma_weight, which is specific to the EXP3.P algorithm.
This parameter controls the degree of exploration versus exploitation by determining the
weight of the uniform probability component in the selection distribution. Low values of
gamma_weight make the algorithm rely more heavily on the learned weights, favoring part-
ners that have historically yielded higher rewards (exploitation). Higher values increase
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the influence of the uniform term, causing the agent to explore all partners more evenly,
including less-selected ones, and thus enhancing adaptability in dynamic or adversarial
environments. In this way, gamma_weight directly affects how reactive and exploratory
the agent’s behavior will be during the simulation.

The parameters coupling_strength_selected and coupling_strength_selector
define the intensity of influence between agents. The former refers to the influence felt by
the agent when it is chosen by a partner, while the latter refers to the influence exerted
when selecting a partner. Both impact how the agent’s oscillator is altered as a result of
interaction, and their sum should not exceed the value of 1, in order to maintain coherence

and normalization of the coupling dynamics.

4.3.2. Oscillator Parameters

This section concerns important parameters to characterize the internal behavior
of each agent’s oscillator. The first two, standard_deviation_oscillating_bandit_
phase_observation and standard_deviation_oscillating_bandit_action, represent
the noise introduced in the observation of the phase and in the agent’s action, respectively.
These values, expressed as standard deviations, simulate uncertainty or imperfection in
the perception and execution of oscillatory behavior. The larger they are, the greater the
variability of the observed and executed data. Also defined are trajectory_duration,
which specifies the temporal duration of each trajectory simulated per iteration (that is,
the evolution time of the oscillator), and trajectory_sampling_period, which indicates

how often phase values are recorded along that trajectory.

4.3.3. Reward Parameters

The parameters define the weights assigned to each of the components that make up
the global reward function. The standard_deviation_energy_based_gaussian_weight
is used in the calculation of the third reward, which depends on the spectral analysis of the
trajectory. The weight weight_first_partial_reward, weight_second_partial_reward,
and weight_third_partial_reward indicate the proportion with which each of these
components contributes to the final value of the agent’s total reward. In addition to these
reward weights, there is also weight_communication_reward, which indicates the weight
of the communication reward.

Finally, the parameter number_iterations indicates the total number of iterations of
the simulation, that is, how many times each agent will make decisions and interact with
its neighbors.

4.3.4. Environment Parameters

The definition of the agent population is described in the section population. In this
case, a neighborhood model of type moore_rectangle is used, which means that agents
are arranged in a rectangular grid and interact with neighbors surrounding them in all
directions (including diagonally). Tt is also possible to use the model all_connected, in
which all agents are part of each agent’s neighborhood. The parameters rows and cols
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determine the size of the grid, while the field agents contains the list of agents with
their individual attributes. Each agent is defined with an initial_phase, that is, its
initial phase at the start of the simulation, which must be expressed in radians and lie in
the interval [0, 27|, as well as its natural_frequency, which dictates the agent’s natural

oscillation rhythm.

4.3.5. Phase Changes Parameters

The evolution of agent phases is controlled by a set of parameters that govern drift,
noise, and the limits of natural frequencies. The boolean parameter Replace Sim de-
termines whether the simulation environment has the random abrupt phase changes at
50% and 75% iterations. Similarly, Gradual Drift Sim enables or disables gradual de-
terministic drift in the agents’ natural frequencies over time. The following parameters
are only applied to gradual drift sims, Drift Base specifies the mean deterministic drift
per iteration, which should be small enough to produce slow frequency evolution over
thousands of iterations, while Drift Std sets the standard deviation of random variation
in the drift between agents and should remain smaller than the base drift to maintain
stable dynamics. Short-term random fluctuations in frequency are controlled by Sigma
Rw, which defines the magnitude of random walk noise; values that are too large may cause
chaotic jumps in frequency. Finally, the natural frequency of each agent is constrained by
Wmin and Wmax, which define the lower and upper bounds of allowable natural frequencies,
respectively.

This file, as a whole, represents all the variables involved in the simulation and allows
the behaviors of the agents to be controlled, modulated, and replicated in a rigorous and
flexible way. The organization into thematic blocks facilitates the customization of specific
scenarios, which is essential for the detailed analysis of different algorithms and interaction
strategies. In Table 2 are presented the parameters that the .parameters. json needs to

start a simulation.

4.4. Simulation Logic

Each simulation, although it may vary in its parameters and in the type of environment
considered, follows a well-defined sequential logic common to all scenarios. This execution
logic is implemented in the main C++ source file and is based on the formulas and
theoretical principles previously discussed, such as reinforcement learning algorithms, the
coupling dynamics of oscillators, and the calculation of the various components of the
reward. The Figure 4.5 presents the simulation loop that will be explained along this

Section.

4.4.1. Logic Before Iterations

The process begins even before the first iteration with the calculation of the natural
trajectory of each agent. This trajectory corresponds to the evolution of the agent’s os-
cillator over a given time interval, without any influence from neighbors. This simulation
serves as a reference for later comparisons with coupled trajectories. The calculation of
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these natural trajectories is based on the natural frequency of the agent and on the pa-
rameters defined for trajectory duration and sampling frequency, and does not include
any type of noise, being calculated deterministically from the natural frequency and sim-
ulated time, so that it can serve as a stable reference trajectory for comparison with

coupled trajectories.

4.4.2. Tterations Logic

From this point, the iterative cycle that defines the learning and adaptation of the
agents over time begins. In each iteration, the first operation is the initialization of
the relationship state between the agents. For each agent, all neighbors are temporarily
considered with coupling_strength = 0, and the states selected and coupled are set
to false. This step ensures that each new iteration starts in a neutral state, avoiding
interference from previous choices.

Next comes the partner selection phase, conducted by the learning algorithm defined
in the simulation parameters. Depending on the configured value, the algorithm may
be UCB, D-UCB or EXP3.P. In the case of UCB-based algorithms, the confidence value
U,.4(n) is calculated based on the weighted average of rewards and on an exploration term
that depends on the number of times each partner has been selected. Partner selection is
performed independently and simultaneously by all agents (see Equation 9).

For EXP3.P, partner selection is performed probabilistically where each agent main-
tains a weight for every potential partner, which is updated multiplicatively based on the
rewards obtained from previous interactions. The probability of selecting a partner is
determined by a combination of these weights and a uniform exploration term controlled
by the parameter gamma_weight. Partners that have historically yielded higher rewards
have higher selection probabilities, but even less-explored partners retain a chance of be-
ing chosen, allowing the agent to continuously balance exploration and exploitation in
dynamic or adversarial environments (see Equation 17).

After this phase, the coupling strength values are determined. Each agent calculates
the intensity of influence assigned to each selected partner, and this intensity is normalized
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to ensure that the sum of the coupling forces assigned to partners equals 1. The coupling
strength between two agents also depends on the parameters coupling_strength_selected
and coupling_strength_selector, which regulate the weight given to the fact that an
agent is chosen or that it chooses another agent. These values are combined to determine
the degree of influence each partner will have on the agent’s final trajectory.

With the coupling forces defined, the agent’s trajectory is modified, i.e., a new trajec-
tory (the coupled trajectory) is calculated, influenced by the trajectories of the selected
neighbors. The impact of this influence depends on the coupling strength assigned to each
partner and on the natural trajectories of those partners. During this process, action noise
is again introduced, simulating execution imprecision.

Once the coupled trajectory is determined, several auxiliary calculations are carried
out to obtain the components of the reward function. The first calculation is the syn-
chronization degree between natural and coupled trajectories, according to the Phase
Locking Value metric. In addition, phase coherence with selected partners is evaluated,
quantifying phase alignment in real time during the trajectory. Finally, spectral analysis
is carried out through the DF'T, applied to the coupled trajectory. This transformation
makes it possible to identify the dominant frequencies of the oscillator and compare the
spectral energy with the agent’s natural frequency, weighting the energy concentration
with a Gaussian profile.

Each of these analyses leads to the definition of a partial reward (see Equations 20,
21, 23): the first related to maintaining the natural rhythm, the second to coherence
with selected partners, and the third to the spectral purity of the trajectory. With these
partial rewards, a weighted combination is then performed using the weights defined in
the parameter file, resulting in a total reward for each agent.

Before the end of each iteration, the reward and selection frequency data are used to
update the internal parameters of the learning algorithm. In the case of UCB, the averages
and counts are updated. This update allows the agent to refine its future decisions based

on the reward obtained in the current iteration.

4.4.3. Possible Logic Variations

Additionally, during simulation execution, modifications may occur that directly affect
the natural frequencies of the agents. The first mechanism corresponds to gradual change,
activated through the option -gradual_drift. In this mode, the natural frequency of an
agent is progressively modified over several iterations. In the gradual drift mechanism the
natural frequency of some agents is not replaced at once but slowly adjusted over many
iterations. Instead of an abrupt change, the value moves step by step, combining a fixed
slope with small random perturbations, until it stabilizes within the allowed bounds.

This behavior mimics slow adaptation processes such as wear or environmental influ-
ence and allows the algorithms to be tested in non-stationary conditions. The parameters
that regulate this process are the base slope of the drift, the random deviation applied to
each agent’s slope at the start, the standard deviation of the noise added at every iteration
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and the minimum and maximum limits that clamp the frequency to a realistic range. By
adjusting these values the simulation can represent anything from almost imperceptible
long-term changes to faster drifts that still occur progressively. In each iteration in which
this variation occurs, the agent’s natural trajectory is recalculated, ensuring that the
Fourier transforms and all subsequent calculations correctly reflect its current dynamic
state.

The second mechanism corresponds to abrupt change, activated through the option
-replace_sim. In this case, it is checked whether the current iteration coincides with
the moment when the system must be updated and, when that happens, the initial phase
and natural frequency parameters of the selected agents are replaced with new values,
simulating the sudden entry of different individuals into the system. This replacement
represents a sudden change in the environmental conditions and requires the immediate
recalculation of the agent’s natural trajectory and Fourier transform, in order to ensure
that future decisions faithfully incorporate its new dynamic characteristics.

This cycle repeats until the defined number of iterations is reached, allowing obser-
vation of how agents evolve, learn, and adapt their behavior based on the rewards they
receive and the interactions they establish over time. The C++ code manages this entire
process with high precision, ensuring a realistic and coherent simulation of distributed

learning in systems of oscillatory agents.

4.5. Evaluation Metrics

This section details the metrics used to evaluate the system’s performance during the
simulations. The main metric considered throughout the experiments was the average
reward per iteration, computed as a weighted mean of three components: phase syn-
chronization (via the Phase Locking Value), synchronization with neighbors (through the
order parameter), and spectral similarity between the agent’s trajectory and its natural
frequency. This combined measure captures both the preservation of intrinsic dynamics
and the effectiveness of synchronization with selected partners.

Although regret is commonly used in multi-armed bandit problems, it is unsuitable in
this context due to the non-stationary and interdependent nature of the agents’ couplings.
Because the optimal reward at each iteration cannot be precisely defined, regret would
not meaningfully represent system performance. For this reason, direct reward-based
metrics were preferred, as they are measurable, comparable, and provide a reliable basis
for evaluating the different algorithms and conditions.

Cumulative reward over time was also analyzed to identify long-term learning and
adaptation trends, offering a stable view of overall performance while attenuating short-
term fluctuations observed in per-iteration rewards.

An additional and particularly informative metric is the communication reward, which
quantifies the rhythmic compatibility between an agent and its chosen partner based solely
on their natural frequencies and phases, without coupling effects. It represents how well
two agents would synchronize if interacting only through their intrinsic dynamics, thus
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serving as an indicator of the natural affinity underlying partner choices. This metric
complements synchronization-based measures by isolating the quality of partner selection
independently of interaction dynamics.

For visual analysis, several representations were employed. Temporal plots show mean
agent rewards with standard deviations, revealing stability and variability across itera-
tions. Interaction matrices (heatmaps) illustrate how frequently each agent selected each
neighbor, effectively mapping the learned social structure. Additional plots display the
evolution of upper confidence bounds in algorithms such as UCB, allowing direct obser-
vation of the exploration—exploitation balance.

Complementary visualizations, such as animations depicting the evolution of the inter-
action matrix and confidence values over time, were also produced to provide a more in-
tuitive understanding of decision dynamics particularly during perturbation phases when
odd-indexed agents are replaced highlighting how rapidly the system reestablishes coor-
dination.

In summary, these metrics and visual tools jointly provide a comprehensive evaluation
of the agents’ individual and collective behavior, their adaptive learning capability, and

the evolution of decision-making over time.

4.6. Scenario Variations and Experiments

To assess the robustness, adaptability, and effectiveness of the proposed partner-
selection model based on coupled oscillators and multi-armed bandit algorithms, sev-
eral experiments were conducted with systematic variations in the system’s structural
and behavioral parameters. These variations were designed to expose agents to diverse
topological and dynamic challenges, enabling comparative analysis under different lev-
els of complexity, noise, and unpredictability. Two network topologies were tested: the
Moore neighborhood, where each agent interacts only with adjacent neighbors on a two-
dimensional grid, and the fully connected topology, where any agent can select any other
as a partner. The fully connected structure offers greater choice but higher learning
complexity, while the Moore neighborhood, though more constrained, may promote local
stability and faster convergence in low-diversity contexts.

Agents natural frequencies and phases were initialized using four distributions: all
connected with random distribution, linear gradients (fade), maze distribution and Per-
lin Noise patterns (as described in Section 4.2). These setups simulate environments
with varying rhythmic organization. Smooth gradients or clustered Perlin Noise distribu-
tions are expected to facilitate local synchrony, whereas fully random configurations pose
greater challenges for stable pair formation.

The main comparison focused on three partner-selection algorithms: UCB, Discounted-
UCB (D-UCB), and EXP3.P. UCB, relying on stationary rewards, should perform best
in stable environments; D-UCB, which discounts older observations, is expected to adapt
better to gradual changes; and EXP3.P, with its probabilistic exploration, is suited to
non-stationary or adversarial reward dynamics.
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A parameterization study was also performed, varying the weights of reward compo-
nents (Section 3.4.3), the exploration factor, and the noise levels associated with actions
and observations. This analysis aimed to determine how fine-tuning these parameters
affects reward stability, communication coherence, and convergence speed.

To test adaptability, two types of dynamic perturbations were introduced: abrupt
replacement (replace_sim), where frequencies and phases are reset when the simulation
reaches 50% and 75% of the total iterations, and gradual drift (gradual_drift), where
slow, continuous changes affect only odd-indexed agents. The latter creates an asymmet-
ric scenario that tests the network’s ability to maintain coordination when only part of it
evolves. These experiments evaluated how well the system readapts after the establish-
ment of initial pairing policies. Algorithms such as D-UCB and EXP3.P, which emphasize
recent experiences or sustained exploration, were expected to recover more effectively than
UCB, whose convergence tends to reduce sensitivity to change.

All combinations of topological, initialization, and algorithmic variations were exe-
cuted systematically using the run_simulations.py script (Section 4.1). Taken together,
these experiments aim to identify the conditions under which each algorithm achieves sta-

ble rhythmic coordination and to delineate the boundaries of the model’s applicability.

4.7. Output File Structure

The developed framework produces three main output files that record the state, tem-
poral evolution, and network topology of the oscillating bandit system. These files are
denoted as state.csv, trajectory.csv, and graph. json. Each of them stores comple-
mentary information that enables a complete reconstruction and analysis of the agents’

behaviour during the simulation.

4.7.1. State File

The state.csv file captures the instantaneous configuration of all oscillating agents
and their local neighbourhoods at each iteration. It contains the intrinsic properties of
each agent, its partial rewards, and several parameters related to the coupling with its
neighbors.

Each agent is characterised by its natural frequency, which defines its intrinsic oscil-
latory rate in the absence of external influence. The selected neighbour index identifies
which neighbouring agent was chosen for coupling during the current iteration. The file
also stores four types of rewards that contribute to the overall performance measure of
the agent: the first, second, and third partial rewards, and the communication reward, the
latter being associated with information exchange and cooperative synchronisation effects
within the network.

For every neighbour of an agent, several coupling-related parameters are recorded.
These include the incremental discounted reward, which accumulates past rewards using
an exponential discount factor; the number of selections and its discounted counterpart,
both quantifying how frequently a neighbour has been chosen; the upper confidence bound,
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which encodes the exploration—exploitation trade-off within the selection policy; the cou-
pling strength, representing the intensity of interaction between connected agents; and
finally the selection weight, which defines the likelihood of selecting a given neighbour in

subsequent iterations.

4.7.2. Trajectory File

The trajectory.csv file stores the temporal evolution of each oscillating agent over
all time steps within an iteration. This file provides dynamic information necessary to
assess synchronisation and spectral behaviour.

For every agent, the iteration trajectory represents the time series of its oscillation
phase, reflecting how it evolves under the influence of coupling with selected partners. The
synchronisation degree quantifies the local coherence of phase among interacting agents
at each time step and serves as a basis for computing the synchronisation-related reward.
The spectral analysis corresponds to the Fourier spectrum of the coupled trajectory, pro-
viding insight into the frequency-domain characteristics of the oscillatory dynamics and

supporting the computation of spectral rewards.

4.7.3. Graph File
The graph.csv file defines the structural topology of the network of oscillating agents.

Each entry corresponds to a single agent and specifies its unique inder and the list of
neighbors with which it is directly connected. This representation captures the under-
lying adjacency relationships that determine the flow of coupling interactions across the
network. Together with the state and trajectory files, it enables the reconstruction of

both the static and dynamic aspects of the multi-agent system.
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CHAPTER 5

Results

This chapter presents the main results of the proposed framework. It first outlines the
exploration guidelines designed to assist in analysing how reward structures and network
characteristics influence agent decisions. The exploratory simulations evaluate adaptabil-
ity and robustness to topology changes, noise, and dynamic environments. Finally, the
results across stationary and non-stationary settings are compared, highlighting the im-

pact of algorithmic configurations on synchronization and partner selection performance.

5.1. Exploration Guidelines

Based on the proposed model and partner-selection algorithms, a set of guiding ques-
tions was defined to structure the analysis, reflecting theoretical expectations from coupled
oscillators, reward functions, and multi-armed bandit behavior.

These exploratory questions are directly aligned with the main research questions
presented in Section 1.2, providing a more detailed, simulation-oriented perspective on
them. Specifically, they contribute to RQ1 by analyzing how agents autonomously adapt
and select partners under varying environmental and structural conditions. They address
RQ2 by investigating how different reward components and communication structures
affect synchronization and coordinated behavior. Finally, they support RQ3 by evaluat-
ing the performance of multiple multi-armed bandit algorithms in the Kuramoto-based
framework, assessing their ability to represent and solve the partner selection problem
effectively. The following exploratory guidelines serve as a practical framework for sys-

tematically testing and interpreting the model’s behavior.

5.1.1. Impact of Reward and Network Characteristics on Agent Decisions

5.1.1.1. Do all components of the reward function contribute significantly to improving
the agents choices, and which one proves most decisive?

Answering to this question is crucial to determine which aspects of the reward function
most effectively guide agents in selecting partners, directly informing how to optimize
the learning process. All the reward components phase synchronization (PLV), weighted
coupling with neighbors, and spectral coherence are expected to contribute positively, but
the coupling degree is anticipated to be the most decisive because it strengthens reciprocal
interactions and promotes stable synchronization between neighbors.

By identifying the key driver reward function of agent performance, the simulations
can focus on the most influential metrics, ensuring faster and more reliable coordination
in the system.

5.1.1.2. Is the partner selection algorithm robust to different types of network topology?
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This question aims to assess how the partner selection algorithm performs across
different network topologies, which is crucial for understanding its robustness and adapt-
ability. The algorithm is expected to maintain satisfactory performance in all topologies,
but behaviors may vary, for example: in fully connected networks, it is expected that the
exploration may take longer due to the larger choice space, though higher rewards are
possible; in Moore neighborhoods, reduced partner options should accelerate convergence
but may limit maximum synchronization.

Understanding these dynamics helps identify how topology influences learning and
guides adjustments to improve the system’s efficiency and stability across different network
structures.

5.1.1.3. What will be the behavior of the algorithm with increasing noise?

Increasing noise poses a significant challenge to synchronization, making it essential
to evaluate the algorithm’s robustness under such conditions. Performance is expected to
progressively decline as noise levels rise, especially for metrics that depend on precise phase
alignment. However, the learning mechanisms should help mitigate some of these effects,
with balanced exploration allowing agents to adapt their choices and preserve a degree
of coordination. Understanding this behavior is key to identifying noise thresholds and
refining algorithm parameters to enhance resilience and maintain effective synchronization

in uncertain environments.

5.1.2. Adaptability in Stationary and Non-Stationary Environments

5.1.2.1. Is the algorithm capable of effectively adapting to environmental variations,
and what is the role of discount, gamma weight and exploration factors in this process?

This question evaluates the algorithm’s ability to adapt to environmental variations
and the role of key parameters: the discount factor (v,) in D-UCB, the gamma weight (7.)
in EXP3, and the exploration factor (¢). In changing environments, D-UCB and EXP3
are expected to adapt better than classical UCB: the discount factor v, emphasizes recent
rewards, allowing outdated choices to be replaced, while the gamma weight -, in EXP3
controls the learning rate and probability distribution update, enabling the algorithm to
respond effectively to non-stationary conditions. Exploration (¢) further allows agents to
discover better partners after environmental changes. Prior studies show that discounted
UCB variants and adversarial algorithms maintain higher performance in non-stationary
scenarios [28|. Consequently, these algorithms are expected to adjust effectively to both
slow and abrupt changes, sustaining superior synchronization and partner selection.

5.1.2.2. Does UCB ezhibit better performance in environments with stationary rewards,
as theoretically expected?

Analyzing whether UCB performs optimally in stationary environments, which is im-
portant for understanding the algorithm’s suitability when rewards are stable. UCB is
expected to converge rapidly to advantageous partners because constant reward distri-
butions allow reliable accumulation of evidence. As exploration decreases with repeated
selections, the algorithm increasingly favors higher-reward partners, resulting in efficient
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and stable choices. Classical results confirm that UCB achieves asymptotically optimal
regret bounds in stationary scenarios [26]. Therefore, UCB is anticipated to outperform
adaptive algorithms like D-UCB and EXP3 in stable contexts, since discounting or ad-
versarial adjustments in these algorithms may introduce unnecessary variance and slow
convergence. Understanding this behavior helps justify parameter choices and guides
comparisons with adaptive methods.

5.1.2.3. Do D-UCB and EXP3 demonstrate greater adaptability to non-stationary en-
vironments compared to traditional UCB?

Adapting to non-stationary environments is essential for maintaining performance
when reward conditions change over time. D-UCB is expected to outperform traditional
UCB by “forgetting” outdated experiences and prioritizing recent rewards, allowing agents
to adjust more rapidly to gradual environmental changes |27, 28|. Similarly, EXP3.P
should perform well in non-stationary or adversarial settings by continuously updating
selection probabilities while maintaining uniform exploration. These mechanisms keep
agents responsive to evolving partner behaviors. As a result, both D-UCB and EXP3.P
are anticipated to achieve higher performance in dynamic scenarios, whereas classical
UCB may converge to suboptimal choices due to its assumption of stationary rewards.
Understanding these dynamics is key to selecting and tuning algorithms for adaptive

partner selection.

5.1.3. Comparison of Choices with Ideal and Direct-Communication Models

5.1.3.1. To what extent can models without explicit communication approrimate those
with direct communication between agents?

Evaluating performance against a direct communication model (Equation 24) helps
determine how effectively implicit synchronization signals support coordination. The al-
gorithm is expected to approximate the behavior of systems with explicit communication,
as local synchronization acts as an indirect information channel. However, without di-
rect exchanges about internal states or intentions, convergence is likely to be slower and
more variable. With sufficiently informative rewards and sustained exploration, the system
should still achieve near-comparable results, particularly in progressive phase alignment
and the formation of stable, mutually beneficial partnerships.

5.1.3.2. Do agents consistently select partners whose phases are closest to their own
over the iterations?

Partner selection is expected to increasingly favor agents with similar phases, as syn-
chronized interactions yield higher rewards and are reinforced over time. This should grad-
ually reduce phase deviation, strengthen local synchronization, and lead to the emergence
of stable partnership patterns. The speed and consistency of this convergence, however,
will depend on factors such as noise, network topology, and environmental non-station-
arity. In stable settings, clear convergence toward rhythmically compatible partners is
anticipated, while in dynamic environments this consistency may be harder to maintain
though still significantly better than random selection.
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5.2. Exploratory Simulations Configurations

In order to address the questions raised in Section 5.1, a set of simulations was de-
signed to explore different dimensions of the proposed model. Each group of simulations
corresponds to a specific axis of analysis, allowing the impact of factors such as the compo-
sition of the reward function, network topology, noise levels, and environmental dynamics
to be systematically assessed.

To ensure consistency and comparability across experiments, all simulations share a
common baseline configuration, summarized in Table 3. This table defines the parame-
ters that remain fixed throughout the experimental study, including the general simulation
setup, partner-selection mechanisms, oscillator dynamics, and the default reward struc-
ture. Unless explicitly stated otherwise, all experimental results reported in this chapter

rely on this baseline configuration.

TABLE 3. Simulations baseline parameters

Category Parameter Values
General Pseudo random seed 10 different numbers
Number iterations 4000
Partner Selection | Type D-UCB/UCB/EXP3.P
Coupling strength 0.5
Exploration factor (UCB) 2.0
Exploration factor (D-UCB) 0.1
Discount factor (D-UCB) 0.995
Gamma weight (EXP3.P) 0.1
Coupling strength selected 0.3
Coupling strength selector 0.7
Oscillator Std. dev. phase observation 0.001
Std. dev. action 0.005
Trajectory duration 10
Trajectory sampling period 0.078125
Reward Std. dev. Gaussian weight 1.0
Weight first partial reward 0.0
Weight second partial reward 1.0
Weight third partial reward 0.0
Weight communication reward 0.0

Variations relative to the baseline are introduced in a controlled manner and are explic-
itly identified within each corresponding subsection. These variations include, for exam-
ple, changes in reward component weights, network topology, noise intensity, algorithm-
specific parameters, or environmental dynamics. Phase change parameters are only con-
sidered in the experiments described in Section 5.2.4, as this is the only scenario in which
the environment evolves over time and such parameters become relevant.

The results obtained from these experimental configurations are analyzed in Sec-
tion 5.3, with the objective of identifying performance patterns and validating the theo-
retical expectations outlined in Section 5.1.

48



5.2.1. Relative contribution of the reward function components

To evaluate this variable, simulations were carried out in a Moore topology, in order to
control the number of neighbors and limit environmental complexity. All the algorithms
were compared, testing different reward combinations. Specifically, both the metrics in
isolation (rl, r2, and r3) and 50/50 combinations of two of them (rl+r2, r2+4r3, and
r1-+r3) were considered. This experimental design makes it possible to assess not only the
effect of each individual component, but also the impact of their interaction on agents’
learning.

In total, 180 simulations were conducted, 10 for each reward configuration, whose
results allow analysis of the robustness and relative relevance of the metrics that make
up the reward function, providing empirical evidence to identify the most critical factors
in improving the partner-selection process. The baseline configuration used in these sim-
ulations is reported in Table 3, while the parameters that vary in this experiment are

summarized in Table 4.

TABLE 4. Variations from the baseline used in the reward simulations

Category | Parameter Values
Reward Weight first partial reward 1.0/0.5/0.0
Weight second partial reward | 1.0/0.5/0.0
Weight third partial reward | 1.0/0.5/0.0

5.2.2. Robustness to different network topologies

To better understand the robustness of the model to different environment topologies,
four distinct topologies were considered: fade, perlin, maze and all connected (presented
in Section 4.2). Each of these configurations presents a particular set of challenges. While
fade and perlin represent smoother environments, with gradual neighborhood transitions,
the maze topology introduces structural restrictions that severely limit interaction options.
On the other hand, the fully connected topology gives each agent the possibility of inter-
acting with all others, expanding the decision space and potentially hindering convergence
to a stable policy. As in the first set of experiments, UCB, D-UCB and EXP3 algorithms
were compared to assess their robustness under different degrees of connectivity.

A total of 120 simulations were carried out, 30 for each topology type, allowing compar-
ative analysis of the algorithms’ adaptation to environments with very distinct structural
characteristics. The reward values obtained from the optimal configurations identified
in Section 5.3.1 were used in these experiments as well as in the subsequent exploratory

configurations. The parameters employed in these experiments are listed in Table 3.

5.2.3. Robustness to noise

To evaluate the robustness of the partner-selection algorithms, different experimental
conditions with noise levels of 1 and 0.001 were considered. These values were chosen
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to represent two contrasting scenarios: one with high perturbations, where synchroniza-
tion becomes challenging, and another with minimal disturbances, providing a near-ideal
environment for coordination. Two types of noise were introduced in the simulations:
action noise, which perturbs the perceptions of the decisions made by other agents when
selecting partners, and phase noise, which directly affects the oscillators phase dynamics,
disrupting synchronization signals. By keeping the partner selection algorithm and re-
ward function constant across both settings, the experiment isolates the specific effect of
noise, ensuring that any observed variations in performance can be directly attributed to
the intensity of these perturbations.

In total, 30 simulations were conducted for each noise condition, allowing comparison
of model performance in noisier and less noisy scenarios, for all the algorithms. The anal-
ysis of the results provides empirical evidence of the system’s robustness and of its ability
to maintain satisfactory levels of synchronization and reward even in adverse environ-
ments. The baseline parameter configuration is reported in Table 3, while the parameters

varied in the noise robustness experiments are summarized in Table 5.

TABLE 5. Variations from the baseline used in the noise simulations

Category | Parameter Values
General Number iterations 2000
Oscillator | Std. dev. phase observation | 0.001/1.0

Std. dev. action 0.001/1.0

5.2.4. Adaptation to dynamic environments

The experimental design considered different combinations of 7,4, €, and 7, values to
examine how the rate of forgetting past rewards (controlled by v,), the level of continuous
exploration (controlled by €), and the learning rate in EXP3 (controlled by +.) influence
the algorithm’s responsiveness. This setup enabled comparison between scenarios in which
agents emphasize recent neighbor behavior versus scenarios where past information re-
tains high weight, as well as between environments that encourage more or less exploration
of new partnership options. In total, 30 simulations were conducted for each parameter
combination, allowing identification of adaptation patterns and evaluation of the condi-
tions under which UCB, D-UCB, and EXP3 maintain high performance under gradual
environmental changes. The parameterization is identical between altered and constant
scenarios, with the external alteration parameter independent of the parameter file. This
analysis provides evidence that discounting, exploration, and gamma-weight mechanisms
are critical for algorithm robustness in dynamic environments. The baseline parameter
configuration is reported in Table 3, while the parameters specific to the dynamic envi-
ronment simulations, including phase change settings, are summarized in Table 6. For
phase change parameters, the first value in each pair corresponds to abrupt changes, and
the second value corresponds to gradual drift.
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TABLE 6. Variations from the baseline used in the dynamic environments

simulations
Category Parameter Values
General Number iterations 20000
Discount factor(D-UCB) 0.995/0.95
Exploration factor(UCB) 2.0/1.0/0.5/0.2
Exploration factor (D-UCB) 1.0/0.1
Gamma weight (EXP3.P) | 0.9/0.5/0.1/0.001
Phase Changes | Replace Sim {True, False}
Gradual Drift Sim {False, True}
Drift Base {0, 0.0005}
Drift Std. {0, 0.0005}
Sigma Rw. {0, 0.0005}
Wmin, Wmax {0,0.05},{0,6.0}

The questions presented in Sections 5.1.2.2 and 5.1.2.3 will be addressed according to
the results obtained from the simulations presented in Section 5.2.4, since these employed
both stationary and non-stationary environments as well as the UCB, D-UCB and EXP3.P

algorithms.

5.2.5. Comparison with direct communication

For this purpose, two distinct scenarios were considered: an environment in which
agents follow the implicit model, without message exchange and relying solely on ob-
served synchronization rewards, and a reference environment in which agents have access
to an “optimal” reward derived from a model with explicit communication, enabling more
informed decisions. Both scenarios were tested under all the algorithms, ensuring that the
comparison focuses exclusively on the impact of communication while keeping all other
parameters constant. It should also be noted that no environmental changes were applied
over the iterations in these simulations. Ten simulations were carried out for each con-
figuration, allowing observation of how the absence of explicit communication constrains
the learning process and to what extent the emergent behavior approaches ideal perfor-
mance. The analysis of these results provides relevant evidence for understanding the
limitations and potential of implicit communication in rhythmic partner-selection con-
texts. The baseline parameter configuration is reported in Table 3, while the parameters

specific to the communication simulations are summarized in Table 7.

TABLE 7. Variations from the baseline used in the simulations with and
without communication

Category | Parameter Values
Reward Weight second partial reward | 1.0/0.0
Weight communication reward | 0.0/1.0

Finally, all simulations will be used to draw conclusions regarding Section 5.1.3.2, so
no specific simulations are associated exclusively with that question.
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5.3. Exploratory Simulations Results

In this section, the results of the exploratory simulations are presented, with the
primary goal of identifying the most suitable parameter configurations for the final ex-
periments. These simulations focus on the fundamental building blocks of the system,
addressing the questions outlined in Section 5.1.1 and Section 5.1.3.1, which explore how
reward components, network topology, and noise influence agent behavior and decision-
making. The analysis is based primarily on plots of average reward, which represent the
mean value of the rewards obtained by all agents across iterations, since the rewards are
normalized the values are contained in the interval [0,1]. These plots provide a com-
pact measure of overall performance, allowing the comparison of different algorithms and
configurations in terms of how effectively they guide agents toward successful partner

selections and synchronization.

5.3.1. Relative contribution of the reward function components

The results in this section compare different combinations of partial rewards for the
three algorithms: UCB (Figure 5.1a), D-UCB (Figure 5.1b), and EXP3.P (Figure 5.1c).
In all cases, the second partial reward, R2, consistently produces the highest average
reward, confirming it as the most informative component. Adding R1 or R3 does not
improve performance and often introduces additional noise in the learning process.

Figure 5.1d provides a concrete example of the outcome of a single simulation in terms
of agent choices. In this figure, each ellipse represents an agent and is labeled with its
natural frequency. The color of the ellipses encodes these frequencies, following a scale
in which darker shades correspond to lower frequencies and lighter blue tones indicate
higher frequencies. The arrows represent the agents selected by each agent at the end
of the learning process, with arrow colors indicating the frequency of selection: greener
arrows correspond to agents that were selected more frequently.

This visualization highlights that agents tend to select partners with similar natural
frequencies, as expected from the underlying synchronization objective. The concentration
of greener arrows between agents with close frequency values indicates a higher rate of
correct selections. Importantly, this behavior is most clearly observed when using R2,
which yields both the highest average rewards and the largest number of correct selections.
These qualitative observations are consistent with the quantitative results, and are further
reinforced by the selection frequency plots presented in Appendix A.1, which confirm the
predominance of R2 across simulations.

Since high average rewards obtained with R2 correspond directly to correct partner
selections, subsequent sections omit detailed selection visualizations and rely exclusively
on average reward as a reliable indicator of decision quality. This provides a clear answer to
the first research question (Section 5.1.1.1): using R2 alone constitutes the most effective
reward configuration for this study, while R1 and R3 offer limited or even detrimental
contributions.
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5.3.2. Robustness to different network topologies

For these simulations, the three algorithms were tested across different network topolo-
gies to evaluate their adaptability. Results show that all algorithms can ultimately reach
high performance, though convergence speed varies with the environment’s complexity.
In simpler topologies, such as Maze and Fade, where similar-frequency agents are located
nearby, convergence is faster as optimal partners are easier to identify. In contrast, more
complex topologies, like Perlin Noise and All Connected, slow convergence due to higher
variability and less clear interaction patterns.

These findings directly address the question in Section 5.1.1.2, demonstrating that the
algorithms are robust to different network structures. While topology affects the rate of
convergence, it does not prevent the algorithms from achieving strong long-term synchro-

nization and reward optimization. The plots that present the results are in Figure 5.2:

5.3.3. Robustness to noise

In this section the simulations present the results of testing different noise config-
urations, where noise refers to the Gaussian perturbations added to the agents’ phase
observations and action signals, controlled by their respective standard deviations. These
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FIGURE 5.2. Comparison of the different algorithms for each environment
under the same simulation conditions.

experiments were carried out for each algorithm in environments without frequency alter-
ations. Starting with UCB (Figure 5.3a), the lowest noise setting (0.001, 0.001) achieves
the highest final average reward, converging steadily, while configurations with phase
deviation set to 1 consistently perform worst, showing reduced stability and slower con-
vergence. In the case of D-UCB (Figure 5.3b), performance remains strong across all
settings, but results again drop when the phase deviation is high, although the algorithm
still maintains higher stability and reward compared to UCB under the same conditions.
Lastly, EXP3.P (Figure 5.3c) shows a similar pattern, with low noise producing the best
outcomes and high phase deviation leading to increased variability and lower final rewards,
though overall the algorithm continues to reach higher values than UCB.

These results directly address the Question in 5.1.1.3, confirming that the increase
of noise negatively affects performance, with phase deviation emerging as the decisive
factor that disrupts partner selection and delays convergence. At the same time, the
higher rewards achieved by D-UCB and EXP3.P demonstrate their greater resilience to
noisy environments, indicating that both algorithms are better suited than UCB when

uncertainty in phase observation is significant.

5.3.4. Adaptation in dynamic environments

5.3.4.1. Stationary Environment
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under the same simulation conditions.

In this section the simulations present the results of testing different configurations
for each algorithm in environments without frequency alterations. Starting with UCB
(Figure 5.4a), the exploration factor of 0.2 achieves the highest final average reward, con-
verging quickly and maintaining stable performance. As the exploration factor increases,
performance decreases, with 2.0 being the worst configuration, as it leads to excessive ex-
ploration and slower convergence. In the case of D-UCB (Figure 5.4b), the combination
of discount factor 0.995 and exploration factor 0.1 delivers the best results, remaining sta-
ble throughout the simulation with a consistently high average reward. In contrast, the
configuration with discount factor 0.95 and exploration factor 1.0 performs worst, show-
ing lower stability and a reduced final reward. Lastly, EXP3.P (Figure 5.4c), a gamma,
weight of 0.1 produces the best overall performance, providing a good balance between
exploration and exploitation. Higher gamma values, particularly 0.9, result in poorer
performance, with the algorithm converging faster to a lower average reward.

5.3.4.2. Abrupt Changes

In this section, the simulations present the results of testing different configurations
for each algorithm in environments with abrupt alterations. These alterations occur at
predefined moments of the simulation, specifically at half of the run (10,000 iterations)
and at three-quarters (15,000 iterations), where the natural frequencies of the agents are
reassigned to new values. It is normal for the maximum average reward to decrease
after these changes, since the environment is reassigned randomly and the agents’ natural
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FIGURE 5.4. Comparison of the rewards in environments without frequency
alterations for each algorithm under the same simulation conditions.

frequencies become more dispersed compared to the initial configuration, making the
rewards lower. Starting with UCB (Figure 5.5a), exploration factors of 0.2 and 0.5 achieve
the highest final average rewards, with both configurations reacting well to the abrupt
changes and maintaining strong performance. In contrast, an exploration factor of 2.0
performs worst, as excessive exploration hinders convergence and reduces overall rewards.
For D-UCB (Figure 5.5b), the combination of discount factor 0.995 and exploration factor
0.1 delivers the best results, showing fast adaptation to sudden alterations and consistently
high average rewards. On the other hand, the configuration with discount factor 0.95 and
exploration factor 1.0 performs worst, quickly converging to a poor reward and failing
to adapt after the environment changes. Similarly, EXP3.P (Figure 5.5¢) shows that
gamma value 0.1 yields the best performance, balancing exploration and exploitation
while reacting to abrupt changes. Interestingly, the effect of the gamma weight on the
average reward is not linear: the value 0.1 produces faster recoveries, while both higher and
lower values (e.g., 0.001) lead to slower adaptation. Higher gamma values, particularly
0.9, result in poorer outcomes, with the algorithm converging prematurely to a lower
average reward and failing to adjust after alterations.

5.3.4.3. Gradual Changes

This section presents the results of testing different configurations for each algorithm
in environments with gradual alterations. For UCB (Figure 5.6a), an exploration factor
of 0.2 achieves the best performance, reaching high rewards and maintaining them over
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FiGURE 5.5. Comparison of the rewards in environments with abrupt fre-
quency alterations for each algorithm under the same simulation conditions.

a longer period, while an exploration factor of 2.0 performs worst, failing to reach high
rewards initially and exhibiting the worst adaptation as the environment gradually alters.
In the case of D-UCB (Figure 5.6b), the combination of discount factor 0.995 and explo-
ration factor 0.1 delivers the best results, showing the smallest drop in rewards over time.
Conversely, a discount factor of 0.95 with exploration factor 1.0 performs worst, starting
with lower rewards and experiencing a significant decline throughout the simulation. Fi-
nally, EXP3.P (Figure 5.6¢) shows that a gamma value of 0.1 provides the best overall
performance, with higher initial rewards and a relatively stable reward curve that declines
minimally under gradual changes. The worst configuration, gamma 0.9, starts with the
lowest initial reward and exhibits the largest drop over time.

In summary, across all tested scenarios the best performing configurations consistently
emerged as UCB with an exploration factor of 0.2, D-UCB with a discount factor of 0.995
and exploration factor of 0.1, and EXP3.P with a gamma weight of 0.1. These param-
eter settings effectively balance exploration and exploitation, providing high average re-
wards while adapting efficiently to both sudden and gradual changes in the environment.
Furthermore, these findings directly address the question raised in 5.1.2.1, confirming
that discounting, gamma weight, and exploration factors play a decisive role in enabling
re-adaptation. The discount factor in D-UCB proved essential for forgetting outdated
experiences and prioritizing recent ones, the gamma weight in EXP3.P guided the al-
gorithm’s responsiveness to environmental variability, and the exploration factor in UCB
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FIGURE 5.6. Comparison of the rewards in environments with gradual fre-
quency alterations for each algorithm under the same simulation conditions.

determined the trade-off between stability and adaptability. Together, the results validate
that properly tuned parameters are crucial for maintaining synchronization and ensuring

effective partner selection in dynamic environments.

5.3.5. Comparison with direct communication

In this section the simulations evaluate the communication reward as a reference to
assess whether the algorithms are performing well, since this reward can be regarded as
a standard against which the results from 5.3.2 may be compared (Figure 5.7). For UCB
(Figure 5.7a) and D-UCB (Figure 5.7b), the outcomes in the Maze and Fade environments
were very close to this standard, showing that both algorithms were able to learn effec-
tive partner selection policies that nearly matched the idealized reference. In the case of
EXP3.P (Figure 5.7¢), the results were not only close to the standard but at certain points
even surpassed it, demonstrating that the stochastic exploration strategy can provide ad-
ditional benefits in less complex settings. However, in the more demanding environments
of Perlin Noise and All Connected, comparison with the standard was not possible, as the
communication reward consistently underperformed relative to the baseline without com-
munication. This is particularly relevant because these environments are characterized by
greater structural complexity and more varied frequency distributions, where the commu-
nication method falls short by only accounting for the agents original frequencies and not
the changes occurring over time. As a result, the method fails to adapt, leading to poor
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performance and highlighting the advantage of the independence of the MARL system
and the type of reward formulation used in the remaining experiments. This limitation
becomes even more pronounced in complex environments, where neighbors may start with
very different natural frequencies. In such cases, the subsequent adjustments driven by
the Kuramoto dynamics amplify these differences, further degrading the performance of
communication-based strategies compared to simpler environments in which agents be-
gin with similar or identical frequencies. These findings provide a clear answer to the
Question 5.1.3.1: in simpler environments, the rewards obtained without communication
can reach values very close to those of the communication-based standard, while in more
complex environments the communication reward falls short, confirming the advantage of

independent learners in adapting to dynamic conditions.
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FiGURE 5.7. Comparison of the rewards in environments with direct com-
munication for each algorithm under the same simulation conditions.

5.4. Final Results

In this section, the most relevant simulations are revisited to provide a direct com-
parison of the three algorithms and assess their performance across different conditions.
These final experiments build on the exploratory phase, now relying on the optimal con-
figurations previously identified to ensure a fair and consistent evaluation. The objective
is to understand which algorithm performs best in each type of environment, highlight-
ing their respective strengths and limitations. The analysis addresses the exploratory
questions outlined in Sections 5.1.2 and 5.1.3, focusing on adaptability in both stationary
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and non-stationary scenarios, as well as on performance relative to idealized and direct-
communication models.

The evaluation relies mainly on two types of plots. The first are average reward plots,
which were also used in the exploratory phase. These plots represent the mean reward
obtained by all agents across iterations, offering a compact measure of global performance
and allowing a direct comparison between algorithms. The second are partner selection
change plots, which track how often agents modify their chosen partners over time. A
stable system is reflected by fewer changes after an initial learning phase, while frequent
changes indicate instability or excessive exploration. This plot takes values in the interval
[0, 1], a value of 0 means no agents changed partner between iterations ¢t — 1 and ¢, while
a value of 1 means all agents changed partner. We then apply a 25 iteration moving
average to this per iteration fraction, so higher values indicate more frequent switching
over the recent window. Together, these plots are complementary with the average rewards
reflecting how effective the learning process is, while switching rates reveal the stability of
choices and may help in understanding convergence trends. Additional visualizations are
provided in Appendix B.1, including detailed probability evolution and partner selection
frequency plots for individual agents. These complementary figures illustrate the temporal
dynamics of partner preferences and further highlight the stability patterns observed

during training.

5.4.1. Stationary Environment Comparison

The results in Figure 5.8a provide empirical evidence regarding the behavior of the
algorithms in stationary environments, as anticipated in Section 5.1.2.2. UCB achieves
the highest average rewards, converging rapidly and stabilizing near optimal performance.
This aligns with theoretical expectations, as UCB exploits stable reward distributions to
accumulate reliable evidence and reduce unnecessary exploration, consistently favoring
the best partners. D-UCB also performs competitively, though slightly below UCB in
final stability, since the discounting mechanism useful in dynamic scenarios introduces a
small loss of efficiency in stationary settings. EXP3.P, in contrast, converges much more
slowly and stabilizes at lower reward levels, as its adversarial exploration strategy adds
unnecessary variance when rewards are stable.

The second plot in Figure 5.8b further highlights these differences. UCB quickly mini-
mizes partner changes, showing that agents converge early to consistent and reliable selec-
tions. D-UCB retains more variability, reflecting the effect of discounting, while EXP3.P
maintains the highest number of changes throughout, confirming that its exploration-
heavy design prevents agents from settling on stable partnerships. Overall, these results
confirm that UCB is the most effective choice for stationary environments, combining
both the highest reward levels and the greatest stability in partner selection.
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FIGURE 5.8. Comparison of the performance in stationary environment for
each algorithm under the same simulation conditions.

5.4.2. Abrupt Alteration Environment Comparison

The results in Figure 5.9a provide clear insights into the adaptability of the algorithms
when confronted with abrupt environmental changes, as outlined in Section 5.1.2.3. UCB,
which assumes stationarity, initially performs well but reacts poorly to sudden alterations,
showing sharp drops followed by slow recoveries that never fully regain previous levels.
This reflects the algorithm’s reliance on accumulated historical evidence, which becomes
a liability once reward distributions shift. D-UCB maintains higher performance overall
as expected, since its discounting mechanism rapidly discards outdated information and
prioritizes recent rewards, enabling quicker recovery and more stable convergence after
each change.

EXP3.P also adapts and its behavior aligns with theoretical expectations. Designed for
adversarial environments where rewards are independent of previous actions, its exploration-
heavy strategy results in high variance and prevents the consolidation of stable partner
selections. As a consequence, recoveries after abrupt changes are slower and noisier, and
the algorithm fails to reach the reward levels achieved by UCB. This outcome is consis-
tent with its underlying assumption and it continually spreads probability mass across all
partners, EXP3.P maintains robustness in adversarial contexts but performs suboptimally
in structured, interactive systems where stability and rapid re-synchronization are more
beneficial.

The second plot in Figure 5.9b reinforces these conclusions by illustrating the sta-
bility of partner selection. UCB exhibits sudden increases in partner changes after each
abrupt shift, followed by slow stabilization, consistent with its reward trajectory. D-
UCB, in contrast, adapts more smoothly, with only moderate fluctuations after changes
and faster convergence to stable selections. EXP3.P shows the highest variability across
the simulation, with partner changes remaining frequent throughout, reflecting its con-
stant exploration strategy. Altogether, these results highlight that D-UCB combines
strong adaptability with stable partner choices, making it the most effective algorithm in
environments characterized by abrupt alterations.
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Stability of Partner Selection in Abrupt Alteration Environment
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FIGURE 5.9. Comparison of the performance in environments with abrupt
changes for each algorithm under the same simulation conditions.

5.4.3. Gradual Alteration Environment Comparison

The results in Figure 5.10a illustrate the behavior of the algorithms under gradual
environmental alterations, providing further insight into their adaptability as discussed in
Section 5.1.2.3. UCB struggles in this non-stationary context, showing a steady decline
in performance as outdated experiences accumulate and prevent effective adjustment to
slowly changing rewards. D-UCB adapts more effectively, maintaining higher rewards
throughout the simulation and confirming the benefit of discounting past information in
dynamic environments.

EXP3.P performs consistently with its theoretical properties but reveals the limita-
tions of adversarial approaches in interactive, non-oblivious systems. Designed for en-
vironments where rewards are independent of past actions, EXP3.P faces two distinct
challenges in this setting: first, gradual changes in the environment make each reward
partially dependent on previous outcomes; second, the rewards themselves are shaped by
mutual synchronization among agents, meaning that an agent’s own choices influence the
future rewards of others and vice versa. These interdependencies violate the independence
assumption underlying the algorithm, amplifying its instability. Consequently, its contin-
uous exploration and probability redistribution hinder the consolidation of stable partner
selections, leading to steadily decreasing performance well below both UCB and D-UCB.
This outcome reinforces that while EXP3.P is robust in truly adversarial conditions, it
is poorly suited for coupled rhythmic environments where reward dependencies emerge
from dynamic agent interactions.

The second plot in Figure 5.10b further clarifies these dynamics by showing the sta-
bility of partner selection. UCB exhibits relatively few partner changes, but this reflects
its inability to adapt rather than successful stability, since its reward levels decline over
time. D-UCB displays moderate variability in selections, which enables it to track the
gradual shifts and sustain higher rewards. By contrast, EXP3.P maintains the highest
number of changes throughout, reflecting its constant exploration, yet this instability does
not translate into better adaptation, as its rewards remain the lowest. Overall, D-UCB
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emerges as the most effective strategy in gradually changing environments, combining

adaptability with stable and efficient partner choices.

Stability of Partner Selection in Gradual Alteration Environment
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FiGURE 5.10. Comparison of the performance in environments with grad-
ual changes for each algorithm under the same simulation conditions.

5.4.4. Close phase partner selection consistency

The overall results provide a comprehensive answer to the investigation question raised
in 5.1.3.2, demonstrating that agents consistently tend to select partners with phases
close to their own, reinforcing synchronization and yielding higher rewards across all
experimental conditions. The reward formulation proved effective in guiding this behavior,
with the combination of its components ensuring that interactions based on rhythmic
compatibility were reinforced over time. This tendency remained present even when the
structure of the interaction network was altered, showing that the model is flexible enough
to sustain stable patterns of synchronization under different topological constraints.

When noise was introduced, performance naturally decreased, with phase deviation
emerging as the most critical factor negatively affecting stability. High levels of phase noise
increased variability in partner selection and delayed convergence, yet the agents were still
able to perform well, with D-UCB in particular maintaining resilience and stability across
a wide range of conditions.

In dynamic environments, the adaptability of the algorithms became more apparent.
UCB, while effective under stable conditions, struggled to recover from abrupt changes and
gradually lost performance under continuous alterations. D-UCB, by contrast, adapted
more efficiently, discounting outdated information and quickly re-establishing stable syn-
chronization after changes. EXP3.P, while theoretically suited for adversarial non-stationary
settings, exhibited high variance and limited stability in this interactive context. Its con-
tinuous exploration, appropriate for environments with independent reward sequences,
became detrimental here due to the interdependent nature of agent synchronization, pre-
venting consistent partner choices and resulting in lower overall rewards.

The experiments with communication rewards further highlight the robustness of the
system. In simpler environments, the performance of the independent learners nearly
matched, and in some cases even surpassed, the communication-based benchmark. In
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more complex environments, however, the communication reward proved insufficient,
while the independent learners continued to achieve strong results. This indicates that the
reinforcement dynamics alone are capable of sustaining rhythmic compatibility without
the need for explicit information exchange, even under challenging conditions.

Taken together, the findings confirm that agents performed well across all studied
environments, consistently converging towards phase-compatible partners. While UCB
demonstrates strong performance in stationary contexts and EXP3.P shows potential
in simple settings, the results consistently identify D-UCB as the most effective and
reliable approach. By combining high stability with strong adaptability to noise and
dynamic environments, D-UCB stands out as the most promising algorithm for a definitive

application of this system.

5.5. Discussion

The experimental results reveal clear distinctions among the three partner selection
strategies. UCB achieved high performance in stationary or slowly changing environ-
ments, confirming its effectiveness when reward distributions remain relatively stable.
However, its reliance on long-term averages limited responsiveness under abrupt changes,
as accumulated knowledge quickly became outdated. The discounted variant, D-UCB,
demonstrated consistent adaptability across conditions, successfully tracking gradual en-
vironmental drift through its forgetting mechanism. EXP3.P, designed for adversarial set-
tings, exhibited persistent oscillations and lower reward stability, reflecting its assumption
of an oblivious environment where rewards are independent of past actions an assumption
not fully met in the coupled, interactive system studied.

In relation to RQ1, the results show that agents can autonomously learn to select
partners and achieve synchronization through reward-based feedback alone, without ex-
plicit communication channels (Section 5.1.3.1). Agents progressively favored partners
whose phases were closest to their own (Section 5.1.3.2), demonstrating that implicit
coordination is sufficient for adaptive multi-agent synchronization.

Regarding RQ2, not all reward components contributed equally to performance, with
the coherence-based term proving most decisive for promoting stable synchronization
(Sections 3.4.3.2 and 5.1.1.1). The model also showed robustness across network topologies
(Section 5.1.1.2) and resilience under increasing noise (Section 5.1.1.3), confirming that
appropriately designed reward functions effectively encode synchronization cues.

For RQ3, the Kuramoto-bandit framework proved effective for partner selection. UCB
excelled in stationary environments (Section 5.1.2.2), whereas D-UCB adapted more effec-
tively to dynamic and non-stationary conditions (Sections 5.1.2.1 and 5.1.2.3), sustaining
synchronization even after abrupt changes (Section 5.2.4). EXP3.P’s slower convergence
and persistent fluctuations highlighted the limitations of purely adversarial exploration in
interdependent systems. Together, these results underscore the importance of temporal

discounting for robust adaptive coordination in multi-agent rhythmic systems.
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CHAPTER 6

Conclusions and Future Work

6.1. Conclusion

This dissertation explored rhythmic partner selection in multi-agent systems by in-
tegrating Kuramoto oscillators with multi-armed bandit algorithms. The motivation
stemmed from the need to understand how artificial agents can autonomously coordinate
their actions through synchronization, a mechanism widely observed in biological and
social systems. By combining oscillatory dynamics with learning-based decision-making,
the study aimed to model how agents form and maintain rhythmic cooperation without
explicit communication.

The results demonstrated how agents can autonomously learn to synchronize and se-
lect partners through reward-driven adaptation. UCB provided stable performance in sta-
tionary environments, efficiently exploiting consistent partners once optimal connections
were established. D-UCB extended this capability by incorporating temporal discount-
ing, which allowed agents to adapt to gradual or abrupt environmental changes while
maintaining coordination. In contrast, EXP3.P, although robust in adversarial scenarios,
showed persistent instability in this interactive context, highlighting the limitations of
algorithms that assume independence between actions and future rewards.

The experiments also revealed that coordination quality depends strongly on the re-
ward formulation. The second reward component representing local phase synchronization
proved to be the most informative signal for guiding cooperation, whereas other compo-
nents contributed less consistently. These findings show that effective partner selection
emerges when learning mechanisms are directly aligned with the oscillatory dynamics of
the system.

Overall, the study provides clear answers to the research questions posed in Section 1.2.
In relation to RQ1, the results show that agents are capable of autonomously selecting
partners and achieving synchronization solely through implicit, reward-based feedback,
without the need for explicit communication. Regarding RQ2, coordination was found
to critically depend on the design of the reward function, with the coherence-based term
being the most decisive for promoting stable synchronization. With respect to RQ3,
among the explored partner selection strategies, UCB excelled in stationary environments,
D-UCB provided robust adaptability to dynamic and non-stationary settings, and EXP3.P
was less suitable in interdependent systems due to persistent fluctuations. These findings
further highlight that temporal discounting is a key mechanism for sustaining coordination

in changing conditions.
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In conclusion, synchronization-based coordination can be effectively modeled as a
sequential decision-making process. The integration of Kuramoto oscillators and multi-
armed bandit algorithms provides a quantitative and interpretable approach to evaluating
learning strategies in rhythmic environments. These results confirm that autonomous
synchronization can emerge from simple, decentralized adaptation rules and that temporal

weighting of rewards is crucial for maintaining stability and cooperation among agents.

6.2. Limitations and Challenges

While the proposed framework effectively models rhythmic partner selection, several
limitations should be acknowledged. The agents were simplified as Kuramoto oscillators,
capturing phase synchronization but omitting perceptual, spatial, and communicative
aspects that significantly influence coordination in real-world systems. In natural and
human systems, synchronization emerges from complex interactions involving sensory
perception, motion dynamics, and feedback delays, which are not captured by phase-only
models. Estimating equivalent oscillatory parameters in biological or human agents is
particularly challenging, as rhythmic patterns arise from perceptual-motor interactions
rather than directly measurable variables. In contrast, such parameters can be more easily
controlled or predefined in robotic or mechanical implementations, which may limit the
direct transferability of the results to more complex, embodied agents.

The simulations also relied on fixed parameters, such as learning rates, temporal dis-
counting factors, and network connectivity. These choices constrain the range of dynamics
observed and may influence both the speed of adaptation and the stability of synchroniza-
tion. Different parameter values could lead to qualitatively different behaviors, and the
fixed settings used here may not fully capture the diversity of possible adaptation strate-
gies or the robustness of coordination under alternative conditions. Exploring a broader
parameter space could reveal additional insights about system scalability, resilience, and
sensitivity to environmental changes.

In addition, the reward formulation imposed further constraints. The framework re-
lied on fixed synchronization metrics, primarily coherence-based measures, which focus
on local phase alignment but may overlook other factors influencing coordination, such
as amplitude interactions, frequency variability, or context-dependent preferences in part-
ner selection. As a result, the model may fail to fully capture more nuanced or multi-
dimensional drivers of cooperation observed in real-world systems.

Finally, the experiments were conducted on controlled and relatively small popula-
tions, limiting conclusions about scalability and robustness in larger, more heterogeneous
environments. Larger populations or more complex network structures could introduce
emergent behaviors, collective oscillatory patterns, or synchronization breakdowns not
observed in the current simulations. Despite these constraints, the framework provides a
strong foundation for future research on adaptive and rhythmic multi-agent coordination,
offering a baseline from which more complex and realistic systems can be explored.
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6.3. Future Work

Future developments could build upon this framework along several complementary
directions. One key avenue is to extend the learning mechanisms employed, exploring hy-
brid strategies that integrate stochastic exploration with adaptive discounting principles.
Such approaches could improve responsiveness in non-stationary environments, allowing
agents to adjust more efficiently to changing interaction patterns. Mechanisms like peri-
odic resetting or adaptive memory decay could also be investigated to accelerate recovery
after abrupt environmental changes, helping to maintain coordination even under highly
dynamic conditions. These enhancements would directly address limitations related to
fixed learning parameters and the inability of the current framework to quickly adapt to
sudden perturbations.

Another important direction concerns the refinement and parameterization of the re-
ward formulation. Adjusting the relative weights of the components (; + (5 + (3 could
allow the model to be tuned toward different coordination objectives, such as emphasizing
phase stability, responsiveness to changes, or alignment of natural frequencies. From a
modeling perspective, these parameters could be optimized using data-driven techniques
such as maximum likelihood estimation or Bayesian optimization. Aligning simulated
behavior with empirical observations from human or robotic synchronization tasks would
improve the ecological validity of the model and facilitate practical applications. Further-
more, exploring multi-objective reward functions could help investigate trade-offs between
synchronization quality, energy efficiency, and adaptability in more complex coordination
scenarios.

Expanding the experimental scope would further enhance the generality and appli-
cability of the findings. Future studies should investigate larger populations, varied net-
work topologies, and heterogeneous oscillators to assess scalability, emergent collective
patterns, and robustness in more realistic environments. Incorporating heterogeneity in
agent parameters, such as natural frequencies or learning rates, could reveal richer dynam-
ics, including the emergence of leader—follower relationships, clustering, or synchroniza-
tion breakdowns. Social simulations provide another promising avenue for exploring how
rhythmic coordination operates in human groups or mixed human-robot teams. By sim-
ulating interactions in crowds, ensembles, or cooperative tasks, researchers could examine
the emergence of leadership, role specialization, and adaptive recovery in dynamic social
settings. Such studies could inform practical applications ranging from modeling crowd
dynamics in music and dance to improving coordination in team sports or cooperative
robotics, and ultimately to designing socially aware robots capable of adaptively syn-
chronizing with multiple humans in collaborative environments. Integrating these social
simulations with empirical validation would provide critical insights into the mechanisms
of adaptive rhythmic coordination, helping to bridge the gap between computational mod-
els and real-world collective behavior.
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APPENDIX A

Additional Figures

A.1. Agents’ Selections for Remaining Reward Combinations

These figures illustrate the agents’ selections at the final iteration for the remaining
five reward combinations. Compared with the configuration in Section 5.3.1, the results

confirm superior performance, producing more stable and effective partner selections.

@ (B) Selections with Partial Rewards 1
(A) Selections with Partial Reward 1 and 2

FIGURE A.1. Agent selections for the first two partial reward configura-
tions.

(A) Selections with Partial Rewards 2 @
and 3 (B) Selections with Partial Reward 3

FIGURE A.2. Agent selections for the next two partial reward configura-
tions.
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FIGURE A.3. Selections with Partial Rewards 1 and 3.



APPENDIX B

Additional Plots

B.1. In-Depth Partner Selection Plots

This appendix presents additional visualizations of the agents’ partner selection dy-
namics across the three simulation conditions (no alteration, abrupt alteration, and gradual
alteration). Each set of plots includes the evolution of selection-related variables (left)
and the corresponding partner selection frequency heatmaps (right) for selected agents.
For the UCB and D-UCB algorithms, the line plots represent the evolution of the upper
confidence bounds (UCB walues) associated with each neighbour over time, while for the
EXP3.P algorithm they depict the evolution of selection probabilities. The agents shown
were chosen to represent the full range of possible configurations in the Moore neigh-
bourhood, covering distinct positions within the grid and different numbers of available
neighbors.

In the heatmaps, colors close to yellow indicate a high frequency of partner selections,
whereas colors approaching purple correspond to low selection frequencies. This visual
scale provides an intuitive representation of the agents’ preference dynamics over time,
highlighting dominant and less frequently chosen neighbors.

All results correspond to a single simulation run (not averaged), ensuring that the
plots reflect the raw dynamics of one complete execution. All algorithms share the same
initial neighbour configuration, allowing direct visual comparison of their behavioural
evolution under identical starting conditions. These configurations are the same as those
used in the plots presented in Chapter 5.4, ensuring consistency and enabling a direct
visual comparison between the main results and the detailed dynamics shown here.

An important observation can be made in these plots, particularly in Figures B.3b
and B.3f, where both the UCB and EXP3.P algorithms show agents converging toward
similar partner choices. However, since EXP3.P exhibits higher exploration, it disperses
its phase by making it closer to non-optimal agents frequently. Consequently, its phase
never aligns as closely with that of the best partner, which results in a lower reward
compared with UCB, that converges and explores less making its phase closer to the

optimal partner, in Figure 5.10a.
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FIGURE B.1. Agents’ partner selection dynamics under the no alteration

condition for different algorithms.
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FIGURE B.2. Agents’ partner selection dynamics under the abrupt alter-

ation condition for different algorithms.
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FIGURE B.3. Agents’ partner selection dynamics under the gradual alter-

ation condition for different algorithms.
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