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SEMIGROUP REAL CHARACTERS GENERATED BY
QUASICHARACTERS

GASTAO BETTENCOURT AND SERGIO MENDES

ABSTRACT. Let S be an infinite, finitely generated semigroup, endowed
with a probability measure. Based on the work of Erschler and Karlsson
[3], we construct a real character of S using a random walk approach. In
our construction, the word length used in Erschler and Karlsson’s work
is replaced by a quasicharacter.

1. INTRODUCTION

Let S be a semigroup. A real character of S is a semigroup homomorphism
S — R to the additive semigroup of real numbers (R,+). In [4 p.126]
Grigorchuk defines a quasicharacter of S to be a function f : S — R whose
deviation from being a homomorphism is bounded, that is

| f(ab) — f(a) — f(b)| < Dy, Va,be S

for some constant Dy > 0. Quasicharacters are also known by the name
of quasimorphisms. Following [4], we adopt throughout the text the termi-
nology quasicharacter. A quasicharacter f : S — R is called homogeneous
if f(¢") = nf(g), for all g € S and for all n € N (n € Z if S is a group).
Bounded cohomology of discrete groups is part of the theory of cohomology
of topological groups and Banach algebras. It turns out that quasicharacters
are useful to compute bounded cohomology in degree 2. Working in a rather
general setting where S can be either a group or a semigroup, Grigorchuk
proved that H?(S,R) contains a certain subspace H, 572(5, R). Moreover, [4,
Theorem 3.5] shows that a homogeneous quasicharacter that is not a homo-
morphism determines a nonzero class in HZ,(S,R).

The use of random walks to construct Homomorphisms has been consi-
dered by several authors. Karlsson and Ledrappier in [5] proved that if a
finite first moment random walk has zero entropy and positive drift, then
there exists a non-trivial homomorphism to R. Erschler and Karlsson [3]
used a random walk approach to establish the existence of such homomor-
phism in the case where the drift can also be zero. For a brief discussion
of random walks see the Introduction in [I] and the bibliography therein.
In this note, we show that Erschler and Karlsson’s construction still works
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2 G. BETTENCOURT AND S. MENDES

when we replace a finitely generated group by a finitely generated semigroup
and the length function by a quasicharacter. We now give a brief description
of the paper. Section 2 reviews some concepts on semigroups and probabi-
lity measures on finitely generated semigroups. The class of measure with
finite first moment is defined (see Definition . In section 3, a certain
map, which we call the kernel (see (3.1])), is introduced and its basic prop-
erties are proved. In section 4 we construct out of a quasicharacter ¢ of
the semigroup S, a sequence (xy), using the kernel of the previous section.
In general, x,, is not a quasicharacter. However, in the event that ¢ is a
genuine character of S then x;, coincide with ¢, for every n. An important
inequality (Proposition is proved, which will be crucial in next section.
Our main result is contained in section 5:

Theorem 5.1. Suppose that p is non-degenerate, has finite second moment
and for some sequence ny, it holds that A,, ® > 0 and

. Blw)
1 =0.

Then S admits a non-trivial real character.

The paper ends with a brief discussion about our construction in some
classes of semigroups.

2. PRELIMINARIES

To make the paper reasonably self-contained we start with some basic
definitions about semigroups and probability measures. For an account on
algebraic semigroups see [2].

A semigroup is a nonempty set .S with associative multiplication. If X
is a nonempty subset of S we denote by (X) the subsemigroup generated
by X. We say that S is finitely generated if there is a nonempty finite set
X C S such that S = (X).

An element e € S is called a left (right) identity element if, for every s € S,
es = s (se = s). A two-sided identity element of S, or simply identity of S,
is an element that is both a right and a left identity. Although a semigroup
can have several left (right) identities, the identity is unique if it exists. A
semigroup with an identity element is called a monoid. Given a semigroup
S without identity we may form a monoid by adjoining an identity element:
St =Su{e}.

A left (right) zero element of S is an element z € S such that, for every
s €8, zs =z (sz=2z2). If z is both a left zero and a right zero of S, we
simply call it a zero of S. If it exists, the zero is unique.

An element a € S is idempotent if a® = a. Zeros and identities are idem-
potent. When the semigroup S is commutative, the set E(S) of idempotent
elements of S form a subsemigroup, but noncommutative semigroups can
have idempotent sets which are not subsemigroups.
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A nonempty subset A of S is called a left (right) ideal if SA C A (AS C
A). A nonempty subset [ is a two-sided ideal (or just ideal) of S if it is both
a right and a left ideal, that is, ST C I , IS C I. It follows immediately
that every left, right or two-sided ideal of S is a subsemigroup of S. The
semigroup S is said to be left (right) simple if it contains no proper left
(right) ideal. Similarly, S is called simple if the only ideal of S is S itself. A
left (right) ideal is a principal left (right) ideal if it is of the form {a} U Sa
({a} U al) for some a € S.

The semigroup S is said be left (right) cancellative if for any a € S, the
equation az = ay (ra = ya) in S implies x = y.

If S is a semigroup and aba = a, bab = b for a,b € S then b is called an
inverse for a. A semigroup is regular if each of its elements has an inverse.
An inverse semigroup is a semigroup in which each of its elements x € S has
a uniquely determined inverse (denoted by z71).

From now on we restrict to infinite, finitely generated semigroups S, en-
dowed with a probability measure p. Let X = {x1,--- ,2,} C S be a finite
set of generators. For each generator x € X we assign a measure pu(z) > 0.
Note that, since X C supp u, it follows that the support of p generates the
semigroup S.

The length of an element a of S is defined to be

l(a)=min{n e N:a=z1-- -z, z; € X}.
The length [ : S — R is a subadditive function

(2.1) l(ab) < l(a) +1(b).
Let a,b be elements of S. We define the measure au by
(2.2) ap(b) = pla='b) = u({t € $ : b= at}),

where a=1b = {t € S : b = at}. Since p is a probability measure on S and
a~'b C S, then
0 < ap(b) = p(a™'b) < u(S) = 1.

Similarly, given a,b,c € S,

abu(c) = p(b~ta"te) = p({t € S : ¢ = abt}).
Since p is a probability measure, we have
(2.3) doub) =Y pla )= plat) =1,

beS ueas vESa

where a " u={b€ S:u=ab} and va~! ={b€ S :v = ba}.

Given probability measures p and v on S define the convolution measure

pev(t) = S pl@)an(d)

a€esS

= 3" wapla )

u€asS
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Denote by u™ the n-fold convolution.
We need to impose a compatibility condition on the measure p.

Definition 2.1. We say that p has finite first moment if
> Ug)ulg) < +oo
geG

Assuming that p has finite first moment, define a sequence L,, using the
length [ as

(2.4) Lo =S 1) ().
bes

The sequence L, is subadditive: Ljy, < Lp + Ly,. Hence, the classical
Fekete lemma ensures that the limit

. L
¢, = lim ==
n—+oo N

exists in R |J{—o0, +0o0}. Since I > 0 and L,, is subadditive we have
L, <nLy,
and since p has finite first moment it follows that £, < 4-o0.
A quasicharacter of a semigroup S is a function ¢ : S — R verifying
|¢(ab) — ¢(a) — $(b)| < Dy

for some real constant Dy > 0. We note that using the triangular inequality
we have

[ [p(ab) — ¢(b)| — [@(a)| | < [@(ab) — ¢(a) — ¢(b)] < Dy.

Hence,

(2.5) [¢(ab) — ¢(b)| < Dy + [¢(a)l.

Similarly, we have

[ [#(ab)| — [¢(b) + ¢(a)| | < [¢(ab) — ¢(a) — ¢(b)] < Dy,
which implies that

|#(ab)| < Dy + |p(a)| + [$(b)]-

More generally, this last inequality can be written as

(2.6) |6(arag -+ am)| < (m—1)Dg + Y _ [d(as)l.
=1

Given a quasicharacter ¢, we define in analogy with ([2.4)),
(2.7) ®, = ¢la)u"(a)

a€S
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From , we conclude that
28) S o@)®) = 3 6®)a" ) = 3 o(wp(a M),
besS beS ueasS

where a lu = {b € S : u = ab}.
The next result shows that ®,, verifies a generalized subadditivity prop-
erty.

Proposition 2.2. Let ®,, be defined as above. Then ®p,yp < @py+ P+ Dy.
Proof. We first observe that

Prpn = Z Z ¢(ab)p™ (@)™ (b).

besS aesS
In fact, we have

S élab) (@™ () = 3 (Z ¢(ab)um(b)> " (a)

a€eS besS aeS \ besS

=> ( > ¢(b)aum(b)> p"(a)

acS \ besS

=Y o) > u"(a)au™(b)

besS a€sS

=D o)™ (b)
besS
= (I)m—l-n-

Now, since ¢ verifies ,
Opyn <Y Y (6(a) + (b) + Dy)p" (@) ™ (b)

beS acesS

= > dlap"(@)p™ )+ Y dOu (@)™ () + Dy Y p"(a)u™(b)
a,bes a,besS a,bes

=> ¢(a)u™(a) + > _ ()™ (b) + Dy
a€sS besS

= &,y + D, + Dy, O

Remark 2.3. From the above we conclude that ®, < n®; + (n —1)Dy. In
view of this we will consider quasicharacters ¢ for which ®; < +oo, that is,
quasicharacters lying in the space £1(S, ).

3. THE KERNEL
Given a € S, define for each n € N amap K : S — R by
(3.1) K (b) = ap™(b) — p"(b)

The map K[ plays the role of a kernel and verifies the following properties.
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Proposition 3.1. Let (S, u) be a finitely generated semigroup with a pro-
bability measure. We have:

(1) If S has a left identity e then K'(a) =0, Va € S;
(i) If S is an inverse semigroup then K" _,(a) = K", (a™') = 0,
Va € S;

(131) KI'(b) =0, Vb € eS and Ve € E(S);
(iv) ZbesK (b) = 0;
(v; > bes [Ka (b)) <2

(Vi) Yges Kit(D)pu(a) = "+ (b) — p(b).

Proof. (i), (i) and (iii) are simple computations.

We have:
DKL) =D (ap™(b) — p (b)) =Y ap™(b) = Y u"(b)
besS besS beS beS
Z u(a™ u ZM =1-1=0,
ucasS besS

which proves (iv). To establish (v) notice that

DOIEEO) =) lap"(b) — 1" (b))

besS besS
< (ap™(b) + p" (b))
bes
<14+1=2.

Let us prove (vi). We have,

acsS acs
= Z ap™(b)u(a) — Z 1" (b)p(a)
acs aes
= apmb)ula) — 1" ()Y ula)
a€s acsS
= 1™ (b) — " (b) U

4. THE SEQUENCE X,

From now on we fix a semigroup quasicharacter ¢. Define a sequence of
maps Xn : S — R as follows

(4.1) Xn(a) =Y (¢(ab) — ¢(b)) " (b).

besS
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The sequence Yy, may be rewritten using the kernel. In fact, by (2.8)), we
have

Xn(a) =Y (¢(ab) — (b)) ™ (b)

bes
=" glab)u™(b) = D G(b)u"(b)
bes bes
- Z ¢(b)(ap™(b) — ¢(b)u" (b)).
beS
Hence,
(4.2) Xn(a) = ¢(b) K] (b).

besS
The following result collects some properties of the sequence y;,.

Proposition 4.1. Let x, be defined as above. We have
(1) If S has a left identity e then xn(e) =0;
(it) If E(S) # 0 and S is left simple then xn(e) = 0, for every e € E(S);
(iii) |xn(a)| < Dg + [¢(a)]
(1) D aes Xn(@)p(a) = Pny1 — Oy

Proof. The first and second assertions follow from (7) and (7i7) of proposition
respectively. To prove property (7ii) just use the bound in ({2.5)). Finally,
property (iv) follows from (vi) of proposition O

In general, the sequence Y, is not a semigroup homomorphism. The next
result measures how far is y, of being a homomorphism. For the sake of
readability we will use the following notation

(4.3) Defy,, (a1,a2) = xn(a1a2) — xn(a1) — xn(az).

Lemma 4.2. We have

(4.4) Defy, (a1,a2)| < (Dg + |¢(ar)]) D [Ky, (b)].
besS

Proof. We begin by observing that
S dlamazb)n ) = S olu)u(ay ar )

besS u€aijagsS

= Y glav)u"(ay'v)

vEasS
= ¢(arb)agp™ (D).
besS
We may now prove our claim.

Defy, (a1,a2)| = > (¢(arazb) — ¢(arb) — ¢(azb) + ¢(b))p"(b)

besS
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= D _((¢(ara2b) — p(ash)) " (b) — Y _(¢(arb) — p(b))u" (b)
besS besS
=1 (¢(arb) — ¢(b))agu™(b) = Y _(¢(a1b) — ¢(b)) " (b)
beS besS
=) (¢(arb) — 6(b) K, (b)
besS
<Y [p(arb) — o(b)| KL (b))
besS
< (Dg + |p(an)]) > K7 (D). O
besS

Remark 4.3. As mentioned before, in general x, is not a homomorphism.
Lemma [4.2] shows that, in general, X, is not even a quasicharacter.

D IKZ(b)| <

besS
we can consider a sequence (n) such that for every a € S there exists C'(a)
with
(4.5) D IK(b)] < Cla)B(n).

beS
The measure p is adapted, i.e. the support generates the semigroup S.

Therefore, we may take

= max) K

besS

The next result shows that the constant C'(a) in (4.5) can be made more
explicit.

Now, since

Lemma 4.4. There exists a constant C, such that
D IKZ ()] <U(a)CoB(n).
beS

Proof. First note that for any pair a1, as € S we have

D (aragp™(B) —arp™ () = D> pag ey u) =Y aip™(b

bes ucaiazsS besS
= D (o' u) = Y p(aru)
u€a S u€al S
= ) (aap™(ay 'u) — p"(ay 'w))
u€al1S

= 3 (azu™(b) — u"(b)).

besS
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Suppose now that a is such that I(a) = m. We have a = x1 - - - 2, for some

z; € X, and
D K

> KL ®)

bes bes
= > |z map™(b) — 4" (0)]
bes
= Z\m T (b) — 1 T 1" () + w1 T ™ (D) -
bes

At (b) = " (0)]

< D (b)) — 1w " (0)] +
besS
besS
Y| (b) = (b))
besS
< D famp (0) = 1O + D [wmoap™(b) — (D)) + -
beS besS
Y (b)) = i ()]
bes
= D D IK
i=1 beS
By (4.9), > pes [ K (b)] < C(a)B(n), so
YN IKE®)| < > Cla)B(n)
i=1 beS i=1
< .
< maxC() ; B(n)
< max C(z;)B(n)m.
r; €X
Write C, = maxg,ex C(z;). Since m = I(g) the result follows. O

Let us define the sequence vx(n) := y(n), which depends on the choice
of a generating set X of the semigroup S, by

(4.6) 7(n) = max |xn(x)].
zeX
We have the following.

Proposition 4.5. Let x,(a) be defined as above, pn a probability measure
on S and a € (supp uy. We have

(4.7) [xn(a)| < C2B(n)I*(a) + U(a)y(n),
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with 02 = Cg(gb,a).

Proof. Let a € (suppu). Since S is generated by the finite set X =
{1, -+ ,2p} we can write a = x1---2,, where m = [(a). By the previ-

ous Lemmas, and using (2.6) we have

[Defy, (@1 @m-1,2m)| < (D + (51~ sm-1)]) D_ K, (b)]
bes

m—1
<((m=1)Dg+ Y |p(xi))CoB(n).
=1

Write ¢, = max,cx |¢(x)]. We get
Defy, (21 Bt 2m)] < ((m — 1)Dy + (m — 1)60) CoBi(n)
and writing C as C1 = max{Dy, ¢,} we get
|Defy,, (1 Zm—1,2m)| < 2C1(m —1)C,B(n)
= Ca(m —1)B(n).
Therefore,
[Xn(a)

= [xn(z1- - 2m)|
= |xn(@1 @m) — Xn(@1 - Tm—1) — Xn(Zm)+
+ Xn(xl ce xm—l) - Xn(xl ce xm—2) - Xn(xm—l) + -

m

oo xn(T1x2) — Xn(21) — Xn(22) + ZXn(l"z)|
i=1

< CB(n)((m=1) + (m = 2) + -+ 1) + D [xn(a1)]
i=1

< Cof(n)m® + my(n).
O
As a special case, suppose the quasicharacter ¢ : S — R is a genuine

homomorphism into the additive semigroup of the real numbers. This is, of
course, a particular case of a quasicharacter where Dy = 0. We have

Xn(a) =Y (¢(ab) — (b)) " (b)

besS

= (&(a) + $(b) — $(b)) " (b)

beS

= ¢(a) Yy 1" (b)

bes
= ¢(a).

So, in this case, x, = ¢ is a semigroup homomorphism.
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More general, let f : S — R be a semigroup homomorphism to R and fix a
pair of real numbers «, 5 € R. The map ¢(a) = af(a)+0 is a quasicharacter,
for

[¢(ab) — p(a) — ¢(b)| = [ — B| = |B] = Ds.
Again, we have
Xn(a) =Y (¢(ab) — (b)) " (b)

beS

=af(a) ) u"(b)

besS
= af(a).

We conclude the following

Proposition 4.6. Let ¢(a) = af(a) + B, where f : S — R is a semigroup
homomorphism and o, 8 is a pair of real numbers. Then, the associated
sequence X, = af is a semigroup homomorphism.

5. REAL CHARACTERS GENERATED BY QUASICHARACTERS

We begin this section by explaining why the homomorphism to R we
are about to obtain in the construction below in nontrivial. Suppose the
generating set X is chosen so that the sequence verifies y(n) # 0. We
may then put a(n) = 1/y(n). For a € S with a = z129. .. x4, where z; € X
and [(a) = m, Proposition allows one to conclude that

a(n)|xa(a)] < Caa(m)B(n)m? +m.

If the product a(n)f(n) remains bounded along some infinite subsequence,
take a subsequence ng — 400 of our subsequence such that the limit

= | n
X kiglma(nk)xk(a)

exists, for every a € S. Then, for every n there exists x € X such that
a(n)xn(z) = 1. By construction, the limit x is nontrivial.

Now, upon some conditions on the measure py, if a(n)8(n) — 0, Lemmas
(4.2) and imply that x is a homomorphism to R. Summing up, to
ensure X is a nontrivial semigroup homomorphisms to R, it is sufficient to
know that there exists a generating set X and a subsequence (ny ), such that

() 3(m) £ 0 and (i) 228

Define A, ® = &,,41 — ®,,, with &, as in (2.7). We may now state and
prove our main result.

— 0 as k — +o0o.

Theorem 5.1. Suppose that u is non-degenerate, has finite second moment
and for some sequence ny, it holds that A, ® > 0 and

. Blw)
1 = 0.

Then S admits a non-trivial real character.
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Proof. By Proposition (4.5) we have
IXn(a)] < CoB(n)?(a) + 1(a)y(n).
So
> Ixn(@)lu(a) < Cap(n) Y PP(a)u(a) +v(n) Y l(a)u(a)

aes a€esS aes
= C38(n) +v(n)Ci.
Using the hypotheses of this proposition and lemma (4.1]) we have
0<A,®
=Y xm(@)p(a)

a€sS

=1 Xn(a)us(a)l

a€sS

<D Ixm(a)lp(a)

aesS
< C38(nk) + v(ny) Ca.

Again using the hypotheses we have that for any € > 0 there exists nj such
that S(nk) < € Ap, ® and we have

0< Ankq) < Cse Ankq) + 'y(nk)C4.
(1 - C3€)AnkL < ’y(nk)C’4.
Choosing ¢ such that C3e < 1/2 we have, for n; big enough
(5.1) 0<(1/2)A,,® < v(ng)Cy.
1
Now, define the coefficient a(ng) = . We have
v(ng)
0 < a(ng) Ap, ® < 2C4.
Therefore,
B(r) B(r)
0 < a(ng)B(ng) = a(ng) Ay, @ A, ® < 204m

and using our convergence hypothesis we conclude that
a(ng)B(ng) — 0.
Using lemma we can say that
a(ng)[Defy,, (a1,a2)| < (Dg + [d(a1)])Claz) B(nk)o(ng).

Hence,

kgrfoo a(ng)Defy, (a1,a2) =0

which amounts to say that

x(araz) = x(a1) + x(az2),
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with x(a) = limg_ oo @(ng) Xn, (@)- O

We end with a brief discussion of Theorem [B.] for certain classes of semi-
groups.

First of all, the construction in this note is completely general for finitely
generated semigroups with a probability measure. In particular, it includes
the case of finitely generated groups, which was treated in the first part of
[1].

Suppose S is a semigroup such that every element is idempotent. Then,
a real character x : S — R is necessarily trivial, for

x(a) = x(a®) = x(a) + x(a)
and so x(a) = 0, for all @ € S. An example of such a semigroup is a right
(left) zero semigroup, that is, a semigroup satisfying

ab=">b (ab=a)Va,beS.

Now, suppose S is a right group. Recall that a semigroup is called a
right group if it is right simple and left cancellative. A left group is defined
dually. According to |2, Theorem 1.27], S is a right group if and only if S
is a direct product G x E of a group G and a right zero semigroup E. Let
X : G X E — R be a real character of a right group. Let e denote the identity
of G. We have:

(5.2) x((g,a)(e, b)) = x(g,a) + x(e,b) = x(g,b).
On the other hand,

(5.3) x((e,0)(g,a)) = x(e,b) + x(g,a) = x(g,a).
Hence,

(5.4) x(g,a) = x(g,b) , Ya,b € E,Vg € G.

We conclude that every real character x : G x £ — R is determined by the
group G. Thus, the results of [I] apply to the class of right groups G x E
where G is a finitely generated group and F is a right zero semigroup, not
necessarily finitely generated. In fact, in view of , it is enough to define
the sequence x,, to be constant on F

(5.5) X(g,a) = > (¢(gh) — ()" (h),

heG
where ¢ : G — R is a quasimorphism of groups and p is a finitely generated
measure on G. Thus, we are actually working in the setting of finitely
generated groups with a probability measure as in [I].
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