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ABSTRACT When using guessing random additive noise decoding (GRAND) to decode linear block
codes (LBCs), the list of error patterns to be tested is blind to any structure in the parity-check matrix.
This paper starts by proposing simple and general set partitioning (SP) constraints that reduce the number
of possible patterns to less than half when decoding random linear codes (RLCs). Sparser parity-check
matrices induce faster decoding when using SP, but at the expense of a severe performance loss. This
loss can be mostly recovered by considering regular or quasi-regular low-density parity-check (LDPC)
codes. Given their structure, one can apply the proposed Sieving-GRAND that, for a given support of the
syndrome, “filters” possible error positions. Subsequently, a guessing approach is applied to those few
positions. The filtering threshold can be successively relaxed to extend the set of candidate positions. We
further propose a largely constrained GRAND mechanism (LC-GRAND), which takes advantage of zeroed
syndrome positions to efficiently eliminate incompatible error patterns, while not requiring quasi-regular
LDPC codes. The two main proposed techniques lead to similar sharp pruning of the search space. For
example, LC-GRAND, in combination with SP, reduces the number of membership tests to ~ 1%. All the
proposed hard-decoding techniques retain the same decoding performance of unconstrained GRAND.

INDEX TERMS Constrained GRAND, LDPCs, RLCs, set partitioning, short codes, sieving error positions,

URLLC.

. INTRODUCTION

OR error protection, binary messages with a length of &

bits should be mapped to codewords n bits long, taken
from a finite codebook C, with a code rate R = % Shannon
showed that it is possible to communicate with an error
probability that tends to zero when using a code with suffi-
ciently long codewords (n — 00), as long as the code rate is
below capacity [1]. When employing an error correction code
(ECC), the asymptotic bit error probability (BER) decays as
BER o e~ <(1) [2]. The capacity corresponds to the highest
code rate for which e(R) > 0. The statistics of the error
exponent of random codes have been very recently analyzed
in [3] when n — oo, proving that it converges to its expected

value for both high and low code rates. Shannon’s non-
constructive proof showed that random codes could reach
capacity [1], [4], [5], however, a simple maximum-likelihood
(ML) decoder does not exist for such codes [6]. Decades-
long research looked for codes capable of achieving capacity
with some embedded structure, for which a feasible decoder
could exist [7]. The focus was on reaching capacity, and the
length of the codewords was not a major constraint. Low-
density parity-check (LDPC) codes, also known as Gallager
codes [8], later rediscovered by MacKay and Neal (MN) [9],
[10], reach capacity for extremely large codewords.

Short codes became relevant for ultra-reliable low-latency
communications (URLLC) [11], [12] in 6G [13], [14], even
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more than in 5G [15]. The capacity for the finite blocklength
regime was found by Polyanskiy et al. [16], recovering
Shannon’s capacity when n — oco. The authors pointed out
that very few prior works had looked at that problem, as
considered by Salema [17, sec. 6.12-6.13], and by Dolinar
et al. [18], who revisited Shannon’s work considering finite
codewords [2].

Ordered statistics decoding (OSD), which has similarities
with the concept of noise-guessing decoding, can be used
to decode any linear block code (LBC) with quasi-ML
performance [19], [20], has been proposed for short codes
[21], [22]. Although OSD involves costly gaussian elimi-
nation for general LBCs, a low-latency OSD has recently
been proposed for the particular case of Bose-Chaudhuri-
Hocquenghem (BCH) codes, which eliminated the need of
gaussian elimination [23]. The concepts of noise-guessing
decoding can be traced back to [24]. Using a constrained
serial list Viterbi algorithm, a very low number of codewords
needs to be tested [25], however, this comes at the expense
of a Gaussian elimination preprocessing for each received
codeword, with a complexity that scales with ~ O(n3).

High-speed decoding of LDPC codes (with n = 1027) has
been presented in [26], which includes a list of other fast de-
coders implemented for n between 672 and 1994 bits. With a
focus on fast decoding, short protographs LDPC codes have
been proposed for URLLC, unfortunately enforcing rather
resource-intensive very low code rates (from % to 1—12) [12].

Guessing random additive noise decoding (GRAND) is a
universal ML decoder for codes with moderate redundancy,
i.e., with high rate. This includes short or high-rate random
linear codes (RLCs), which attain the maximum possible
rates of the finite blocklength regime [27]. It should be noted
that, while OSD appeared as a solution to decode short block
codes (including LDPCs) with ML decoding performance,
OSD has limited decoding throughput and is not adequate to
meet the low-latency decoding aimed for 6G [28]. In addition
to the Gaussian elimination required for each received code-
word, OSD operates by flipping the k£ most reliable bits of the
n-bits received words, its complexity exponentially increases
due to the binomial coefficient (7). For that reason, OSD is
only a low-complexity viable alternative when low-rate codes
are considered. For the high-rate codes considered in this
work (for higher spectral efficiency), OSD is not competitive
with noise-guessing approaches regarding decoding latency.

GRAND-type decoders [29] were originally proposed
by Duffy et al. as a hard ML decoder [11], [27], [30].
The concept shifted the decoding paradigm from finding
the transmitted codeword to finding the error pattern that
corrupted that codeword. This is done by successively testing
error patterns in decreasing order of likelihood. In the case
of RLCs, as for any LBC, the membership test depends
entirely on the observed syndrome [4], [29]. GRAND has
been extended to soft-decoding [31], [32] and GRAND
with joint detection has been analyzed in [33]. GRAND
has been applied to fading channels in single-antenna [34]

and multi-antenna systems [35] [36]. GRAND has been
implemented in hardware [37], [38], showing record energy-
efficient decoding [39]. The noise-guessing concept has also
been applied to network coding [40], to quantum ECCs [41]
[42], [43], and even to the purification of quantum links [44].
With GRAND, error-detecting codes, such as CRCs [45], or
even the AES cryptosystem [46], can be turned into an ECC.
GRAND can also compromise physical-layer security [47].

Although the statistics of the error patterns are central
in determining the order in which they should be tested
[11], [31], one should also restrict the number of possible
error patterns that are worth testing. This was done in [48]
by taking into account the modulation symbols. One can
also take advantage of the parity-check matrix, H. Given
a syndrome, not all error patterns are compatible with
the observed syndrome, which can greatly reduce the list
of possible error patterns L. Other recent proposals have
appeared to reduce the decoding complexity of GRAND-
type algorithms while preserving their near-ML decoding
performance. In [49], the authors make use of a single parity-
check constraint to eliminate guesswork in GRAND-based
decoding, demonstrating that decoding complexity can be
halved without compromising performance, particularly at
lower signal-to-noise ratios (SNRs). Taking into account H
and the observed syndrome, some constrained versions of
GRAND have been proposed, achieving ML performance
and requiring many fewer membership tests. In [50], con-
straints associated with the rows of H are used: for each
considered row, the average number of tests is halved. How-
ever, processing those constraints becomes an extra burden,
and the authors recommend using a single row. The work
in [51] proposes splitting H in two matrices: one is used
to generate low-weight error patterns via a (partial) trellis
search, and the other is used to check whether the candidate
error patterns can generate the remaining partial syndrome.
In [52] the idea is to start with a list of partial error patterns
ordered in decreasing order of likelihood, as defined by the
soft metrics of the bits, and complete the remaining error
position by testing which position, associated with a column
of H, is compatible with the observed syndrome. A unified
analytical framework was introduced in [53] to distinguish
between guessing noise decoding (GND) and guessing code-
word decoding (GCD) algorithms for linear block codes.
In this work, GND, representing the family of GRAND-
type decoders, was contrasted with GCD approaches, such
as OSD, which explicitly exploit the algebraic structure of
the code. Both decoding paradigms were shown to achieve
ML decoding performance; however, GCD demonstrated
greater efficiency in terms of the number of required guesses,
particularly for low-rate or highly redundant codes. In [54],
[55], a segmented ORBGRAND method was proposed,
in which the noise-guessing search space is partitioned
into syndrome-consistent sub-patterns and recombined using
logistic-weighted compositions. This segmentation reduces
redundancy, cutting the average number of decoding queries
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by over 66% across all SNR while maintaining near-ML
accuracy. In [56], a soft-output GRAND (SOGRAND) de-
coder was introduced to extend the GRAND framework to
soft-information processing. This method generates accurate
a posteriori reliability estimates for both single and list
decodings, supporting iterative architectures that outperform
standardized LDPC codes from 5G New Radio in reliability
and latency.

Collectively, these works mark an important evolution
of the GRAND family from purely combinatorial noise-
guessing toward adaptive, probabilistic, and structure-aware
decoding methods. A recent overview and comparison be-
tween GRAND, OSD, and GCD is provided in [57], where
the authors point out in which regions of coding rate
and block length each decoding approach is preferable.
Building upon these foundations, the present work proposes
a largely constrained GRAND framework that makes use
of two newly proposed techniques specifically designed
for LDPCs, and later combined with one general purpose
complexity-reduction technique. Our proposals introduce
parity-check—driven structural constraints into the noise-
guessing process. One of our main proposals leverages
the inherent sparsity and quasi-regularity of LDPC parity-
check matrices to perform syndrome-guided sieving of can-
didate error positions. The other main proposal looks at the
zero-syndrome “filtering”, thereby eliminating incompatible
error patterns. In doing that, one achieves ML decoding
performance for any short LDPC code with significantly
reduced computational overhead and latency, extending the
practicality of GRAND-type decoders for URLLC scenarios.

Note that the proposed decoders are distance-bounded
decoders, which do not try to decode beyond the number
of errors ¢ dictated by the minimum Hamming distance,
dmin. Distance-bounded decoders do not reach capacity, with
n — 00, as to reach capacity one has to be able to
decode errors beyond t = % [10] [4, Ch.13]. However,
in the finite blocklength regime imposed in URLLC, this
distinction has no practical meaning.

A. Contributions:

Belief-propagation (BP) decoders are known to offer a low-
complexity solution suitable for long block lengths, with
a complexity that grows linearly with n. However, in the
case of short LDPCs, BP falls short from the ML decoding
performance [13], [14], and near-ML decoding of short
LDPCs has been classified as an open problem in [58].
Noise-guessing decoders are seen as an efficient decoding
approach to that goal [13], however none of them takes
advantage of the sparsity of the LDPCs. The decoder in [50],
which introduced the idea of “pre-filtering” error patterns
by applying one or more constraints associated with one or
more rows (or combinations of rows) of the parity-check
matrix is a state-of-the-art decoding technique that fits well
the hard-decoding of sparse codes and will be compared with
our proposals. This paper focuses on low-complexity noise-
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guessing hard-decoders fit for quasi-regular LDPC codes,
while some of the proposed techniques are not restricted
to LDPCs. The contributions of this work are the following:

1) Short RLCs with GRAND have shown faster decoding
than CRC-aided polar (CA-Polar) codes of similar length or
than standalone polar codes using the Tal-Vardy list decoder
[31], [35], [59]. This paper starts by proposing in Section
IIT simple constraints based on a set partitioning (SP) of the
positions of the errors, which can be applied to any LBC,
and is tested with RLCs. The existence of a very unbalanced
number of ones and zeros in some row of H determines the
reduction of complexity. Sparse RLCs would lead to faster
decoding, however, at the expense of the codes’ performance.
By considering short LDPC codes, one can retain a good
performance.

2) To mitigate the performance degradation observed with
sparse random codes, we use short quasi-regular low-density
parity-check (LDPC) codes that maintain high reliability
while enabling efficient constrained decoding. By relaxing
the strict overlap constraints of Gallager and MacKay—Neal
constructions from one to two overlaps allowed between
any two columns [8]-[10], the proposed LDPC matrices
retain uniformly weighted columns suitable for rapid error-
pattern filtering in GRAND decoders that is crucial for the
Sieving-GRAND technique proposed in Section IV. This
is a syndrome-guided “sieving mechanism” that uses the
structure of the LDPC matrix to iteratively identify and prior-
itize likely error positions. This filtering process dynamically
enlarges the candidate set of positions in a controlled manner,
allowing the decoder to find the ML codeword solution with
minimal computational effort.

3) Next, in Section VI we develop the largely constrained
GRAND (LC-GRAND) algorithm, which introduces a novel
constraint based on zero-valued syndrome components. This
additional layer of structural restriction enables the early
elimination of incompatible error patterns, providing sharper
search-space pruning and faster convergence toward the cor-
rect error pattern. Likewise SP, this technique is applicable to
both regular and irregular LDPCs. Without loss of generality,
for a fair performance comparison, LC-GRAND is assessed
with the quasi-regular LDPC code used to assess Sieving-
GRAND.

4) Finally, by applying SP to the reduced candidate posi-
tions obtained from the Sieving-GRAND and LC-GRAND
stages one obtains the most efficient decoding strategy,
as shown in the results in Section VII. The integration
achieves maximum-likelihood performance while reducing
the number of membership tests to approximately 2% of
those required by unconstrained GRAND, enabling decoding
speeds up to 50x faster.

To improve the manuscript’s readability, Table 1 sum-
marizes the proposed GRAND-based decoding variants and
clarifies their relationships. Each variant introduces a dis-
tinct constraint or filtering mechanism, and the combined
schemes apply multiple mechanisms jointly to further reduce
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TABLE 1. Overview of the GRAND-based decoding variants.

Decoder | Mechanism

GRAND | Unconstrained noise-guessing decoding.

SP- Classifies the n potential error positions in disjoint

GRAND | subsets where the errors can lie.

Sieving- Syndrome-guided filtering of candidate error positions

GRAND | using column-weight thresholding of a reduced parity-
check matrix.

LC- From the zero-valued syndrome components only tests

GRAND | feasible combinations of error positions based on the
weight of the columns of a reduced parity-check matrix.

SPS- Applies set partitioning over the reduced candidate-

GRAND | position set obtained from the Sieving technique.

SPLC- Applies set partitioning and additionally enforces the

GRAND | LC constraints for sharper pruning.

the search space while always preserving the same ML
performance obtained by GRAND [27].

Notation: we use MATLAB’s notation to denote rows and
columns of a matrix: the é-th row is H(i,:) and the j-
th column is H(:, j). The Hamming weight of a vector is
denoted by its 1-norm, || - ||;. A set of positions is denoted
as P C {p1,p2,--.,pn}, With size |P| < n. This set
of positions can be written as P = {pj17pj2,...,pj‘,[)‘},
where j1,72,...,Jp| are all different. A set can be a set
of positions (integers) or a set of binary vectors (error
patterns). The addition in GF(2) is denoted by . The
overlap between two binary column vectors is the number
of common positions holding 1s. [z] denotes the smallest
integer larger than z. 1,, is the row-vector of ones of size
n, 0, is a column-vector of zeros of size n, a’ denotes the
transpose of vector a, and x denotes the Cartesian product
of sets.

ll. Encoding schemes

A. Random Linear Codes: dense and sparse

A column vector a with k£ independent and identically
distributed (i.i.d.) information bits is encoded by an LBC
onto n-bits long codewords, xp, and then mapped onto
binary phase-shift keying (BPSK) or quadrature phase-shift
keying (QPSK), subjected to additive white Gaussian noise
(AWGN).

We start by considering short (systematic) RLCs, given
their performance guarantees, mentioned in Section I. The
elements of the generator matrix G € F5** can be chosen
uniformly at random from a Galois field F, = {0,1,...,¢—
1}, where in this work, ¢ = 2. The G matrix defines
a codebook C = {xb =Ga:ac IE"QC} with 28 = onft
codewords of length n, which is a linear subspace of the
discrete vector space I . For systematic codes, G is of the

form G = {IP} , where P € Fy" ¥ is a random binary
Kk

matrix, whose elements have probabilities: P(1) = p and

P(0) = 1 —p. When p >= 0.5, we say that the RLC is
dense, and for p < 0.5 we say that the RLC is p-sparse. I,
is the k x k identity matrix associated with the systematic
part of the encoding.

Any LBC can be also defined by the (n — k) x n
parity-check matrix, H = [I,_j |P(,_g)xk] € Fé"ik)xn,
which spans the null space of G, so that HG = 0,,_p,
and thus Hxy, = 0,,_;,Vx, € C. A received block, after
hard-detection, can be written as y, = X, ¢ e, where e
is the binary error vector after detection. The syndrome,
s = [51,32,...,s(n,k)]T € ]Fg’k, is computed as s =
Hy, = H(x, @ e) = He. GRAND uses the syndrome for
the membership test, given that s = 0,,_j if and only if
yb @ € € C, for some candidate error pattern é.

B. Quasi-regular LDPC codes with relaxed overlapping
Although short RLCs exist for any length and rate, the rules
to design the parity-check matrices of MN codes and LDPC
codes may not be feasible to fulfill for some desired lengths
or rates. In its simplest form, a quasi-regular MN or LDPC
code is constructed via its parity-check matrix with two
simple rules [9], [10]:

1) randomly generate different sparse columns for H, all

with equal weight w;

2) any new column, hy.y, can only be allowed to have an

overlap < 1 with all previously accepted columns.

The resulting code is a non-systematic one. To construct
short LDPC codes we relax the second rule and tolerate over-
laps < 2. The overlaps can be easily checked by the inner
product between columns of the extended Hexy = [H | hpey].
The acceptance of a new column must check the off-diagonal
elements of the Gram matrix: a new column hy,,, is rejected
if any element in of the matrix constructed as H&Hext —wl
is > 2.

As noted earlier, short RLC codes outperform short LDPC
codes. However, for reasons that will become apparent in
Section IV.B, having an H with equal column weights
(quasi-regular LDPC codes), will allow to strongly reduce
the number of candidate error positions. Regular LDPC
codes would additionally have an equal weight, w,., in all
their rows and could be used equally. Given its simpler
construction, and similar performance when the codes are
short (operating far from capacity), quasi-regular codes will
be considered.

lll. Set partitioning for Linear Block Codes

We start by proposing the partition of the n positions of a
received block yy, into sets. This allows us to generate a
shorter list of admissible error patterns, L.

Definitions: the positions of the syndrome containing a
1 are called the flagged positions of the syndrome, and
their number is F' = |[|s||;. In all of them, s(f) = 1, for
f e {1,2,...,n — k}. The rows of H that are associated
with these positions are called the flagged rows. The flagged
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rows are stacked to form the matrix H-reduced, denoted
as Hyq4. The support of a binary vector a of length n is
defined as supp(a) = {i € {1,...,n} : a; # 0}, as in [50].
Accordingly, the i-th row of H has a support supp(H(i,:)),
whose cardinality (i.e., number of 1s) is its Hamming weight:
[|H(%,:))||1 =|supp(H(4,:))|. Because s = He, we say that
an error pattern e activates the j-th column of H when
e(j) = 1. Each row i of H,q has a set of ones, whose
elements are the positions of the row that contain a 1,
denoted by S; () (corresponding to the support of the row),
and a set of zeros, which comprlses the positions of the row
holdmg a 0, denoted by S . The size of these sets is given
by \S )| and |Sé )| respectively.

A. Construction of the admissible error sets

For a clearer explanation, we start by independently describ-
ing how the error patterns of weights ¢t = ||e||; = 1,2, 3 are
generated, and later we generalize to any even or odd weight.

1) One error case

In the case of a single error corrupting the block of n bits,
there is no need to run membership tests by successively
flipping single bits. Given that s = He, this situation
corresponds to the case where only one column of H is
active. This amounts to identifying whether the observed s
is a copy of some column of H. If only one error exists in
position p; = j, then s = H(:, j).

2) Two errors case

With ¢ = 2 errors, any flagged position, f, in s can only
result from two active columns H(:, p;) and H(:, p2), where
the flagged row H(f,:) has in the positions H(f, p;) and
H(f,p2) different bits. This means that the position of one
of the errors must be in the ser of ones, S (i), of the row

H(f,:) while the other error must necessarily be contained
in the set of zeros, SO , of that same row.

The flagged rows are used to build the smaller matrix
H,.q. The row of H,.q that discloses more information about
the location of the two errors is the one with the highest
unbalance between the number of Os and the number of 1s,
i.c., the one where the sizes of the sets S\" and S{" that are
most different. While the location of two errors among the
n positions, all drawn from the same set, entails |Lo] = (g)
possible error patterns, the list of all possible error patterns
when the erroneous positions come from two disjoint sets is
defined by the Cartesian product SY) x S\, whose size is
15 %887 | = 18191185 Note that S{” xS(gl) generates the
list of candidate error patterns (‘:'1, (‘:'2, ... ‘9|s< ) s )I’ where
each error pattern is defined by a set of two posmons ie.,
&= {pj.,pj, }- The associated error pattern €; is the binary
vector with 1s in the two positions in &.

The number of candidate error patterns can be minimized
by choosing the row of Hyy that has the minimum or
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the maximum weight of the support. From an information-
theoretic perspective, that is the most informative row about
the locations of the errors. The remaining entropy is sub-
sequently dealt with by applying a noise-guessing approach
that only considers the reduced set of candidate error pat-
terns. The two extreme cases correspond to: a) S; @ = 1,
where the number of error patterns w1th two errors is
|£2] = 1-(n—1), which is the case where S fully specifies
the location of one of the two errors, leaving the other error
position to be %uessed among the remalmng n — 1 positions;
b) |Sl)| =15, )| = 4, leading to [Lo]| = § - § = 42. For
the benefit of the algorithmic complexity of the decoder, we
opt for only looking at the minimum support row of Hiq,
i.e., the row of H,4 that has the fewest 1s, defined in the
following manner:

hjn =H(m,:), m = argmin [supp(H(,:))|, (1)
i€l

where Z C {1,...,n — k} denotes the set of row indices
selected from H to form H,qq, so that |Z| =
This option becomes optimal when sparse codes are
considered, as h| will always be the most unbalanced row
[36]. In the case of ¢ = 2, two other sets should also be
formed: the full set: F, which contains the positions p; where
the columns Hieq(:,p;), p; € F, are column-vectors of s
with size F:

F={p; je{l,....n}}, @

and the null set, N/, which contains the positions p; Where
the columns H,q(:, pj), pj € N, are a zero column-vector
with (n — k) — F elements:

N ={p; :

Hred(:7pj) = ]l—Fr‘v

(3)
If one error p; € F, then it is easy to see that, necessarily,
po € N. Therefore, we have a new set of possible error
patterns given by another Cartesian product: 7 x N.
the complete list of admissible error patterns is

Finally,
Ly = ((5< x (8§m™ \N)) U (F x N), with size

A

1Ly = [SU™ N\ F| - 1S{™ \N| + |F| - |N]. This further
splitting of the sets in the particular case of ||e||; = 2 allows
for an additional reduction of the number of error patterns
to be tested, which is more accentuated when the codes are

very sparse and more zero-columns appear in Hgq.

Hred(:7pj) = O(n—k)—Fv ] € {17 ceey

3) Three errors case

In the case of ¢ = 3 errors, the flagged rows, and in particular
the minimum support row, h , can only trigger the flag if
one of the two situations happens:

a) all three positions in error pi,ps,p3 € |S§m)| and thus
one has to search through all the possible error patterns
with three positions in S;

b) one error activated a 1 in the row and the other two lie
“hidden” in the Os, i.e., p1 € S{m) and po,p3 € S(()m)
Thus, one has to search through error patterns resulting
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from the Cartesian product of S\ x 7{, where % is the
set of error patterns having all the combinations of two
error positions “hiding” in S{™

With these constraints, the number of a(ldr)nissible error
patterns with weight three is |C3] = (1%y71) + SR

(m)
(o) < (3).

4) Any even or odd number of errors

Given that only an odd number of error positions in Sfm)
can cause the syndrome flag associated with row h , when
considering ¢ errors, the set split is performed considering
l = 2a+ 1 <t positions in S{m , for a € ZF, and the
remaining ¢ — [ positions are errors “hidden” in S(()m). The
cases detailed for ¢t = 1,2, 3 are particular examples of this
simple rule. For simplicity, the full set and the null set are
recommended to be used only in the ¢ = 2 case. Without
those two sets, when applying set-partitioning, the maximum
number of error patterns of weight up to ¢ having to be tested
is:

t l

2] = Z|cl|—1+zz(3(m )("f(m)') @

=1 i=1
7 0odd

The following section will show that, for the parity-check
matrices of RLCs or LDPCs, |£| is much smaller than the
number of all error patterns of weight ||e||; < ¢, which
amounts to Y ;_, (7).

B. Probability mass function of the minimum weight of
the rows of Heq

The impact of splitting the n positions into the set of
ones, Sfm), and the set of zeros, Sém , depends on how
low the weight of the minimum weight of the support
row of H,q4 is. Therefore, it is important to look at the
probability distribution of this weight ||h] ||1, which cor-
responds to the size |S£m)| in the minimum support row.
The probability mass function (PMF) of |S£m)| is plotted
in Fig. 1 for RLCs (128,103) with SP-GRAND. Given that
H =L, | Pni)x] € Fy" 7", dense RLCs (128,103)
have on average 65 1s’ in each row of H: 5 coming from the
elements in the P € Fénik)x}c submatrix, plus one coming
from the identity. The average weight of the minimum
support row, E{||h] |1} = E{|S;
5 + 1. As observed in Fig. 1, the mean value E{|Sl(m [} =
45, and therefore E{|S{"™ |} = n — E{|S\"™| = 83. In this
case, and considering t = 3, the number of possible error
patterns is |L3] = ( ) +45- ( ) < (128)

0.1f

P(8™)

0.05

0 : . . .
30 35 40 45 50 55 60

15|

FIGURE 1. Simulated PMF for the number of 1s in the most unbalanced
row of H,.q, using RLC (128,103).

Fig. 2 compares the number of error patterns required by
unconstrained GRAND with the number of error patterns
generated by the Cartesian products when set partitioning
is applied, considering different weights of the minimum
support row, |Sfm) |. The number of error patterns is plotted
as a function of the codewords’ length 2 < n < 128, and in
the case when one is trying to guess the locations of ¢t = 2
errors. In the case of unconstrained GRAND (blue curve), the
number of error patterns is [£o| = (). When applying set
partitioning GRAND, the worst-case scenario (black curve)
corresponds to the case Where |S(m)| = |S ™) | = 5, in
which case (Lo = § - § = 7. This upper bound for SP-
GRAND is always much lower than ( ) The figure also

depicts several curves for a varying number of |Sl(m)\ and

n

18I = n — |8 pairs. In all cases, |Ly| = |S{™
(m) (m) (m)
S =181 185™ | < (3)-
8000 ‘ I I
unconstrained GRAND
7000
worst case: [S"™] =8| =2 — ¢4
6000 | S =191 =5 i
5000 f
5 ()
S = 1,2,...,30
000 15
\S((]'n)\ =n-1,n-2,...,n—30
3000 [
2000
1000
0 =
20 40 60 80 100 120
n

FIGURE 2. Number of error patterns considered in unconstrained GRAND
and in set partitioning GRAND (SP-GRAND) for different weights of the
minimum support row, \S{"") |, when looking for t=2 errors in codewords
of length n.

IV. Sieving-GRAND for quasi-regular LDPC codes

When the parity-check matrix is both sparse and all columns
have equal Hamming weight, such as the ones of quasi-
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regular LDPC codes, the number of candidate error positions
that need to be tested can be greatly reduced using a simple
constraint (or “filter”), capable of gradually sieving candidate
positions into a set, P, with more positions being added
to the set at different iterations. (See sieve algorithms for
the closest vector problem in lattices [60], [61]). At each
iteration, a GRAND approach only considers error patterns
formed by error positions that belong to that reduced set of
positions. We will next define that set and then explain the
two proposed filtering mechanisms.

After the [-th iteration, the set of candidate error positions
is P = {pj1sPjss- - +Pi }. The size of the set increases
monotonically, with more positions added to it in each iter-
ation. The number of iterations is upper bounded by w, — 1.
When the algorithm reaches iteration [ = w. — 1 without
finding the ML error pattern in any of the previous iterations,
all the n positions will be in the set in that last iteration.
After the first iteration, the set of candidate positions PM g
usually very small and, although |’P(l)| grows rapidly with
each iteration, the number of error patterns to be tested
for t errors in the [-th iteration is (‘P;”‘) < ('tb) for
k=1,2,--- ,w. — 1. Note that the maximum number of
iterations depends on the column weights of the LDPC code;
nevertheless, the decoding can successfully terminate at a
much earlier iteration if the ML € has been found.

The proposed Sieving-GRAND algorithm implements two
techniques involving a) the weight of the syndrome, and b) a
Sieving mechanism of candidate positions where the errors
may be. They are described in the following.

A. Discarding error patterns by weight

In the case of regular or quasi-regular-LDPC codes, by
looking at the weight of the error syndrome, ||e||; it is
possible to immediately discard some error patterns. For an
H where all columns have constant weight w,, the maximum
weight of the syndrome can bear when ¢ errors affect a
codeword and is max{||s||1} = ¢ - w.. This happens when
all the 1s in the ¢ activated columns of H are in disjoint
rows, i.e., with none of them overlapping. When overlaps
of columns Hieq(:, j) take place, ||s||1 < ¢ - w.. Therefore,
when |[s||; > m - wc, for some m € Z*, the decoder should
only test error pattern with weights ||é||; > m. Therefore,
the first ¢ to be tested should be t = (”;ﬁ}

B. Filtering candidate error positions

We start by constructing H,q € IFQF X" consisting of the F'
flagged rows of H, as defined in Section III. The Sieving
(or filtering) mechanism depends on the Hamming weights
of the columns of Hq:

%(7) = [[Hreal:, 9)[h

F
5
:ZHred(iaj)» forjzla"'na ( )
=1
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corresponding to the number of 1s in each column of Hg.
These sums form a row vector that can be directly obtained
via the inner product of the syndrome vector with each
column of the parity-check matrix:

> =s' -H. (6)

The iterations begin with an empty set of candidate positions

P = (). Next, more candidate positions are added such that
P = ) U {p;}new. The mechanism for accepting positions
into the candidate set at the [-th iteration is the following:

PY={p; : B(j) = wn(l), j€{L.....n}}, (D
where j indexes the columns of H,.q and wy, (1) is the value
of a weight threshold during the [-th iteration, starting at
wp(l) = w.. While the number of possible positions is
|PO| < t, wy, is lowered by one unit: wy,(I+1) = w(1)—1
until it reaches a pre-defined minimum value wg,_, . By
choosing w,,;, 1 in Sieving-GRAND, the decoding
performance must coincide with the one of GRAND (i.e.,
ML); a choice of wuy,,, > 1 will lead to faster but sub-
optimal decoding, leaving some errors uncorrected. At this
point, the error patterns are tested by running GRAND on
the reduced set of positions P, involving only |£| =

(‘Pil)‘) < (%) candidate error patterns. The threshold is
successively reduced in unit steps until the set of candidate
positions P includes all the t positions where the ML
errors lie, in which case the decoding of the ML error pattern
€ will take place during the guessing stage. The need to have
equal-weight columns in H assures an unbiased selection of
positions to be added to P(!) at iteration [, meaning that
they all hold an equal a priori probability. If the columns of
H were to have different weights, the columns with larger
weights would have more matches with the syndrome flags
and would be selected for inclusion in P! at early iterations,
even when that column has not been activated by an error
position.

For a visualization of these calculations, consider the
example in Fig. 3 with n = 30. An overview of the procedure
is provided through the flowchart in Fig. 4, and detailed in
Algorithm 1.

Hia =

—co-—o-—o=
Soco-~oc-oo
—cocococ-oo
—ococo-—ocoo
——ocococooo
coco—ocococo
C-—cococo~—=
—cocococ-—oco
c-—oc-—cocoo
cococo—ococo
—cococococco
cocococococo~—
c—ocococococo
Sco-—oc-—oco
c-——cococoo
ccocococococo
S-—cococoo
cocococo-—oco
Soc-—oc-—ocoo
ccococococo~—
cocococococo~—
c—ocococococo
co-—ococoo
cocococo—oco

0
1
0
0
0
0
0
0

cococococooo

E:[0@212@221@22111122@021@211121@]

FIGURE 3. Hamming weights of the columns of H,¢4 and formation of the
candidate set P, for iterations I= 1, 2, 3, which respectively correspond
to the column-weight thresholds wy, = 4, 3, 2.

In this example, the different colors indicate the set of
new positions that are added to the pool at each iter-
ation. In the first iteration, the selected candidate posi-
tions are P = {p,ps,ps} = {2,10,30} (colored in
blue) for the first threshold wy(1) = 4. We denote such
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(Detecting flagged rows of H]

Obtain the X (j)sums

Not found

A
[ Find the set of columns {j : £(j) > wm}](—

[P(lfl) U{p;: 2() > wth}}

'—>{Run GRAND in positions{Ps})

Positive
membership test?

é

FIGURE 4. Sieving (or filtering) candidate positions using i) a column
weight threshold, and ii) the weight of the syndrome to discard error
weights.

Algorithm 1 Sieving (filtering) candidate positions using (i)
a column-weight threshold and (ii) the syndrome weight to
discard error weights

1: Input: syndrome s

2: Construct H,.q from the flagged rows of H
3: Compute X(j) = |Hrea (5, )1, 5 =1,...,n
4 Wih,,;, 1

5. for t = HZ&} t0 tmax dO

6: Wip ujc

7: PO ¢

8: l+0

9: while wy > wy,,,, do

10: l+—1+1

11: PO« PE=D U {p; : 2(5) > wa(l)}
12: Run GRAND restricted to positions in P
13: if positive membership test then

14: QOutput: e

15: return

16: end if

17: Wy — wp — 1

18: end while

19: end for

20: Output: Not found

columns as columns of type S,, defined by their weight.
The set of candidate positions is subsequently extended to
PP = {p1,p2, p3,pa, 5} = {2,6,10,19,23,30} (colored
in green), for wy,(2) = 3; similarly, we denote such columns
as columns of type Ss. Finally, the candidate positions
are extended (if needed) to include the remaining positions
where ||H,q(:, 7)||1 > 2 (colored orange), which are denoted
as columns of type S,.

Error patterns that have been tested in a previous iteration
do not need to be retested after adding new positions to P, as
only error patterns that involve new positions added during
each iteration need to be considered.

One should note that the proposed Sieving mechanism
is rather different from majority logic decoding (MLD) for
LDPC codes, first proposed by Gallager as one-shot hard-
decoder [8], and which later evolved to the iterative (hard or
soft) bit-flipping algorithm [62, Ch. 8], [63, Ch. 8]. In MLD,
parity-check equations cast votes to iteratively determine and
flip symbol values, directly modifying the received word
during decoding. The Sieving mechanism does not perform
bit decisions nor iterative correction. Instead, it leverages
syndrome—parity-check consistency to rank candidate error
positions that are successively added to the pool of candidate
locations for the errors. This preserves maximum-likelihood
decoding (the ML error pattern is never discarded without
testing) while greatly reducing the search space in compar-
ison to GRAND.

C. Probability mass function of the set of candidate
positions |P\"| containing the t errors

The Sieving approach adds at each iteration [ a new set of
positions to the set P(~1), leading to P(). Here we analyze
the probability distribution of the increasing set of candidate
positions, containing the ¢ errors after [ iterations. A positive
membership test takes place at the [-th iteration if and only if
the correct ¢ error positions {p1, pa,...,pt} € PW . Fig. 5a)
shows the continuous-variable approximated PMF of the size
|P()] that contains all the t = 3 errors for an LDPC code
(128,104) with the Sieving-GRAND decoder. We get that the
set sizes |[P)| < 10 concentrate ~ 74% of the probability
mass function (as seen in the cumulative distribution function
(CDF) plotted in Fig. 5b ). This very small pool of candidate
positions translates into an extreme reduction of the average
number of error patterns to be tested.

V. Mixing set partitioning and Sieving-GRAND

By combining set partitioning and the Sieving technique, one
obtains set partitioning Sieving-GRAND (SPS-GRAND). To
shed light on the concept, an example with a small parity-
check matrix, with n = 30 and n—k = 20, will be discussed
in the following (and illustrated in Fig. 6).

e Let us consider a number of flags in the syndrome F' =
[Isl]» = 8.

e both the flags and the flagged rows are highlighted by
red arrows (rows {1,3,4,5,7,9,14,16}).

o the flagged rows are stacked to form Hieq.

e the columns’ Hamming weights are obtained: X(j) =
|[Hyea(:,7)||1, and the positions P = {2,10,30}
are first selected, for a threshold wy, = 4, P? =
{2,6,10, 19, 23,30}, for wy, = 3, and finally extended
(if needed) to include the remaining positions where
[Eea(e, )11 > 2.
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FIGURE 5. Simulated PMF and CDF for the number of positions in the set
PO that contain all the ¢ errors. The results are for the LDPC code
(128,104), with the decoder searching for up to ¢=3 errors.
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FIGURE 6. Construction of H 4 for the Sieving procedure. The non-zero
syndrome components (their number is ||s||1 = 8 in this example) select
the corresponding flagged rows of H, which are highlighted and stacked
to form Heq.

e Atiteration | = 2, the candidate error patterns are tested
by running GRAND exclusively on a smaller subset of
positions [P"| = 6 including only |£,| = (lptm') <
() candidate error patterns. When looking for ¢ = 3
errors, |L3] = (g) =20« (330) = 4060.

The simultaneous application of set partitioning and Siev-
in§ techniques is exemplified in Fig. 7. It begins with
Slm) and Sém), as defined by the minimum support row,
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FIGURE 7. Identification of the minimum support row of H,q, and the
combined application of set partitioning and Sieving-GRAND
(SPS-GRAND). The squares highlight the positions in the set of zeros,
54™), and the circle highlights the position in the set of ones, 5{".

and next, the set P() intersects both Sfm) and S(()m).
The admissible error patterns are generated by applying
the sets partitioning technique while considering only the
remaining positions in P4 N S{m) and P N Som). In this
example, [P N S£m)| = 1 (indicated by a circle), and
PO N Sém)| = 5 (indicated by squares). The number of
candidate error patterns is |£3] = 1 X 5 < 4060.

A. Probability mass function of |S\™ | with SPS-GRAND
After applying the filtering mechanism described in Section
IV, the positions in the set PO can be intersected with
the ones in the S{™ and S{™ sets, resulting in the elim-
ination of many of the positions in both S!™ and S{™.
Fig. 8 depicts the simulated histogram of the number of
positions in the intersection |S§m)| NP®, using the LDPC
code (128,104), for ¢ = 3. Compared with Fig. 1, where
E{|S£m)|} = 45, we now see in Fig. 8 that, when set parti-
tioning and the Sieving technique are applied simultaneously,
|S£m)| is always below 20 positions with probability 1.

0.1 T T T

0.08 1

0.02

0 5 10 15 20
‘SY") n p(l)l

FIGURE 8. Simulated PMF for the remaining number of 1s in
|S{™ | A PO after applying the intersection of SPS-GRAND, using the
LDPC code (128,104), with ¢ =3.

VI. Largely constrained GRAND

While the Sieving mechanism introduced earlier significantly
reduces the number of candidate error patterns in GRAND-
based decoding of LDPCs, further computational savings can
be obtained by exploiting zero-valued syndrome positions.
We refer to this enhanced approach as largely constrained
GRAND (LC-GRAND). The key idea is to utilize the
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zero-valued syndrome positions and column-wise Hamming
weight properties of the parity-check matrix.

For a binary syndrome vector s, define the set Iy as the
positions in the syndrome vector where the value is zero,
which will be called zero-flagged positions. The number of
such positions is |Fy| = (n — k) — F, and the corresponding
rows are called the zero-flagged rows of H, which satisfy
H(fo,:)-e=0, for fo € {1,2,...,n— k}. These positions
are stacked to form matrix H; € IF|2F°|X”. The decoding
strategy depends on analyzing the column-wise weights of
H-—. Similarly to vector X, defined in Subsection IV.B, we
define the row vector X, whose elements are the sums of the
columns of matrix Hz:

() = |H5( )k

al @®)
= H(i,j), forj=1,...n.
=1

This “sums vector” can be obtained via the product of the
syndrome vector with the parity-check matrix, noting the
following relation between H.z and Hieq:

Y =wl,-%

=wl, — sT. H,
where 1 is the row-vector of ones of size n. The relation cap-
tured in (9) comes from the construction of the considered
quasi-regular LDPC codes. Considering that all columns of
H have weight w,, when the j-th column of H,.q has weight
%(j), then the corresponding j-th column of H—; necessarily
holds the remaining >(j) = w, — X(j) 1s.

The columns of H. are classified according to their
weights. Specifically, C; denotes the set of columns having
HH@(:,j)H1 =14, for i = 0, 1,...,w$c). For a fair com-
parison between Sieving-GRAND and LC-GRAND, we use
the same quasi-regular LDPC and therefore the maximum
weight a column of H— can take is

red

(LO)
Wiy

®

(10)

where wy,_ . has been defined in Section IV.B. An error
pattern is valid only if the activated columns from these
sets yield even parity across all flagged zero rows. This
principle allows many patterns to be eliminated in advance.
To illustrate how the proposed LC-GRAND method narrows
down viable error patterns, we examine cases of error
patterns with weights ¢ = 2,3,4. In each example, we
analyze whether the given Cartesian product of sets C; can
generate a valid error pattern. Each set C; contributes exactly
i ones in the corresponding column, i.e., Cy contains no
1s, C; contains one 1, C, contains two 1s, and so on,
up to Cw{hLC" We aim to cancel 1s across rows so that
each row reaches even parity. If all 1s can be paired or
grouped in such a way that every row ends up with an
even number of 1s (or dashes after cancellation), the result
is a valid error pattern (even). Otherwise, if any row has an
unpaired 1 (odd parity), it cannot lead to a valid error pattern.

= W¢ — Wt

min ?

This rule enables us to identify feasible error patterns in
combinations of sets by examining how the 1s align and
whether full cancellation is achievable. The error sets of
weight ¢ have a structure C;, x Cy, --- x C;, = [[%_, Ci,,
where i, € {1,2,... 7wt(kll‘c)}. Determining whether one of
such structures is feasible, is an algorithmic problem that
can be generally framed and solved by making use of the

following simple rules:

1) Place the sets C; with increasing cardinality from left
to right;

2) group horizontal even numbers of 1s and eliminate
them;

3) if there is a remaining 1 in a row, it descends to a row
below where it can turn that row even; if no such row
is found, that 1 drops to an extra row at the bottom.

Algorithm 2 formally describes how these rules are ap-
plied, and to make this procedure clearer some examples
will be explored in detail in the following.

Algorithm 2 Checking feasibility of an error pattern with
LC-GRAND constraints
1: Input: A collection of ¢ sets {C;}

2: Sort the sets C; in increasing order of their cardinality

3: Place the sets from left to right according to this order

4: for each row r do

5: while exists a horizontal pair of 1s in row r do

6: Group two 1s and eliminate them

7: end while

8: if exactly one 1 remains in row r then

9: Search for a row 7’/ > r that becomes even by
adding this 1

10: if such a row 7’ exists then

11: Move remaining 1 to row r’

12: Eliminate the pair

13: else

14: Move remaining 1 to extra row at the bottom

15: end if

16: end if

17: end for

18: if all rows have no 1 left unpaired then
19: Output: Feasible error pattern type
20: else

21: Output: Infeasible error pattern type
22: end if

Feasible example for ¢ = 2:

CyxCy
1 1 = —

e cach C; contributes a single 1. These two 1s cancel
each other out, leaving no unmatched 1s, so the re-
sulting parity is even, meaning this set is a valid error
pattern.
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Feasible example for ¢ = 3:

C1xC2xC3
111 1 1 1 11 - -
11 — - - = - - = - -

1 1 1 1 - -

The two 1s in the second row cancel each other,
one 1 remains in the first and third rows. We regroup
to pair the remaining 1s in the first and third rows,

e all 1s have been canceled, each row has even parity.
Consequently, this composition is a valid error pattern

Infeasible example for ¢ = 3:
CyxC3xCs
111 11 1 Ll

11 = - - = - O
11 - - 1 1 B
e The Is in the second and third rows cancel in their
overlapping positions, leaving three s in the first row,
e we bring down the remaining 1 in the first row to try
canceling with others. But now we have an odd number
of 1s distributed,
e one unpaired 1 remains (bottom row), resulting in odd
parity. Thus, a Cartesian product of the form C; x Cg X
Cs is not a valid error pattern.

The process for t = 4 follows the same logic as in the earlier
examples with ¢ = 2 and ¢ = 3: we progressively cancel or
pair 1s in overlapping rows, and then assess whether all rows
achieve even parity.

Feasible example for ¢ = 4:

C C C G
1 1 1 1
1 1 1

1

- 11
- 111 = 11
1

_-
1
1
1

Infeasible example for ¢ = 4:

C C C3 Cs I

1111 1 — 1 - - = - - - =
1

ot 11 111
1o 1

We now present in Fig. 9 an example to visualize these
calculations using a small parity-check matrix with n = 30
and n — k = 20:

— 11 — - - - - - -
- 111 =
11

1

e Let us consider a number of zero-flagged positions in
the syndrome |Fp| = 12;

o the flagged zero positions (highlighted by red arrows)
are rows {2,6,8,10,11,12,13,15,17,18,19,20});
the flagged zero rows are stacked to form H—g;
vector X is obtained according to (9);

TABLE 2. Feasible error patterns for two errors (t=2) using LC-GRAND
filtering.

H+ Possible patterns
Co x Co Yes
Ci1 xCq Yes
Cq x Co Yes

VOLUME ,

e at this stage, GRAND only tests the candidate error
patterns from the sets C;, where i € {0, 1, 2}, as shown

in Table 2.
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FIGURE 9. Example of the LC-GRAND: (top) construction of H—- from

red
the zero-flagged rows; (bottom) obtaining the weights of the columns of

H

red*

By applying these rules, all valid configurations for er-
ror weights ¢ = 2,3,4 have been obtained, which are
summarized in Tables 3, 4, and 5 respectively. Each row
in the tables represents a candidate error pattern formed
by selecting columns from the constraint sets C;, intend-
ing to preserve the zero-valued syndrome condition. The
Cartesian products that form errors of weight ¢ in positions
& = {pj,»Pjs---Dj,}» as defined in Subsection IILA.2),
are specified in these tables in two different but entirely
related notations: in the first column, related with H_g,
they appear as in the notation defined for the Sieving-
GRAND presented in Section IV, where the indexes of S; are
¢ = we,we—1,...,1, considering that wy,,,, = 1; and in the
second column, related with H.;, the error sets are denoted
using the notation of LC-GRAND, where the indexes of C;
are t =0,1,...,w, — 1, according to (10), also considering
Wiy, = 1. The third column indicates whether the Cartesian
product of these sets can produce an error pattern compatible
with the zero-flagged positions of the syndrome.

VII. Results

The system model described in Section II was numeri-
cally evaluated with RLCs (128,103), and an LDPC code
(128,104) with w, = 4 and dny, = 7 (i.e., capable of
correcting at least ¢ = 3 errors), constructed as described
in Subsection B, so that both systems have R ~ 0.8 (the
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TABLE 3. Valid and invalid error patterns for two errors (¢t =2) under LC-
GRAND constraints.

H,eq H+ Possible patterns
54 X S4 (CO X (CO Yes
S4 xSz | CoxCy No
S4 X SQ (CO X (CQ No
S4 X S1 Co x C3 No
Sg X S3 (C1 X (Cl Yes
S3 X So C1 x Co No
Sg X Sl (C1 X (Cg No
Sg xSz | C2 xCq Yes
SQ X Sl (CQ X (Cg No
S1 xS Cs x C3 No, Overlap > 2

TABLE 4. Feasible and infeasible error patterns for three errors (¢t =3)
using LC-GRAND constraints.

H,eq o Possible patterns
S4 xSy xSy | CoxCoxCo Yes
S4><S4><S3 (C()X(C()X(C1 No
S4 X S3 X Sg Cop x C1 x Cq Yes
S4><S4><SQ (CoX(CoX(CQ No
S4 X S3 X So Co x C1 x Co No
S4><SQ><SQ COXCQX(CQ Yes
S4 X Sq X S1 Co x Cy x C3 No
S4><Sg><S1 CQX(ClX(Cg No
S4 X So x S1 Co x Ca x C3 No
S4><Sl><Sl CQX(CgX(Cg Yes
S3 X S3 X Sg C1 xCy x Cq No
S3><Sg><§2 (C1><(C1><(C2 Yes
S3 X S2 xSy | C; x Ca x Cq No
S3><S3><Sl (C1><(C1><(C3 No
S3><SQ><Sl (C1><(C2><(C3 Yes
S3><S1><Sl (C1><(C3><(C3 No
SQXSQXSZ (CQX(CQX(CQ No
Sg X S2 X §3 Co x Cqy x C3 No
SQXSlXSl (CQX(CSX(Cg No
S1 x8S1 xS1 C3 x C3 xC3 No

construction of the LDPC requires k£ = 104). For bit energy
Ey and noise power spectral density Ny, we use the block
error rate (BLER) as the performance metric, and the average
number of error patterns tested as the complexity metric,
both assessed as a function of Ej/Np. In the case of RLCs,
each transmitted message was assigned a randomly generated
code so that the average performance of RLCs is measured.
Let t = 1,2,3 be the maximum number of errors that a
distance-bounded GRAND-based decoder aims to correct.
Fig. 10 depicts the results using RLCs with set parti-
tioning GRAND (SP-GRAND) compared to unconstrained
GRAND. All BLERs are identical (all curves overlap), and
the complexity curves show that SP-GRAND is substantially
faster than unconstrained GRAND. For ¢ = 1, only one
membership check is needed, as seen in Section 1, as it is

TABLE 5. Feasible and infeasible error patterns for four errors (¢ =4) using
LC-GRAND constraints.

Heq H Possible patterns
S4 XSy xSy xSs | CogxCoxCpxCq Yes
S4><S4><S4><Sg (C()X(CQX(C()X(Cl No
S4 X Sq X S3 x S3 Co xCogxCy xCy Yes
S4><S3><Sg><83 (C()X(ClX(ClX(Cl No
S4 X Sg4 XS4 X So Cog x Cg x Cg x Co Yes
§4><S4><Sg><82 (COXCOX(ClX(CQ No
S4 X S3 X Sg X So Cog xC1 x Cq x Co Yes
S4><S4><SQ><SQ (CoX(CoX(CQX(CQ Yes
S4 X S3 X Sg X So Cog x C1 x Co x Co No
S4XS2XSQ><SQ (C()X(CQXCQX(CQ Yes
S4 X Sq4 XS4 xS Cog x Cg x Co x C3 No
S4><S4><S3><Sl CoXCOXC1X(C3 Yes
S4 X S3 x Sg x S CogxCi1 xCqy xCs3 No
S4><S4><SQ><Sl (CoX(CoX(CQX(C3 No
S4><83><S2><S1 (C()X(ClX(CQXC:), Yes
S4><S2><SQ><51 (C()X(CQX(CQX(C;; No
S4><S4><S1><Sl CoXCQX(CgX(CQ, Yes
S4X83><Sl><gl CoXClX(CgXC;; No
S4><SQ><Sl><Sl COXCQX(CSX(C?, Yes
Sy X S1 xS1 xS Cop x C3 xC3 xC3 No
SgXSgXSgXSg (C1><(C1><(C1><(C1 Yes
S3 X S3 X S3 X Sg Ci1 xCq1 xCqy x Co No
SgXSgXSQXSQ (C1><(C1><(C2><(C2 Yes
S3 X So X Sg X So C1 X Cqyg x Co x Co No
§3><S3><Sg><81 (Cl><(C1><(Cl><(Cg Yes
S3 X S3 X S9 x S Ci1 xCi1 xCq x C3 No
SSXSQXS‘ZXSl (ClX(CQX(CQX(Cg Yes
S3 X S3 x S1 X $1 Ci1 xCi1 xC3 xC3 Yes
ngngSlel (ClX(CQXC3><(C3 No
S3 X S1 xS1 xS Ci1 xC3 xC3 xCs Yes
SQXSQXSQXSQ (CQX(CQXCQX(CQ Yes
So X So X So x S Co x Cqyg x Co x C3 No
SQXSQXSlXSl CQXCQXC3><(C3 Yes
SQXS1><S1><S1 (CQX(CgXCgXCg, No
S1><S1><Sl><51 (C3><(C3><(C3><(C3 Yes

well known. For the more interesting ¢ = 2,3, SP-GRAND
achieves 68% and 55% reductions if the average number
of membership tests, respectively. We note that the results
for t = 2 considered the sets F and N, however it was
observed that the extra reduction attained by considering
the F x AN is negligible. Given the extra pre-processing
complexity they induce, we recommend these extra partitions
to be implemented only for very sparse codes, where a larger
N can arise in Hq.

Fig. 11 compares Sieving-GRAND and unconstrained
GRAND for the LDPC code (128,104). The overlapping
BLER curves confirm that Sieving-GRAND attains the same
performance of unconstrained GRAND, given that all possi-
ble error patterns can eventually be tested. It is important to
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FIGURE 10. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using RLC (128,103) with set partitioning GRAND (SP-GRAND)

FIGURE 12. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with combined set partitioning and
Sieving-GRAND (SPS-GRAND) compared with unconstrained GRAND.

compared with unconstrained GRAND. The normal approximation bound
for codewords (128, 103) is also included.
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FIGURE 11. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with Sieving-GRAND compared with
unconstrained GRAND. The normal approximation bound for codewords
(128, 104) is also included.

note that the RLCs outperform the similar-size LDPC code
(comparing the left figures of Fig. 10 and Fig. 11). The
0.5 dB loss is due to the LDPC code itself rather than to
the filtering mechanism applied in the decoding. The code’s
structure allows for much faster decoding, which is traded
off by its slightly less good performance.

The normal approximation (NA) is a metric that is com-
monly used in the finite blocklenght regime [64], [65], [66,
Sec.1.5, App.C.1]. NA bounds have been included in both
Fig. 10 and Fig. 11 for the respective code sizes. In Fig. 10
one can observe that the RLC (128,103) gets 1.5 dB close to
the NA bound with GRAND or with SP-GRAND (both of
which are hard-decoders). In [13], the performance results
for RLC (128,106) with soft-GRAND gets 1 dB close to
the respective NA. In Fig. 11, one can see that the LDPC
(128,104) exhibits a gap of ~ 2 dB to the respective NA.]

As seen, the Sieving-GRAND approach sharply reduces
the number of membership tests needed by unconstrained
GRAND, purging ~ 97% of the original Zﬁ:o () tests for
t = 2, 3. This is achieved by considering a set of admissible
error positions P, of size |P?)| < n, which includes
the correct error positions with a monotonically increasing
probability as the iterations unfold. Although in some cases,
to find the ML é, the threshold has to be lowered down to
wy, = 2, this happens with low probability, thus the average
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FIGURE 13. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with largely constrained GRAND
(LC-GRAND) compared with unconstrained GRAND.

number of positions considered in the guessing stage remains
consistently < n.

The SP and Sieving techniques can be easily combined
by applying SP to the candidate positions filtered at each
iteration, leading to the here proposed set partitioning and
Sieving-GRAND (SPS-GRAND). The resulting decoding of
the LDPC code (128,104) is shown in Fig. 12. As ex-
pected, SPS-GRAND has the same BLER as unconstrained
GRAND. The complexity comparison reveals that SPS-
GRAND outstandingly outperforms GRAND, eliminating
on average over 98% of the membership tests, even when
looking for ¢ = 3 errors.

As shown in Fig. 13, the proposed LC-GRAND con-
strain for LDPC codes (128,104) significantly enhances
the efficiency of error pattern selection by exploiting zero-
valued positions in the syndrome. The results show that
LC-GRAND also keeps the same decoding performance of
GRAND and, even though the mechanism to attain a reduc-
tion of error patterns tested being quite different, the number
of membership tests is virtually the same as the one attained
by Sieving-GRAND. This constraint allows the decoder to
eliminate a large portion of infeasible error patterns, thereby
reducing the number of membership tests by 97% compared
with the unconstrained GRAND approach, while maintaining
near-maximum likelihood decoding accuracy.

For a fair comparison with Sieving-GRAND, the first error
weight tested by LC-GRAND is also ¢ = (@1, given that

We
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FIGURE 14. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with combined set partitioning and
largely constrained GRAND (SPLC-GRAND) compared with unconstrained
GRAND.

this is a mechanism that can be applied to any quasi-regular
(or regular) LDPC code, as presented in Section IV.A.

Furthermore, when LC-GRAND is combined with set
partitioning constraints (referred to as SPLC-GRAND), ad-
ditional complexity gains are observed. As illustrated in
Fig. 14, SPLC-GRAND achieves a dramatic reduction in
decoding complexity ~ 99%, leading to a much larger
decoding speed without compromising reliability.

As described in Sections III, IV and VI, SP-GRAND,
Sieving-GRAND and LC-GRAND have a very lightweight
pre-processing per incoming word when compared with a
competitor such as OSD, which would involve computing
Gaussian elimination for each received word, to obtain the
positions of the k most reliable bits. In SP-GRAND one
has to obtain hIn from (1). In Sieving-GRAND and LC-
GRAND, the pre-processing amounts to computing a vector-
matrix product as in (6) or (9), and in the case of Sieving-
GRAND, this is complemented by adding more positions to
PO at each iteration. In the main three proposed techniques
(and also in the syndrome-weight technique applicable to
quasi-regular LDPCs), there is no extra complexity when
generating the error patterns, and no error pattern is ever
generated to be discarded before any membership test is
made. All these techniques use light pre-processing to reduce
the number of positions where the errors may be and conse-
quently they generate the error patterns by taking Cartesian
products of ¢ positions taken from a set of filtered candidate
positions, & = {pj,,Dj, ---pj, }» while in unconstrained
GRAND one would generate all Cartesian products of up to
t sets, each set containing all the n positions (expunged from
repetitions). Note that, as stated in Subsection III.A.2), each
binary error pattern €; to be tested has 1s in the positions
listed in é‘,

A. Noise-guessing vs belief-propagation decoding

The belief-propagation (BP) algorithm has been identified
quite early as a possible decoder for LDPCs [10]. BP is an
iterative message-passing algorithm operating on the Tanner
graph of the code, where soft reliability information is ex-
changed between variable nodes and check nodes. Its decod-

Avg. num. of tests per block

7 8

3 a 5 5 6
Ey/Ny (dB)

6
Ey/Ny (dB)

FIGURE 15. BLER performance (left) and decoding complexity (right) for
t =1,2, 3,4 using an LDPC (128,104) code, comparing BP decoding with
different maximum iteration counts (2, 5, 10, 20, 30, 40, 50), with the
proposed Sieving-GRAND (the results for LC-GRAND overlap those and
are omitted) and with GRAND, for reference. The constrained decoder
proposed in [50] is also included when decoding the same LDPC, and
tested with a different number of row-constraints (1, 2, 3, 4).

ing performance improves with the number of iterations, at
the expense of increased decoding latency and computational
effort, and it can reach the ML decoding performance when
the LDPC codes are cycle-free. However, short LDPC codes
tend to have many short cycles and many small trapping
sets [62, Sec.2.7]. For that reason, the performance of short
LDPC codes decoded via BP may lie far from the normal
approximation (NA), as mentioned in [13], [14]

The performance of BP decoding has been assessed for
different numbers of iterations (between 2 and 50) and
compared with the one of GRAND and Sieving-GRAND in
Fig. 15. Note that all the proposed noise-guessing receivers
hold the same performance, and LC-GRAND and Sieving-
GRAND lead to undistinguishable complexities; for that
reason LC-GRAND is omitted in Fig. 15. In the same figure,
we also show the results attained by the decoding technique
proposed in [50] for an increasing number of constraints (1,
2, 3, and 4). While the number of full membership tests is
halved each time an additional constraint is included, one
should note that is due to a “pre-filtering” of error patterns
by the considered constraints that entails a lighter com-
plexity than a full membership test. When considering four
constraints that approach can be competitive with Sieving-
GRAND and LC-GRAND in at very low Ej, /Ny when many
columns of H are activated by many errors. When looking
at the average decoding time in the next Subsection, one can
observe that the “pre-filtering” lighter operations add up in
a non-negligible manner, contributing to a larger latency.

As expected, the BP algorithm converges extremely fast to
a codeword (see next Subsection) when decoding the LDPC
(128,104) code. However, it often converges to an incorrect
codeword and consequently Fig. 15 exhibits a performance
gap of ~ 1.5 dB to the performance of any of the noise-
guessing decoders when they look for error patterns of up
to t = 3 errors. This performance loss happens even though
the BP decoder makes use of soft detection metrics. This
is a well-known phenomena when applying BP decoding to
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short LDPC codes [28]. For LDPC codes of similar length to
the tested LDPC, the performance distance in respect to the
NA bound has been found to be between 1 dB and 1.75 dB,
while OSD can perform 0.5 dB off from the NA curve [13].

A larger number of iterations improves the error-rate
performance, but beyond 10 iterations the performance gain
is low. Noticeably, even with a rather large number of
iterations, BP does not fully achieve the performance attained
by GRAND, which attains the ML performance [27], and
which is seen to be kept by all the proposed decoders.

For the reference LDPC, with dy,, = 7, testing error
patterns with weight up to ¢ = 3 suffices to reach the
asymptotic ML hard-decoding performance. Nevertheless,
Fig. 15 also includes the performance results for GRAND
and Sieving-GRAND testing error patterns up to weight
t = 4. As expected, the asymptotic performance t = 3
and ¢ = 4 coincide. However, interestingly, at low SNR,
correcting up to t = 4 errors slightly reduces the BLER. This
is an expected effect: while a minimum distance dp, = 2¢t+1
ensures that a ball of Hamming distance ¢ can exist around
any two codewords containing only a codeword at its center
and with the two balls not intercepting, in some error
instances it is still possible to correct beyond ¢ = % [4,
Ch.13].

B. Overall decoding time

The proposed decoders rely on some pre-processing based
on the syndrome and the parity-check matrix, while the
original concept of GRAND in [27] only requires the noise-
guessing stage. It is therefore relevant to compare the average
total decoding time per codeword taken by the proposed
techniques, i.e., including the pre-processing stage, rather
than only looking at the number of membership tests. We
start by summarizing in Table 6 the complexities of both
decoding stages of the most relevant proposed techniques by
means of the big-O notation. Note that the types of feasible
error patterns in LC-GRAND are entirely known in advance,
and fixed for any LDPC code, according to the tables given
in Section VL.

For a fair assessment, the total decoding time, including
pre-processing and guessing stages, of the main proposed
noise-guessing techniques have been measured, along with
the decoding time of BP decoding (with a varying number of
iterations). The decoding time of the decoder inspired by the
idea of segmentation, as presented in the previous subsection,
is also included. Such results are shown in Fig. 16. The tests
where run using MATLAB in a 12-th gen Intel core i7 2.10
GHz computer (with no explicit parallelization in the code).

As mentioned in the previous Subsection, BP is known
to converge very rapidly to a codeword and is therefore
significantly faster than GRAND-based decoders at low
E,/Np; however, it often does not converge to the ML
codeword. Increasing the maximum number of iterations up
to 20 in BP improves the error-rate performance, however,
beyond that number no performance gain is noticeable, as
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FIGURE 16. Average decoding time per block versus E; /N, for
LDPC(128,104) and RLC(128,104) codes for different decoders: the
proposed SP-GRAND, Sieving-GRAND and LC-GRAND are compared with
unconstrained GRAND and, in the case of the LDPC, also compared with
BP decoding for different maximum iteration limits (2, 5, 10, 20, 30, 40, and
50). The noise-guessing decoders are plotted for ¢t = 2, 3 (single errors
amount to a column search in H), while Sieving-GRAND is evaluated up
to t = 4 (beyond its correction capability, as in Fig. 15). Note that for ¢t = 2
and ¢t = 3 the LC-GRAND curves fully overlap the corresponding curves
with Sieving-GRAND. The constrained decoder proposed in [50] is also
included and tested with a different number of row-constraints (1, 2, 3, 4).

seen in Fig. 15. Also as expected, at low FEj,/Ny more
iterations are required before convergence or termination.
Even so, for E,/Ny > 6 dB, Sieving-GRAND and LC-
GRAND (considering error patterns up to ¢ = 3) can even
decode faster than the BP algorithm when it runs more
than 20 iterations, and beyond 7 dB they even get faster
than BP running 5 iterations. This is due to the very low
number of error patterns tested when the noise entropy is
low (and also because the proposed decoders have a minimal
pre-processing per codeword). In Fig. 16 one can also
observe that the Sieving- and LC-GRAND decoders hold
the same decoding times. This happens due to i) their very
similar pre-processing and ii) due to an indistinguishable
number of membership tests, as observed in the complexity
curves in the previous Subsection. Interestingly, the average
decoding time of the proposed Sieving-GRAND and LC-
GRAND is lower than the decoding times achieved by [50]
for all the tested number of constraints. This happens even
though, as seen in Fig. 15, when applying 4 constraints,
the number of queries attained by the technique proposed
in [50] being lower when the E} /Ny is very low. However,
the computation of the “pre-filtering” of error patterns via
the constraints do not translate into a lower decoding time.
This is a clear example that complexity comparisons should
not only rely on the number of membership tests.

C. Constrained GRAND techniques with coded 16-QAM

The proposed set partitioning and Sieving-GRAND (SPS-
GRAND) operates at a bit level on the received LDPC
codewords; nevertheless, the M-arity of the modulation mod-
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TABLE 6. Worst-case complexity comparison (big-O per received block) for the main decoding techniques correcting up to ¢ errors.

Decoder Preprocessing Membership tests (worst-case)
t
Unconstrained GRAND None Z <n> = O(nt)
i=0 "
t (m) (m)
ST (156
SP-GRAND O (n(n — k ( 0 )
(=) > (T

(find min-weight row of H;cq)

i 0dd
with \S{m>| + |S[()m)| = n, O(n') worst-case

Sieving-GRAND O(n(n — k))

(compute sTH, as in (6))

= (7)o
l

avg. [PW] <« n

LC-GRAND O(n(n — k))

(compute wel, —sTH, as in (9))

Feasible ¢-fold products from C; sets
(see Tables 3-5), O(n') bound

Note: \S§m)| and |S’ém) |: no. of ones/zeros in min-weight row of Hyeq; |P()|: candidate position set size at iteration [; we: constant column weight.

ifies the performance of a coded system. Here, we present
the BLER and complexity results when using the same
coding schemes, now with 16-QAM (quadrature amplitude
modulation; M = 16) with Gray mapping. The results are
shown in Fig. 17, Fig. 18, Fig.19, Fig.20, and Fig. 21 in
the same order as in the main text. Fig. 17 illustrates the
performance and decoding complexity of RLC (128,103)
using set partitioning GRAND (SP-GRAND), in comparison
to unconstrained GRAND. The BLER remains identical for
SP-GRAND and unconstrained GRAND across the analyzed
range of Ej,/Np, with the curves overlapping. As with
M = 2 or M = 4 (BPSK or QPSK), with 16-QAM
SP-GRAND also significantly reduces the number of tests
needed with unconstrained GRAND: for ¢ = 2, 3 the savings
are over 70%. (In the case with ¢t = 1, as seen in Section
1, only a direct comparison of s with all columns H(:, j) is
needed, and only one membership test is involved.)

Fig. 18 compares performances and decoding complex-
ities of Sieving-GRAND with the original unconstrained
GRAND, when decoding the LDPC code (128,104). The
BLER curves for both Sieving-GRAND and GRAND per-
fectly overlap, indicating that in this setup Sieving-GRAND
also achieves the ML decoding performance. As observed,
Sieving-GRAND significantly reduces the number of mem-
bership tests required by unconstrained GRAND, eliminating
over 95% of the original 3_;_, (") membership tests.

The decoded output of mixing set partitioning GRAND
and Sieving-GRAND for an LDPC code (128,104) is shown
in Fig. 19. As anticipated, within the specified Ej,/Ng
range, SPS-GRAND holds the same BLER as unconstrained
GRAND. Regarding complexity savings, the results also
show the superiority of SPS-GRAND, ditching over 98%
of the membership tests needed on average.

Fig. 20 compares the performances and decoding com-
plexity of the LC-GRAND and the original unconstrained
GRAND for ¢t = 1,2, 3, using an LDPC code (128, 104).
Without sacrificing performance, LC-GRAND significantly
reduces the number of error patterns that are tested.

« - *y
o 10° 5 ="
@ ¥ Ve
103 S RN
Fe-Uncoded § “,
-—~GRAND, t=1 10
t~~GRAND, t=2 e\
10 +-GRAND, t=3 Lo
F+-SP-GRAND, t=1 10
- +-SP-GRAND, t=2 76%
Lyl -SP-GRAND, =3 0 3N
5 6 7 8 9 10 11 12 13 14 5 6 7 9 10 11 12 13 14
E,/Ny (dB) Ey/Ny (dB)

FIGURE 17. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using RLC (128,103) and 16-QAM, with set partitioning GRAND
(SP-GRAND) compared with unconstrained GRAND.
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-
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FIGURE 18. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM, with Sieving-GRAND
compared with unconstrained GRAND.

The performance and complexity results for ¢ = 1,2, 3,
using an LDPC code (128, 104) with combined set partition-
ing and LC-GRAND (i.e., SPLC-GRAND), are compared
with unconstrained GRAND in Fig. 21. The BLER perfor-
mance remains identical, while the decoding complexity is
reduced by approximately 99% compared with unconstrained
GRAND.
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FIGURE 19. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM, with combined set
partitioning and Sieving GRAND (SPS-GRAND) compared with
unconstrained GRAND.
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FIGURE 20. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM with largely constrained
GRAND compared with unconstrained GRAND.

VIIl. CONCLUSION

This paper starts by proposing a simple constraint for the
decoding of any LBC. The constraint splits the positions
of the errors into sets, allowing one to construct the error
patterns by means of the Cartesian product between sets.
With this set partitioning the complexity reduction is more
accentuated with sparser codes. By using short quasi-regular
LDPC codes, one can retain the benefits of sparsity without
incurring a severe performance loss. For such codes, a simple
filtering technique is used to greatly reduce the candidate
positions where the error positions may lie. The technique
is based on the “fingerprints” that the active columns of the
parity-check matrix leave on the observed syndrome. This
technique starts by selecting a small pool of positions where
the errors most likely lie, and then GRAND runs on those
few positions only. This is done iteratively, allowing more
positions to be added to that pool until the ML error pattern
is found. The number of these iterations is bounded by the
weight of the columns of the parity-check matrix.

The third decoding approach proposed, the largely con-
strained mechanism, applies a more straightforward con-
straint to any short LDPC code (not necessarily quasi-
regular), and can be extended to any short linear block code
— which is suggested as a natural extension of the present
work. In this case, the decoder avoids testing infeasible
error patterns. It only tests error patterns derived from valid
Cartesian products that are computed a priori, ditching
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FIGURE 21. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM with combined set
partitioning and largely constrained GRAND compared with
unconstrained GRAND.
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FIGURE 22. BLER performance (left) and decoding complexity (right) for
the number of error ¢=1, using RLC (128,103) and BPSK, with p-sparse
(indicated as a percentage) parity-check matrices, using set partitioning
GRAND.

the need of an iterative process as the one in the Sieving
approach. This enhanced decoding strategy reduces compu-
tational complexity also without compromising performance,
particularly when combined with set partitioning constraints.
It reduced the membership tests to =~ 1% of those required
by GRAND. We conclude by highlighting the pressing need
for ML-performance decoders for short LDPC codes in the
context of quantum error correction, where LDPC-based
quantum codes are emerging as a practical solution [67]—
[69], and where noise-guessing decoders may play a relevant
role [41], [43]. The presented techniques can be of interest
to tackle the present challenge of decoding quantum LDPCs.

Appendix: Set partitioning GRAND with sparse RLCs

The number of candidate error patterns constructed via
Cartesian products of two position sets gets smaller when
the entropy of one of the sets is lower; fewer elements in
a set provide more information about the errors’ locations.
Sparse RLCs necessarily verify the objective of having a low
minimum support row h' . We assessed the performance
and the complexity of SP-GRAND for RLCs (128, 103)
with different sparsity values in their parity-check matrix,
as shown in Fig. 22, Fig. 23, and Fig. 24 for bounded-
decoders with ¢t = 1, 2, 3, respectively. All figures include the
performances of uncoded transmissions as well as the BLER
and complexity results with SP-GRAND. With a sparser
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FIGURE 23. BLER performance (left) and decoding complexity (right) for
the number of errors ¢t =2, using RLC (128,103) and BPSK, with p-sparse
(indicated as a percentage) parity-check matrices, using set partitioning
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FIGURE 24. BLER performance (left) and decoding complexity (right) for
the number of errors ¢ =3, using RLC (128,103) and BPSK, with p-sparse
(indicated as a percentage) parity-check matrices, using set partitioning

GRA|

parity-check matrix, the weight of the minimum support row
is lower and faster decoding is possible, however, at the
expense of a severe deterioration of the codes’ performance,
as one would expect (as they lack the proper construction
of LDPC codes). It should be noted that the very sparse
RLC codes can lead to a BLER even higher than the one
of the uncoded transmission. This is because the added
redundant bits contribute to more errors and the energy spent
in their transmission is assigned to FEj, while this extra
redundancy does not contribute to a codeword correction that

ND.

compensates for that extra spent energy.
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