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ABSTRACT 
We develop a closed-form pricing framework for contracts whose payoff depends on 
the difference between a tradable underlying asset and a non-tradable mean-reverting 
benchmark. The framework is designed for applications in which the relevant exercise 
benchmark or reference variable evolves over time, as in volatility-linked, inflation- 
linked, weather-related, and real-option settings. The aim is to obtain analytically tract
able formulae for an exchange-style payoff involving a tradable underlying asset and a 
non-tradable mean-reverting benchmark. As shown, this is relevant in sensitive contexts 
where risks cannot be fully hedged through trading. The framework is applied to real 
option valuation, examining investment when project value follows geometric Brownian 
motion and investment cost follows a mean-reverting process. Sensitivity analysis 
reveals that cost volatility and mean-reversion speed exert distinct and opposing influ
ences on the value of investment options, while the correlation between project value 
and cost dynamics plays a central role. An empirical calibration using S&P 500 and VIX 
data shows that benchmark risk premia and mean-reverting benchmark uncertainty can 
materially affect contract values, particularly when contracts are away from the money.

IMPACT STATEMENT
This study develops closed-form valuation formulae for contracts whose payoff depends 
on the difference between a tradable asset and a non-tradable, mean-reverting bench
mark. This structure is relevant when the payoff reference variable, such as an investment 
cost, volatility index, inflation measure, or weather indicator, changes over time and can
not be traded directly. The study shows how benchmark volatility, mean-reversion speed, 
correlation, and market risk premia affect contract values and investment decisions. An 
application using S&P 500 and VIX data illustrates that accounting for benchmark uncer
tainty and its risk premium can materially alter valuations, particularly for contracts that 
are away from the money. By combining analytical tractability with explicit recognition of 
market incompleteness, the framework provides a useful basis for valuing financial and 
real-option exposures that conventional fixed-strike models do not capture.
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1. Introduction

Traditional option pricing models, based on the pioneering work of Black and Scholes (1973) and Merton 
(1973), assume a payoff based on the difference between an underlying asset and a fixed strike price. While 
this assumption is appropriate for standard equity options, it becomes restrictive for a growing class of con
tracts and real-option problems in which the relevant payoff benchmark, reference level, or investment 
cost evolves over time and cannot be traded directly. Examples include volatility-linked contracts, inflation- 
linked instruments, weather-related exposures, and investment-timing decisions under stochastic costs.

Managing exposure to such instruments is central to modern, integrated risk frameworks. Financial 
institutions, energy firms, agricultural companies and sovereign debt managers all face risks that cannot 
be fully hedged using liquid, tradable assets. The mean-reversion property and non-tradability of many 
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financial variables create pricing and hedging challenges that fall outside the scope of conventional 
derivative pricing models.

Building on existing literature, this paper presents a closed-form financial contract pricing framework. In 
this framework, one of the underlying assets, henceforth, the stochastic benchmark, is subject to an 
Ornstein–Uhlenbeck (OU) process embedded within a lognormal structure to ensure strict positivity. There is 
still an underlying asset that continues to follow geometric Brownian motion (GBM), and the two processes 
may be correlated. The term “benchmark” is used deliberately: the stochastic process considered here is not a 
fixed contractual strike in the standard vanilla-option sense, but rather a second payoff-relevant state variable 
observed at maturity. Accordingly, the framework should not be interpreted as a pricing model for standard 
vanilla options with fixed strikes, except in the limiting cases in which the benchmark becomes deterministic.

A key theoretical outcome is that the mean-reversion property of the benchmark makes it non-trad
able; it is impossible to replicate its payoff at the risk-free rate using a self-financing strategy without 
creating arbitrage opportunities.

The resulting contract pricing formulae, while distinct, can be linked to the Black-Scholes-Merton 
(BSM) structure by replacing the classical strike with a risk-neutral expected value. The payoff structure is 
also closely related to the exchange-option framework of Margrabe (1978), since the contract depends 
on the difference between two stochastic quantities; the distinctive feature here is that the second pro
cess is non-tradable and mean-reverting.

Two main applications are developed. First the framework is applied to real option valuation, specifically 
to decisions regarding whether to invest immediately or defer when investment costs are stochastic and 
mean-reverting rather than fixed. Second, it is demonstrated that the framework can be applied directly to 
the cases of pricing of weather derivatives, volatility index options and inflation-linked instruments, all of 
which have in common the feature of a non-tradable, mean-reverting exercise benchmark.

In terms of the paper organization, Section 2 develops the model, establishes the non-tradability of 
the mean-reverting benchmark, and derives closed-form pricing formulae. Section 3 applies the frame
work to real option valuation under stochastic investment cost. Section 4 explores applications to wea
ther, volatility, and inflation-linked derivatives. Section 5 presents the empirical calibration using S&P 500 
and VIX data. Section 6 concludes and outlines directions for future research.

2. The model

2.1. Model formulation

We consider a contract whose value at inception is given by

P0ðV0, I0; /Þ ¼ e−rTE ð/IT − /VTÞ
þ

� �
, (1) 

where / ¼ −1 is analogous to the case of a call option and / ¼ 1 to the case of a put option. VT is the 
value of the classical underlying asset at maturity T, IT is the stochastic benchmark at maturity, and r is 
the risk-free rate. The expected value is taken under the appropriate risk-neutral measure. We work on a 
complete filtered probability space ðX,F , fF tg0�t�T , PÞ; where P is the real-world (physical) probability 
measure, F t ¼ rððŴ

V
s , Ŵ

Y
s Þ0�s�tÞ is the natural filtration generated by the Brownian motions and invest

ment cost processes, and F T ¼ F is the terminal r-algebra.
The underlying asset Vt follows geometric Brownian motion under the real-world measure P:

dVt ¼ ðl − dÞVtdt þ rV VtdŴ
V
t , (2) 

where l is the expected return of the asset, rV > 0 is the volatility, d is the cost of carry (dividend yield 
in the classical case of stock options), and Ŵ

V
t is a Wiener process under P:

The stochastic benchmark level is defined as

It ¼ eĥþYt , (3) 

where Yt follows an OU process

dYt ¼ −b̂Yt dt þ rY dŴ
Y
t : (4) 
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The parameter b̂ð> 0Þ governs the mean reversion speed, rYð> 0Þ is the benchmark volatility, ĥ 

denotes the long-run log-level of the benchmark and Ŵ
Y
t is another Wiener process under P: The expo

nential function ensures that the benchmark remains strictly positive. The two Brownian motions are 
correlated through their Wiener processes

CorrðdŴ
V
t , dŴ

Y
t Þ ¼ q, (5) 

with q 2 ½−1, 1�:
Figures 1 and 2 show the possible paths for the GBM process, Vt and the mean-reverting process IT ;

respectively. While the GBM process has deviations, it follows a trend set by l and d;whereas the mean-revert
ing process tends to revert to an average value (which is also the starting value for the parameterization).

2.2. Mean reversion and non-tradability

The mean-reversion property of Yt has a fundamental consequence: the discounted benchmark process 
cannot be a Q-Martingale and hence It cannot be interpreted as the price of a traded asset. Formally:

Lemma 1. Let It ¼ eĥþYt where Yt follows the OU process

dYt ¼ −b̂Yt dt þ rY dŴ t , b̂ > 0:

Then It cannot be a traded asset.

Proof. The proof is provided in Appendix A.

Intuitively, when Yt is above its long-run level, It appreciates at a rate below r, enabling arbitrage via a 
long risk-free position and a short It position. Conversely, when Yt is below its long-run level, It appreciates 
above r, again enabling arbitrage. Tradability requires b̂ ¼ 0; which reduces the OU process to a random 

Figure 1. Simulated paths for the GBM process Vt .

Figure 2. Simulated paths for the mean-reverting process It: Starting value matches the long-term average.
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walk and thus contradicts the mean-reversion assumption. This restriction on tradability has significant 
implications: pure replication of instruments with mean-reverting exercise thresholds is infeasible, and pric
ing requires the specification of a market price of risk. In other words, in this case there exists no self- 
financing trading strategy that can be used to replicate this with a risk-free asset and a tradable risky asset.

2.3. Risk-neutral measure

We use risk-neutral valuation to determine the payoff. For Vt; there are two different cases, depending 
on whether the asset is tradable. For It; given its non-tradability, established in Lemma 1, only the non- 
tradable case is presented.

Assumption 1. When Vt represents a tradable asset, the risk-neutral dynamics follow the diffusion:

dVt ¼ ðr − dÞVt dt þ rV Vt dWV
t , (6) 

under the risk-neutral measure Q. The market price of risk k is uniquely determined by no- 
arbitrage: k ¼ ðl − d − rÞ=rV :

This can be seen by noting that the market price of risk k is uniquely determined by no-arbitrage. 
Thus, through Equation (2), with respect to the physical measure P; the process:

WV
t ¼ Ŵ

V
t þ

ðt

0
k ds 

is a standard Brownian motion under the risk-neutral measure Q:
Substituting dŴ

V
t ¼ dWV

t − k dt into the dynamics, and considering the Martingale Property, gives 
the market price of risk

k ¼
l − d − r

rV
:

For the tradable Vt case, the change of measure that fixes the risk-neutral drift at Vt is ðr − dÞ; no add
itional exogenous market price of risk remains to be specified.

Assumption 2. When Vt is a non-tradable asset, it follows the diffusion:

dVt ¼ ðr − dþ krVÞVt dt þ rV Vt dWV
t , (7) 

under the risk-neutral measure Q:

Here, where Vt is non-tradable, a market price of risk k must be specified exogenously. This is noted 
by regarding that the market price of risk, k; cannot be determined by arbitrage. By Girsanov’s theorem, 
with market price of risk k:

WV
t ¼ Ŵ

V
t þ

ðt

0
k ds 

is a standard Brownian motion under the risk-neutral measure Q:
Substituting dŴ

V
t ¼ dWV

t − k dt into the physical dynamics leads to the expression in the assumption. 
Thus, the risk-neutral drift contemplates both the dividend adjustment ðr − dÞ and the risk premium krV :

We assume for the remainder of the paper k ¼ 0 as a simplifying assumption which selects one spe
cific martingale measure out of infinitely many.1 Setting k ¼ 0 selects one specific martingale measure 
and is a common simplification in the incomplete markets literature (see, e.g. Jaimungal et al. (2013)). 
The implications of setting k > 0 are elaborated in Section 3, in the context of real options.

So, in the remainder of this paper, for the tradable and non-tradable asset cases, we refer to the 
model presented by VT with Equation (6) (which matches Equation (7) for the case where k ¼ 0). Thus, 
in this case, the expression for Assumption 2 matches the one from Assumption 1.

Assumption 3. The non-tradable mean-reverting process It is given by

It ¼ exp fhþ Ytg, (8) 

dYt ¼ −bYt dt þ rY dWY
t , (9) 
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in the risk-neutral measure Q, with the parameters

b ¼ b̂ − by , (10) 

h ¼ ĥ þ
ay

b
, (11) 

where ay and by are constants.

Arising from assuming an affine market price of risk that depends on the state Yt :

kY
t ¼

ay þ byYt

rY
, (12) 

for the physical measure P terms presented in Equations (3) and (4).
By Girsanov’s theorem:

WY
t ¼ Ŵ

Y
t þ

ðt

0
kY

s ds 

is a Brownian motion under Q: In addition, substituting dŴ
Y
t ¼ dWY

t − kY
t dt yields Equation (10) and 

Equation (11).
For applications where the benchmark is a non-tradable index (VIX, CPI, temperature), kY

t would need 
to be estimated from market prices. While, for the purpose of understanding the qualitative effects of 
variables such as mean reversion and correlation, setting kY

t ¼ 0 is a natural approach, we explore the 
effects of an estimation with market prices in the contract pricing of Section 5.

Jaimungal et al. (2013) provide further details on the impact of different choices for parameters ay 

and by: Also following that paper, henceforth, this work focuses on the risk-neutral measure.
The correlation structure between Brownian motions is preserved, so the correlation between WV

t and 
WY

t under Q remains q; the same as between Ŵ
V
t and Ŵ

Y
t under P:

2.4. Closed-form pricing formulae

We derive closed-form expressions for the contracts under / 2 f−1; 1g: We begin by presenting the 
risk-neutral solutions to the diffusion processes. For Equations (6)-(7) (with k ¼ 0), the standard solution 
to the SDE is:

VT ¼ V0 exp r − d −
1
2

r2
V

� �

T þ rV WV
T

� �

:

As for the expected value in relation for the filtration, it is also known:

E VT j F t½ � ¼ Vteðr−dÞðT−tÞ: (13) 

The OU process from Equations (8)-(9), starting from time 0, has the known explicit solution:

YT ¼ e−bT Y0 þ rY

ðT

0
e−bðT−uÞdWY

u , (14) 

and IT :

ln IT ¼ hþ YT � N hþ e−bT Y0,
r2

Y

2b
ð1 − e−2bTÞ

 !

, 

where Y0 is the starting value for the Yt process.
In relation to the filtration, using the moment-generating function of a normal distribution, it yields 

that

E IT j F t½ � ¼ exp hþ e−bðT−tÞYt þ
r2

Y

4b
ð1 − e−2bðT−tÞÞ

( )

: (15) 

We start with the case of the contract where / ¼ −1: Then, following from Equation (1), we find the 
value at time 0.

COGENT ECONOMICS & FINANCE 5



Theorem 1. The value of a contract where / ¼ −1 with maturity T, underlying asset Vt, following 
Assumption 1 or Assumption 2 (case with k ¼ 0) and Assumption 3, is given by:

PðV0, I0; −1Þ ¼ e−dT V0UðdþÞ − e−rTEQ IT½ �Uðd−Þ, 

where Uð�Þ denotes the standard normal cumulative distribution function,

EQ IT½ � ¼ exp hþ e−bT Y0 þ
r2

Y

4b
ð1 − e−2bTÞ

( )

, 

d6 ¼
ln V0eðr−dÞT

EQ IT½ �

� �
6 1

2 ~r2

~r
, 

and

~r2 ¼ r2
V T þ

r2
Y

2b
ð1 − e−2bTÞ −

2qrVrY

b
ð1 − e−bTÞ:

Proof. This proof is provided in Appendix B.

Theorem 2. The value of a contract where / ¼ 1 with maturity T, underlying asset Vt, following 
Assumption 1 or Assumption 2 (case with k ¼ 0) and Assumption 3, is given by:

PðV0, I0; 1Þ ¼ e−rTEQ IT½ �Uð−d−Þ − e−dT V0Uð−dþÞ, 

where Uð�Þ denotes the standard normal cumulative distribution function,

EQ IT½ � ¼ exp hþ e−bT Y0 þ
r2

Y

4b
ð1 − e−2bTÞ

( )

, 

d6 ¼
ln V0eðr−dÞT

EQ IT½ �

� �
6 1

2 ~r2

~r
, 

and

~r2 ¼ r2
V T þ

r2
Y

2b
ð1 − e−2bTÞ −

2qrVrY

b
ð1 − e−bTÞ:

Proof. The proof is similar to that of Theorem 1 and therefore omitted.                                        �

In both theorems, ~r2 represents what is often called effective variance.
As mentioned in Remarks 1 and 2, the obtained contracts can be reduced to the BSM call and put 

options. Only under those circumstances do we recover the original BSM model.

Remark 1. The contracts priced in Theorems 1 and 2 are not standard vanilla options with fixed contrac
tual strikes. They are European-style claims whose payoff depends on the difference between the underlying 
process Vt and the stochastic benchmark It. The standard fixed-strike Black–Scholes–Merton formula is recov
ered when benchmark uncertainty vanishes, for example when rY ¼ 0, or when the benchmark becomes 
effectively deterministic.

Remark 2. When rY ¼ 0, the benchmark has no stochastic component and the formulae collapse to the 
standard Black–Scholes–Merton expressions with dividends. Similarly, in the limiting case b!1, mean 
reversion becomes instantaneous and the benchmark approaches a fixed level. These cases clarify that the 
standard fixed-strike model is obtained only when the benchmark is deterministic or effectively deterministic.

In Theorems 1 and 2, the constant correlation parameter q; as defined in Equation (5), is a simplifying 
assumption. This assumption is adopted for tractability, although correlations are known to vary over 
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time and across regimes, especially during volatile or downturn periods, as documented by Ang and 
Bekaert (2002) and Engle (2002). In the present framework, correlation enters the price through the 
effective variance term ~r2; specifically through the covariance component:

−
2qrVrY

b
ð1 − e−bTÞ:

If correlation is deterministic and time-varying, denoted by qðtÞ; the closed-form structure is pre
served by replacing this covariance component with:

−2rVrY

ðT

0
e−bðT−sÞqðsÞds:

Thus, the constant-correlation case can be interpreted as using a maturity-weighted average correl
ation over the life of the contract. Fully stochastic or state-dependent correlation would generally 
require additional modelling assumptions and may break the simple closed-form expression, although 
its pricing effect operates through the integrated covariance term. Approximation approaches for 
exchange-style claims with stochastic volatility and stochastic correlation are discussed by Antonelli 
et al. (2010) and Kim and Park (2017). We retain the constant-correlation specification to preserve analyt
ical tractability and examine its empirical stability in Section 5, where the S&P 500 is used as the under
lying process and the VIX as the stochastic benchmark.

Remark 3. The underlying asset is modelled as a GBM, a choice made for analytical convenience. Equity 
indices are well known to exhibit fat tails, stochastic volatility and regime shifts, as the descriptive statistics 
of Section 5 confirm. Alternative specifications are available, including Cox (1975), Cox and Ross (1976), 
Heston (1993) and the regime-switching dynamics documented by Ang and Bekaert (2002). The assumption 
is nonetheless confined to a single step of the argument: neither Lemma 1 nor the change of measure of 
Appendix A depend on how the underlying evolves – the specification matters only in determining the distri
bution of the ratio of the two terminal values. Alternative dynamics are therefore accommodated by replac
ing the dynamics of Vt alone. Jump and regime-switching specifications can preserve the closed form as a 
probability-weighted average of the present expressions, while specifications such as that of Heston (1993) 
require a numerical treatment. Since the effects documented here operate through the expected benchmark 
level and the effective variance, both governed by the benchmark process, richer dynamics for the underly
ing would be expected to alter contract values, most noticeably away from the money, while preserving the 
ordering of prices across specifications and the direction of the sensitivities to benchmark volatility, reversion 
speed and correlation.

3. Real option evaluation

Real option theory provides a rigorous framework for valuing managerial flexibility under uncertainty. 
The baseline setting asks whether an investment should be undertaken to acquire a project of uncer
tain value. As pioneering approaches in using option formulations to analyse investments, Brennan 
and Schwartz (1985) and McDonald and Siegel (1986) evaluate decisions on projects subject to sto
chastic variables. Considering sequential investments, Majd and Pindyck (1987) also rely on option for
mulations. Trigeorgis (1993) explores the flexibility provided by real options in overcoming limitations 
of the traditional net present value approach, while Dixit and Pindyck (1994) provide a comprehen
sive treatment of investment under uncertainty. Schwartz (2004) applies the real option formulation 
to R&D and patents, where the investor must decide whether to advance a project with uncertain 
costs, also contemplating the possibility of abandonment. D�ecamps et al. (2006) explore the choice 
among mutually exclusive projects.

In our case, we specifically address uncertainty arising from the investment cost that must be incurred 
to start the project. In Pindyck (1993), uncertainty stems from two sources, one of which concerns input 
cost uncertainty. In Sarkar (2003), uncertainty comes from the operational cost, modelled by a mean- 
reverting variable. Jaimungal et al. (2013) also consider mean-reverting processes in the cost, while add
itionally modelling the value of the investment project as mean-reverting. In Mac Cawley et al. (2020), 
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output commodity prices are modelled as mean-reverting processes, driving the timing of investment 
decisions. Alexander and Chen (2021) treat mean reversion as one dimension of risk, examining how 
sensitive real option values are to the choice of price process. Briest et al. (2022) fit an exponential 
Ornstein–Uhlenbeck process to empirically derived power plant revenues and use it as the state variable 
in their real options model. The present paper stands out by modelling project value as a geometric 
Brownian motion and investment cost as an OU process.

The studied investment decision presented is as follows. An agent may invest immediately, paying 
cost I0 to receive project value V0; yielding net payoff ðV0 − I0Þ

þ
; or defer investment to a horizon T, at 

which point the decision is revisited. The option to defer is typically valued by a European call option 
on Vt with a given strike. Here, it is so with the case of the developed contract where / ¼ −1; using the 
stochastic benchmark It to represent the investment cost, following the formula from Equation (1) to 
evaluate the value of investing in the future. Crucially, we consider the cost of investment a value which, 
while stochastic, cannot be traded. Thus, in the possibility to delay the investment, the value to the 
investor is given by maxððV0 − I0Þ

þ, PðV0, I0; −1ÞÞ:
We explore the model with the parameters presented in Table 1. Note that setting Y0 ¼ 0 in Equation 

(14) implies that the initial value I0 equals its long-run level eh:

This is mapped by Figure 3, displaying the immediate investment payoff and the option-to-defer 
value across the ðV0, I0Þ parameter space, for T ¼ 5: Combinations of high V0 and low I0 favour immedi
ate investment – waiting is not expected to lead to a more advantageous situation. As I0 rises and V0 

falls, investing immediately becomes suboptimal. In many out-of-the-money cases, there is, as expected, 
value in waiting, since the stochastic evolution of both variables may allow profitable investment at a 
later date. For instance, when the project is worth 25, and the investment cost is 30, the agent should 
not invest immediately, while the option of investing in five years retains positive value. Conversely, on 
some occasions, where the option to invest is initially at-the-money, there is value in waiting. The plot
ted exercise boundary signals the combinations of V0 and I0 at which the agent is indifferent between 
investing immediately and deferring to T.

3.1. Sensitivity analysis

We can also examine how each variable affects the value of the option to invest in the future in relation 
to various model variables.

Figure 4 examines the value of investing at T for different starting values of the investment cost, with 
h ¼ 15 and V0 ¼ 30: For early maturities, a lower initial cost I0 yields a higher option value. That is, 
when the time comes for the option to be exercised, a lower starting cost translates directly into a 
higher net payoff. For higher maturities, the option values for the three starting levels of I0 converge, as 
the mean-reverting process steers investment costs toward the long-run average h ¼ 15; progressively 
diminishing the impact of the initial level. This is reflected analytically in the e−bT Y0 term in the expres
sion for EQ½IT �; where the weight on Y0 decays as T grows.

Figure 5 explores the effects of the project-value parameters. As in the standard Black–Scholes– 
Merton model, increases in project value volatility rV raise the option to invest, since greater disper
sion steers project values toward more extreme realizations. Crucially, in an at-the-money scenario, 
downside cases already yield zero payoff, so only the upside matters. Higher rV also reduces the rate 

Table 1. Model parameters and baseline values.
Parameter Variable Values

Starting value for the project V0 ½0, 30�
Risk-free interest rate r 5%

Project value cost of carry d 3%

Project value volatility rV 30%
Long-term investment cost parameter h ½ln ð10−6Þ, ln ð30Þ�
Starting value for Yt Y0 0
Mean reversion parameter b 1
Investment cost volatility rY 20%
Correlation between processes q −30%

Maturity T [0, 5]

8 P. V. CARVALHO ET AL.



of time decay (Theta in financial option terms), so that higher-volatility options are more valuable as 
maturity approaches. Increases in the cost of carry d; by contrast, unambiguously reduce the option to 
invest. If the value of the project erodes over time, the option to invest in the future becomes less 
attractive, in direct analogy with the effect of dividend yield on call options in the Black–Scholes– 
Merton framework.

Figure 3. The value of investing immediately versus waiting (the European option to defer). Table 1 parameters 
and T ¼ 5:

Figure 4. The value of the option to invest at maturity. Table 1 parameters, while h ¼ 15; I0 ¼ ½5, 15, 25�; V0 ¼ 30;
and 0 < T � 5:
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Figure 6 considers the sensitivity to the investment cost process parameters, setting q ¼ 0: On the 
left-hand side, higher cost volatility rY is shown to reduce the option to defer. This can be interpreted 
as holding a short position in the investment cost. In this case, right-tail realizations of It eliminate gains 
in project value, while left-tail realizations are bounded by zero – effectively imposing a short investment 
cost volatility position on the option to invest in the future. On the right-hand side, higher mean-rever
sion speed b increases the option value. The speed of mean reversion in the OU process acts as a coun
terweight to cost volatility, steering the investment cost toward its long-run level eh and reducing the 
probability of extreme realizations at maturity. The effect of b is therefore the reverse of rY :

Figure 7 analyses the role of correlation. Higher (positive) correlations reduce the value of the option 
to invest in the future, while lower (negative) correlations increase it. Intuitively, when correlation is 

Figure 5. The value of the option to invest at maturity. Table 1 parameters, with rV ¼ ½0:25, 0:30, 0:35� on the left- 
hand side, with d ¼ ½0:02, 0:03, 0:04� on the right-hand side, I0 ¼ 15; V0 ¼ 30 and 0 < T � 5:

Figure 6. The value of the option to invest at maturity. Table 1 parameters, with rY ¼ ½0:20, 0:25, 0:30� on the left- 
hand side, with b ¼ ½0:5, 1, 1:5� on the right-hand side, I0 ¼ 15; V0 ¼ 30; q ¼ 0 and 0 < T � 5:

Figure 7. The value of the option to invest at maturity. Table 1 parameters, with q ¼ ½−1, 0, 1�; I0 ¼ 15; V0 ¼ 30 
and 0 < T � 5:
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strongly negative, a sharp rise in project value is accompanied by a fall in investment cost, amplifying 
the net payoff. Conversely, a sharp fall in project value is accompanied by a rise in investment cost, but 
since losses are bounded by zero, the option holder is shielded from the downside. When correlation is 
close to unity, the situation is reversed as high project values are offset by high costs, and situations 
where both are low are bounded by zero. This highlights the importance of not only considering how 
an investment’s value and its associated cost behave individually but also their relation. Moving in syn
chrony or asynchrony has opposite implications for the project evaluation.

While not explored numerically, the role of the market price of risk is addressed over both diffusions. 
On the project value side, if Vt were assigned a market price of risk k; its risk-neutral drift would become 
r − dþ krV (see Equation (7)). This would lead the deferral option to increase with a positive premium, 
as k > 0 raises the option to invest; conversely, a negative premium would lower it.. Crucially, this sign 
ambiguity arises only when the project value is itself treated as non-tradable. When Vt is tradable (see 
Assumption 1), k is pinned by no-arbitrage at ðl − d − rÞ=rV and k ¼ 0 is the standard normalisation 
that leaves the drift at r − d:

The assumption is more consequential on the cost side. Setting kY ¼ 0 on the mean-reverting invest
ment would force, through Equations (10)–(11), the risk-neutral reversion speed and long-run level to 
coincide with their physical counterparts ðb ¼ b̂ and h ¼ ĥÞ: Since these parameters enter both the 
expected cost EQ½IT � and the effective variance ~r2 of Theorem 1, suppressing the cost’s market price of 
risk feeds directly into the deferral value and hence the invest-versus-wait conclusion.

The direction of the effect follows the same mechanism as the sensitivity analysis of the figures 
above: a premium that slows risk-neutral reversion (b < b̂) enlarges ~r2 and raises the option to defer, 
exactly as a lower reversion speed does in Figure 6 (left-hand side panel), whereas a premium that 
speeds reversion (b > b̂) compresses ~r2 and lowers it. The magnitude of the resulting mispricing is 
therefore an empirical question. It is regarded in more detail for the case of the contract calibration for 
the S&P 500 and the VIX in Section 5.

4. Non-tradable benchmark contract applications

We will explore various types of contracts to evaluate whether the developed setup can be applied. 
After that, we will evaluate the contracts using the respective formulae.

4.1. Volatility derivatives

Contracts on volatility indices – most prominently VIX options – represent an application domain for our 
formulation.2 The VIX is a non-tradable index, meaning that it cannot be purchased directly in the spot 
market, though futures and options written on it are actively traded. Gr€unbichler and Longstaff (1996) 
and Detemple and Osakwe (2000) establish foundational pricing frameworks for volatility options using 
mean-reverting processes; Menc�ıa and Sentana (2013) provide a comprehensive empirical review.

In the proposed framework, the VIX acts as the stochastic benchmark and a broad equity index (such as 
the S&P 500) serves as the underlying asset. The OU structure for the VIX is empirically well supported, 
reflecting the well-documented tendency of implied volatility to revert to long-run means following peri
ods of market stress. The well-studied leverage effect – the negative correlation between equity returns 
and changes in implied volatility, formalized by Christie (1982) and confirmed empirically by Fleming et al. 
(1995) and Whaley (2000) – is captured directly in the model through the negative correlation parameter q:

When a volatility index (e.g. the VIX) replaces the fixed reference level and a stock (or stock index) 
replaces the underlying asset in a spread-style payoff, the contract can be priced directly with our for
mulae. Crucially, the volatility index is set to follow a mean-reverting process while the correlation par
ameter sets a potentially negative relationship between the two processes.

4.2. Inflation-linked derivatives

Inflation-linked derivatives – caps, floors, and options referenced to consumer price indices – constitute 
the second domain of application with growing importance for liability-driven investment and 
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macroeconomic risk management. The Consumer Price Index (CPI) is, like the VIX, a process whose 
dynamics are often modelled as mean-reverting toward a long-run target consistent with central bank 
objectives. 3 The structural analogies between interest rates and price indices enabled the foundational 
work of Hull and White (1990) and Heath et al. (1992) on interest rate derivatives to provide the concep
tual scaffolding upon which inflation derivative pricing was subsequently built. Jarrow and Yildirim 
(2003) and Mercurio (2005) develop foundational models for inflation derivative pricing by treating 
instantaneous inflation as a mean-reverting process in line with interest-rate frameworks.

In the proposed model, the CPI index takes the place of the stochastic benchmark, while equity 
claims serve as the typical underlying asset. Crucially, the inflation index is modelled as following a 
mean-reverting process, reflecting the anchoring role of central bank inflation targets, while the correl
ation parameter captures the potentially negative relationship between inflation and the returns on the 
equity product.

The correlation parameter captures the short-run negative relationship between inflation and equity 
returns documented by Fama and Schwert (1977), and Fama (1981), as well as the long-run positive rela
tionship identified by Boudoukh and Richardson (1993). The appropriate sign and magnitude of q there
fore depend on the investment horizon of the derivative, which provides a natural calibration anchor.

4.3. Weather derivatives

Weather derivatives represent a notable class of incomplete-market instruments. Temperature, precipita
tion, and related meteorological variables are not tradable assets, yet they generate economically signifi
cant exposures for energy utilities and agricultural firms. Alaton et al. (2002), Brody et al. (2002), and 
Benth and �Saltyt _e-Benth (2005) establish that temperature dynamics are well-described by mean-revert
ing processes, motivating a rich literature on the pricing of weather-indexed contracts.

The framework accommodates weather derivatives in which the benchmark is a weather variable 
modeled as a mean-reverting OU process, while the underlying asset follows a GBM process correlated 
with weather conditions. This configuration – a tradable GBM underlying with a non-tradable OU bench
mark – maps directly onto the developed contract structure.

As for the correlation parameter q; it captures the empirically documented relationship between wea
ther realizations and equity returns: Hong et al. (2019) find that food company returns are negatively 
affected by droughts. Meanwhile, Cheng et al. (2022) identify severe drought effects across seven out of 
15 Chinese industry sectors4, and Addoum et al. (2023) link extreme temperatures to earnings declines 
in 40% of US industries. In all such cases, a negative correlation between the weather benchmark (in the 
classic position of the strike) and equity value (underlying) has an impact on the option contracts 
explored here.

5. Empirical calibration

This Section estimates the dynamics from data, documents their stability, recovers the market price of 
risk from a traded forward curve rather than assuming it away, and quantifies the pricing consequences 
of the mean-reverting, non-tradable structure of the payoff of Equation (1).

We use a particular case for this flagship application of our framework: the underlying Vt is a broad 
equity index, the S&P 500, and the non-tradable benchmark It is the VIX, as introduced in 
Subsection 4.1.

5.1. Data

Data for the two processes are obtained from the daily Yahoo Finance series,5 spanning 2015–2024. All 
series are aligned on common trading dates, providing 2515 daily observations and 2514 log-returns. 
Two series for the S&P 500 are obtained, one considering the returns with dividends and the other with
out, allowing the deduction of the dividend yield (cost-of-carry), thus obtaining the cost of carry for the 
pricing model parameter d:
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Since the price index excludes dividends while the total-return index reinvests them, their log-incre
ment gap is the dividend accrual. Averaging it over the whole sample and annualising yields the esti
mated value d̂ � 1:82%:

In order to obtain a risk-free rate, we used the FRED6 series for the three-month U.S. Treasury yield 
over 2015–2024 (n ¼ 2515 daily observations) and used its sample average, resulting in the estimated 
risk-free rate r̂ � 1:83%:

The risk-neutral dynamics are identified from the VIX futures term structure: we use the CBOE VX 
(Volatility Index) monthly futures settlement curve from CBOE’s delayed-quote page.

For the two processes, we construct the equity log-return RV
t ¼ ln ðVt=Vt−1Þ and the log-benchmark 

ln It ¼ lnVIXt: Table 2 reports the descriptive statistics.
The futures snapshot is taken as of a recent date (3 July 2026) 7, keeping the standard monthly con

tracts and discarding the weekly contracts and any zero-volume (untraded) lines. This leaves a liquid 
strip of seven maturities, from the front contract to roughly seven months out, whose settlement prices 
are taken as the market forwards. 8 The benchmark spot close on the valuation date (I0 ¼ 16:15) is 
retained alongside the strip: it anchors the risk-neutral fit. The estimation of market price of risk parame
ters is developed in Appendix C.

5.2. Physical measure parameters

Under the physical measure, the benchmark follows the log-normal, mean-reverting specification of Equations 
(3)–(4). Hence Xt � ln It is an Ornstein–Uhlenbeck process reverting to ĥ; and over a step D its transition dens
ity is Gaussian and exact, requiring no discretization approximation at the daily sampling frequency, giving an 
AR(1) representation that avoids the Euler discretisation bias (explored in Iacus (2008)). Thus:

XtþD ¼ cþ u Xt þ etþD, u ¼ e−b̂D, c ¼ ĥð1 − uÞ, etþD � Nð0,
r2

Y

2b̂
ð1 − u2ÞÞ: (16) 

The structural parameters are recovered from the ordinary least squares fit of Equation (16) – which 
yields the estimated autoregressive coefficient û (the sample counterpart of the population coefficient 
u) and the residual variance r̂2

e : Thus:

b̂ ¼ −
ln û

D
, ĥ ¼ X , r̂Y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r̂2
e

2 b̂

1 − û2

s

, half-life ¼
ln 2

b̂
, (17) 

where the long-run level is estimated by the sample mean X ; which avoids the ratio c=ð1 − ûÞ and its 
instability when û is near unity.

Because the AR(1) coefficient is downward biased in finite samples, the mean-reversion speed is 
biased upward; the bias is especially pronounced for mean-reverting diffusions, as documented by Yu 
(2012). We therefore report the raw estimate alongside the bias-corrected value, following Kendall 
(1954): ûc ¼ û þ ð1þ 3ûÞ=n:

The measure-invariant diffusion parameters are estimated directly. With equity log-returns 
RV

tþD ¼ ln ðVtþD=VtÞ:

r̂V ¼
sdðRVÞ
ffiffiffiffi
D
p , q̂ ¼ corrðRV

tþD, êtþDÞ, (18) 

Table 2. Descriptive statistics, daily 2015–2024 data. S&P return is the daily equity log-return in percent. VIX stands 
for the benchmark level, while ln VIX is the log-benchmark.
Statistic S&P return (%) VIX level ln vIX

Observations 2514 2515 2515
Mean 0.042 18.269 2.844
Std. deviation 1.127 7.284 0.333
Minimum −12.77 9.14 2.21
Maximum 8.97 82.69 4.42
Skewness −0.81 2.60 0.76
Excess kurtosis 15.72 12.92 0.86
AR(1) −0.135 0.965 0.971
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where RV and the OU innovation ê span the same interval, so their sample correlation consistently esti
mates the Brownian correlation q of the model.

The regressions of Equations (16)–(18) are estimated on realised historical paths and thus deliver the 
physical (P) dynamics ðb̂, ĥ, rY , rV , qÞ: By Girsanov’s theorem, the change of measure P! Q alters only 
drifts: rY , rV , q transfer to the pricing formulae of Theorems 1 and 2, whereas the drift parameters b and 
h differ between measures through the mapping b ¼ b̂ − by; h ¼ ĥ þ ay=b of Equations (8)–(9). 
Throughout, as before, (b̂, ĥ) denote physical-measure quantities and (b, h) their risk-neutral counterparts. 
The risk-neutral drift will be obtained from the futures curve.

Table 3 reports the point estimates. The benchmark is a high “vol-of-vol” object, r̂Y � 1:28; with fast 
mean reversion (half-life � 1:2 months) and a strongly negative correlation to the underlying 
(q̂ � −0:73). The negative sign of the correlation validates the aforementioned negative correlation 
documented by the leverage-effect literature. Table 3 also reports Delta-method standard errors for the 
estimated parameters and the AR(1) fit diagnostics. The regression for ln I attains an adjusted R2 of 
approximately 0.94.

The log-likelihood is used to test the property on which the whole framework rests – that the bench
mark genuinely mean-reverts rather than following a random walk. The mean reversion the model relies 
on is strongly supported by the data: the Dickey–Fuller statistic is well below the 1% critical value, 
decisively rejecting the random walk, and the mean-reverting specification raises the log-likelihood rela
tive to the restricted random walk while lowering both AIC and BIC.

5.3. Parameter stability

We are also interested in studying whether the parameters of the VIX estimation are stable across time. 
Table 4 summarises the results of the rolling-window estimation (two-year windows, six-month step) for 
three contiguous sub-periods, reported with Delta-method standard errors and the AR(1) fit diagnostics 
(adjusted R2 and log-likelihood). The mean-reversion speed (b̂) is stable across sub-periods, but the roll
ing standard deviation is a large fraction of its level, which is consistent with the known difficulty of esti
mating the reversion speed from short samples, as documented in Yu (2012).

The long-run level and the benchmark volatility, by contrast, are estimated precisely and shift visibly 
across sub-periods – the average benchmark level eĥ moves from about 14.5 in the calm 2015–2018 
window to roughly 20 around the 2019–2021 turmoil, and the vol-of-vol falls in the final block – a 
movement we test formally next.

We test stability formally in Table 5, which reports Wald tests of the null that each parameter is equal 
across the three sub-periods. The standard error of ĥ accounts for the strong serial dependence of ln I: 
because the benchmark is highly persistent (û � 0:97), the variance of its sample mean is far larger than 

Table 3. Physical-measure (P) daily estimates for the period 2015–2024 (n ¼ 2515). standard errors for b̂, ĥ, r̂Y are 
calculated using the Delta-method; r̂V and q̂ are sample moments.
Parameter Symbol Estimate Std. error AR(1) fit diagnostics

Reversion speed (raw) b̂ 7.40 1.23 Adjusted R2 0.9429
Reversion speed (bias-corr.) b̂c 7.00 1.23 Log-likelihood 2794.2
Half-life ln 2=b̂c 1.19 mo. — AIC / BIC −5582:5 / −5565:0
Long-run benchmark level ĥ 2.844 0.055 Random-walk null u ¼ 1

(level eĥ ) 17.19 — Log-likelihood (RW) 2775.9
Benchmark volatility r̂Y 1.282 0.018 LR statistic (ref.) 36.7
Underlying volatility r̂V 0.179 — Dickey–Fuller t −6:07
Correlation (leverage) q̂ −0:725 — Dickey–Fuller p < 0:001

Table 4. Parameter stability. Rolling windows report mean 6 standard deviation across windows; sub-periods are con
tiguous calendar splits with Delta-method standard errors in parentheses and AR(1) fit diagnostics.
Specification b̂ ĥ r̂Y Adj. R2 Log-lik.

Rolling (2y/6m, 16 windows) 9:6965:12 2:86460:207 1:27060:163 — —

Sub-period 2015–2018 10:82 ð2:54Þ 2:673 ð0:056Þ 1:346 ð0:031Þ 0.9069 1077
Sub-period 2019–2021 6:11 ð2:25Þ 2:995 ð0:105Þ 1:352 ð0:035Þ 0.9425 800
Sub-period 2022–2024 6:46 ð2:31Þ 2:922 ð0:083Þ 1:119 ð0:029Þ 0.9400 937
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the i.i.d. formula would imply, and following Newey and West (1987), we use the corresponding long- 
run (autocorrelation-corrected) variance.

With the correct standard errors, the mean-reversion speed cannot be distinguished across sub-peri
ods (p � 0:32), but every other parameter shifts significantly: the long-run level (p � 0:005), the bench
mark volatility (p < 0:001), the correlation (p < 0:001) 9, and the underlying volatility (p < 0:001) all 
reject equality, as does the joint null on the OU parameters (p < 0:001).

The resulting rejection indicates that the constant correlation assumption of the framework does not 
hold over a decade spanning several regimes. The pattern can be interpreted as an economic regime 
effect: the estimation window covers the relatively calm mid-2010s, the COVID-19 shock, and the 2022 
inflation context. The magnitudes support this interpretation: the long-run level eĥ ranges from about 
14.5 to 20 across the blocks, and the vol-of-vol ranges from about 1.12 to 1.35, differences that are eco
nomically meaningful and not merely statistically detectable.

One of these rejections points to a modelling extension: considering a time-varying correlation. As 
argued in Subsection 2.4, the pricing impact of relaxing it is typically limited; the rejection of constancy 
therefore points to modest gains from a stochastic-correlation extension. Whether these gains are mater
ial enough to justify the added complexity is ultimately an empirical question, and a formal treatment of 
stochastic correlation (for instance, along the lines of Antonelli et al. (2010)) remains a natural direction 
for future work.

5.4. Contract pricing

With the obtained estimations, we price the contracts where / ¼ 1; as in Theorem 2. This is done with 
the following specifications: the mean-reverting, non-tradable benchmark with kY ¼ 0; the futures-cali
brated risk-neutral drift of Appendix C; and the fixed-strike Black–Scholes benchmark obtained when 
rY ¼ 0; as mentioned in Remark 1.

Initial levels are normalized to 100 for exposition. The calibrated r̂V ; r̂Y ; q̂ of Table 3 are used through
out, and Table C.1 (in Appendix C) estimations are used when considering the market price of risk.

Two effects are visible in the results of Table 6. First, the mean-reverting benchmark structure raises 
value above the fixed-strike benchmark, and this difference increases sharply as the contract moves out of 
the money. This is because the benchmark volatility r̂Y enters the effective variance ~r2 and, through the 
convex exponential form of IT ; keeps the expected benchmark well above the fixed strike. Ignoring the sto
chastic, the mean-reverting nature of the exercise threshold hence underestimates these instruments, and 
this difference becomes significantly substantial as the contracts move further from the money.

Second, the futures-calibrated prices exceed the kY ¼ 0 prices, quantifying the benchmark risk pre
mium. In intuitive terms, the market prices the benchmark as reverting toward a higher long-run level, 
and somewhat more slowly, than the physical dynamics imply, so the risk-neutral expected benchmark 
and the effective variance are larger and contract values are higher. The size of this gap is the practical 
limitation of the kY ¼ 0 simplification for this application.

Lastly, Table 7 isolates the two parameters that drive the departure from the BSM setup, reporting 
the at-the-money price across a grid of the benchmark volatility r̂Y and the correlation q: Value 
increases monotonically in r̂Y and rises as q becomes more negative, consistent with the covariance 
term in ~r2:

Table 5. Cross-period parameter-stability tests. Each row is a wald test of equality of the indicated parameter across 
the three Sub-periods; the statistic is v2 with the stated degrees of freedom under the null of equality. Standard errors 
are calculated using the Delta-method, except the correlation, which is tested via the fisher z-transform 
(VarðzÞ ¼ 1=ðn − 3Þ). the joint row covers the OU benchmark parameters ðb̂, ĥ, r̂YÞ; q̂ and r̂V are estimated on partly 
overlapping innovations and are reported separately. �, ��, ���: rejection at 10%, 5%, 1%.
Null hypothesis Parameter Wald v2 d.f. p-value

Equal reversion speed b̂ 2.29 2 0.319
Equal long-run level ĥ 10:77��� 2 0.005
Equal benchmark vol. r̂Y 37:70��� 2 0.000
Equal correlation q̂ 38:82��� 2 0.000
Equal underlying vol. r̂V 197:24��� 2 0.000
Joint equality (OU params) b̂, ĥ, r̂Y 50:75��� 6 0.000
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6. Conclusions

This paper has developed an analytically tractable valuation framework for contracts whose payoff 
depends on the difference between an underlying asset and a non-tradable, mean-reverting benchmark, 
with applications to the integrated management of financial, operational, and emerging risks. The paper 
makes several key theoretical contributions.

First, it provides a formal proof that mean-reversion precludes tradability of the benchmark, requiring 
the specification of a market price of risk. Second, it derives closed-form pricing formulae for contracts 
that are linked to the Black–Scholes–Merton structure through a risk-neutral expected benchmark and 
an expanded effective variance. Importantly, these contracts should not be interpreted as standard van
illa options with fixed contractual strikes; the fixed-strike Black–Scholes–Merton case is recovered only 
when benchmark uncertainty vanishes, or the benchmark becomes effectively deterministic. Third, it pro
vides a systematic analysis of how cost volatility, mean-reversion speed, and cross-process correlation 
jointly determine investment option value in a real options setting. Fourth, it applies the formulation to 
three economically important classes of derivatives: weather derivatives, volatility index options, and 
inflation-linked instruments.

In the proposed contract-pricing framework, the non-tradability of the exercise benchmark and its 
mean-reverting dynamics are key features that standard fixed-strike models cannot accommodate. The 
correlation parameter plays a central risk-management role, capturing the negative co-movement 
between the underlying asset and the risk benchmark that is empirically documented across all three 
application domains. From a risk and resilience perspective, the framework provides financial institutions, 
corporates, and regulators with a tractable tool to price and manage exposures to non-tradable bench
marks. The inability to replicate these instruments perfectly – a consequence of market incompleteness 
arising from non-tradability – implies that pricing requires the judgement-based specification of a mar
ket price of risk, an undertaking for which the present model provides a controlled foundation.

The empirical calibration using S&P 500 and VIX data illustrates the practical relevance of the frame
work. The results show how the physical dynamics of a non-tradable mean-reverting benchmark can be 
estimated from historical data, how risk-neutral benchmark dynamics can be inferred from traded futures 
prices, and how benchmark risk premia can materially affect valuation. In particular, the comparison 
with the fixed-strike Black–Scholes–Merton benchmark shows that ignoring stochastic benchmark uncer
tainty may understate contract values, especially away from the money.

Table 6. Contract prices where / ¼ 1 under three specifications, with the mean-reverting benchmark premium made 
explicit. MR(kY ¼ 0): mean-reverting benchmark, physical benchmark drift. MR(futures fit): risk-neutral drift from the 
futures fit. BS: fixed-strike Black–Scholes (rY ¼ 0; K ¼ 100). The last two columns give the MR(kY ¼ 0) price relative 
to the futures-calibrated price (the sign of the persistence premium) and relative to the fixed-strike benchmark (the 
value of the mean-reverting structure). Normalised levels, r ¼ 1:83% (sample-average 3-month Treasury yield), divi
dend yield d ¼ 1:82% (from the price vs total-return gap).

Contract price (/ ¼ 1) MR(kY ¼ 0) vs.

T V0 MR(kY ¼ 0) MR(futures fit) BS % vs. Fut. % vs. BS

1 70 38.86 56.17 29.57 −31% þ31%

85 28.75 44.94 16.32 −36% þ76%

100 20.87 35.52 6.99 −41% þ199%

115 14.96 27.85 2.33 −46% þ542%
5 70 38.82 54.37 30.41 −29% þ28%

85 30.54 45.03 21.26 −32% þ44%

100 23.93 37.19 14.44 −36% þ66%

115 18.74 30.68 9.61 −39% þ95%

Table 7. Sensitivity of the at-the-money mean-reverting-benchmark contract (/ ¼ 1; V0 ¼ 100; T ¼ 1; kY ¼ 0) to the 
benchmark volatility rY and the correlation q; the two parameters that govern the departure from Black–Scholes. 
Other inputs as in Table 3. Value rises with rY and as q becomes more negative.

q ¼ −0:9 q ¼ −0:5 q ¼ 0:0

rY ¼ 0:5 11.03 10.26 9.21
rY ¼ 0:9 15.80 14.77 13.36
rY ¼ 1:3 21.66 20.49 18.91

16 P. V. CARVALHO ET AL.



Several extensions are suggested for future research. In the real options domain, a perpetual 
American-style option under stochastic mean-reverting cost – relevant to open-ended project commit
ments – would require numerical methods, but the present framework offers a foundation for the 
endeavor. Extensions to regime-switching, CEV or Heston dynamics for the underlying asset, or to time- 
varying correlation structures, would further broaden the model’s empirical applicability. Model calibra
tion to other contexts – such as inflation and weather as benchmarks – constitutes a further avenue of 
practical relevance.

Notes 

01. This is equivalent to selecting the minimal martingale measure as in F€ollmer and Schweizer (1991). For 
empirical applications, non-zero k would be calibrated from observed option prices; the closed-form structure 
remains unchanged, with parameters adjusted as in equations (10)-(11).

02. The VIX, published by the CBOE, measures the market’s expectation of 30-day volatility in the S&P 500, derived 
from S&P 500 option prices.

03. The CPI, published by national statistical agencies, measures the weighted average change over time in the 
prices paid by consumers for a representative basket of goods and services.

04. Agriculture, forestry, animal husbandry, and fishery; manufacturing; information transmission, software, and 
information technology services; finance; real estate; leasing and business services; water, environment, and 
public facilities management.

05. For the S&P 500, ^SP500TR is the total-return index ticker, which reinvests dividends, and ^GSPC is the price 
index ticker, which excludes them. ^VIX is the volatility index ticker.

06. Ticker DGS3MO.
07. from .https://www.cboe.com/tradable_products/vix/vix_futures/
08. The window therefore does not coincide with the other parameters. The risk-neutral speed thus reflects 

current term-structure pricing, while the physical speed reflects the historical sample. This does not affect the 
qualitative result and allows a replication with time-aligned data.

09. The correlation is tested through the Fisher z-transform.
10. The fit treats the coefficients ðay , byÞ as constant, so kY

t varies only through the state Yt:
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Appendix A: 

Proof of Lemma 1

Proof. For It to be a traded asset, the discounted process e−rtIt must be a Q-martingale. This would require:

EQ IT jF t½ � ¼ erðT−tÞIt for all t < T: (A.1) 

Recalling the OU dynamics then presented for the risk-neutral measure parameters in (15), for tradability the 
expression must equal (A.1), thus

exp ĥ þ e−b̂ðT−tÞYt þ
r2

Y

4b̂
ð1 − e−2b̂ðT−tÞÞ

( )

¼ erðT−tÞeĥþYt :

Taking logarithms and rearranging:

Yt e−b̂ðT−tÞ − 1
� �

¼ rðT − tÞ −
r2

Y

4b̂
ð1 − e−2b̂ðT−tÞÞ:

Since this equality must hold Q-almost surely, and Yt has full support on R under Q; the coefficient of Yt on the 
left-hand side must vanish identically. That is, when:

e−b̂ðT−tÞ − 1 ¼ 0, 

which forces b̂ ¼ 0: However, taking the limit b̂ ! 0 (via L’Hôpital’s rule), the right-hand side becomes rðT − tÞ − 
r2

Y
2 ðT − tÞ; which is non-zero for generic parameters r and rY : Hence no valid b̂ exists that satisfies the martingale 
condition (A.1), and we conclude that It cannot be a traded asset.                                                               �

Appendix B: 

Proof of Theorem 1

Proof. Through the Radon-Nikodym derivative, we define the measure PT using the strictly positive benchmark 
payoff IT as the change-of-measure density.

dPT

dQ
jF t
¼

E IT j F t½ �

E IT j F 0½ �
:

Knowing that It is always greater than zero, we rewrite Equation (1), using the IT forward measure from above, 
change the measure to PT and define nt :

PðV0, I0Þ ¼ e−rTEQ ðVT − ITÞ
þ

� �

¼ e−rTEQ IT
VT
IT

− 1
� �þ

� �

¼ e−rTEQ IT

EQ IT½ �
� EQ IT½ � �

VT

IT
− 1

� �þ
" #

¼ e−rTEQ IT½ � � E
Q IT

EQ IT½ �
�

VT

IT
− 1

� �þ
" #

¼ e−rTEQ IT½ � � E
PT VT

IT
− 1

� �þ
� �

¼ e−rTEQ IT½ � � E
PT
ðnT − 1Þþ
� �

(B.1) 

where we use the change of measure formula: for any F T -measurable random variable X, EQ IT

EQ½IT jF 0�
� X

h i
¼ EPT

½X�:

To evaluate EPT
½ðnT − 1Þþ�; we define the process nt for all t 2 ½0, T� as the ratio of conditional expectations:

nt¢
EQ VT j F t½ �

EQ IT j F t½ �
:

At the terminal time, this reduces to:

nT ¼
EQ VT j F T½ �

EQ IT j F T½ �
¼

VT

IT
, 

since conditioning on all information up to time T gives the realized values.
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We then verify that nt is a martingale under the forward measure PT : For 0 � s < t � T :

EPT
nt j F s½ � ¼ EQ E VT j F t½ �

E IT j F t½ �
�
E IT j F t½ �=E IT½ �

E IT j F s½ �=E IT½ �
jF s

� �

¼
1

E IT j F s½ �
EQ E VT j F t½ � j F s½ �

¼
E VT j F s½ �

E IT j F s½ �
¼ ns:

(B.2) 

Therefore, nt is indeed a PT -martingale.
With the results presented in Equations (14) and (15), the process nt can be written as:

nt ¼
VterðT−tÞ

exp hþ e−bðT−tÞYt þ
r2

Y
4b
ð1 − e−2bðT−tÞÞ

n o : (B.3) 

To show that nT is log-normally distributed under PT ; we apply Itô’s lemma to ln nt:

From Equation (B.3), we can write:

ln nt ¼ ln Vt þ rðT − tÞ − h − e−bðT−tÞYt −
r2

Y

4b
ð1 − e−2bðT−tÞÞ:

Since Vt follows a GBM under Q:

d ln Vt ¼ r − d −
1
2

r2
V

� �

dt þ rV dWV
t :

For the Yt term, recalling again that:

dYt ¼ −bYtdt þ rY dWY
t :

Thus

d ln nt ¼ d ln Vt − d e−bðT−tÞYt

� �
− d

r2
Y

4b
ð1 − e−2bðT−tÞÞ

 !

d ln nt ¼ r − d −
1
2

r2
V þ

r2
Y

2b
e−2bðT−tÞ

 !

dt þ rV dWV
t − rY e−bðT−tÞdWY

t :

Since by Equation (B.2), nt is a PT -martingale, its drift under PT must be zero. Thus, under this measure:

d ln nt ¼ rV dWT , V
t − rY e−bðT−tÞdWT , Y

t , 

where WT , V
t and WT , Y

t are PT -Brownian motions with correlation q:
Integrating from 0 to T:

ln nT − ln n0 ¼ rV WT , V
T − rY

ðT

0
e−bðT−sÞdWT , Y

s :

The right-hand side is a Gaussian random variable with mean zero. To compute its variance, we apply the vari
ance of a difference formula.

For the first term:

VarðrV WT , V
T Þ ¼ r2

V T:

For the second term, by Itô’s isometry:

Var rY

ðT

0
e−bðT−sÞdWT , Y

s

 !

¼ r2
Y

ðT

0
e−2bðT−sÞds:

As for the covariance between the terms, using the correlation q between WT , V and WT , Y :

Cov rV WT , V
T , rY

ðT

0
e−bðT−sÞdWT , Y

s

 !

¼ qrVrY

ðT

0
e−bðT−sÞds:

Therefore,

~r2 ¼ r2
V T þ r2

Y

ðT

0
e−2bðT−sÞds − 2qrVrY

ðT

0
e−bðT−sÞds: (B.4) 

and computing the integrals

~r2 ¼ r2
V T þ

r2
Y

2b
ð1 − e−2bTÞ − 2qrVrY

1 − e−bT

b
:
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Therefore, nT is log-normally distributed under PT :

nT ¼
d

n0 exp −
1
2

~r2 þ ~rZ

� �

, (B.5) 

where Z � Nð0, 1Þ under PT :

Given the result from Equation (B.5), we can apply the standard option pricing formula for log-normal variables.
In our case, with 1 in place of the strike, we have:

EPT
ðnT − 1Þþ
� �

¼ n0UðdþÞ − Uðd−Þ, 

where:

d6 ¼
ln n06 1

2 ~r2

~r
:

Substituting back into Equation (B.1), the contract price is:

PðV0, I0Þ ¼ e−dT V0UðdþÞ − e−rTEQ IT½ �Uðd−Þ

where n0 ¼
EQ ½VT �

EQ ½IT �
¼ V0 eðr−dÞT

EQ½IT �
; and:

d6 ¼
ln ðV0eðr−dÞT=EQ IT½ �Þ6

1
2 ~r2

~r
,

~r2 ¼ r2
V T þ

r2
Y

2b
ð1 − e−2bTÞ − 2qrVrY

1 − e−bT

b
:

The expectations EQ½VT � and EQ½IT � are given in Equations (13) and (15), respectively.

Appendix C: 

Market price of risk

With Subsection 5.2 covering the measure-invariant diffusions ðrV , rY , qÞ; already estimated under P; we find the 
risk-neutral drift of the benchmark. For the tradable underlying (S&P 500) the market price of risk is fixed by no-arbi
trage, and the drift is r − d; so no premium is estimated. The question arises in the non-tradable benchmark, whose 
price of risk is unidentified by arbitrage (as presented in Lemma 1) and must be recovered from market data. This is 
done with the VIX futures term structure.

Because a futures price is a risk-neutral expectation of the settlement value, the curve Fð0, TiÞ is the market’s EQ½VIXTi �

across maturities, as explored in Gr€unbichler and Longstaff (1996) and Zhang and Zhu (2006). This makes the futures 
curve the natural instrument for identifying the risk-neutral drift: the no-arbitrage relation linking the drift of the risk- 
neutral dynamics to the shape of the forward curve is established for volatility indices by Zhu and Zhang (2007).

Under the log-normal OU dynamics of Equations (8)-(9) – the specification analysed for volatility indices by 
Detemple and Osakwe (2000) – the conditional forward has the closed form

EQ IT½ � ¼ exp fhþ e−bT Y0 þ
r2

Y

4b
ð1 − e−2bTÞg: (C.1) 

This procedure hence obtains the risk-neutral parameters by fitting the model-implied forward from Equation 
(C.1) to observed futures, so that the physical and risk-neutral measures are estimated jointly rather than in isolation, 
as per Zhang and Zhu (2006) and Lin (2007).

min
b, h

X

i

ln Fð0, TiÞ − ðhþ e−bTið ln I0 − hÞ þ
r2

Y

4b
ð1 − e−2bTiÞÞ

" #2

: (C.2) 

The fit anchors the benchmark at its observed spot on the valuation date (Y0 ¼ ln I0 − h) treated inside the least- 
squares problem: given b; the minimising h is available in closed form, and b is found by grid search.

Inverting the mapping Equations (8)-(9) identifies the market price of risk of the benchmark process itself, as pre
sented in Equation (12):

kY
t ¼

ay þ by Yt

rY
, 

with the two constants 10 recovered as

by ¼ b̂ − b, ay ¼ bðh − ĥÞ:

The constant part ay generates the long-run level shift h ¼ ĥ þ ay=b of Equation (11), while the state-dependent 
slope by generates the reversion-speed shift b ¼ b̂ − by of Equation (10).
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We calibrate the risk-neutral drift to the aforementioned observed VIX futures term structure (CBOE VIX monthly 
settlement curve). Each contract’s expiration date is converted to a year-fraction Ti ¼ ðexpiry − valuationÞ=365; and 
the settlement price is used as the market forward Fð0, TiÞ ¼ EQ½VIXTi �:

Table 1 presents the results from solving Equation (C.2) on this curve, with r̂Y held at its physical estimate. The 
risk-neutral reversion speed (b � 5:5) remains below the physical speed (b̂ � 7:0) – the pattern documented in Carr 
and Wu (2009), whereby mean reversion under P becomes slower under Q – yielding a positive persistence pre
mium (by � 1:5). The spot-anchored fit also assigns an economically meaningful level premium: the risk-neutral 
long-run level (eh � 19:9) lies well above its physical counterpart (eĥ � 17:2), so ay � 0:79: The positive volatility risk 
premium of Bakshi and Kapadia (2003) and Bollerslev et al. (2009) is thus expressed through both channels: the mar
ket prices the benchmark as reverting somewhat more slowly, and toward a higher long-run level, than the physical 
dynamics imply.

Table C.1: Risk-neutral (Q) calibration to the VIX futures curve, and the implied market price of risk of the benchmark, 
kY

t ¼ ðay þ byYtÞ=rY ; via its two constants ðay , byÞ: The calibration anchors the benchmark at its observed spot on the 
valuation date.
Quantity Symbol Value

Benchmark spot (valuation date) I0 16.15
Spot anchor Y0 ¼ ln I0 − h −0:207
Risk-neutral reversion speed b 5.46
Risk-neutral half-life ln 2=b 1.5 months
Risk-neutral long-run level eh 19.86
Persistence premium/MPR slope by ¼ b̂ − b þ1:54
Level premium/MPR constant ay ¼ bðh − ĥÞ þ0:787
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