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Abstract

In the benchmark dynamic general equilibrium model with money [Cooley and Hansen
(1989)], money is supplied to the economy in away which may be argued to be not very
realistic. In this paper, we develop a dynamic general equilibrium model where bank
loans are the source of money creation. We show that the same results follow as in
Cooley and Hansen. In particular, monetary policy has only very small real effectsin the
model.
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List of Symbols

HOUSEHOLD VARIABLES

household’s consumption in real terms

leisure

household’s supply of labour

the amount the household borrows at the beginning of period t
household’s debt at the beginning of period (t+1)

% of ..rm f that the household buys at beginning of period (t-1)
and sells at beginning of period t

% of bank | that the household buys at beginning of period (t-1)
and sells at beginning of period t

amount of checkable deposits the household decides

to hold at the beginning of period t

shadow price (marginal utility of consumption, in this model)
intertemporal discount factor

FIRM VARIABLES

.rm’s output

..rm’s stock of capital

..rm’s labour demand

..rm’s investment

nominal pro..ts of ..rm f in period t

per period rate of depreciation of the ..rm’s capital stock

BANK VARIABLES

bank’s nominal supply of credit at the beginning of period t
bank’s reserves in period t

nominal pro..ts of bank I in period t

required reserve ratio

PRICE VARIABLES

price of physical output

nominal wage rate

nominal interest rate between the beginning of period t
and the beginning of period (t+1)

nominal price of ..rm f at beginning of period t (amount
necessary to buy 100% of ..rm f)

nominal price of bank | at beginning of period t (amount
necessary to buy 100% of bank I)

SHOCK VARIABLES

..rm’s technological parameter

rate of growth of the level of reserves between the beginning
of period (t-1) and the beginning of period t



T steady-state value of variable xz;
Ty the percentage deviation of variable x; from its steady-state (in period t)
E;]] expectation conditional on information pertaining to the beginning
of period t and earlier of the indicated argument
H number of households
F number of ..rms
L number of banks
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1 Introduction

Cooley and Hansen (1989) add money to the dynamic general equilibrium model of Hansen (1985).
The way money is fed into the economy in the model of Cooley and Hansen can be summarized as
follows. Households start every period with a given amount of money carried over from the previous
period and they then receive a lump-sum transfer from the government (which, supposedly, has
obtained it from the central bank). This mechanism of injecting money into the economy stands
in sharp contrast with the fact that, in modern economies, most money has its origin in loans from
commercial banks to households, ..rms or the government.

In this paper, we add money to a zero growth version of the dynamic general equilibrium model
presented in King, Plosser and Rebelo (1988). In the model we build, all money has its origin in
loans that the households obtain from commercial banks.

In our model there are only households, nonbank ..rms, commercial banks and a central bank
(in this paper, we shall refer to “nonbank ..rms” simply as “..rms”; likewise, we shall refer to
“commercial banks” simply as “banks”). Banks make loans to households at the beginning of each
period and households then use the money obtained in this way to buy consumption goods from
the ..rms.

We have log-linearized the competitive equilibrium around the steady-state values of its vari-
ables and then calibrated it using Postwar data. Afterwards, we examined the response of the
model to technological shocks and to monetary policy shocks.

Our simulation experiments gave us the same pattern of results that was obtained by Cooley
and Hansen: (i ) when money is supplied to the economy at a constant rate of growth, the
behaviour of the real variables in the presence of technological shocks is the same that is obtained
using the same model without money; ( ii ) when money is supplied to the economy at a constant
rate of growth, the actual rate of growth at which it is supplied has no intuence on the results we
obtain when the model is hit by technological innovations; ( iii ) when there are shocks to the rate
of growth of the money supply, the behaviour of the real variables changes only slightly and most
of the impact goes to the price level.

The structure of the article is as follows. In section 2, we describe the economic environment:
preferences, technology, resource constraints and market structure. In section 3, we describe the
typical bank’s behaviour. In section 4, we describe the typical ..rm’s behaviour. In section 5,
we describe the typical household’s behaviour. In section 6, we write down the market clearing
conditions. In section 7, we write the set of equations that describes the competitive general market
equilibrium. In section 8, we describe the calibration of the model. In section 9, we look at the
response of the model to technological shocks and to monetary policy shocks. In section 10, we

make an overview and conclusion.
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2 The Economic Environment

This is a closed economy model with no government. There are H homogeneous households, F
homogeneous ..rms, L homogeneous banks and a central bank. Firms and banks are owned by
the households. As a consequence, both the ..rms’ pro..ts and the banks’ pro..ts are distributed to
households (the shareholders) at the end of each period.

There is only one (homogeneous) physical good produced in this economy which we denote
physical output. There are two possible uses for this output: it can either be consumed or used
for investment (i.e., used to increase the level of the stock of capital).

In our model, the only source of money is loans from commercial banks to households. At
the beginning of each period, commercial banks obtain reserves from the central bank which allow
them to make loans to households. In making loans to households, at the beginning of each
period, commercial banks create deposits which did not exist before. Households pay the amount
borrowed at the end of the same period thereby destroying the deposits which had been created
at the beginning of the period.

Let us now concentrate on the way the household’s demand for credit is modelled.

When we start thinking about modelling household borrowing, a key issue that we have to deal
with is the household’s initial debt position. If period 0 is the period where our analysis of the
economy is starting (the present date, for example) and the household has been living for some
periods before arriving at the beginning of period 0, what debt should we assume that she carries
from the previous period? In this article, we propose using a speci..c initial condition to describe
the household’s initial debt position. In the Appendix we show that the initial condition we use is
the initial condition which naturally arises when we think the economy back to its initial moment.
In any case, other initial conditions can and should be tried. What we cannot do is avoid modelling
the initial debt position of the household.

The initial condition on the typical household’s optimization problem that we use is: at the
beginning of the period where our analysis of the economy is starting (period 0), the typical
household owes the banks an amount which equals the sum of the wage earnings and dividend
earnings that she received at the end of the previous period. After paying the debt to the banks,
the household is left with nothing (the household also owns shares but, because households are
all alike, shares are not traded in equilibrium) and must therefore borrow again from the banks
to ..nance her consumption expenditure during the period that is just beginning (period 0). The
market clearing conditions of the model together with the de..nitions of pro..ts imply that the
amount the household borrows at the beginning of period 0 is such that when she arrives at the
end of period 0 she will again be left with nothing (after paying the debt to the banks). The
consequence is that the household will need to borrow again from the banks at the beginning
of period 1 in order to ..nance her consumption expenditure during this period. And this story
is repeated every period into the future. All this is achieved by the introduction of the initial

condition that we have just mentioned.
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The complete description of monetary tows among economic agents is as follows. At the
beginning of each period, the typical household borrows from the banks the amount that she needs
in order to be able to buy consumption goods from the ..rms during the period that is beginning.
Loans obtained from a bank take the form of checkable deposits. During the period, the typical
household spends these checkable deposits buying consumption goods from the ..rms. At the end of
the period, the household receives back from the ..rms these checkable deposits (as wage payments
and dividend payments). Then, the household pays the banks interest on the amount borrowed
at the beginning of the period (the amount of interest due is paid by reducing the amount of
checkable deposits that the household owns at the banks). However, since banks are owned by the
households and households are all alike, the household immediately receives back the amount of
interest paid to the banks (in the form of bank dividends). Afterwards, the household pays the
banks the principal of the debt contracted at the beginning of the period. The structure of the
model is such that, after all these payments, the household is left with nothing and must therefore
borrow again from the banks at the start of the new period.

Since all transactions in our economy are ..nanced by bank loans, it can be labelled a pure
credit economy (as de..ned by Wicksell).

It is important to emphasize that the precise credit structure of the model depends on the
initial condition we choose. It is the initial condition that transforms a cash-in-advance economy
into a speci..c credit-in-advance economy.

We next examine the typical household’s preferences, the technology available in the economy
(production function and capital accumulation equation), the resource constraints that exist in a
given period and the market structure.

Let us suppose that we are at the beginning of period 0 and that households, ..rms and banks
are considering decisions for periods ¢ with ¢t =0,1,2,3, ....

Let us start by describing the preferences of the typical household. The typical household seeks
to maximize lifetime utility. Utility in period ¢ is given by u(c, ¢;) where ¢, is the Fow amount of
consumption and ¢; is the amount of leisure enjoyed in that period. The function w(.,.) has the usual
properties. At the beginning of period 0, the household maximizes Uy = Ey rfo Bru(cy, ét)] where
£ is a discount factor (0 < § < 1) that refects a preference for current overt?l(jture consumption-
leisure bundles. Application of the operator Ey[.] yields the mathematical expectation, conditional
on complete information pertaining to the beginning of period 0 and earlier, of the indicated
argument.

Let us now describe the technology available in the economy: production function and capital
accumulation equation. Each ..rm’s production function is described by y; = A;F(k;,nd) where
y: is the physical output of the ..rm, A; is a technological parameter, k. is the ..rm’s stock of
capital and n¢ is the .rm’s labour demand in period ¢. Capital accumulation is described by
kiv1 = (1 — )k + 4 where 4, is the Fow of investment in period ¢ and ¢ is the per-period rate of
depreciation of the stock of capital which is assumed to be constant and belonging to the closed

interval [0,1].
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The resource constraints are as follows. Each ..rm starts period ¢ with a stock of capital k; which
is pre-determined [which was determined at the beginning of period (¢ — 1)]. In other words, the
stock of capital that will enter the production function in period ¢ cannot be changed by decisions
taken during period ¢. Each household has an endowment of time per-period which is normalized
to be equal to one by an appropriate choice of units. This amount of time can be used to work or
to rest. Therefore, we can write n; + ¢, = 1 where n; is the household’s supply of labour during

period ¢.

There is a legal constraint which implies that the total amount of credit that each commercial
bank can ozer cannot exceed a certain amount. This may be seen as a restriction set by the
existence of a required reserve ratio together with a ..xed amount of reserves made available to
each bank. Therefore, the maximum amount of credit that each bank can lend is denoted by

L_RES,; where RES, is the total reserve endowment of each bank and 777 is the required reserve

rreq

ratio. In this model, reserves pay no interest.

Let us now describe the market structure. There are ..ve markets: the goods market, the labour
market, the bank loans’ market, the market for ..rms’ shares and the market for banks’ shares.
We assume that each household behaves as a price-taker, each ..rm behaves as a price-taker and
each bank also behaves as a price-taker. Prices are perfectly fexible and adjust so as to clear all

markets in every period.

3 The Typical Bank’s Behaviour

In this model, each commercial bank receives an endowment of reserves from the central bank at
the beginning of period ¢ which is denoted RES;. We assume that the commercial bank pays no
interest to the central bank because of this amount of reserves it receives. It is also assumed that
commercial banks have no costs of operation. On the other hand, commercial banks operate under
a fractional reserve system (with the required reserve ratio denoted r"¢?). The combination of a
..xed amount of reserves made available to each bank with a required reserve ratio means that there
is an upper bound on the amount of credit that the bank can supply in each period. Alternatively,
we can think of this upper bound on the amount of credit that each bank can supply as resulting
from some capital requirement ratio such as the Basle Capital Accord, also known as Cook Ratio.
In the model, we shall reason as if the upper bound on the banks ability to supply credit were the
result of a required reserve ratio. The alternative motivation of this upper bound as resulting from
a capital requirement ratio has been mentioned because it may be more appealing for economists
living in countries where there is no required reserve ratio or where this ratio is very low.

With the present assumptions (no costs of obtaining reserves and no costs of operation), as
long as the lending rate is always strictly positive, banks will always want to supply the maximum
amount of credit that they can. Therefore, the supply of credit by each bank in period ¢ is just
the ..xed amount —L-RES,. To see this mathematically, we ..rst note that, under the present

rreq

assumptions, the pro..ts of bank | in period ¢ are given by II""*! = R, Bf where R, is the nominal
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interest rate (lending rate) between the beginning of period t and the beginning of period (¢ + 1)
and B; is the nominal amount of credit supplied by the bank. The pro..ts earned by each bank
during period ¢ are distributed to households at the end of the period in the form of dividends.
Each bank maximizes the Value of its Assets (VA), i.e., the expected discounted value of its
stream of present and future dividends. Therefore, when we are at the beginning of period 0, the

typical bank’s optimization problem is
t=00
— 1

s.t. B; < L RES, for t = 0,1,2,3,...

Given the economic environment we are working with, we think it is appropriate to assume

that
(1+ Ro41) =1+ Ro)(1+ R1)(1 + R2)...(1 + Ry)

fort=0,1,2,...

Note that we are at the beginning of period 0. Therefore, because dividends are only distributed
at the end of the period, we discount period 0 dividends by multiplying them by 1/(1 + Ry), we
discount period 1 dividends by multiplying them by 1/[(1 + Ro)(1 + R1)],...

As long as the nominal interest rate is always strictly positive, the solution to the bank’s

optimization problem will obviously be

1
Bf = rr—eq RESt (1)

fort=0,1,2,...
We assume that the endowment of reserves grows over time [the rate of growth of the level of
reserves between the beginning of period (t-1) and the beginning of period t is denoted 1,]. Hence,
B¢ will also grow over time.

Note that the nominal pro..ts of bank | in period ¢ can be written as

1

Hlt)ank,l —
rreq

RES,R, 2

4 The Typical Firm’s Behaviour

The focus of the article is on modelling the demand for bank credit by households and the supply
of credit by commercial banks. Hence, the behaviour of ..rms is modelled in a standard way. In
nominal terms, the pro..ts of ..rm f in period ¢ are given by income from the sale of output minus

the wage bill minus investment expenditure

H{ = BA{F(kf,n;i) — an;i — Pt[kt+1 — (1 — 6)k{] (3)

where P, is the nominal price of goods in period ¢ and W; is the nominal wage in period ¢. The

..rm pays wages to households at the end of the period. The pro..ts earned by each ..rm during
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period t are distributed to households at the end of the period in the form of dividends. Each ..rm
f(f=1,2,...,F) maximizes the Value of its Assets (VA), i.e., the expected discounted value of the
stream of present and future dividends. Therefore, when we are at the beginning of period 0, the

typical ..rm’s optimization problem is

Maz VA=Ey | S5 —1 11/
ar - =0 t;) 1+Ro,e41  t

nf¢kt+1

where
I/ = PAF (ky,nd) — Wind — Pylkyyr — (1 — 8)k]

for t =0,1,2,...

There is also an initial condition for the capital stock, the standard transversality condition for

the capital stock and non-negativity constraints.

5 The Typical Household’s Behaviour

In this section we present the typical household’s problem written in a cash-in-advance form which
was learned from Lucas (1982), i.e., using a portfolio allocation constraint and a cash-in-advance
constraint.

The way loans work in this model is as follows. We have mentioned that R; denotes the

nominal interest rate between the beginning of period t and the beginning of period (t+1). At the

beginning of period t, the household borrows from banks the amount fﬁ}t. This means that the

household receives f’%ﬁ,}t monetary units at the beginning period ¢ and that she will have to pay

%}%(1 + R;) = Bty1 monetary units at the end of period t [beginning of period (¢ + 1)]. Hence,
By4+1 denotes the debt the household has at the beginning of period (t+1).

The way shares work in this model is as follows. Qtf is the nominal price that the household
would have to pay to buy 100% of ..rm f at the beginning of period t. th is the percentage of
..rm f [i.e. the share of ..rm f] that the household bought at the beginning of period (t-1) and
sells at the beginning of period t. z[+1 is the percentage of ..rm f that the household buys at
the beginning of period t. These percentages are measured as a number belonging to the closed
interval [0,1]. Therefore, 2/ Q7 is the nominal value of the shares of ..rm f that the household
sells at the beginning of period t. On the other hand, z/,,Q/ is the nominal amount that the

household spends buying shares of ..rm f at the beginning of period t. The shares of banks work in

the same way: Q7" is the nominal price that the household would have to pay to buy 100% of
bank | at the beginning of period t. zl*"*! is the percentage of bank | that the household bought

at the beginning of period (t-1) and sells at the beginning of period t. zfﬂ’k’l is the percentage of

bank | that the household buys at the beginning of period t.

Let C'D; denote the amount of checkable deposits that the household decides to hold at the
beginning of period t.

Let us now write the portfolio allocation constraint and the cash-in-advance constraint that

capture the structure of this model’s consumer problem. At the beginning of period t, the household
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faces the following portfolio allocation constraint

f=F f=F
(CDy1 = Prrcen) + Wiy + Y 2T+ ) 2/ Qf+
=1 =1

=L =L B
. ke : : t+1
+ Zi}ank,ll—[?a_qk,l + Zi)ank,l lt)(mk,l _ Bt + + _
;:1 Zlil 14+ R

f=F I=L
i i bank,l Hbank,l
=2 AdnQl + 3 At + ey @
f=1 =1

The ..rst term on the left-hand side of the equation, (CD;_y — P;_1c¢;—1), denotes checkable
deposits not spent during the previous period. The second term denotes the household’s wage
earnings received at the end of period (t-1) [beginning of period t] in return for work ecort supplied
during period (t-1). These wage earnings are received in the form of checkable deposits (transferred
from the ..rms’ accounts into the household’s account). The third term denotes the amount of
dividends received from the F ..rms at the end of period (t-1) corresponding to shares of ..rms
bought by the household at the beginning of period (t-1). These dividends are received in the
form of checkable deposits (transferred from the ..rms’ accounts into the household’s account).
The fourth term corresponds to the amount that the household receives at the beginning of period
t from selling the shares of ..rms she had bought at the beginning of period (t-1). This amount
is received in the form of checkable deposits. The ..fth term denotes the amount of dividends
received from the L banks at the end of period (t-1) corresponding to shares of banks bought
by the household at the beginning of period (t-1). These dividends are received in the form of
checkable deposits. The sixth term corresponds to the amount that the household receives at the
beginning of period t from selling the shares of banks she had bought at the beginning of period
(t-1). This amount is received in the form of checkable deposits. The seventh term subtracts
the amount that the household uses to pay the debt contracted from commercial banks at the
beginning of period (t-1). This payment is made by destroying part of the checkable deposits that
the household owns in its current account. The eighth term adds the amount received from the
new loan that the household obtains from the banks at the beginning of period t. This amount is
received in the form of new checkable deposits created by the banks.

In short, the left-hand side of the equation gives the total amount of checkable deposits that the
household owns at the beginning of period t. At the beginning of period t, the household uses the
whole of this amount in the following way: she buys shares of ..rms and of banks and she keeps the
rest as checkable deposits (the terms on the right-hand side of the equation). As a way of modelling
the fact that shares are less liquid than deposits, we assume that the amount spent buying shares
at the beginning of period t cannot be used to buy consumption goods during period t: shares
bought at the beginning of period t can only be sold at the end of period t. Hence, in deciding

the amount that she will keep as checkable deposits, C'D;, the household must be aware that in
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order to buy consumption goods during period t, she can only use checkable deposits. This is what
the cash-in-advance constraint (which follows) states in a very clear way. This cash-in-advance

constraint is

Pic; = CDy (5)

Note that the cash-in-advance constraint is not written as an inequality because checkable
deposits are dominated in terms of return by other assets (shares, in this case). This being so, it
wouldn’t be optimal for the household to hold an amount of checkable deposits greater than the
amount she needs to buy consumption goods during the period.

Let us now show that the portfolio allocation constraint (equation 4) and the cash-in-advance
constraint (equation 5) together imply a budget constraint similar to the budget constraints we can
..nd in RBC models. Since the cash-in-advance constraint (equation 5) is always binding, it must
have been binding in period (¢ —1). Therefore, we have P,_,¢;—1 = CD;_. Using this equality and

equation 5 in the portfolio allocation constraint (equation 4), and then rearranging the equation,

we obtain
f=F f=F =L =L B
Wtflnffl + Z thH{,l + Z ZZQ{ + szankﬁll—[?aiqkﬁl + szankﬁl é)ank:#l + - 1‘#}1z _
=1 =1 =1 =1 +
f=F I=L
bank,l ~Abank,l
:Bt+PtCt+ ZZZ+1Q{+ZZti? ) tan , (6)

f=1 =1

This equation is the consumer’s budget constraint. This equation simply states that the total
amount of money the household obtains at the beginning of period t [wage earnings, dividend
earnings from ..rms, money received from selling the shares of ..rms bought at the beginning of
period (t-1), dividend earnings from banks, money received from selling the shares of banks bought
at the beginning of period (t-1), and the amount she borrows from the banks at the beginning of
period t] must be equal to the amount the household spends at the beginning or during period
t [payment of the debt contracted from banks at the beginning of period (t-1), consumption
expenditure, purchase of shares of ..rms and purchase of shares of banks].

We can summarize by saying that the portfolio allocation constraint and the cash-in-advance
constraint together imply the consumer’s budget constraint.

Let us now normalize the household’s budget constraint (the purpose of the normalization is
to write the model in terms of variables that are constant in the steady-state). We can do that by
dividing both sides of the constraint by RE'S,_;. After doing this, we rearrange the equation and

then de..ne the following new variables:

f
RES P, W, f Q
_ L _ t _ P _ b
te = Rps, 5 — L Pt = ®ES T Wt = pEs % = RES T
bank,l Qrankit b _ Bin ;o Intl bank,l H@nk,l
t = RES, '+l = RES, Tt = RES,_.° Tt = RES.

After all these steps, we arrive at

DINAMIA-Centro de Estudos sobre a Mudanga Socioeconémica 12



bank,l

bankl M1 Shankl bank by1
1+ ”11+Zzt1+ut1 J;zqu+z 14 4 lz; +1+Rt_

by bank,l bank,l
ST +ptCt+ Z'ZHI% "‘Zztfﬁ """

fort=10,1,2,3,...

We suggest using the following initial condition concerning the household’s debt position at the

beginning of period 0

f=F I=L
By=W_in®, + Y Aul, + 3 eyt @)
f=1 =1

This initial condition simply states that the household begins period 0 with a debt which equals
the sum of the wage earnings, dividend earnings from ..rms and dividend earnings from banks that
she receives there because of the hours she worked during period (—1) and because of the shares of
..rms and of banks she bought at the beginning of period (—1). Note that period 0 is not the period
where the household’s life starts but rather the period where our analysis of the economy starts
(the household has been living for some periods and we catch her in period 0 and try to model
her behaviour). In the Appendix, we show that this initial condition is the initial condition which
naturally arises when we think back to its initial moment a closed economy without government
and where ..rms don’t borrow. This initial condition can also be normalized by dividing both sides

of the equation by RES_; giving

f=F f =L b(mk l

bo w_q bank,l T
n®,+ 2
1+M1 L+p - Z 01“‘ Zl 1+N1

Consequently, at the beginning of period 0 the household is looking into the future and acts in

a way that can be described as follows

t=o00
t
Maxf b’klEQ|:Z ﬁu(ct,ﬁt)]
et be s mf, beyr, 23y, Z,:_'f ’ t=0

s.t.

b(mk l =L

b
bank,l f 1 bank,l bankl t+1
1+ n11+zzt1+utl+221‘b+z T+, ; +1—|—Rt7

by bank.l bank
+ pees + E 2 q + E z :
1+Mt 1 t+149t t+1 f
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fort =0,1,2,3,...

bankl
bo w—_1 bank,l T

n®, + 2 —|—

T+p, 1+p, Z 01+ Z 1+u1

There are also initial conditions on holdings of shares [ assuming market clearing in the shares
bank,l

market in period (1), these initial conditions will be zJ = L and 2*"*' = L ], a standard
transversality condition on the pattern of borrowing and non-negativity constraints.

The best way to summarize the formal structure of the consumer’s optimization problem pre-
sented in this section is to say that it adds a speci..c initial condition to a cash-in-advance format.
As will be shown in section 7, the initial condition we add is such that, in equilibrium, it makes
the cash-in-advance structure become a credit-in-advance constraint in period 0: since it creates
a situation where the household starts period 0 with zero net wealth, the initial condition makes
the household’s need to obtain “cash” in order to buy consumption goods become synonymous
with a need to borrow from a bank. With Rational Expectations the credit-in-advance constraint

is propagated to all future periods.

6 The Market Clearing Conditions

With H homogeneous households, F homogeneous ..rms and L homogeneous banks, the market

clearing conditions for period 0 are as follows. In the goods market, the condition is

F F
Heo+ Fig= Fyg < co+ — [kl (1—8ko) = EAOF(kO,ng) (8)

In the labour market, the condition is

F
an;:an@n(s):ﬁng (€)]
In the bank loans market, the condition is
B
=LxB & 10
14+ Ry *Po ( )

(B1/RES_,) B
g\ RES )
< 1+ Ro *RES_;

De..ning a new variable b5 = R—E%: this last equation can be rewritten as

bh L
1+Ry H

xbY (11)

The market clearing condition in the shares market is that each ..rm and each bank should

be completely held by the households (the only owners of shares in this model). Since households
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are all alike, each holds an equal share of each ..rm and an equal share of each bank. Therefore,

the market clearing conditions in the shares’ market are

(12)

and

1
Hzllaank,l 1 le)ank,l — Vi (13)

7 The Competitive General Market Equilibrium assuming H homoge-
neous households, F homogeneous ..rms and L homogeneous banks

plus Rational Expectations

To obtain the system that describes the competitive general market equilibrium, we put together in
a system the typical household’s ..rst order conditions (that give, in an implicit way, the household’s
demand and supply functions), the typical ..rm’s ..rst order conditions (that give, in an implicit
way, the ..rm’s demand and supply functions), the typical bank’s supply of credit equation and the
market clearing conditions.

The next step in solving this model is to normalize the typical bank’s supply of credit equation
(equation 1) by dividing both sides of the equation by RES; ;1. Then, we normalize the typical
..rm’s ..rst-order conditions by dividing both sides of the equations by RES; ;. We then assume
Rational Expectations and use a Certainty Equivalence argument. After all these steps and if we
also assume that the production function is homogeneous of degree one and de..ne the following

new variables

7. _ F -d _ F d =/ _ F - _ F
ki=L ke nl =4 nd, 7 =Lnl, 7 = Lqf,
—bank,l __ [ _bank,l =bank,! _ [ bank,l

Ty =FM v 4 =Tt

we can write the system describing the Competitive General Market Equilibrium assuming H
homogeneous households, F homogeneous ..rms and L homogeneous banks plus Rational Expec-

tations and Certainty Equivalence as

uy(ce, 1 —ng) = Aepy (14)

Wy

ug(ct,l—nf):ﬁl_i_u
t

By [At41] (15)

DINAMIA-Centro de Estudos sobre a Mudanga Socioeconémica 15



1+ R

At = BE: [\ 16
¢ ﬁt[tJrl]l_i_Mt (16)
=f
—f Tt =f

AGi = BE; [Aiy1] (1 v + By [qt“}) 17

—bank,l
M = 5B D] ( T+ B[] a8)

L+

bii1
1 _ 19
1+R, (19)
PeAi o (ke M) = wy (20)
_ 1
Ey [Aya]) Fy (kg By [ﬁtd+1]) +(1-06)= (14 E;[Ri+1]) i) [];tf“] T (21)
[P t
s 1
b= () @2
¢t + @t'i'l — (1 — 6)%1] = AtF(Et,ﬁg) (23)
ni =nd (24)
bt+1 L
E—— 2

1+ R K (25)
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: 1

ZZ+1 -7 (26)

an 1
a3t =g @7
7 = pi A F (ki) — winf —py [Fen — )ki] (28)

—banky _ L 1
T = P preq (L He) e (29)
fort=0,1,2,3,...

Equations 14-19 have their origin in the typical household’s ..rst order conditions.

Equation 19 is the credit-in-advance constraint which results from combining the household’s
budget constraint with the initial condition and then using the market clearing conditions from
the shares’ market. Let us be more precise about this. We start by showing that if we add our
speci..c initial condition to the household’s period 0 budget constraint, in equilibrium we obtain a
credit-in-advance condition for period 0. In order to prove this, we start by writing the household’s

budget constraint (equation 6) for period t = 0

f=F f=F =L =L B
W fl—[f f bank: leank l bank: l bank: l 1 _
ns 1+;zo 1+]ZIZOQO+; +; +—1+Ro

= =L
= By + Pyco + Z Z{QS + Zzll)(mk,l g(mk,l

Using the initial condition before normalization (equation 7) in this last equation, we obtain

f=F
B, Z ¥ Z bank.l bank,l _bank
= P — ’
1+ Ry oo+ f=1 QO( ZO i Q o )

Using the market clearing conditions in the ..rms’ shares market and in the banks’ shares market
in periods (—1) and 0 (which are z§ = L, 2/ = L, 20" = L and 2}***' = L) this last equation

becomes

By
1+ Ry

= PQ Co (30)
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which means that, in equilibrium, the household will have to borrow at the beginning of period
0 an amount equal to the amount it wants to spend buying consumption goods during period 0
(i.e., in equilibrium, there is a credit-in-advance constraint for period 0). Dividing both sides of this
equation by RES_4, we obtain equation 19 for period ¢ = 0. If we assume Rational Expectations,
this credit-in-advance constraint is propagated to all future periods (periods 1,2,3,...). Let us show
why this happens.

By assuming Rational Expectations we introduce all future budget constraints of the household
and all future market clearing conditions into the structure of the mathematical representation of
this economy. Hence, we can reason starting from period 0 and going successively into every future
period in the following way. We ..rst write the following tautology

- 1+ Ry

By By
1+ Ry) & B = R
(14 Ro) & B = g+ 7 - Fo

By

This tautology simply says that the household’s debt at the beginning of period 1 is equal to
the principal borrowed at the beginning of period 0 plus interest on it.

Using the credit-in-advance constraint for period 0 which we have just derived (equation 30),
this last equation can be written as

B
B, =P, ——R
1 OCO+1+R0 0

Using the market clearing condition in the goods market in period 0 (equation 8), we obtain

By

F
By = — [PyAg F(ko,nd) — Py [k1 — (1 — 6)ko]] + e

R
H 0

Using the de..nition of pro..ts of ..rm f (equation 3) in period 0, this becomes

Fr . B,
B :—[Hf W, d} 2 Ry
1 H 0+ oo +1+R0 0

F F_, B
& By =Wo=nd + =II) + —— R,
1= Wogrno + 7t + R Ho

With the market clearing condition in the labour market (equation 9), we obtain

L
H

By

——R,
1+ Ry 0

By = Wong + —1II{ +

Using the market clearing condition from the bank loans market (equation 10), we obtain

S F L S
By = Woni + ﬁH{; + 5B Ro

Using equation 1, this last equation becomes

L
7]

L 1

E N—eqRESQRQ

By = Wony + =11) +
Using the de..nition of pro..ts of bank | in period 0 (equation 2), we obtain
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s F L bank,l
By = Wong + FH(J; + EHO

Finally, using the market clearing conditions in the shares market, this can be written as

f=F I=L
By = Wong + Z 21 + Z Lponklppbank.t (31)
f=1 =1

Note that this equation is identical in form to the initial condition we propose using for period
0 (equation 7) but written one period ahead. In other words, it is an initial condition for period
t = 1. This is an interesting property of the initial condition we propose using: if we assume it
holds at the beginning of period 0, then the structure of the model will reproduce it automatically
into the following periods. Combining equation 31 with the household’s budget constraint for
period ¢ = 1, we obtain

Bs
1+ Ry

= Pic

which is a credit-in-advance constraint identical in form to the credit-in-advance constraint for
period 0 which we have already obtained (equation 30) but written one period ahead. In other
words, it is a credit-in-advance constraint for period 1. Dividing both sides of this equation by
RESy, we obtain equation 19 for period ¢ = 1.

If we repeat the whole reasoning we will also obtain a credit-in-advance constraint for period
t = 2. And if we successively repeat the whole reasoning, we will obtain a credit-in-advance
constraint for all future periods.

The intuition behind this propagation of the credit-in-advance constraint is as follows. The
initial condition for the beginning of period 0 forces the household to borrow from the banks at the
beginning of period 0 the amount she wants to spend buying consumption goods from the ..rms
during period 0. In equilibrium, the amount of consumption desired by the household is equal
to output per household minus investment per household (this follows from the market clearing
condition in the goods market). Using the de..nition of ..rm’s pro..ts and the market clearing
conditions in the labour market and in the ..rm shares market, it is easy to show that output per
household minus investment per household is equal to the sum of wage earnings and ..rm dividend
earnings of each household. Hence, what the household wants to borrow at the beginning of
period 0, is an amount which is equal to the sum of her wage earnings and ..rm dividend earnings.
Therefore, at the end of the period 0 (beginning of period 1) the household’s debt will be this
amount plus interest on it. However, since the interest paid to banks is equal to the dividends the
banks will pay the household, the total debt of the household at the end of the period 0 (beginning
of period 1) can be expressed as the sum of wage earnings and ..rm dividend earnings and bank
dividend earnings of each household. But this household’s debt at the beginning of period 1 is just

what the initial condition had forced the household’s debt to be at the beginning of period 0.
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The previous paragraph can be summarized as follows. The initial condition forces households
to borrow at the beginning of period 0 an amount which is equal to the value of consumption.
Consumption is equal to output less investment. Output less investment is equal to wages plus
..rm dividends (this follows from the de..nition of ..rm pro..ts). Hence, what the household wants
to borrow at the beginning of period 0 is an amount which is equal to the value of wages plus
..rm dividends. This implies a debt at the end of period 0 equal to wages plus ..rm dividends plus
interest on this amount. Since the interest paid to banks corresponds to bank dividends, we can
conclude that the household’s debt at the end of period 0 is equal to wages plus ..rm dividends
plus bank dividends. But this household’s debt at the end of period 0 (beginning of period 1) is
just what the initial condition had forced the household’s debt to be at the beginning of period 0.
Hence, the story is repeated in the following period and beyond that till the end of time.

Equations 20 and 21 have their origin in the typical ..rm’s ..rst order conditions. Equation 22 has
its origin in the typical bank’s supply of credit equation. Equations 23-27 are the market clearing
conditions. Equation 28 results from multiplying the typical ..rm’s normalized pro..t function by
(F/H). Equation 29 results from multiplying the typical bank’s normalized pro..t function by
(L/H).

We have 2 exogenous variables (A; and u,) and 16 endogenous variables. The speci..c utility

and production functions used were u(c;, ;) = Inc, + ¢Int, and A, F(k;,nf) = Ay (k)™ (nd)“.

8 Calibration

In order to study the dynamic properties of the model, we ..rst log-linearize each of the equations
in the system 14-29 around the steady-state values of the variables. The log-linearized system was
then calibrated. To calibrate the log-linearized system we used the following parameters. With

the speci..c utility function we are using we obtain

Elasticity of the MU of consumption with respect to consumption | -1
Elasticity of the MU of consumption with respect to leisure 0
Elasticity of the MU of leisure with respect to consumption 0
Elasticity of the MU of leisure with respect to leisure -1

where MU denotes “Marginal Utility”. From the U.S. data, we obtain

value source
Investment share of total expenditure in the s.s. (i/y) | 0.167 Barro (1993)
Labour’s share («) 0.58 King et al. (1988)
Labour supply in the steady-state (n*) 0.2 King et al. (1988)
Nominal interest rate in the steady-state (R) 0.016383 | FRED
Rate of growth of the money supply in the s.s. (u) 0.009258 | Barro (1993)

As usual we take the Postwar average as representing the steady-state value. The last two

values in the table are per-quarter values. The nominal interest rate used was the Bank Prime
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Loan Rate. We have used data from the Federal Reserve Economic Data (FRED) to computed
the average quarterly value of this rate for the period 1949-1986.

The value used to calibrate the steady-state rate of growth of the money supply (0.009258) was
the average quarterly intation rate for the period 1949-1986. The argument for using this value
is as follows. Combining equations 19, 22 and 25 above, which corresponds to equating the supply

and the demand for money, we obtain

H rreq He) = PeCt H rreq REStfl o REStfl “t
1
@L*W*RE&:H*H*Q (32)

Since ¢; is constant in the steady-state, this equation implies that in the steady-state the rate
of growth of the money supply [the rate of growth of (L x 7% x RES;)] is equal to the rate of
growth of P;. In other words, since velocity is constant in the model (it is equal to one and this
is because each unit of money is only used once during the period) and consumption is constant
in the steady-state, we have a steady-state where the rate of growth of the money supply is equal
to the rate of growth of the price level. We can therefore use the average intation rate from the
data to calibrate the steady-state rate of growth of the money supply in our model. The advantage
of calibrating the steady-state rate of growth of the money supply in this way can be stated as
follows. When we set a value for p in this model, we are also setting a value for the model’s
steady-state intation rate (as we have just seen). Hence, if we want to calibrate the steady-state
nominal interest rate in this model using the average value of the nominal interest rate obtained
from the U.S. data, the only way to obtain a value for the steady-state real interest rate in the
model equal to the average value it takes in the U.S. data is to force the steady-state infation
rate in the model to be equal to the average value it takes in the data. This requires making the
steady-state rate of growth of the money supply in the model (1) equal the average infation rate
obtained from the data.

The values in the preceding table imply

consumption share of output (c/y) 0.833

per-quarter rate of depreciation of the capital stock () | 0.0047
household’s discount factor (3) 0.993

With this calibration, the model in this chapter has exactly the same steady-state values of
physical output, consumption, investment, labour eoort, real wage and real interest rate as would
be obtained in a zero growth version of the RBC model presented in King, Plosser and Rebelo
(1988) calibrated with our parameters. This means that we have built an economy with money
which has exactly the same steady-state values of the key real variables that we would obtain in a

benchmark economy without money.
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9 The Dynamic Properties of the Model

The response of the log-linearized model to shocks in the exogenous variables (A; and p,) can be
obtained using the King, Plosser and Rebelo (1988) method. We ..rst look at the impact of shocks
in the ..rms’ technological parameter. Afterwards, we look at the impact of shocks in the rate of

growth of the money supply.

9.1 The impact of technological shocks

We next examine the results of two experiments which use shocks in the ..rms’ technological
parameter: impulse response experiment and stochastic simulation. In order to perform these two

experiments, we assumed that the technological parameter evolves according to

At = 0.9/1,571 + &¢ (33)

where A, denotes the % deviation of A, from its steady-state value and ¢, is a white noise.

9.1.1 Impulse Response

The ..rst experiment we carried out was a standard impulse response experiment: a 1% shock in
the typical ..rm’s technological parameter. This exercise was performed assuming a constant rate
of growth of the money supply (no monetary policy shocks). The results are plotted in ..gures 1 to
9. The ..rst important thing to notice is that, in spite of the fact that ours is a monetary economy,
it is capable of reproducing the key results that the King, Plosser and Rebelo (1988) paper is
able to reproduce. First: consumption, investment and “hours of work” are procyclical. Second:
consumption is less volatile than output and investment is more volatile than output. These are
very well documented stylized facts about the United States economy [references on this include
Kydland and Prescott (1990) and Backus and Kehoe (1992)].

We have checked the actual numbers and concluded that the impulse response results for the
real variables ¢, ¢, %, 17, the real wage and the capital stock are exactly the same as would be
obtained in a zero growth version of the model presented in King, Plosser and Rebelo (1988)
calibrated with our parameters.

As already mentioned, the model in this chapter has exactly the same steady-state values of
physical output, consumption, investment, labour ecort, real wage and real interest rate as the
zero growth version of the model presented in King, Plosser and Rebelo (1988). This means that
in this paper we have a model with money which not only has the same steady-state values of
the key real variables as the zero growth version of the model without money presented in King,
Plosser and Rebelo (1988) but also reacts in exactly the same way to an exogenous technological

shock.
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Let us try to explain why the results obtained so far with our model (results obtained with a
constant rate of growth of the money supply) seem to be the same as the results we would obtain
with a zero growth version of the nonmonetary economy presented in King, Plosser and Rebelo
(1988) calibrated with our parameters. We can summarize our description of the monetary fows
among economic agents, done in the introduction to this article, as follows. At the beginning of
each period, commercial banks tell the nonbank economic agents: “Take this money, use it for your
transactions and, at the end of the period, give it back to us”. We can say this because, although
households actually have to pay interest on the amount that they borrow from the banks, they then
receive the interest paid back in the form of bank dividends (this happens because banks are owned
by the households and households are all alike). This means that the fact that households have
to borrow to ..nance their expenditure does not involve an income exect. It seems that, with the
speci..c utility function we are using and in the absence of monetary shocks, introducing money
in the model in the way we did does not involve a substitution ecect either. With the speci..c
utility function we are using (log-linear utility function) and in the absence of monetary shocks,
the ex-ante real interest rate is given by the same expression in the model of this paper and in the
zero growth version of the model presented in King, Plosser and Rebelo. Also important to explain
the fact that we obtain the same results with this model as we obtain with the zero growth version
of the model presented in King, Plosser and Rebelo is the fact that in this model commercial banks
provide money to the economy without spending resources (banks have no costs of operation).

The results in ..gures 1-9 were obtained with ¢ = 0.009258. It is important to point out that
changes in the steady-state rate of growth of the money supply used in the calibration (changes
in 1) do not arect the impulse response results obtained with technological shocks as long as
we adjust the steady-state nominal interest rate so as to make the steady-state real interest rate
remain the same in our calibration (note that changing p implies changing the steady-state rate of
infation). In other words, when money is supplied to the economy at a constant rate, the actual
rate at which it is supplied has no infuence on the results we obtain with technological shocks.

The same is true in Cooley and Hansen’s model.

9.1.2 Stochastic Simulation

The second experiment we carried out was a stochastic simulation exercise where only technological
shocks were considered (the supply of money was assumed to grow at a constant rate). The results
are shown in table 1. These results are the same that are obtained in the same model without
money [i.e., with a zero growth version of the model in King, Plosser and Rebelo (1988) calibrated
with our parameters]. Cooley and Hansen (1989) also conclude that when only technological
shocks are considered and the money supply grows at a constant rate, the statistics summarizing
the behaviour of the real variables are the same as would be obtained in the same model without
money [i.e., in the model of Hansen (1985)].

In our model, the correlation between “detrended prices” and “detrended output” is represented

by the correlation between the “deviations of the normalized price of physical output from its
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steady-state” and the “deviations of physical output from its steady-state”. As can be seen in
table 1B, the value we obtained for this correlation in the stochastic simulation experiment was
—0.59.

In Cooley and Hansen’s model, the correlation between the price level and real output that
they obtained when there are only technological shocks and the rate of growth of the money supply
is constant was —0.87.

There are a number of relatively recent empirical studies concerning the relationship between
prices and output. Since we have calibrated our model with measures computed using U.S. Postwar
data, we shall concentrate only on empirical studies about the U.S. and only in that period.

Cooley and Hansen use quarterly data for the U.S. (the period considered is 1955:3-1984:1). All
time series were seasonally adjusted, logged and detrended. The correlation of the “implicit GNP
Detator” with real GNP that they obtain is —0.53. The correlation of the “Consumer Price Index”
with real GNP that they obtain is —0.48. Using deviations from trend and U.S. quarterly data for
the period 1954-1989, Kydland and Prescott (1990) report a correlation coe¢cient of the cyclical
deviations of the “implicit GNP Detator” with the cyclical deviations of real GNP equal to —0.55.
They also report a correlation coe€cient of the cyclical deviations of the “Consumer Price Index”
with the cyclical deviations of real GNP equal to —0.57. In the study by Cooley and Ohanian
(1991), the simple contemporaneous correlation between detrended output and detrended prices
is —0.67 for the period 1948:2-1987:2; it is —0.69 for the period 1954:1-1973:1 (a sample period
beginning immediately after the Korean War and terminating before the ..rst oil shock); and it is
—0.87 for the period 1966:1-1987:2 (a period of high average intation rate). Using Hodrick-Prescott
..Itered data the results are —0.57, —0.36 and —0.68, respectively. Other studies that quote similar
results include Backus and Kehoe (1992), Smith (1992), Chada and Prasad (1994) and King and
Watson (1996).

These studies seem to indicate that the price level is countercyclical. This corresponds to the
results from our impulse response experiment and stochastic simulation experiment. It is easy to
understand why our model produces these simulation results. Combining equations 19,22 and 25

above, which corresponds to equating the supply and the demand for money, we obtain

1

L
T rieg (L He)

bt =

Since we are not considering monetary shocks (., = 1), when ¢; moves upward (as a consequence

of the positive technological shock), p, must move in the opposite direction.

9.2 Monetary Policy

We next examine the ecect of a temporary increase in the rate of growth of the money supply
on the behaviour of both nominal and real variables (in the model). In order to perform this

experiment, we assumed that money shocks follow the following process

. N &
iy =0481 % fi,_ 1 + 001533 (34)
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where i, denotes the % deviation of p, from its steady-state value and ¢, is a white noise [this

equation was obtained using the process estimated by Cooley and Hansen (1989)].
9.2.1 Impulse Response

Let us ..rst look at the response of the model to a 1% shock in the rate of growth of the money
supply (assuming that there are no technological shocks). The main results are plotted in ..gures
10 to 18. The results in ..gures 10 to 13 show that a shock in the rate of growth of the money
supply has an ecect on the behaviour of real variables but that this exect is very small.

In spite of the fact that the impact is very small, the fact remains that the model does not give
a purely nominal answer to a purely nominal shock. The reason why the increase in the rate of
growth of the money supply triggers some (small) real ezects is as follows.

Because (nominal) wages are only paid at the end of the period, the increase in the rate of
growth of the money supply decreases the expected marginal bene..t of devoting time to work (i.e.,
the right hand side of equation 15 increases). This makes sense because more infation reduces the
real value of the wage received at the end of the period. Hence, households reduce their supply of
“hours of work” (..gure 13).

This reduction in the supply of labour puts upward pressure on the real wage (..gure 16).

Since k, is pre-determined, we can see from equation 20 that the increase in the real wage will
lead ..rms to reduce their labour demand. Because %, is pre-determined, this decrease in the ..rms’

labour demand implies an decrease in output (..gure 10).
9.2.2 Stochastic Simulation

Let us now see what happens when we use an erratic money supply process to generate the rate of
growth of the money supply in each period. Table 2 shows the stochastic simulation results obtained
using the process given by 34 to generate the percentage deviations of x, from the steady-state 1, of
that same process (this stochastic simulation experiment combines technological shocks generated
using equation 33 with monetary shocks generated using equation 34). Note that if £, ~ N(0,0?),
then ﬁ ~ N(0, (55%35)%)- For o we used the value obtained by Cooley and Hansen (1989)
in their estimation (0.0086). The average nominal interest rate used in the calibration (R) was
adjusted so that, given the new steady-state value used for i (the steady-state value of process
34), the steady-state real interest rate would remain the same as the one we had in the previous
stochastic simulation exercise.

We can see in table 2 that in terms of the real variables 7;, ¢, Z, ng, w; and p, the results
(obtained with an erratic rate of growth of the money supply) are similar to the results we obtained
in the stochastic simulation exercise reported in table 1 (where the rate of growth of the money
supply was constant and we only had technological shocks). Hence, we can conclude that in our

model money shocks have a very small impact on the behaviour of real variables. This again
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corresponds to what Cooley and Hansen have found using the same process that we used to

generate the money shocks.

10 Conclusion

We have built a model of monetary creation and destruction which has exactly the same steady-
state values of physical output, consumption, investment and “hours of work” as a zero growth
version of the model presented in King, Plosser and Rebelo (1988).

The technological shock impulse response experiment performed using a constant rate of growth
of the money supply gave us exactly the same results in terms of the real variables as would be
obtained with the zero growth version of the King, Plosser and Rebelo model calibrated with our
parameters.

The response of the model to temporary money shocks (temporary increases in the rate of
growth of the money supply) can be summarized as follows: real variables are almost unacected;
infation increases temporarily.

The contributions of this paper may be summarized as follows. First, we have developed a
way of modelling the demand for bank credit by the households in a dynamic general equilibrium
framework. Second, we have shown that in a setup where the source of all money to the economy
is loans from banks to households the same results are obtained that are obtained with the model

of Cooley and Hansen where money is supplied to the economy in a less realistic way.

DINAMIA-Centro de Estudos sobre a Mudanga Socioeconémica 26



APPENDIX
In this Appendix we show that the initial condition on the household’s problem that we used
in the main text is the initial condition which naturally arises when we think back to its initial
moment a closed economy without government and where ..rms don’t borrow. We argue that when
we start our analysis of the economy at a certain point in time which is in the middle of History
(let us denote this point by period 0), the speci..c initial condition describing the household’s debt

position at the beginning of period 0 that we ought to use is the one we have used in this article.

Let us consider a closed economy where there are only households, ..rms and banks and where
..rms don’t borrow. Let us imagine that we are at the moment in time where serious economic ac-
tivity is going to begin and denote this “Beginning of the economy” period by tg. Since production
is only going to take place during period ¢, ..rms will only receive income from the sales of the
..nal good during period ¢tz and hence will only pay wages and dividends at the end of period ¢p.
However, in order to be able to buy consumption goods from the ..rms during period ¢z households
must use money. The only possibility they have to obtain this money at the beginning of period
tp is to obtain a loan from a bank. Hence, when the household is at the beginning of period ¢z
and considering choices for ¢z and future periods she faces the following set of budget constraints.

For period tp the budget constraint is

By bankl bank,l _bank,l
- +BRt = Piperp + Z QtB ZtB+1 ZtB )+ ZQ (Zo =22 (35)
B f=1 =1

This budget constraint for period tg simply states that, at the beginning of period ¢g, the
household must borrow from the banks an amount enough to ..nance her consumption expenditure
during period ¢p and to ..nance her net purchase of shares of ..rms and of shares of banks.

Since the household is looking into the future, when she is at the beginning of period ¢p she
also takes into account the budget constraints for periods (t5 + 1), (tg + 2), (t5 + 3), ... which are

given by

f=F f=F =L
S E f f 2 : f I 2 : bank,lytbank,l 2 : bank,l bank,l
WtB_1+7’ntB—1+i + ZtBﬁ’thBflﬁ’i + ZtB+iQtB+i + tBJrl HtB 1+Z + tB+Z tB+i +

f=1 f=1 =1
B f=F =L
tp+1+1 bank,l bank,l
+ Z. = Bip+i+ PiptiCip+i + Z thB+1+iQ{B+i + 214 Q@i (36)
fori =1,2,3,...

These budget constraints for periods (tp+1), (tp+2), (t5+3), ... are identical to the household’s
budget constraints examined in section 5 and can be explained in the same way.

Note that when the household is at the beginning of period ¢, the budget constraint for ¢ is
dizerent from the budget constraint for following periods (this happens because at ¢z there is no

previous period).
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The important thing that follows from this structure is that, whatever the optimal decisions of
economic agents are, in equilibrium there is an initial condition for period (¢ + 1) which can be
computed. In other words, we can use the household’s budget constraint in period ¢, the market
clearing conditions for period ¢z and the de..nitions of pro..ts of ..rms and of pro..ts of banks to
compute an initial condition for the optimization problem of the household in period (tp + 1).
In order to derive this initial condition, we start by taking the budget constraint for period ¢p
[equation 35]. Imposing on that equation the market clearing conditions in the shares market in

bank,l

period tg [which are zg;ﬂ = % and z, ) = %] and assuming that the economy starts with

every household owning the same share of each ..rm and each household owning the same share of

each bank so that we also have z/, = L and 2}*"*' = L we obtain
BtB+1
—tetl _ p, 37
1 + RtB tsCtp ( )
We now write the following tautology
Biyi1 Biy+1 Bipt1
B =—% (1+R;,) & B = 2 £ R
tptl 1+R@(4_tﬁ BT IR, 1+R, ®

This tautology simply says that the household’s debt at the beginning of period (i5 + 1) is
equal to the principal borrowed at the beginning of period ¢g plus interest on it.

Using equation 37, this is equivalent to writing

Bt +1
B =P = R
tp+1 tpCtp T 1 "‘RtB tp

Using the market clearing condition in the goods market in period ¢ [equation 8 written with

0 replaced by tg], we obtain

BtB+1
14 Ry

F
BtBJrl = E [PtBAtB F(ktB7n;,iB) - PtB [ktB+1 - (1 - 5)ktBH + RtB

Using the de..nition of nominal pro..ts of ..rm f in period ¢p [see equation 3], we obtain

F F_ B
RtB == BtBJrl = WtBﬁnfB =+ —Hf =+ Ztetl

Bt3+1
H ' " 14+R,,

R
1+ Ry, to

F .
Bipi1 = H [H{B +WtanB} +

With the market clearing condition in the labour market [equation 9 written with 0 replaced

by tg], this becomes

BtB—i—l
R
1+ Ry, '®

F
BtB+1 = WtanB + EH{B +
Using the market clearing condition from the bank loans market (see equation 10 and equation
1), we obtain

F_ L 1
BtB+1 = WtanB + EH{B + E@REStBRtB

Using the de..nition of nominal pro..ts of bank | in period ¢ [see equation 2], we obtain
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F L bank,
Bt3+1 WtBntB + HH + HH

Finally, using the market clearing conditions in the shares market, this can be written as

f=F =L
_ s f f b(mk lyrbank,l
Bipir = Wipng, + Z Zip 1l + Z i 1

Remember that B,_; denotes the debt that the household has at the beginning of period
(tg+1) [IJ;RH is the amount borrowed by the household at the beginning of period ¢p and R,
is the interest rate between the beginning of period ¢p and the beginning of period (tp + 1)].
Therefore, this last equation tells us that, in equilibrium, the amount the household borrows at
the beginning of period ¢ is such that it implies a debt at the beginning of period (t5 + 1) equal
to the sum of the wage earnings and dividend earnings that she will receive there [at the beginning
of period (¢tp + 1) which is the same as the end of period ¢5]. Hence, when we go on to consider
the typical household’s optimization problem at the beginning of period (t5 + 1) we should add
this equation as an initial condition (describing the debt she carries from the previous period).

Therefore, at the beginning of period (tp + 1) the household faces the following constraints

f=F f=F =L
S f f f I bank,l bank,l bank,l bank:,l
WtB+zntB+i+Z ZtB+l+thB+i+Z Zt3+1+iQtB+l+i+Z Cap ) | by +Z Zy i1 +iQeg 14T
f=1 f=1 =1
B f=F =L
t+2+1 _ ) ) ) f f bank,l bank,l
‘|'1 TR Bipt1+i + Pip14iCip144 + Z Zipiori@ipr14d T ZZtBJrzHQtBHH
tp+1+i =1 =1
fori =0, 1,23,..

plus the initial condition

f=F =L
bank,lyybank,l
Bigy1 = Wigni, + E Zt3+1HtB + § : Zipi1 Ui
=1 =1

Using the initial condition in the budget constraint written with i =0, the budget constraint

for i = 0 becomes

B f=F =L
tp+2 _ f bank,l ; _bank,l bank,l
TtR., L Z Qt3+1 “tp42 Zt3+1 +ZQ13+1 (20543 — Ztpa1 )

tp+1 f=1 =1

Therefore, the complete description of the budget constraints faced by the household at the
beginning of period (5 + 1) is
f=F =L

By

B+2 f bank,l ; _bank,l bank,l

H—T Pt3+1CtB+1 + E Qt3+1 Zip+2 Zt3+1 + E :Q13+1 ( Rtp+2 T Ftp+l )
ts+l f=1 =1
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f=F f=F =L I=L
"S f f f f bank,l bank,l bank,l bank,l
Wig4ing, it E 2 p14illip it E Zt3+1+iQtB+1+i+§ Zypr1illi g4 +§ Zpi1+iQtpt1+it
=1 =1 =1 =1

B f=F =L
tp+2+1 _ ) ) ) f f bank,l bank,l
+1 TRy a1 Bigti+i+ PigtiviCpti+i + Z ZtB+2+q‘,QtB+1+i + ZZtB+2+1',QtB+1+q',
tp+1+i = =
fori =1,23,....

These two equations are identical in form to the two equations the household was facing at
the beginning of period ¢p but written one period ahead. Therefore we can repeat the reasoning
and derive an initial condition for the household’s optimization problem at the beginning of period
(tg +2). We will obviously obtain a condition which has the same form but written one period

ahead: we obtain

f=F I=L
_ s f f bank,lyrbank,l
BtB+2 - WtB+1ntB+1 + § Zt3+2HtB+1 + E :ZtB+2 HtB+1
=1 =1

(and so on and so forth for all periods ahead). The conclusion to be drawn is that, when we
start our analysis of the economy in the middle of History (period 0, for example), we should add

to the household’s optimization problem the following initial condition

f=F I=L
By =W_in® + Z 200+ Z Zhonlppbankil
f=1 =1

This is exactly the initial condition we have used in this paper. This initial condition was
derived by thinking back to its initial moment an economy where ..rms don’t borrow.

If instead we think back to its initial moment an economy where ..rms borrow the wages at
the beginning of the period (in order to be able to pay wages in advance, at the begi‘nning of the
period, before production has taken place), the initial condition we obtain is By = ];if z{Hfl +
liL Zoenklppbenkl - This initial condition simply states that the typical household starts period 0
\llﬁ}ch a debt which equals the pro..ts she receives at the end of the previous period. This initial
condition implies that the amount the household wants to borrow at the beginning of each period
will be given by ﬁi}i = Py, — Wing. This makes sense because the fact that the household
does not need to use her wage earnings to pay the debt from the previous period (as she does

in the model we have presented in this article), means that she can use those wage earnings to
buy consumption goods during the current period. Hence, the amount she will want to borrow
equals the amount she wants to spend buying consumption goods minus the amount she already
has (wage earnings). The results we obtained while working with this other initial condition were

not very dizerent.
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Table 1. Stochastic simulation. Shocks in the ..rms’ technological parameter with

a constant rate of growth of the money supply.

A. Standard deviations (s.d.)

Variable | s.d. s.d. of the variable divided by the s.d. of ¢
i 4.27 | 1.00
¢t 1.96 | 0.46
i 21.32 | 4.99
ns 2.80 | 0.65
Wy 0.70 | 0.16
(ry —r) | 18.28 | 4.28
P 1.96 | 0.46

B. Cross-correlations

Var. Correlation with
Ut—12 | Y-8 | Ut—a | Gt—2 | Yt—1 | Ut Ut41 | Gt+2 | Ut+a | Utvs | Yt+12
Tt 0.37 | 050 | 069 |0.83 {091 |1.00 |0.91 |0.83 | 0.69 |0.49 | 0.37
¢t 0.65 | 0.65 | 0.63 |0.62 | 0.60 | 059 |0.55 | 052 | 046 |0.37 | 0.31
iy 0.15 (030 [054 | 071 |0.81 |0.93 | 0.84 |0.76 | 0.62 | 0.42 | 0.30
ns 0.09 | 024 | 049 |0.67 |0.77 | 0.89 |0.80 | 0.72 | 0.59 | 0.40 | 0.28
Wy 0.09 |(0.24 049 |0.67 |0.77 | 0.89 | 0.80 | 0.72 | 0.59 | 0.40 | 0.28
ry—r | -0.01 | -0.01 | 0.00 | 0.00 | 0.00 | -0.01 | 0.00 | -0.01 | 0.00 | 0.01 | 0.01
Dt -0.65 | -0.65 | -0.63 | -0.62 | -0.60 | -0.59 | -0.55 | -0.52 | -0.46 | -0.37 | -0.31
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Table 2. Stochastic simulation. Shocks in the ..rms’ technological parameter and

shocks in the rate of growth of the money supply.

A. Standard deviations (s.d.)

Variable | s.d. s.d. of the variable divided by the s.d. of g,
Tt 4.08 | 1.00
¢ 1.60 | 0.39
" 21.20 | 5.20
ns 2.79 | 0.68
Wy 0.70 | 0.17
(re—r) | 754 | 1.85
Pt 1.60 | 0.39

B. Cross-correlations

Var. Correlation with
Gt—12 | Gt—s | Gt—a | Ge—2 | Q=1 | Gt Ut+1 | D2 | Uva | Utts | Gey12
Tt 0.28 | 043 | 066 |0.81 | 090 |1.00 |0.90 | 0.81 | 0.66 |0.43 | 0.28
¢ 061 | 061 | 060 |057 |056 | 054 |049 | 045 | 037 |0.26 | 0.19
i 0.10 | 0.26 | 053 |0.72 | 0.83 | 095 |0.86 | 0.77 | 0.62 | 0.40 | 0.25
ns 0.05 | 022 | 050 |0.69 | 0.80 | 092 |0.83 | 075 | 0.60 | 0.38 | 0.24
Wy 0.05 | 022 | 050 |0.69 {080 | 092 |0.83 |0.75 | 0.60 | 0.38 | 0.24
r—r | -0.02 | -0.01 | 0.00 | 0.00 | 0.00 | -0.01 | -0.11 | -0.12 | -0.02 | 0.00 | 0.01
Pt -0.61 | -0.61 | -0.60 | -0.57 | -0.56 | -0.54 | -0.49 | -0.45 | -0.37 | -0.26 | -0.19
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