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ABSTRACT

The problem of integrating the Black, Scholes, and Merton (BSM) formula with respect to the time variable is paramount for an

economist. Inspired by the real options literature, Shackleton and Wojakowski offer analytic formulae for valuing finite

maturity (profit) caps and floors that are contingent on continuous flows following a lognormal distribution. Alternative, but

equivalent, closed-form solutions have been recently proposed in Dias et al. by solving the time integral of options using a direct

approach that does not rely on the real options intuition. This paper further extends and simplifies the computation of time

integrals under the BSM world, considering not only plain-vanilla but also several exotic, including path-dependent options. We

also provide a new closed-form solution of the time integral under the Margrabe economy. The method proposed in this paper

makes the evaluation easier, cements the “non-real options” route and opens the way for more analytical work in BSM,

Margrabe, and other areas.
JEL Classification: G12, G13, G31

1 | Introduction

The real options approach emerged in the literature as an alter-
native to the so-called traditional capital budgeting approach to
better evaluate the firms' investment and divestment decisions by
introducing three important characteristics into the economic
analysis of a project: irreversibility, timing flexibility and uncer-
tainty. This stream of the literature typically uses stochastic pro-
cesses for modeling perpetual continuous cash flows, prices or
revenues from a project. Early examples of such real options
applications with a continuous uncertain profit (or revenue) flow
include McDonald and Siegel (1985), McDonald and Siegel
(1986), and Dixit and Pindyck (1994), just to name a few.

For example, McDonald and Siegel (1985) show that the func-
T
tional form J = fo vo(t)dt can be interpreted as the (present)

value of a project producing a continuous cash flow vy (t) that
captures the positive part of a stochastic net profit at time ¢
while avoiding losses. Even though McDonald and Siegel (1985)
motivate and discuss this interesting problem, they do not
provide the analytical formulae for the functional form J. This
problem is simple to formulate, though it is difficult to solve
analytically. Its solution is of fundamental importance as it
involves integrating the widely known Black and Scholes (1973)
and Merton (1973) (BSM) formula along with its most likely
useful variable for an economist: the time variable.

Shackleton and Wojakowski (2007) produce closed-form solu-
tions for such finite-lived profit caps (and floors) that are con-
tingent on continuous flows following a lognormal distribution
using perpetual methods inspired by the real options literature.
More specifically, a finite maturity profit cap expiring in T years
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is decomposed (or replicated) by a portfolio that includes a long
position in a perpetual profit cap and a short position in a
forward start perpetual profit cap that begins after T years. The
use of their time decomposition technique emerged in the real
options literature as the stepping-stone to many other recent
applications of real options models with related caps, floors, and
collars—for example, Barbosa et al. (2018), Adkins and Paxson
(2019), Adkins et al. (2019), Barbosa et al. (2020), Paxson et al.
(2022), and Dias et al. (2024a).

More recently, alternative, but equivalent, analytical represen-
tations have been proposed by Dias et al. (2024b), who tackle
the time integral of options using a direct approach that does
not rely on the real options intuition. However, both ap-
proaches have considered only positive interest rates and divi-
dend yields, which prevents their use in a wider range of
applications.

This paper offers four contributions to the literature. First, it
simplifies and extends the solutions of Dias et al. (2024b) by
producing analytic formulae accommodating the possibility
of interest rate and/or dividend yield to be zero. Second, it
offers the time integral solutions of binary options and bar-
rier options under the BSM setup. Third, it provides the
analytical solution of the time integral under the Margrabe
(1978) economy. Finally, it proves the mathematical
equivalence between both methods and shows that the
analytic solution of Shackleton and Wojakowski (2007) can
be further simplified when the underlying asset price is
equal to the strike price, thus avoiding the computation of
unnecessary terms when the cap is at-the-money. Hence, the
method proposed in this paper further simplifies and facili-
tates the computation of time integrals of BSM and other
option types, cements the “non-real options” route and
opens the way for more analytical work in BSM, Margrabe,
and other areas.

We recall that profit caps and floors are also used in other
streams of the literature. For example, Ebrahim et al. (2011)
establish an analytic framework for studying Shared Income
Mortgages and Shared Equity Mortgages, which involve posi-
tions in profit caps, whose design is aimed to improve the
efficiency of financial intermediation with participating
mortgages. Moreover, Shiller et al. (2013) and Shiller et al.
(2019) advocate the viability of using Continuous Workout
Mortgages, which include positions in profit floors, for miti-
gating financial fragility. Hence, a complete comprehension
and relation between alternative formulations for valuing
profit caps and floors is important in a wide range of
applications.

The remainder of the paper is organized as follows. Section 2
presents a brief summary of the time decomposition tech-
nique offered by Shackleton and Wojakowski (2007) and ex-
tends the time integral solution of Dias et al. (2024b) for any
option-pricing scenario under both the BSM and Margrabe
economies. Section 3 reconciles both pricing methodologies
under the BSM model by showing their mathematical
equivalence. In addition, a simplification of the analytic
formulae produced by Shackleton and Wojakowski (2007) is
proposed. Section 4 provides some numerical examples of the
theoretical results. Finally, Section 5 highlights the main
conclusions.

2 | Time Integrals in the BSM World
2.1 | The Time Integral Definition

Let us consider a continuous price process {S; € Rt : ¢t > 0} that
generates cash at an instantaneous rate of flow S;dt and that is
assumed to be governed by the risk-neutral dynamics:

as, = (r — q)S,dt + oS,dW2, 1)

where r, g, and o are the (constant) risk-free interest rate, div-
idend yield (or rate of return shortfall) and volatility, respec-
tively, while (W2 € R: t >0} is a standard Brownian motion
under the risk-neutral measure @, initialized at zero and gen-
erating the augmented, right continuous and complete filtration
F={F:t>0}

LetV (Sy, K, T, o, r, q) be the time-0 value of a finite-lived profit
cap. Its value can be computed from a cash flow of an instan-
taneous maximum flow rate TI(S,)dt, with TI(S,) := (S; — K)*.
Under the martingale (or risk-neutral) measure Q, its time-0
value is given by

T
V(So,K,T,a,r,q) = f C(SO, K, t,o,r, q] dt, )
0

where c(Sy, K, t, 0, r, q) is interpreted as the time-0 price of a
European-style call option (or caplet) offered in Black and Scholes
(1973) and Merton (1973) on an underlying asset with spot price
So, strike price K and with expiry date at time ¢ (>0), that is,

c(So, K, t,0,1,q) = Spe N (d,(t)) — Ke "N (do(t)), (3)
with

In(So/K) + (r — g + (8 — 1/2)a)t

/i (€]

ds(t) =

and where N (dg(t)) represents the cumulative distribution
function of the univariate standard normal distribution for
g e {o,1}.

Similarly, the value of a finite-lived profit floor can be com-
puted from a cash flow of an instantaneous maximum flow
rate II(S,)dt, with TI(S;) := (K — S)*. Its time-O value is
given by

T
F(SOaKa Ts a,r, Q) = f p(SOsKs t’ o,r, q]dta (5)
0

where p(Sy, K, t, 0,1, q) is interpreted as the time-0 price of a
European-style put option (or floorlet) given in Black and
Scholes (1973) and Merton (1973) on an underlying asset with
spot price Sy, strike price K and with expiry date at time ¢ (>0),
that is,

p(So, K, t,0,7,q) = Ke™"N( — do(t))
— Soe N ( — di(1)).

(6)
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2.2 | The Time Integral Solution Using the Time
Decomposition Technique of Shackleton and
Wojakowski (2007)

Shackleton and Wojakowski (2007) use perpetual methods
inspired by the real options literature to evaluate the time integral
(2). More specifically, the value of a finite-lived profit cap expiring
in T years is decomposed (or replicated) by a portfolio that
includes a long position in a perpetual profit cap,
V (Sy, K, ,0,r,q), and a short position in a forward start per-
petual profit cap that begins after T years, V (St, K, o, 0,1, q),
that is,!

V(So,K,T,0,r,q) = V(Sp,K,,0,r,q) —e TEqg
[V(ST7 K’ ®, 0,7, q)lj:()]
— ﬂ[ﬂ
= g sk}
— e N (d\(T))] (7)
= g0k} = €N (@o(T)]
+ BUOS [Lg,5) — N (dg, ()]

= AMK)SS 5,25} = N (dg, (T)],

0

with 8 € {0, 1, ﬁla ﬁz}’

Kl_ﬁl 52 ﬁz_l]
AK) = — - , 8
(K) 51—ﬁ2(r 4 ®)
K-8 (B 61_1)
B(K) = LR , 9
&) 51_52[" q ©

and

— _ 2
! qi\/[’ q—l)+2—§, (10)
g

ﬁl,Z =

N |~
qQ
[ 8]

where the constants 8, and 3, are the (real) roots of the qua-
dratic equation Q(B) = %azﬁ(ﬁ -1+ @T—-qB—r=0, for
B € {B;, B,}, that characterizes the linearly independent solu-
tions of a second-order homogeneous ordinary differential
equation.

We recall that the analytic representation (7) is the solution of
the time integral (2) that is composed of a continuum of
European-style call options (or caplets) given by Equation (3).
Since the caplets contained within the integral are independent
(i.e., the valuation of each caplet is not path-dependent), it is
possible to isolate the finite cap integral from the perpetual cap
by subtracting the (discounted) risk-neutral expectation of the
forward start perpetual cap.

Clearly, the time integral solution (7) cannot accommodate the
cases where the risk-free interest rate and/or the dividend yield
are zero, which prevents its use in other applications under the
BSM world. Nevertheless, it is possible to extend the time
integral solution approach of Dias et al. (2024b) to obtain closed

2.3 | Extending the Time Integral Solution of
Dias et al. (2024b)

The next propositions further simplify the original solution of
Dias et al. (2024b, Proposition 1) and produce analytic formulae
accommodating the possibility of r and/or g to be zero.

Proposition 1. Assume the lognormal process (1) with
positive g.

i. The time-0 value of a finite-lived cap, V (Sy, K, T, 0,1, q),
is given by

V(SOa K9 Ta a,r, q) = SOIC(Oy T? SO’ K’ ]-’ q)
—KI.(0,T, Sy, K, — 1, 1),

(€3))

where, for ¢ € {—1,1} and v € {r, g},

b,
10, T, So, K, ¢,v) = %[%(% + 1>e“(CV’b¢)1N(% + Cvﬁ) - JI{S0>K}]

_%(ii: - 1)e-a<fv+b¢) [N(% - Cvﬁ) - Jl{so>1<}] (12)

_e,vTN(% + by ﬁ) + JI{SO>K}],

for v > 0, and?

L.(0, T, So, K, ¢, v) = TN(% n b¢ﬁ) + Zn(é + b¢ﬁ)

JT > !

Sig;);, " —2ab¢ﬂ{b¢<0}(2ab¢]l{b 550 = 1)

[N(% + |b¢lﬁ) - Jl{sO>K}] (13)
~ Sig;?) —2ab¢ﬂ{b¢>0}(2ab¢]l{b¢<0} -1)

W (& - 10T) - 1]

for v = 0, with N (-) and n(-) representing, respectively,
the cumulative distribution function and probability
density function of the standard univariate normal

distribution,
2o INGO/K) -
o
— 2/2
by o= L9 HE9/2 (15)
o
and

¢ = b + v, (16)
witha € R, by € R and ¢, € R*.3

ii. The time-0 value of a finite-lived floor, F (Sy, K, T, 0,1, q),
is given by

F(SO»Ky T» a,r, q) = V(505K» T5 a,r, q) + E(1 - e—VT)

) : 17)

forms for these particular cases and safely tackle all option- S _ (
. ¢ P y p Lysop + KThy—gy — =2 (1 — €90y — So Thig=0;-

pricing scenarios. q
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iii. The time-0 value of a perpetual cap, V (Sy, K, o0, 0,1, q),

is given by
V (S, K, 00, 0,7,9) = SeI.(0, , So, K, 1, q) as)
- KIC(O’ 0, SO, K, — 1, r),
where
I.(0 So, K, ¢ V) = l l b_¢ + 1|eate—be)g
clU, 00, 50, K, P, = v 12 ) {SOSK}
(19)

1(Dbg _
+ [E[C—v - l)e a(ey+by) + 1]1{50>K}]5

for v > 0.

iv. The time-0 value of a perpetual floor, F(Sy, K, >, 0, 1, q),
is given by

F(SOaKy 0, 0,71, q) = V(SOaKs 00, 0,1, q)

K S (20)
+ - - _’
r q
for v > 0.
Proof. Please see Appendix A. O

Remark 1. We note that the integral solutions (12) and (13)
have two important economic interpretations depending on the
parameter v € {r, g}:

i. for v =g (with ¢ = 1), such integrals can be interpreted
as the delta of a finite-lived profit cap, that is,
Ay(So, K, T,o,1,q) =0V (Sy,K, T,o,r,q)/0Sy = I.(0, T, Sy,
K, 1,9);

ii. for v=r (with ¢ = —1), I.(0, T, Sy, K, — 1,7) can be
understood as the value of a finite-lived continuum of
cash-or-nothing (CON) calls with a unit contract size (as
will be discussed in more detail in Section 2.5).

The integral solution (19) has similar interpretations, but for the
perpetual case.

We notice that the perpetual profit cap solution (18) is
restricted to v > 0. Nevertheless, it is still possible to cover the
cases with r=0 provided that g >0, as shown in
Proposition 2.

Proposition 2. Assume the lognormal process (1) with

0>0,r=0, and q > 0. The time-0 value of a perpetual cap,
V (S, K, ®,0,r,q), is given by

V(Sy, K, ,0,1,q) = Sol.(0, ©, Sy, K, 1, q)
K K ( 1
a

_ _* a—2ab_ il o
2bfle 1]l{sosK} + b, 2b_1]l{S°>K}’

(1)

where the integral I, (0, o0, Sy, K, 1, q) is calculated via Equa-
tion (19).

Proof. Please see Appendix B. O

Remark 2. Similarly, the perpetual profit floor solution (20)
is restricted to v > 0. In this case, it is still possible to cover the
cases with g = 0 provided that r > 0. Fortunately, it is possible
to invoke the caplet-floorlet duality so that the price of a
perpetual profit floor is recovered from the price of a perpetual
profit cap through a suitable change in its arguments, that is,

F(SO,K,OO,U,V,Q):V(K,SO, oo,a,q,r)- (22)

Clearly, Propositions 1 and 2 and Remark 2 provide already a
complete guide for computing time integrals under the BSM
world. Nevertheless, it is still possible to evaluate finite-lived
and perpetual profit floors directly, that is, without the need of
using the corresponding solutions for profit caps. Propositions 3
and 4 present these results.

Proposition 3. Assume the lognormal process (1) with
positive 0.

i. The time-0 value of a finite-lived floor, F(Sy, K, T, 0,1, q),
is given by

F(So,K,T,o,r,q) =KE(0,T, Sy, K, —1,7)

(23)
- Sok(0,T, S, K, 1, q),
where
1—eT
k(,T, Sy, K, ¢,v) :=——— — (0, T, So, K, p,v), (24)
v

for v > 0, with I.(0, T, Sp, K, ¢, v) being given by Equa-
tion (12), and

(0, T,Sy,K,$,v):=T—1.(0,T,Sy, K, p,v), (25)

for v = 0, with I.(0, T, Sp, K, ¢, v) being given by Equa-
tion (13).

ii. The time-0 value of a perpetual floor, F(Sy, K, o0, 0, 1, q),
is given by

F(Sy, K, 0, 0,7, Q) = K (0, ©, So, K, — 1, 1)
— Sol; (0, 0, 5o, K, 1, q),

(26)

(0, >, Sy, K, ¢, V)

—_1f1fbs (eo=bg) _

= v[(2<6v+l)eac % 1)]1{50“} @7
1(% _ 1\a—alc+bs)

e 3( -n)eerta )

1
=— —L(0, >, S, K, ¢,v), (28)
%

for v> 0, with I.(0, , Sy, K, ¢$,v) being given by
Equation (19).

Proof. Please see Appendix C. O

We notice that the perpetual profit floor solution (26) is
restricted to v > 0, where the required integrals can be com-
puted either via Equation (27) or through Equation (28).
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Nevertheless, it is still possible to cover the cases with g = 0
provided that r > 0, as shown in Proposition 4.

Proposition 4. Assume the lognormal process (1) with
o> 0,r>0, and q = 0. The time-0 value of a perpetual floor,
F(Sy, K, o, 0,r,q), is given by

F(SO, K, 0, 0,71, q)
= K (0, 00, So, K, — 1, 1) (29)

MG R

where the integral L (0, o0, Sp, K, — 1, r) is calculated either via
Equation (27) or through Equation (28).

Proof. Please see Appendix D. O

In summary, Propositions 1-4 provide a complete guide for
computing time integrals of profit caps and profit floors on
continuous flows under the BSM world and for any combi-
nation of parameters. We recall that the contracts under
analysis have instantaneous maximum flow rates TI(S;)dt,
with TI(S,) := (S, — K)* and II(S;) := (K — S;)* for profit caps
and profit floors, respectively. Nevertheless, our approach can
be straightforwardly extended to cope with many other con-
tingent claims with continuous flows (and still for any com-
bination of parameters), as will be shown in the next four
subsections.

2.4 | Time Integrals for Price Caps, Price Floors,
and Price Collars

The goal now is to show how to value the price caps, floors, and
collars considered in Dias et al. (2024b, Sections 3 and 4), but
now for any combination of option-pricing parameters under
the BSM world. To accomplish this purpose, we will consider
only the arbitrage-free relations involving finite-lived profit
caps.*

A price cap offers an instantaneous flow rate
I1(S,) :== min(S;, H) = S; — (S; — H)* and can be understood
as a contingent claim containing a cap level H that provides a
ceiling to the underlying asset price. The arbitrage-free relation
of Dias et al. (2024b, eq. 20) implies that the fair value of a price
cap, V.(So, H, T, g, r, q), can be computed as

S
Ve(So, H, T, 0,7, q) = 221 — e 1) yysq
q (30)

+ S()T]l{q:()} -V(Sy,H,T,o,1,q).

A price floor provides an instantaneous flow rate
I1(S;) := max(S;, L) = (S; — L)* + L and can be considered as
a contingent claim containing a floor level L that guarantees a
minimum to the prevailing market price in the face of adverse
scenarios. The arbitrage-free relation of Dias et al. (2024b, eq.
23) implies that the fair value of a price floor,
Vi (So, L, T, 0,1, q), is determined as

Vi(So, L, T,0,7,9) =V (So, L, T,0,7,9q)

L (31
+ 7(1 — e"T)Jl{DO} + LT]l{rzo}.

The instantaneous flow rate of a price collar is defined as
T1(S,) := min(max(L, S;),H) = L + (S, — L) — (S, — H)",
which implies that the underlying asset price floats freely sub-
ject to a price floor level L and a price cap level H (with H > L),
so that the investor receives L if S; < L, receives the unit price S;
if L <S; <H and receives H if S; >H. The arbitrage-free
relation of Dias et al. (2024b, eq. 32) implies that the fair value
of a price collar, V., (Sy, L, H, T, g, 1, q), is calculated as

L
Veot(So, L, H, T, 0,1, 9) = —(1 — e N0y + LTh=gy
r (32)
+V (S, L, T,o,r,q) —V(Sy,H, T,0,1,q).

2.5 | Time Integrals for Binary Options

The analytic formulae for the profit caps and floors offered in
Propositions 1-4 are obtained for contracts with instantaneous
maximum flow rates in the spirit of plain-vanilla options and,
therefore, they possess a continuum of smooth payoff patterns.
The purpose now is to show that our approach can also be used
to evaluate continuous flows of binary (or digital) call options in
the sense of Rubinstein and Reiner (1991b) containing a con-
tinuum of discontinuous payoffs.’

A European-style CON call pays off nothing if the underlying
asset price at maturity, S;, ends up below or equals the strike
price K, or pays out a predetermined fixed cash amount X (also
known as the contract size) if the underlying asset finishes
above the strike. Therefore, a CON call option pays out the fixed
amount X at maturity ¢ if the option finishes in-the-money, that
is, the time-t payoff of each CON call is equal to
TI(Sy) = X]l{S[>K}~

Hence, it is straightforward to conclude that the time-0 price of
a finite-lived contract on continuous flows of CON call options
can be calculated as

T
Veon (80, K, X, T,0,7,9) = [ Xe ™ Eqlls,, | 7ol dt

= X[ N (do (1)) d (33)

= XIC(Os T, SOaKa - ]-7 r)?

with the ingredient I.(0, T, Sp, K, — 1, 7) being interpreted as
the time-0 price of a finite-lived continuum of CON calls with
a unit contract size and computed via Equation (12) if » > 0 or
Equation (13) if r = 0.

A European-style asset-or-nothing (AON) call pays off nothing
if the underlying asset price at maturity, S;, ends up below or
equals the strike price K, or pays out a cash amount that is
equal to the underlying asset value at maturity (i.e., an amount
equal to S;) if the underlying asset finishes above the strike.
Therefore, these option contracts are similar to CON call
options, except that when they pay off, the cash amount is not
predetermined, but rather is equal to the underlying asset price
at expiration.

Since the time-t payoff of each AON call is equal to
TI(S;) := Silis >y, it follows that the time-0 price of a finite-lived
contract on continuous flows of AON call options can be
computed as
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T
Vion (S0, K, T,0,7,9) = [ e B[ S5, x| ol dt

= " Sy~ 9N (dy (1)) dt G4

=510, T, S, K,1,q),

with the ingredient I.(0, T, Sy, K, 1, q) being computed via
Equation (12) if ¢ > 0 or Equation (13) if ¢ = 0.

Armed with the integral solutions (33) and (34), we can now
price another exotic contingent claim on continuous flows
under the BSM world: a finite-lived contract on continuous
flows of gap call options. We recall that gap options highlight
the dual role played by the strike price of a plain-vanilla option:
the strike price K determines not only the exercise decision
at maturity but also the resulting payoff. The time-t payoff
of each gap «call option is equal to TI(S):=
(St — Xlisxy =[S — (K + g)1lis, >k}, with the gap value
defined as g := X — K, where X is the strike price of the gap call
option whereas K is the price level above which the gap call
option finishes in-the-money and triggers the exercise of the
option.

The terminal payoff of each gap call option allows us to con-
clude that the time-0 price of a finite-lived contract on contin-
uous flows of gap call options can be obtained by subtracting
the value of a continuum of CON calls from the value of a
continuum of AON calls, that is,

T
Veao (S0, K. X, T,0,7,9) = [ e B [(S, = X)5,, 1 o] e

= aon(SO,K, T,o,r, q) (35)
- Vcon(SO’ K,X,T,o,r, q)

Clearly, the special case with X = K (i.e., with a gap value
g = 0) yields immediately the value of a finite-lived profit cap,
that is,

‘/gap(SO’K’ K’ T’ a,r, q) = VE\On(SO!Ky T! a,r, Q)

- COI](SOs K,K,T,o,r, Q) (36)
=V(S,K,T,0,r,q).

2.6 | Time Integrals for Path-Dependent Options

We note that each CON and AON call contained within the
time integrals yielding the closed-form solutions (33) and (34) is
independent (i.e., the valuation of each binary option in the
integrals does not depend on the others). Moreover, these
contingent claims belong to the class of path-independent
binary options in the sense that there is no contractual clause
triggering any knock-in or knock-out event. Nevertheless, our
approach can also be used to evaluate finite-lived contracts on
continuous flows of barrier options or binary barrier options in
the spirit of Rubinstein and Reiner (1991a, 1991b), respectively.®
For illustrative purposes (and due to space constraints), we will
analyze only the case of finite-lived contracts on continuous
flows of down-and-out and down-and-in calls (DICs), though
similar contingent claims composed by a continuum of other
types of barrier options, binary barrier options or the whole
family of lookback options can be treated similarly.

The time-t payoff of a unit face value and zero rebate European-
style down-and-out call (DOC) option on the asset price S, with
strike price K, knock-out barrier level L (with L < Sp) and
maturity at time ¢ is equal to II(S;) := (S; — K)*lg, 4, where
7, :=inf{u > 0 : S, = L} is the first hitting time of the lower
barrier L by the asset price S,. In other words, the owner of a
DOC will receive the payoff (S; — K)* only if the random hit-
ting timing 7, does not occur before the maturity date ¢.

Under the assumptions of the BSM world, the time-0 price of
a unit face value and zero rebate European-style DOC option on
the asset price S, with strike K, barrier level L (<S;) and
maturity at time ¢ (>0) is equal to

DOC(Sy, K, L, t,0,1,q) = c(So, max(L,K), t, 0,1, q)

2u
= (12
_ [L] c(g—,max(L,K),t, o,r,q

So o
+ [max(L, K) — K]e=" {N[do(So, L, £)] (37)
- [Sio]ﬁw [do(L. S0, )] 1
with
_InGx/y) + r—q+ (B—-1/2)a*)t
dﬁ(xsya t) - O'\/? s (38)
e,
u=r—gq > (39)

and c(x,y, t, g, r, q) being the time-0 price of a European-style
plain-vanilla call on the asset price x, with strike price y and
expiry date t.”

Therefore, the time-0 price of a finite-lived contract on con-
tinuous flows of DOC options can be computed as

Vaoe(So, K, L, T, 0, 7, q) = j; e"Bq [ (S - K)ﬂl{TLN}I}B] dt

T
= fo DOC(Sy, K, L,t,0,r,q)dt

2
2

=V (So, max(L,K),T,0,r,q) — (SL]
0

2
V(é—, max(L,K), T, o, r, q] + [max(L, K) (40)
0

- K] I/COI'I(SOY L’ 1’ Ty a,r, q)

L)
I ‘/COH(LYSO5 1’ T,U, V,q) )
So

which requires calculations of finite maturity profit caps (11)
and finite-lived continuum of CON call options (33).

Notice that the valuation of each DOC option contained within
the time integral (40) does not depend on the others, which
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implies that there is a continuum of independent knock-out
events. However, each individual DOC option is path-
dependent in the sense that a specific knock-out event will
occur for that particular DOC if the barrier level L is hit before
its specific maturity date t, for t€]0, T].

Finally, we note that a finite-lived continuum of DOC options
limits the range of possible outcomes due to the existence of a
barrier level triggering a continuum of (independent) random
knock-out events, and hence, it is cheaper than the corre-
sponding finite maturity profit cap. Moreover, it is straightfor-
ward to show that

hm I/CIOC(SOs K, L, Ta ag,r, Q) = V(So, Ka Ta a,r, ‘J) (41)
L-=0

Let us consider now an example of a contract composed of a
finite-lived continuum of (independent) knock-in clauses. We
first recall that the holder of a DIC will receive the payoff
(S; — K)* at the maturity date ¢ if at any time between the
inception of the contract and its expiry date ¢ the barrier level L
is touched. Hence, the time-t payoff of a unit face value and
zero rebate European-style DIC option on the asset price S, with
strike price K, knock-in barrier level L (with L < S;) and
maturity at time ¢ is equal to IT(S;) := (S; — K)*lg; <. In other
words, if the random hitting timing 7; does not occur before or
at the maturity date ¢t for a specific DIC, then the knock-in
clause for that particular option is not triggered.

The time-t price of a unit face value and zero rebate European-
style DIC option on the asset price S, with strike K, barrier level
L (<Sp) and maturity at time ¢ (>0) is equal to

L % 12
DIC(Sy, K, L, t,0,r,q) =|— c|—=—,max(L,K),t,o,r,q
So So
+ [max(L, K) — K]e™"N [do(L, Sy, t)]} (42)

+{p(So, K, t,0,7,q9) — p(So,L,t,0,7,q)
+ (L — K)e™"N[—do(So, L, )1}k,

where c(x,y,t,0,r,q) and p(x,y,t, 0,r,q) are, respectively,
the time-0 prices of European-style plain-vanilla calls and puts
on the asset price x, with strike price y and expiry date t.

Therefore, the time-0 price of a finite-lived contract on con-
tinuous flows of DIC options can be computed as

Viie (S0, K. L, T, 0, 7,q) = fo e Eq [ (S~ )1, 17| de
T
:j; DIC(So, K, L, t, 0,1, q)dt
2u
L |2
-(<]

+ [max(L, K) — K]Veon (L, Sp, 1, T, 0, 1, q)j

L2
V[S—O, max(L,K), T, o, r, q] (43)

+[F(So,K, T,0,7,q) — F(So, L, T,0,71,q)
+ (L = K)Eon(So, L, 1, T, 0,7, )] L5k,

which requires calculations of finite maturity profit caps (11),
finite maturity profit floors (23), finite-lived continuum of CON

call options (33) and finite-lived continuum of CON put options
defined as

T
Fon(So, K. X, T,0,1,q) = [ Xe™"Bq (15, <x} ol dt

=x[ TentN( = do())dr Y

=Xk, T, S, K, — 1,1),

with the ingredient £(0, T, Sy, K, — 1, r) being interpreted as
the time-0 price of a finite-lived continuum of CON puts with
a unit contract size and computed via Equation (24) if r > 0 or
Equation (25) if r = 0.

As an alternative to Equation (43), and since li;; <y = 1 — Ly, 54,
it follows that

Vaic(So, K, L, T, 0, 1,q)
T
= ](; e "Eq [(S[ — K)*]l{TLSt}IfO] dt

T
= j; e "Bol(S; — K)*IF] dt (45)

T
- fo e"Eg [(St—K)ﬂl{TLM}I]-'O] dt

= V(SO5K9 T5 a,r, q) - ‘/CIOC(SOsKs L, T, a,r, Q),

which constitutes a novel in-out parity relation between finite-
lived contracts on continuous flows. Similar relationships can
be obtained immediately if we use other path-dependent barrier
options.

2.7 | Time Integrals Under the Margrabe World

Dias et al. (2024b, Proposition 3) show how to compute profit
caps and floors on continuous exchange flows under the two-
factor model of Margrabe (1978), though restricting the div-
idend yield of both risky assets, denoted by g, and gy, to be
strictly positive. Nevertheless, it is possible to adopt the
rationale used in Section 2.3 to produce analytic formulae
accommodating the possibility of g, and/or g, to be zero. To
save space and avoid bloating the paper with similar ex-
pressions, we just note that the time integrals under the
Margrabe economy can be straightforwardly obtained from
Propositions 1 to 4 with the following changes: (i) K is re-
placed by the time-0 value of the risky asset K, (ii) r is re-
placed by the dividend yield g, that is associated to the risky
asset K, (iii) q is replaced by the dividend yield g, that is
associated to the risky asset S, and (iv) the volatility o is
replaced by o:= .02+ of — 200,0,, where o; >0, for
i € {s, k}, is the volatility for the random variable i and p is
the correlation coefficient between the random variables S
and K.®

These results under the Margrabe world can be immediately
applied to the valuation of financial instruments, delivering
the overprice between two (random) cash flows as shown in
Dias et al. (2024b, Section 7.1). However, we can now price
such contingent claims considering any possible combina-
tion of parameters under the Margrabe economy. For
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example, the finite-lived profit cap on continuous exchange
flows presented in Dias et al. (2024b, eq. 101) is restricted to
positive dividend yields g, and g, and, hence, does not
accommodate the scenario studied by Margrabe
(1978), where both risky assets were assumed to be non-
dividend paying. Fortunately, the novel analytic represen-
tation (11) allows the calculation of a finite-lived continuum
of exchange options with the possibility of g, and/or g
to be zero.

Furthermore, and following the insights of Rubinstein (1991) on
European-style exchange options, our solutions can also be used
for valuing financial instruments involving a continuum of
options on the minimum (or worse performing) and on the
maximum (or better performing) of two underlying assets
delivering, respectively, the instantaneous flow rates
(S, K;) == min(S;, K;) = Sy — (S; — K)*  and  TI(S;, Kp)=
max(S;, K;) = K; + (S; — K;)*. Hence, a finite-lived continuum
of options on the minimum and on the maximum can be cal-
culated as’

S
Vmin(SOs KOs T9 g, qk9 qs) = _0(1 - e_qST)Jl{qA.>0}
s (46)
+ SoTl, o} = V (S0, Ko, T, 0, 4y 45)

and
Ky o T
Vinax (S0, Ko, T, 0, @i, q;) = —(1 — ™% )Jl{qk>0}
el (47)
+ KoTJl{qkzo} + V(So, Ko, T, 0, qy, qy),
respectively, with the finite-lived profit cap

V(So, Ko, T, 0, qp, q,) being still computed via Equation (11),
but with o := \/O'SZ + O'k2 — 2000 .

3 | Reconciling the Two Option-Pricing Solutions

3.1 | Solving the Time Integral Using Integration
by Parts

Dias et al. (2024b) solve analytically the time integral (2) using
integration by parts and obtain an alternative, but equivalent,
solution to (7). The goal now is to show how to use the inte-
gration by parts technique and obtain exactly the closed-form
solution (7).

Let us first recall the method of integration known as integra-
tion by parts:

b b
[ P ©awd = p0aI2 - [ p0qwad @)

where p’(t) is the derivative of a primitive function p(¢), q(¢) is
a second function whose derivative is ¢’ (t), and a and b are the
lower and upper limits of the integral, respectively.

Replacing the plain-vanilla call (or caplet) solution (3) in the
time integral (2) and applying the integration by parts technique
yields

V(So.K, T,a,r, q)=f0T[Soe—qtN(dl(t)) — Ke~"N (dy(t))] dt
- _%foT( — Qe N (dy (1)) dt
+ gj(‘)T( _ l")eir[N(dO(t))dt
== (le N @] - [ew 4 ar)

- = T 1N
+§([e "IN (do(O)iZ] — [ e dt)
=Vt V4 Vs+ Vi,

(49)

with
mz—%&WN@mmj, (50)
w:gwwwwmﬂ, (51)
S (T ON(d(®)
V; = qj; e q—at dt, (52)
and
_ KT _9N(do(1))
V= fo e ol gy, (53)

Clearly, the ingredients V; and V; are easily determined.'® The
components V5 and Vj are trickier to be obtained since both
require solving integrals with an exponential function of time
multiplied by the partial derivative of the cumulative distri-
bution function of a univariate standard normal distribution
with respect to time. Fortunately, we can apply the insights of
Dias et al. (2024b, Proposition 1 and Appendix A) to solve
analytically such integrals and, hence, show the links to
Equation (7).

3.2 | The Mathematical Equivalence Between
Both Methods

Using the notation of Dias et al. (2024b, Proposition 1 and
Appendix A), it is straightforward to show that

V= —%e‘qTN(% ¥ blﬁ)
+ %(1 X ]l{so>1<} + % X ]l{S():K}) (54)

- %(H{SWK} + % X ]l{sozK} - e_qTN(dl(T))),

with a and by, for ¢ € {—1, 1}, being defined by Equations (14)
and (15), respectively, and therefore,

a _In(So/K)  r—q+d%/2
ﬁ + blﬁ— U\/T + - ﬁ (55)

Similarly, and following again Dias et al. (2024b, Proposition 1
and Appendix A), it is possible to conclude that
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V= ?e—’TN (% + b_lﬁ)
_ ?(1 X ]l{So>K} + % X ]l{S():K}) (56)

= —K(]l{s0>1<} + 5 X L=k} — e"TN(do(T))),

r

because

a _In(So/K)  r—q—0o?/2
ﬁ + b_lx/_— O'\/T + - ﬁ (57)
=dy(T).

Using the insights and notation of Dias et al. (2024b, Proposi-
tion 1 and Appendix A), it follows that

=5(h aleg=b) |N (L J
Vg—zq(cq +1)e a=b [N(ﬁ + ¢ T)
1
—1X ]l{so>1<} 3 ]l{So:K}]

X
+@(ﬁ - l)e‘“(ctffbl) [N(—\% + cqﬁ)
+

2q\ ¢q
—1+1X ]l{So>K} % X ]l{so:K}]

— Sobiteq aqeg—by) | N2
= g e N ﬁ+cqﬁ

(58)

- ]l{so>1<} - % x ]l{Sg:K}]

bi—cy _
+%1che aleg+b) []l{so>1<} + % X I{SOZK}

- (g - onT)]

and

— _K(ba (er—b-1) a
V,= 2r( =y l)e‘” 1 [N(ﬁ + c,\/T)
1
—1X ]l{so>1<} -3 X% 11{50=K}:|
_K(fba _ —aler+boy) —a T
2r( ¢ 1)e ce [N( to T)

JT
—-1+1X 11{50>K} + % X ]l{SO:K}]

K b_ r —
= Kbarerqato-bo [N(—ﬁ + ¢ JT)

Cr

(59)

- ]l{So>K} - % X ]l{so=K}]

_Kbai-c e—aler+boy) 1

2w o []l{So>K} +7X ]l{sO:K}

- (G =T

with ¢, € R*, for v € {r, q}, being defined by Equation (16).

Now it is necessary to perform some auxiliary calculations that
are collected in Appendix E. Using such auxiliary computations
and summing the option components (54), (56), and (E30), al-
lows Equation (49) to be rewritten as

So 1 -
V(So,K,T,o,r,q) = —|1 =X Ifg _ .y — e I'N(di (T
(50, K. 1,0, 0) = 32 L) + 3 X gyog] = N A

— %(H{S(pl(} + % X ]l{So:K} - e”TN(dO(T))) .

+ B(K)SE {n{w} + % X g, i) = N(dﬁz(T))]

—AK)SH [11{50>K} + % SETRE N(dﬁl(T))}.

TABLE 1 | Finite-lived profit caps for different moneyness levels
and drift specifications.

Strike price K

r q 95 100 105
Panel A: r and q are both positive
1 0.05 0.03 9.728 6.981 4.955
2 0.03 0.03 9.191 6.520 4.575
3 0.03 0.05 8.574 6.007 4.162
Panel B: r and/or q are zero
1 0 0.03 8.416 5.865 4.041
2 0.03 0 10.175 7.350 5.252
3 0 0 9.347 6.639 4.662

Note: This table values finite-lived profit caps for different strike prices K, risk-free
interest rates r and dividend yields g computed via Equation (11). Other
parameters used in the calculations: Sy = 100, T = 1, and ¢ = 0.25.

%1078

10

% SW2007 with r = ¢ =101
O SW2007 with r = ¢=10"" © /
Equation (11) withr =¢=0

o © @ /J (

Finite-lived profit cap

0 2 4 6 8 10 12 14 16 18 20
Time to maturity

FIGURE1 | Numerical instability of the Shackleton and
Wojakowski (2007, eq. 21) when the interest rate and dividend rate
approach zero. Note: This figure plots finite-lived profit caps as a
function of the time to maturity T, with T € [0, 20] (in years) divided
into 100 evenly spaced time points. The plots with marks in red and in
blue implement Shackleton and Wojakowski (2007, eq. 21) with
r=q=10"1 and 1074, respectively, whereas the black line uses
Equation (11) with r = g = 0. Other parameters used in the calcula-
tions: Sp = 0.4,K =1, and o = 0.10. [Color figure can be viewed at
wileyonlinelibrary.com]
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At first glance, it seems that the finite cap solutions (7) and 1K _1K 1B(K)Kﬁ2 _ 1A(K)Kﬁl

(60) are different due to the distinct indicator functions 2qg 2r 2 2

appearing in each analytical formula. However, they _1K 1K 1 K% (B p-1 K>

are mathematically equivalent. This is so because the sum of 2qg 2r 2B, —-B\r q

the terms involving the indicator function I -k; is zero, 1 KA (B, B-1 K

that is, 28 —gly (62)

B —B\r q
25[1_1+ L (B B _Bi-1, B-1
18 1K 1 2lg r B-B\r r q q
~Dligmky — >—Liso=k) + BE)S Lisy=x) b
Zq 2r 2 (61) :K[1_1+ 1 (61_62_51_52]]:0.
— %A(K)Sflll{sozm —0. 2lg v B-5 r q

In summary, if we sum Equations (60) and (61) we obtain exactly
To show this, we note that replacing Sy by K and definitions (8§) ~ Equation (7). This is so because s>k} + % X Lysy=xy + % X

and (9) in Equation (61) yields Lis,=k} = Lis,>k). Nevertheless, since for any « € R we know that
5.89 . T . - : : : : . 5.89 T . T : - : - : -
5.885 1 5.885 b
5.88 . 5.88 §
o, 5875 1 o, 5875 b
< <
() o
& 587 1 = 5.87 b
—- -
a2 a
oot BB oo L J oo BB [ |
£ Z
& 5861 1 b 5861 1
i |
M 5855 1 M 5855 1
5.85 1 5.85 .
5.845 p 1 5.845 .
584 . s . ‘ . ‘ . ‘ . 5.84 ‘ . s . s . ‘ . ‘
1 08 06 04 -02 0 02 04 06 08 1 41 08 06 -04 -02 0 02 04 06 08 1
Risk free interest rate %1073 Risk free interest rate %1078
5.89 . . . : : : : : :
Equation (11)
5.885 b
5.88 4
o, 5875 i
<
o
c§ 5.87 F 1
o,
E B85 [+ J
b 5861 1
= 5855 1
585 4
5.845 1
5.84 . s . s . s . s .
41 08 06 -04 -02 0 02 04 06 08 1
Risk free interest rate %1078
FIGURE 2 | Finite-lived profit caps as a function of the risk-free interest rate. Note: This figure plots finite-lived profit caps as a function of the

risk-free interest rate r, with r € [—0.001, 0.001] divided into 200,000 evenly spaced interest rate points. The top-left plot computes Shackleton and
Wojakowski (2007, eq. 21), the top-right plot implements Dias et al. (2024b, eq. 4) and the bottom plot uses Equation (11). Other parameters used in
the calculations: Sy = 100, K = 100, T = 1, 0 = 0.25, and g = 0.03. The dotted line in each plot shows the value of the contract for r = 0 (i.e., contract
#1 of Panel B of Table 1 with K = 100), that is, equal to 5.8652510796.
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S K
| M = Ysomr) + BEOSE N5,y o

— AK)SE I, )| = 0.

Equation (7), that is, Shackleton and Wojakowski (2007, eq. 21),
can be further simplified to

V(So,K, T, 0,7, q) = %[u{50>K} — e~TN (dy(T))]

- g[“{SPK} = "IN (do(T)] + B(K)S” U5, ) (64)

= N(dg,(T)] = AK)ISS N5, ) = N (dg, (T))].

Therefore, the indicator functions lis, >} appearing in the delta
and gamma sensitivity measures shown in Shackleton and
Wojakowski (2007, egs. 28 and 29), respectively, can also be
safely replaced by s >kj.

4 | Numerical Examples

In this section, we present some numerical experiments that
should be helpful for providing a clear understanding of the

theoretical results offered in the proposed novel pricing
formulae. Table 1 shows the prices of finite-lived profit caps
computed via Equation (11), with Sop =100, T =1,0 = 0.25
and considering different moneyness levels with strike prices
K € {95, 100, 105} and different drift specifications (i.e., posi-
tive, zero, and negative drifts r — q).

Although the results documented in Panel A can be calculated
using Shackleton and Wojakowski (2007, eq. 21) and Dias et al.
(2024b, eq. 4), these pricing methodologies cannot be used for
valuing the contracts shown in Panel B that consider option-
pricing scenarios with r and/or q equal to zero. Fortunately,
such parameter combinations can now be safely tackled in
closed form using the analytical solution (13) when v = 0 for
velrqgt!

Figure 1 illustrates an attempt to compute the value of an out-
of-the-money profit cap using the Shackleton and Wojakowski
(2007, eq. 21) when both the interest rate r and dividend rate g
are equal to zero. Direct substitution of r = g = 0 leads to
numerical issues such as division by zero and other
indeterminate expressions. To circumvent this, increasingly
small positive values are substituted, starting from
r=q=-¢=10"1 (marks in red) and then r=q =¢= 10"
(marks in blue). Paradoxically, reducing ¢ leads to larger
numerical errors, and for sufficiently small values the formula
collapses. By contrast, the new formula (11) remains

TABLE 2 | Finite-lived continuums of cash-or-nothing (CON), asset-or-nothing (AON), and gap calls for different moneyness levels, pre-

determined fixed cash amounts and drift specifications.

Strike price K

# X r q 95 100 105
Panel A: Finite-lived continuums of CON calls

1 90 0.05 0.03 55.605 42.848 30.741
2 90 0.03 0.03 54.317 41.397 29.321
3 90 0.03 0.05 52.491 39.532 27.603
4 100 0.05 0.03 61.783 47.609 34.156
5 100 0.03 0.03 60.352 45.997 32.579
6 100 0.03 0.05 58.323 43.925 30.670
Panel B: Finite-lived continuums of AON calls

1 n/a 0.05 0.03 68.422 54.590 40.819
2 n/a 0.03 0.03 66.526 52.518 38.783
3 n/a 0.03 0.05 63.981 49.932 36.365
4 n/a 0.05 0.03 68.422 54.590 40.819
5 n/a 0.03 0.03 66.526 52.518 38.783
6 n/a 0.03 0.05 63.981 49.932 36.365
Panel C: Finite-lived continuums of gap calls

1 90 0.05 0.03 12.817 11.742 10.078
2 90 0.03 0.03 12.208 11.120 9.461
3 90 0.03 0.05 11.490 10.400 8.762
4 100 0.05 0.03 6.639 6.981 6.662
5 100 0.03 0.03 6.173 6.520 6.204
6 100 0.03 0.05 5.658 6.007 5.695

Note: Panels A-C of this table value finite-lived continuums of CON, AON, and gap calls for different strike prices K, predetermined fixed cash amounts X, risk-free
interest rates r, and dividend yields q using Equations (33)-(35), respectively. Other parameters used in the calculations: S, = 100, T = 1, and ¢ = 0.25. n/a stands for not

applicable.
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TABLE 3 | Finite-lived continuums of DOC (resp., DIC) for dif-
ferent moneyness levels, knock-out (resp., knock-in) barrier levels and
drift specifications.

Strike price K

# r q 95 100 105

Panel A: DOC with L = 90

1 0.05 0.03 7.958 5.837 4.218
2 0.03 0.03 7.489 5.435 3.884
3 0.03 0.05 6.966 4.995 3.526
4 0 0.03 6.821 4.868 3.419
5 0.03 0 8.333 6.151 4.474
6 0 0 7.609 5.529 3.956
Panel B: DOC with L — 0

1 0.05 0.03 9.728 6.981 4.955
2 0.03 0.03 9.191 6.520 4.575
3 0.03 0.05 8.574 6.007 4.162
4 0 0.03 8.416 5.865 4.041
5 0.03 0 10.175 7.350 5.252
6 0 0 9.347 6.639 4.662
Panel C: DIC with L = 90

1 0.05 0.03 1.770 1.144 0.737
2 0.03 0.03 1.702 1.086 0.691
3 0.03 0.05 1.608 1.012 0.635
4 0 0.03 1.595 0.997 0.622
5 0.03 0 1.842 1.199 0.778
6 0 0 1.738 1.110 0.706

Note: Panels A and B of this table value finite-lived continuums of down-and-out
calls (DOCs) for different strike prices K, knock-out barrier levels L, risk-free
interest rates r and dividend yields g computed via Equation (40). Panel C shows
the values of finite-lived continuums of down-and-in calls (DICs) with a knock-in
barrier level L = 90 obtained through Equation (43). Other parameters used in the
calculations: Sq = 100, T = 1, and o = 0.25.

numerically stable and produces the correct values across the
domain (black line).

Figure 2 plots finite-lived profit caps as a function of the risk-
free interest rate r, with r € [—0.001,0.001] divided into
200,000 evenly spaced interest rate points, for the constellation
of parameters Sp = 100, K = 100, T = 1, 0 = 0.25, and g = 0.03.
The top-left plot computes Shackleton and Wojakowski (2007,
eq. 21), the top-right plot implements Dias et al. (2024b, eq. 4)
and the bottom plot uses Equation (11). The two plots on the
top show that the calculations become numerically unstable in
the limit as » — 0, resulting in messy or unreliable graphs. This
pattern is encountered when computing and plotting profit cap
(and profit floor) values as r and/or g approach zero. Unlike the
approaches of Shackleton and Wojakowski (2007) and Dias
et al. (2024b) that rely on taking limits on the neighborhood of
0, the new formula (11) resolves this issue by yielding the
correct value directly, as shown in the plot on the bottom.

Additionally, the original formulas of Shackleton and
Wojakowski (2007, eq. 21) and Dias et al. (2024b, eq. 4) remain
numerically well-behaved for negative values of r and/or q."
This is so because both approaches are (alternative) analytical
solutions of the same integral representation (2) and the BSM

framework is mathematically and economically consistent with
negative r and/or g, as long as the usual BSM assumptions are
kept. Nevertheless, g < 0 is best understood as holding the
underlying has a net cost proportional to its value (rather than a
benefit like dividends in equity instruments). Moreover, it is
well known that g plays the role of the foreign risk-free interest
rate in currency options. Hence, the case with g < 0 might
make sense in foreign exchange options applications with
negative foreign interest rates.

As a result, an alternative way for tackling such cases was to
approximate the profit cap value by averaging results for small
negative and positive values of r and/or q. The numerical ex-
periments highlighted in the two plots on the top of Figure 2
suggest that Shackleton and Wojakowski (2007, eq. 21) and Dias
et al. (2024b, eq. 4) are continuous everywhere except for a
single “hole” at exactly r = 0. The new formula (11) bridges
this gap.

Panels A-C of Table 2 show the prices of finite-lived con-
tinuums of CON, AON, and gap calls calculated through
Equations (33)-(35), respectively, with S, =100,T =1,
o = 0.25 and considering different moneyness levels with strike
prices K € {95,100, 105}, different drift specifications (i.e.,
positive, zero, and negative drifts r — q), different pre-
determined fixed cash amounts X € {90, 100} for finite-lived
continuums of CON calls and different gap values g := X — K
(thus yielding positive, zero, and negative gaps) for the case of
finite-lived continuums of gap options. As expected, and fol-
lowing the insights enunciated in Equation (36), the contracts
#4, #5, and #6 of Panel C with X = K = 100 (i.e., with a gap
value g = 0) should be understood as a finite-lived profit cap,
and hence, their prices are equal to the values reported in Panel
A of Table 1 when K = 100.

Finally, Panels A and B of Table 3 report the prices of finite-
lived continuums of DOCs calculated through the analytic
representation (40), with Sy = 100, T = 1,0 = 0.25 and con-
sidering different moneyness levels with strike prices
K € {95, 100, 105} and different drift specifications (i.e., posi-
tive, zero, and negative drifts r — q). Panel A uses a knock-out
barrier level L = 90, whereas Panel B adopts the special case of
L - 0 (using the eps value of Matlab that is equal to
2.2204E—16). As expected, and following the rationale of
Equation (41), the prices of the finite-lived continuums of DOCs
shown in Panel B of Table 3 are indistinguishable from the ones
of finite-lived profit caps reported in Table 1. Moreover, Panel C
of Table 3 shows the prices of finite-lived continuums of DICs
with a knock-in barrier level L = 90, computed via the closed-
form solution (43). Notice that the sum of the prices contained
in Panels A and C of Table 3 results in the profit cap values
presented in Table 1, thus validating the in-out parity rela-
tion (45).

5 | Conclusions

Two different analytical representations have been proposed in
the real options literature for valuing finite-lived profit caps and
floors on continuous flows following a lognormal distribution,
namely, (i) the one proposed by Shackleton and Wojakowski
(2007), who use a time decomposition technique inspired in
perpetual real options models, and (ii) the one offered by Dias
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et al. (2024b), who solve analytically the required time integral
using a direct approach that employs the integration by parts
method. This paper extends the time integral solution of Dias
et al. (2024b) to accommodate the possibility of r and/or g to be
zero, to price continuums of exotic options under the BSM
economy and to adapt the proposed analytic formulae to the
two-factor model of Margrabe (1978). In addition, the paper
shows the mathematical equivalence between the two alterna-
tive pricing methodologies and highlights that it is still possible
to simplify the analytic solution produced by Shackleton and
Wojakowski (2007). Furthermore, this paper also contributes to
the options literature by providing closed-form solutions for
price caps, price floors, price collars, as well as continuums of
“exotic” (CON, AON, and gap) and path-dependent (down-and-
out and down-and-in) options. Therefore, the method proposed
in this paper further simplifies and facilitates the evaluation of
time integrals of BSM and other option types, cements the “non-
real options” route and opens the way for more analytical work
in the BSM and other areas.
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Endnotes
'The corresponding profit floors can be tackled similarly.

2We notice that the first argument of the function I, (0, T, Sp, K, ¢, v)
represents the initial date t+ = 0. The same rationale is applied
hereafter to similar functions.

*Even though the parameter defined in Equation (16) could be for-
mally stated as cg,, we only define it by ¢, to lighten notation and
because ¢; and c, are always associated with ¢ =1 and -1,
respectively.

“The arbitrage-free relations involving finite maturity profit floors
and perpetual profit cap and floors considered in Dias et al. (2024b,
Sections 3 and 4) can be treated similarly.

>The corresponding binary put options can be obtained similarly.

° Additional background on hitting times in finance applications can
be consulted, for instance, in Rich (1994), Jeanblanc et al. (2009,
Chapter 3), and Zaevski (2020).

"Notice that Equation (38) is exactly equivalent to Equation (4), but
now with a functional form showing its explicit dependence on the
asset price and the strike price.

8Full details of the proofs are available upon request.

°For the sake of completeness, we note that Dias et al. (2024b, eq.
122) contain a text typo. In their notation, the parameter q,
appearing in the denominator of the first term should be replaced
by gq,.

1°Nevertheless, care must be taken when computing their limits as
t — 0, as shown in Dias et al. (2024b, eq. A7). For example, Barbosa
et al. (2018, eq. B.7) give incorrect limits when the spot price is equal
to the strike price.

"'Notice that all these results can be straightforwardly checked against
the ones obtained via Equation (2) computed through a numerical
integration scheme. Similar robustness tests have been performed on
all the other contracts considered in the remaining numerical ex-
amples of this section.

2For example, Equation (12) is still valid for less probable
option-pricing scenarios ~ with v <0, provided that
b; +2v >0 & Ir — q + ¢0?/2l > 0/-2v. This is a necessary and
sufficient condition to avoid the square root of a negative number in
Equation (16) whenever v < 0. The same rationale should be applied
to compute Equation (10) or, alternatively, to Equations (E10)
and (E11).
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Appendix A
Proof of Proposition 1
This appendix is organized into four parts:

i. For v > 0, the proof follows straightforwardly by simply rearran-
ging Dias et al. (2024b, egs. 4 and 5) and noting that the indicator
function included in Dias et al. (2024b, eq. 9) associated to the at-
the-money case, that is, % X lis,=x} can be excluded. Notice that
when S; =K,a =0 and, therefore, the sum of the terms
appearing in Dias et al. (2024b, eq. 5) involving the indicator
function I(s,=; is zero, that is,

b b
() () + 35 -)
X % X JI{SO:K} + % X JI{SO:K}
1 by

1 by
=7 4w X Hso=x)

1
_ -5 X ]l{SQ:K} + e X ]l{SQ:K}
1 1
-2 X JI{SO:K} + 5 X JI{SO:K}
=0.

The case with v = 0 of the finite-lived profit cap requires calculation of
the limit of the corresponding functions as v — 0. Let us first define the
expression inside the square brackets of Equation (12) as
f(,T,Sy,K,¢,v), so that I.(0, T, So, K, $,v) = f(0, T, Sp, K, ¢, V) /v.
It is easy to show analytically that (0, T, Sy, K, ¢, 0) = 0 and, hence,
lim, 0L (0, T, Sy, K, ¢, v) gives an indetermination of the type 0/0. This
implies that we can apply the 1'Hopital rule. Let us first compute a few
derivatives that will be needed:

d
Za=o,
dv

d, _8Wm
dv ? o’

with

g(v) = Jl(v:r} - ]l{\):q};

icv = i(bg + 2v)1/2 = %(bj + 2v)_1/2[2b¢¥ + 2)

dv dv
_gWbs +o
B ac,
HO) o +gWbg
d (bg +1] = Sy O = by _ 2vg(v) — aby
dvlc, c? ocl ’

gW)by —¢y) +a
P e g

d d
_ea(cv*bqﬁ) = —(a(c, — b, ea(cv*bzﬁ) =
7 dv( (cv — bg)) o,

v
ea(cv=bg)

d d
_e—a(cv+b¢) = —(—a(c, + b e—a(cu+b¢)
dv dv( ( +)

ag(v)(b¢ +c¢) +0
ac,

e—a(cu+b¢)’

d (e (2 dfa
ﬁN(ﬁ + cvﬁ)_n(ﬁ + c,,ﬁ)du(ﬁ + cvﬁ)
_gWbg+a a_
= S22 T n( + T,
and
d a _ a d(f a
AN (< + bpNT) =n( 5 + 0T ) (i + 5T
= EOJT (- + by T).
g VT

Using the above derivatives, it follows that

2] 12vg(v) — ob aten
gf((], T, So. K, ¢,v) = _73‘#8 o lN(% + C"ﬁ) N Jl{50>K}]

2 ac,
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21 ¢, acy JT
12vg(v) —abg _ b a
BRI R Wt R TS
1(by gW)(bg +¢) +o a
— |2 |(m) Y emaltb |N|——= — ¢, JT
z[cv ]( a) o~ e 77 © JT
1(by —gWby — o a
_ 1. —_ 2121 —a(cv+b¢)—T ——vT
{50>K}l Z[CV )e ac, VT JT T
— (= T)e"N|-L +p ﬁ)—e*”T@ﬁn(i+b \/T]
( ) (ﬁ b - ﬁ ¢ (Al)
2
_ l(zvg(v) — cb¢)(13— acy) + aocy a(cy—bg) N[L + cvﬁ]
2 ac, ﬁ
l(ZVg(V) - Cfb¢)(l +ac) + aac"z —a(cy+bg)

] - 3 e
lN[% - cvﬁ) - Jl{so>1<} +

b
l[—¢ + 1)ea(c"‘b¢) n[i + cvﬁ)

ﬂg(v)% +0o
2 acy

Cy ﬁ
+ b _ 1|ematevrby) | L _ o T
¢ JT

v

+eT

T N[% + b¢ﬁ]

[{Q) a
- Tﬁ n[ﬁ + b¢ﬁ)

B

14

Journal of Futures Markets, 2026

85UB017 SUOWILOD BAIERID 8ol |dde ayy Aq pausenob a1e Sapie O (88N JO S3|NI 10} ARIGIT BUIIUO AB]1M UO (SUORIPUOD-PUR-SWLRIALIOD A8 | 1M A1 1 UO//SdNY) SUORIPUOD PUe SWIB L 8U} 885 *[9202/70/7T] U ARiq178uljuO AB|IM ‘BOGSIT 8P OLRISRAIUN 0IMISU| - TINI-ELOS| -SVIA SO 1YY ISOC AG L0TOL INY/200T 0T/I0p/W00" A3 1M AReaq 1 U1 |UO//SARY WO papeojumoq ‘0 ‘7E66960T



where the second equality of this expression is obtained after per-
forming several simplifying calculations.

Now it is necessary to calculate the lim,_dL(0, T, Sp, K, ¢, v)/0v,

which is equal to the lim,_ df (0, T, Sp, K, ¢, v)/0v. Using expression
(A1) and noting that lim,_,gc, = Ibyl, it can be shown that

a
lim I 0,T,Sy,K,$,v) =TN|— + by~ T
550 c( 0 ¢ ) ( T ) ]

(v) HON. (f b f] + callbg-by)
[%;fww(,v(ﬁ + BT = 1)
+§g(v;’|3;¢:r "[% ¥ 1] n(% + |b¢|ﬁ] 2
. ()[W( (& - a7

JT gW)by + o by a
- ]l{SO>K}J+ > 70”3(#' (Ib¢l - 1] n(ﬁ - Ib¢lﬁ] )

after some simplifying calculus.

To further simplify expression (A2), we note that

b¢ < b¢ >0,
|b¢| =
—b¢ = b¢ <0,

sign(by),

by _ sign(by)

g~ b}
by
< +1=2,
|b¢| {bg>0}>
by
2 1= 2y,
Ibgl by <0}

|b¢| + b¢ = 2b¢]l{b¢>0},
and
|b¢| - b¢ = - 2b¢]l{b¢<0}.

Replacing these simplifications in expression (A2) and rearranging
yields

v—0 O

0 a
lil‘n—I 0,T,Sy,K,p,v) = TN| — + by~ T
c( 0 ¢ ) (ﬁ (3 ]
+

(V)\/* (_ +b¢\/—] e—2ab¢ll{b¢<0}

Another simplification arises by noting that

TW( JTEWbs +o,

n e + |b¢|ﬁ]ﬂ{b¢>0} =

O'|b¢| \/T O'b¢
[% + b T ]]l{b¢>0}
and
gWby+o ( a
VT2 iy (ﬁ - Ib¢|ﬁ]ll{b¢<o}
gW)by + o a
TR T

which implies that these two expressions are symmetric in the corre-
sponding regions. Let us now define

W \rg(v)b¢ +0o [

a
—— + by T
O W 4’()

Then,

—2ab¢Jl{

e "¢<°}Wll{b¢>0} - e_zab¢ﬂ{b¢>°}( - W)Jl{b¢<0}

—2ab¢ll{ —2ab¢]l{ (A4)

=W(e
=W.

g e g )

Finally, combining expressions (A3) and (A4) and rearranging the
obtained terms yields Equation (13).

ii. Equation (17) corresponds to Dias et al. (2024b, eq. 10), but now
augmented for the possibility of having option-pricing scenarios
with v = 0.

iii. The proof follows straightforwardly by simply rearranging Dias
et al. (2024b, egs. 11 and 12) and noting that the indicator
function included in Dias et al. (2024b eq. 9) associated with the
at-the-money case, that is, 5 X Iis,=x) can be excluded. Finally,
the integral (19) is obtalned by wusing the rela-
tion 1 — ]l{Sn>K} = ]l{S()SK}'

iv. Equation (20) corresponds to Dias et al. (2024b, eq. 13).

Appendix B
Proof of Proposition 2

The case with v = 0 for the perpetual profit cap must be treated
carefully. Let wus first define the expression inside the
square brackets of Equation (19) as h(0, o0, So, K, ¢, V), so that
I.(0, 00, So, K, ¢,v) =h(0, o0, Sy, K, ¢, v) /v. It is easy to
show analytically that h(0, 00, Sy, K,1,0) =1 and
h(0, o, Sy, K, — 1,0) = 0. Hence, the limy_oI.(0, 0, So, K, 1, 0) ex-
plodes to infinity and the lim,_(I.(0, o, Sy, K, — 1,0) gives an

JT indetermination of the type 0/0. This implies that we can apply the
ion (b I'Hopital rule only to the second limit and the problem must be
&(2@ 2ab¢1{b w0} 1 N(L + |b¢|ﬁ] restricted to g > 0, otherwise it is not well-behaved due to its per-
2bg ¢ T petual nature. This is a well-known feature in the option-pricing
(A3) literature.
gWbg+0 (a
- 11{50>K} T albyl " JT + Ibgl/T Jl{b¢>0} Therefore, for r = 0 and q > 0, the perpetual profit cap can be calcu-
lated as
—2ab, sign(b,
—e 2 ¢ﬂ{b >0}[¥(2ab¢l{b¢<0} — 1][[\7(% - |b¢|ﬁ]
2 T VoK, 20,0.100) = Sok(0 0,50, K. 1 @) — Klim
r—0 B1
gWbs+a ( a
———— n|— — IbINVT |1 . I.(0, 0, S, K, — 1, r).
{w}} T T T Pl (0, 00, 5y g
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Using the derivatives considered in Appendix A and rearranging the
obtained terms yields

ih(o, 0, So, K, — 1,r)
or

1(2r— O'b,l b,l b,l —C +0
= + | =2 +1|a——L " [ealer-b1g

2[ oc? ( ¢ ] ocy {so<k} (B2)
+ l 2”_—01)*1 _ h -1 ab*1 tat+o e—aler+b-D] )

2 oc? c ac, {so>x}

Now it is necessary to calculate the lim,_0I.(0, o0, So, K, — 1,7)/0r,
which is equal to the lim,_q 0h(0, o, Sy, K, — 1, r)/dr. Using expres-
sion (B2) and noting that lim,_oc, = Ib_4l, it can be shown that

limilc(o, 0, Sp, K, = 1,1)
or

r—0

1( by b_ by —lbal+o

—|- + +1lja———
[ lb_y? [\b_ll ] alb_yl

2
i b (b boy+ bl +0)
+ |- | = —-1lg—=— a(\b,1I+b,1)]l
z[ b_,P [\b,ﬂ ]a olb_,| ]e {s0>x}

. 2b_41 +0Y) B
:5[‘—&@(”-%21 — L ]e“l‘{b-«o}l ®3)

]ea(lb_ﬂ—b_n]l{soq(}

b2, O T so<k}

2b,lll{b71>0} +0o

B2, + 2]l{b,l<o}a 50>k}

+ 1] sign(b_;)
2 alb_4l

}:“‘”‘{b»oh{

— 1 —2ab_1 — L — L
=5 Meosk} T (a 2b,l]n{30>’<}’

because r = 0 and ¢ = — 1 and, hence, b_; < 0.

Finally, combining expressions (B1) and (B3) yields Equation (21).

Appendix C

Proof of Proposition 3
This appendix is organized into two parts:

i. Combining Equations (5) and (6), the finite-lived floor can be
rewritten as

F(Sy,K,T,o,1,q)

T 1)
- [ [Ke‘”N( — do(®)) — SN ( — dr(0) |,

which requires the computation of two integrals. Following a
similar procedure to the one used by Dias et al. (2024b,
Proposition 1) for the case of finite-lived caps, it can be
shown that the integrals for the finite-lived floor case are as
follows:

b,
[, T, S, K, ¢,v) = 5[—%(1 + 1)ea<cwb¢> [N(—? +6T) - u{S0>K}]

Cv

e T R [

Cv

_efer(_% - b¢ﬁ) + JI{SOSK}]’

for v > 0. This integral can then be used for valuing the finite-lived
profit floor (23) when v > 0.

Alternatively, summing the integrals (C2) and (12) yields

(0, T, S0, K, ¢,v) + I.(0, T, So, K, ,v)

= %[—e"’TN(—% - b¢ﬁ) + ]l{S()SK} —e'IN
(\% + b¢ﬁ> + 11{50>K}],

(C3)

= %I—e“’T + e“’TN(V,% + b¢ﬁ)

- e,uTN(% + b¢ﬁ) + 1],

1—eVT

v 5

which implies that the integral (C2) can be reexpressed as

€

1-—
50, T,S,K,$,v) = ——— = L(0, T, S, K, ¢,v), (C4)
v

as indicated in Equation (24).

For v = 0, it suffices to note that

— oVl
mE(0, T, So, K, 6, v) = im 2= _ limL(0, T, So, K, $, v)
v—=0 v—0 v v—0

(C5)
=T-1L(0,T,5S,K,¢,0),

as shown in Equation (25).

ii. The perpetual floor can be obtained as

F(Sy,K, 00,0,r,q) = lim F(So,K, T,0,7,q)

T— oo

=Klim (0, T, Sy, K, — 1,1)

T—oo
— S lim (0, T, So, K. 1, q) (Co)
T—oo

= KE(0, 0, So, K, — 1, 1)

— Sok(0, 0, Sp, K, 1,9),
as given in Equation (26).

Using the integral solution (C2), it follows that

(0, 00, Sy, K, ¢,v) = lim £ (0, T, So, K, ¢, v)
T—-oo
—1|_1(b (@-bp)(] —
_v[ 12+ )ere o - g
(C7)
1(bg —a(cy+b
1 G )

-0+ ]l{SogK}]’

after applying the limits shown in Dias et al. (2024b, egs. A14-A16).
Finally, the analytical representation (27) is obtained after performing
some calculus.

Alternatively, we can use the integral solution (24) to show that

(0, 00, So, K, ¢, v) = lim =" _ lim I,
T— oo v T— o0
0, T, So, K, $,v) (C8)

=1_1.(0, 00, S, K, ¢, ),

v

as documented in Equation (28).
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Appendix D
Proof of Proposition 4

The case with v =0 for the perpetual profit floor must be treated
carefully. Let us first define the expression inside the square
brackets of Equation (27) as j(0,00,S,K,®,v), so that
(0, 0, So, K, ¢,v) = — j(0, 0, Sp, K, ¢, v)/v. It is easy to show ana-
lytically that j(0, o0, Sy, K, 1,0) = 0 and j(0, o0, Sp, K, — 1,0) = — 1.
Hence, the limy_oI; (0, o0, Sy, K, 1, 0) gives an indetermination of the
type 0/0 and the lim,_,¢ (0, 0, Sy, K, — 1, 0) explodes to infinity. This
implies that we can apply the 'Hépital rule only to the first limit and
the problem must be restricted to r > 0, otherwise it is not well-behaved
due to its perpetual nature. This is, again, a well-known feature in the
option-pricing literature.

Therefore, for r > 0 and g = 0, the perpetual profit floor can be cal-
culated as

F(Sy,K, o, 0,7,q) = K(0, 00, Sy, K, — 1,7) — Splim
q—0 (Dl)

(0, 0, So, K, 1, ).

Using the derivatives computed in Appendix A and rearranging the
obtained terms yields

_ 1[-2g oby by cg—bi+o
aq-’(o 0,50, K,1,q) = (7003 + (Eq + 1)(17% ]

ed (Cq_bl)]l{S()SK}

z2g-9b (b _ ) fatbi=c

+2( P + (cq 1)a oty ]
e—a(cq+b1)]l{so>K}.

Now it is necessary to calculate the limg_ (0l (0, 0, So, K, 1, q)/dq,

which is equal to —lim,_(3j(0, o, So, K, 1, q)/dq. Using expression
(D2) and noting that lim,_,oc, = Ibyl, it can be shown that

— by
;E%aqlf - 2( \b1\3 (b )
0,00,80,K,1,q) o't b1+°')ea<unl W,
glbpl }
by
(1)
2( \b1\3 Iby (D3)
‘bl‘+bl—<7 —a(Ibyl+by)
olbyl ) o 11[ 50>K}

g
T n 2by

Hsosi} * 27" Ysoorf

because ¢ = 0 and ¢ = 1 and, hence, b; > 0.
Finally, combining expressions (D1) and (D3) yields Equation (29).

Appendix E
Some Auxiliary Computations

Taking 8 € {B,, B,} and using Equation (10), we notice that

[ 2
2 1 r—q I(r—q 1 2r 1] 2
B —= [ + — )+ L
( 1,2 2)Cr [2 o2 = \/( o2 2) o2 219

A (ED)
i ‘J‘ r—q—-o2/2
=-(r-9 =+ 9 (76 ) +2r

=—(r—q) £ a\b} +2r

=—(r—gq) + oc,.

Therefore, combining Equations (14) and (E1), it follows that

a _ In(So/K) , r—q+ @B p-1/2)0?
FroVT=""14 2 JT (E2)
= dﬁl,z(T).
Moreover,
a
ﬁ * Cqﬁ = dﬁl,z(T)’ (E3)

because ¢; = ¢,. To demonstrate this equality, we note that

¢f —cg=b% +2r—bf -2

=(b_y + b))(b_y — b)) + 2r — 2q

_ r—q—az/2+r—q+02/2
B o o
—g—o2 _ 2
[r g—o*2 r q+a/2]+2r_2q (E4)
o o
:2(}'——(1)(_0) +2r—2q
o

=-=2r+2q +2r—2q
=0,

which is valid for the assumed parameters r € R* and q € R*.

A further simple and very intuitive way of checking this equality is by
expanding the expressions of ¢, and ¢, that is,

cr=+/b% +2r
(, q o\
Nr—qg-—

e

=frrgr o+ Ly
N a o2  o? 4 o?

o2 2ng

and

cq:\/bl2 + 2q

\ o2 \
lr—qg+<%
= 7(1 2 + 2q
o (E6)
q 2rq
\/r+q+—+—2+7 ?

Hence, noting that ¢; = ¢, and substituting expression (E3) in Equation
(58) yields

So b1 + — 1
Vs = ot reate [N (g (1)) = Yo} = 5 % 11{50=K}]

(E7)
Sobr—cr _ 1
PG eah [ll{sw} X - N(d;;z(T))].
Similarly, replacing expression (E2) in Equation (59) yields
Kb_i+cr _
Vo= = o ety [N (dg, (T)) = Uspo} — 5 X ll{so—K}] -

_Kba—ero—a(e+bon) {JI{SPK} + % X Jl{s():K} - N(d52(T))].

2r cr
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Some additional auxiliary calculations are required again. We first note
that the ingredients b; and b_; are related since

_ 2
b1= r—q+09/2
g
r—q+02/2

:f—0+0 (Eg)
_r—q-od%/2
= + 0o
=b_; +o0.
Moreover,
1 r—-g r—gq 1)2 2r
== - +. - +5
A 2 o? \/( a? 2 o?
—_g— g2 (r—a—a2/2)
__r q20/2+1,(r q 0/2]+2r (E10)
1o al I°s
_Cr—b_l
T 0
and

ag

:_V—q—UZ/Z_1\/(r_q_gz/2]2+2r (E11)

1 r—gq (r=q 1y o2r
Bo=5 - _\}(—2__)+_2

o? o o
¢ + b_1
.

Combining Equations (14) and (E9)-(E11) gives

a(er — b)) =a(e, — by — 0)

n(So/ K) In(So/ K)
= 20 g — HNE (E12)
:ln(%)(ﬁl - 1)!
—a(c, + by))=—a(e, + by +0)
_ _ln(Sg/K)( ﬁ, ) ln(So/K)U (Elg)
=In(2)6, - D,
a(e, —by)= ln(SZ/K)ﬁlg (E14)
14
= ln(%)ﬁl,
and
—~a(er + boy) = ="~ B0)
(E15)

= ln(i—")ﬁz.
Computing the exponential functions of Equations (E12)—-(E15) yields

ealer=b1) — eIn(So/K)(B—1)

_ (@)51*1 (E16)
=% s
e-a(ar+by) = gIn(S0/K)(Ey-1)
_ (&)62—1 (E17)
X 5

ealer—b-1) = n(So/K)R

_ (@)ﬁl, (E18)

K

and

e—aler+b-1) — oIn(So/K)B;
_ (&)52 ) (E19)

K

Using Equations (E9)-(E11), it follows that

b1+C,_

bi+o+c¢
[ cr

[ b_1
_U(_ s 1) (E20)

Cr
g, -1

¢

bl—Cr_

b_l +o—c
cr ¢

¢ — b
_0( s 1) (E21)

¢
_ _U(Bl -1)

Cr

cr+b_q
b_1+c¢r — _g(_ g )
Cr cr (E22)
=%

Cr
and

¢ — by
by —¢ I
Cr Cr (E23)
_ =

Cr

Substituting expressions (E16), (E17), (E20), and (E21) in Equation (E7)
and rearranging yields

V=50 M( )ﬁ {N(dﬁl(T)) - 11{50>K}

20
Zq cr K
So o, =© 031 -1

By—1 1
+3, X ?0) {JI{SO>K} +5 X Jl{so=1<}

- N(dﬁz(T))]

(E24)
_ KA

2q

- % X l{Sg:K}]

1-6; - -1
+K 2 x a(By )S0
2q cr

—9B—-1D o
x ZEDgh [N(dﬁl(T)) Yo

{JI{SO>K} + % X Jl{SO:K}

- N(dﬁz(T))].

Similarly, replacing expressions (E18), (E19), (E22), and (E23) in
Equation (E8) and rearranging gives

18
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2r cr

V= - x () [N(dﬁl(T)) ~ 5o}

=X

- 5
Xy (%) 2[Jl{So>K} + 5% 5=k}

2r cr

- N(dg,()]

B (E25)
BB g [N(dﬁl(T» ~1i5,x)

2r C)

1
-5 X ]l{So=K}J
1. —ap;
—E X sy [JI{SO>K} +5 % Uso-x}
- Ny, ()|,

Next, it is necessary to sum the option components (E24) and (E25) so
that the common terms can be grouped as follows:

9(B—1) 9B, _
Vior Vo= (=250 4 )RS [N (dg, (1)

~fsor) = 5 ¥ JI{SO:K}]

_ 9B -1 9B\ 1B, ch2
+( 2qcr + 2rcr)K ZSO [1{50>K}

(E26)

+ X g = N ().

Definitions (15) and (16) imply

— 2 Iy 2
_ (r q_l)+£+ (r Q_l)+£ (E27)
o? 2 o? o? 2 o?

251 _Bz~

Moreover, using Equation (E27), it is straightforward to show that

9B -1 +Lﬁz=_i(ﬁz -1 _&]

2qgc, 2re, 2¢, q r (E28)
__1 [& _ E]
61 - 62 r q
and
G 0_51__1(@ - ﬁ]
2qc, 2re,  2¢ q r
(E29)
_ 1 (& _ @].
ﬁ1 - ﬁz r q

Replacing expressions (E28) and (E29) in Equation (E26) and rearran-
ging yields

—_1 B; -1 3 B
R e Al L

~fspor) = 5 X l{sozk}}

L (B A1) 1 p, b
/31—132(r q )K *So

[ll{s0>1<} +5 X g} =N (dﬁz(T»] (E30)

= B(K)S(fs2 [JI{SO>K} + % X JI{SO:K} — N(dg, (T))}

—AGS] Uy} + & X U] — N (@5 ()

with A(K) and B(K) given by Equations (8) and (9), respectively.
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