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Keywords: This paper offers an analytical setup for evaluating optimal investment decisions associated to a feed-in tariff
Real options (FIT) contract with a minimum price guarantee (i.e., a price-floor regime) under the constant elasticity of
CEV model

variance (CEV) model. The proposed analytic solutions can be used to optimally design FIT contractual schemes
with both perpetual and finite maturity guarantees. We show that the argument that a perpetual guarantee
only induces investment for prices below the price floor when a risk-free investment opportunity is available is
still valid under the CEV process. We also demonstrate that the optimal price-floor level triggering immediate
investment in the presence of a perpetual guarantee is independent of the elasticity parameter of the CEV
model. By contrast, we show that such independence is not valid any more in the case of FIT contracts with a
finite maturity guarantee. Our results provide evidence that care must be taken when a policymaker aims to
design a given instrument to induce investment decisions with FIT contracts because the differences between
trigger points under alternative modeling assumptions are quite significant and the excessive rents are usually
paid at the expense of tax payers.

Feed-in tariff
Price-floor regime

1. Introduction problems and, hence, an abundant amount of research has emerged in
the real options literature related with this topic, e.g., [4-15].

This paper proposes an analytical setup for analyzing optimal invest- Building upon the work of [4] and similarly to the case analyzed

ment decisions associated to a feed-in tariff (henceforth, FIT) contract in [7,10] under the GBM assumption, our real options model under

with a minimum price guarantee (i.e., a price-floor regime) under the the more general CEV process includes managerial flexibilities and

constant elasticity of variance (hereafter, CEV) model, that is known
to nest the limiting geometric Brownian motion (henceforward, GBM)
process as a special case. Our analytic solutions are suitable to design
FIT contractual schemes with both perpetual and finite-lived guaran-
tees. Even though the project value of a FIT contract under the CEV
process arises straightforwardly from the cap and floor solutions offered
recently by [4], the analytic formulae proposed in the present paper for

calculates the optimal trigger level that induces a firm to invest in a
FIT project with a minimum price guarantee. Within this policy, the
producer receives a fixed amount if the market price is below the price
floor or the market price, otherwise. Although the use of a simplistic
real options approach based on a GBM diffusion is easier to be tackled
analytically and numerically, it is well known that the CEV diffusion

studying investment decisions with minimum price guarantees consti- is better able to accommodate several stylized-facts that are commonly

tutes a novel real options framework that should be useful for investors reported in the literature, namely the so-called leverage and volatility

and policymakers in a wide variety of management decisions involving smile effects.!

renewable energy projects. Our analytical formulae and the corresponding numerical analysis
The use of such support schemes has been considered as an impor- provide several interesting results that should be relevant for academics

tant tool to design incentive policies associated with renewable energy and researchers when studying such incentive policies. In particular,

projects that might be relevant for mitigating many environmental we show that the argument of [7] that a perpetual guarantee only
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induces investment for prices below the price floor when offering a
risk-free investment opportunity is still valid under the CEV process.
This indicates that a perpetual guarantee is not economically sound
even when considering a non-constant volatility setup such as the one
considered in a CEV local volatility model. We also demonstrate that
the optimal price-floor level L* triggering immediate investment in
the presence of a perpetual guarantee is independent of the elasticity
parameter of the CEV model, which implies that it is equal to the one
derived by [7] under the GBM case. Nevertheless, for optimal threshold
levels P above the optimal price-floor level L* we observe that the
leverage effect produces significant differences amongst models with
different elasticity parameters.

By contrast, we show that such independence of L* is not valid
any more in the case of FIT contracts with a finite maturity guarantee.
Using the European onshore wind farm case considered in [7,10],
we conclude that an annual difference higher than 1 million Euros
of supporting rents (per farm) is required if the regulator negotiated
the contract based on a GBM assumption when the price process was
better described by an alternative CEV process. Hence, care must be
taken when a policymaker aims to design a given instrument to induce
investment decisions with FIT contracts, because the differences be-
tween trigger points under alternative modeling assumptions are quite
significant and the excessive rents are usually paid at the expense of
tax payers.

The remainder of the manuscript is organized as follows. Sec-
tion 2 briefly summarizes the CEV model setup adopted in this paper.
Section 3 presents the analytical formulae for evaluating optimal in-
vestment decisions associated to FIT contracts with a minimum price
guarantee under the CEV model and considering both the cases with
perpetual and finite maturity guarantees. Section 4 provides some
numerical examples and Section 5 presents some concluding remarks.
All the proofs are relegated to a supplementary file that is available as
an internet appendix.

2. Model setup

Most of the real options applications rely on the GBM diffusion
process (also known as lognormal process) mainly due to its simplicity
and analytical tractability rather than its ability or empirical valida-
tion to cope with many real-world problems. The constant volatility
assumption of the GBM process is known to be its major drawback.
The CEV modeling design used in this paper avoids this undesirable
property by allowing volatility to depend on the uncertain output price
of the investment problem, i.e., volatility is modeled as a function
of the stochastic output price. This provides not only a more flexible
modeling approach than the standard GBM assumption, but it also
nests the limiting GBM process as a special case of the more general
CEV framework. Even though the mathematical complexity of the CEV
model is higher (as expected), it is still possible to obtain closed-form
analytical solutions that should be useful for both academics and man-
agers when evaluating investment decisions and managing operations
of investment projects in the presence of a price-floor regime.

Although the empirical research on real options is not so well de-
veloped and documented as it is for financial options, there is evidence
supporting the use of a CEV diffusion model, e.g., [16-18], just to name
a few. To strengthen even more the motivation of the CEV model to
real-world energy applications, we recall that [4, Appendix A] com-
pare the fitting performance of the CEV and GBM models using daily
spot prices from the electricity market in France, since it is a major
European market of power in Europe. Their assessment is made by
using the standard information criteria, i.e., the Bayesian Information
Criterion (henceforth, BIC) and the corresponding Akaike Information
Criterion (hereafter, AIC) computed from the maximum Log-Likelihood
(henceforth, LL). Overall, the BIC and the AIC computed from the
maximum LL reveal that the CEV model provides the best fitting
performance when compared with the GBM diffusion, thus offering
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additional empirical validation supporting the CEV assumption over the
standard lognormal assumption.

Following these insights, hereafter we follow [4] by assuming that
the output price P is described via a CEV process represented by the
stochastic differential equation

dP, = (r—q) Pdt + 6(P)PdW2, )}

with the local volatility function — assumed to be continuous and
strictly positive for all P € (0, ) — given by
[}

o(P) :=6P> , 2
for 5§ € Rt and # € R, and where r and ¢ are the (positive and
constant) interest rate and dividend yield (or rate of return shortfall),
respectively, while {W,Q € R : t > 0} is a standard Brownian motion
under the risk-neutral measure Q, initialized at zero and generating the
augmented, right continuous and complete filtration F = {F, : ¢ > 0}.

The modeling specification given by Egs. (1) and (2) nests the
lognormal assumption of [19,20] (if # = 2) as well as the absolute
diffusion (if § = 0) and the square-root diffusion (if § = 1) processes
of [21] as special cases. We recall also that if g < 2 (resp., f > 2), the
local volatility function (2) is a decreasing (resp., increasing) function
of the asset price, thus being able to generate downward-sloping (resp.,
upward-sloping) volatility skews that are observed in the market. As
usual, the model parameter § is interpreted as the scale parameter
fixing the initial instantaneous volatility at time t = 0, 6p = o(P)) =
BP[f /2=1 This calibration procedure is standard in the option pricing
literature in order to ensure that CEV models with different values of g
have the same variance at inception, thus permitting valid comparisons
between different CEV diffusion processes.

3. Investment decisions with minimum price guarantees

This section considers a FIT contractual agreement with a minimum
price guarantee — also known as a contract based on a price-floor
regime — such as the one considered in [7,10] for the case of a
renewable energy project and from a single investor’s perspective, but
now under the CEV modeling setup. Although [4, Section 4] show how
to determine the risk-neutral value of a project containing a perpetual
or a finite-lived floor clause, they do not calculate the optimal trigger
level (or optimal threshold) that will induce a firm to optimally invest
in such a FIT contract and the value of the corresponding option to
invest (i.e., the value of the investment opportunity). This is precisely
the main purpose of this section. To accomplish this goal it will be
necessary to solve an optimization problem for both the perpetual and
finite-lived cases.

3.1. Perpetual case

Let us start with a contractual scheme with a perpetual guarantee.
This time-independent assumption implies that the investor may re-
ceive payments from the guarantee forever. Even though such perpetual
guarantee is not used in practice, it is important to analyze it first in
order to be compared with the more realistic case of a finite guarantee.

3.1.1. Value of the project

In the FIT contract under analysis, the producer (or investor) is
entitled to receive the price floor L for every unit of energy produced
when the market price P is below the price floor; otherwise (i.e., when
P > L), the producer receives the market price. Hence, the perpetual
profit flow of such renewable energy project can be formally defined as
I (P,) := max (P, L), with P, being understood as the time-¢ revenue
for one unit of energy produced and L being interpreted as the revenue
from the guarantee for one unit of energy.

Assuming that the output price P follows the CEV process defined
in Egs. (1) and (2), then the value of the (infinite horizon) project
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with a perpetual profit flow IT (P,), V;(P,L,0) = [~ e “Eq I
(P,) IF,] du, must satisfy the following ordinary differential equation
(hereafter, ODE), subject to the appropriate boundary conditions,

2

Vs

10,54 dv, B
55 P P +(r—q)P,d—Pt—er+H(P,)—O, 3

whose analytical solution is dependent on the drift specification (i.e.,
whether r = g or r # q) and on the elasticity parameter g, as already
shown in [4, Propositions 8 and 9].

3.1.2. Value of the investment opportunity

Considering that an investor has a perpetual investment opportunity
to invest in a project with a sunk cost I, we can (simultaneously)
determine the value of the (perpetual) option to invest in a project
with a perpetual guarantee, Ff(P,,F, o), and the optimal investment
rule, with P being interpreted as the optimal output price trigger level
that will induce the investment.

The valuation of an investment opportunity in the presence of a
perpetual guarantee is addressed through the following optimization
problem:

5
F (P,,F,oo) = sup Eg [ / T1(P)e™" 0 dy — 1e—'<f*—’)| T’,] ., @
el T*
where II(P,) is the time-u profit function upon investment, I is the
investment cost to be made at the optimal investment (or stopping)
time ¢* = inf{u >t : P, = P}, whereas T is the set of all stopping
times taking values in [#,oo[ for the filtration F. The solution to this
problem is presented in Propositions 1 and 2 for the cases with r = ¢
and r # g, respectively, where the first passage time * is economically
interpreted as the optimal time at which the investor should optimally
exercise the option to invest in a project with a perpetual guarantee.
Assuming that the output price P follows the CEV process defined
in Egs. (1) and (2), then the value of the option to invest in a perpetual
project must satisfy another ODE but with no profit flow, that is

l 2

2

PRy Rl A )
+(r—q@Q P—— —rk;=0,

[ P’Z [ P, f

whose analytical solutions depend, again, on the drift level and g
parameter and are determined subject to appropriate boundary condi-
tions. The next two propositions offer such novel results for evaluating
a perpetual option to invest in a project with an infinite-lived guarantee
under the CEV process. We start, however, with a remark clarifying in
which region the value-matching and smooth-pasting conditions can be
applied.

Remark 1. Similarly to what happens in the limiting GBM case consid-
ered in [7,10], the value-matching and smooth-pasting conditions are
not met when P < L. Therefore, investment never occurs in this region,
except when % > I, which would imply a counter-intuitive result of a
project generating a positive net present value (hereafter, NPV) that is
independent of P. Moreover, such risk-free payoff would be the same
for any f € R, because the simultaneous presence of bubbles in the
project value and in the option component would cancel out any bubble
effect for > 2. In summary, the optimal investment threshold for a FIT
contract with a perpetual guarantee is restricted to the range P > L.

Proposition 1. Assume the CEV process with r = ¢ and introduce the
following notation:

z,=2P) i= ———P, (6)

2 A formal proof of these arguments under the CEV model is available upon
request.
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and
. 1
Vi= —.
15 -2
The time-t value of the (perpetual American-style) option to invest in a
project with a perpetual guarantee is given by

)

F;(P,. P, ) ®
[Vf,(,,,(P, L,00)+ G®(P) 14y — I] S/ (P, P,o0)
= —GP(P) 1psy € P<P -
Viop(PinLooo) = I < P>P

with Vi op(Prs L, 0) being given by [4, equation 66] but conditional on
P, > L, that is

Viop(Ps Ly o0) 1= V(P L,oo) sy

1
5 P,
ByP K, (z) + 2 & p<2 ’ ©

1
AgP21,(z,) + % -G®(P) & f>2

where G{°(P,) is the perpetual bubble value defined in [4, equation 10] as

o ®  uen Tv,wy)
GS (ﬁ):/ P, o4 ”Tv)'du, (10)

with % being the incomplete gamma function ratio (or normalized
function) shown in [22, equation 8.2.4], with I (v,w) and I (v) being
the upper incomplete gamma function and the Euler gamma function given

in [22, equations 8.2.2 and 5.2.1], respectively, for v,w € R*,

w, = w(P) =k, , PP 0P, an
2(r—q)
—— & r#gq
22— p)[er—DC=Fu=0_
A L 12)
< r=gq

62(2—f)* (u—1)

1,(z,) and K, (z,) are, respectively, the modified Bessel’s functions of first
and second kind with order v, as given by [22, equations 10.25.2 and
10.27.4], Ay = Ay(L) and By, = By(L) are constants (associated to the
value of the project) that solve the system of equations shown in [4, equation
171, for any p # 2. The stochastic discount factor of the perpetual option
to invest is given by

B 1,z(R)
P 1,((P))
[ERGE) 5o g
P K, (z(P))
which can be financially interpreted as the time-t price of a perpetual claim
that pays $1 the first time P reaches P from below, with the optimal
threshold P (> L) and the constants Ay = A;(P) and B; = B|(P)

(associated to the value of the option to invest) being obtained as the solution
of the following system of equations:

& f<2

S;(P.P,o0)= (13)

1 1
A P21 (z(P)) — ByP2 K, (z(P)) =

Z_g
> B = as)
Al (z(P))+ ByK, 1 (z(P)) = \;—%P 7
for p <2, and
1 1 _
B P2 K, (z(P) - AP I,z:(P) = 2 1
= I = as)
B K, 1 (z(P)) + Agl, . (z(P) = =P 7,

2r

5

for > 2.
Proof. Please see Appendix A. W

Remark 2. Even though the constants A, and B, are easily determined
by solving (numerically) the system of equations presented in [4,
equation 17], in this paper we calculate each one via a very simple
closed-form solution, provided in Appendix A, after using some calculus
and the Wronskian shown in [22, equation 10.28.2].
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Proposition 2. Assume the CEV process with r # q and introduce the
following notation:

_ L 2r—ql g
X =x(B) = B (16)
e 1=sign[(r — 9)(B - 21, an
1 1 r
k = = - s 18
€<2+2(ﬂ—2)> =G -2) a8
L 1
mi= s 19)
a::%+m—k, (20)
b:=142m 21)
and
2r—gl \?
. r—q 2
! "(52|ﬁ—2|> ' @

The time-t value of the (perpetual American-style) option to invest in a
project with a perpetual guarantee is still given by Eq. (8), but now with
Vi op(Prs L, 00) being given by [4, equation 67] but conditional on P, > L,
that is

Vi.op(Fp> L 0)
= Vf(P,, L, OO)I{RZL}

1)
ByYe“™ 2 BU(@a bx) + 2 e p<2

(- i o ’ @3
AYe VI M@ bx)+ L -GP(R) & p>2
where M(a,b,x,) and U(a, b, x,) are, respectively, the Kummer’s and Tri-
comi’s confluent hypergeometric functions defined in [22, equations 13.2.2
and 13.2.42], Ay = Ay(L) and By, = B\(L) are constants (associated to
the value of the project) that solve the systems of equations given by [4,
equations 26 and 27] for p < 2 and p > 2, respectively. The stochastic
discount factor of the perpetual option to invest is given by

=D MXD B M@bx(P)

P M(abx(P)
=D UGab xR
U(a,b,x(P))

& p<2
, 24
& f>2

S(P,P,c0) =

with the gptimal threshold P (> L) and the constants A = AI(P) and
B, = B,(P) (associated to the value of the option to invest) being obtained
as the solution of the following system of equations:

— — - x(P) ——1
A M (a,b,x(P)) - ByU(a, b, x(P)) = (f - I) y-le1-95p
AjSM(@a+1,b+ 1,x(P)) + ByaU(a + 1,b + 1,x(P))
P —1- —1 \x(P) —p=2
[ (Er) (P e

q q 2|r—q|
(25)
for p <2, and
B,U(a, b, x(P)) — AyM(a, b, x(P)) = (g - I) yli-o5
BiaU(a+ 1,6+ 1,x(P) + AgS M(a+ 1,6+ 1,x(P)) (26)
= [L4 (E 1) S B yoe00 S F

for p> 2.
Proof. Please see Appendix B. W
Remark 3. Again, although the constants A, and B, can be easily

determined by solving (numerically) the systems of equations of [4,
equations 26 and 27] for f < 2 and f > 2, respectively, in this paper
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we calculate each one via an analytic solution, provided in Appendix
B, after using some calculus and combining the standard solution and
the Wronskian presented in [22, equations 13.2.4 and 13.2.34].

In summary, the optimal decision to invest in the case of a FIT
contract with a perpetual guarantee can be analyzed via Propositions
1 and 2: exercise the (perpetual) option to invest only if P, > P;
otherwise, i.e., if P, < P, it is better to wait and avoid loosing the value
of waiting in the spirit of [23].

As highlighted in Remark 1, the perpetual case requires that P > L
so that the problem is well behaved. In order to ensure that this con-
dition is met, we determine the investment cost level I that separates
the regions P > L and P < L. This is accomplished by replacing P
by the fixed price floor L (previously defined by the government) in
the systems of Egs. (14), (15), (25) and (26) and solving each one
with respect to I = I}. The obtained I} value can be economically
interpreted as the required investment cost that makes the fixed L
the optimal trigger of investment. Notice that the constants A, and
B, should be taken as functions of L and, hence, they are known in
advance using Remarks 2 and 3. Armed with the values of Ay = Ay(L)
and By = By(L), the I} level is then easily computed using the systems
of Egs. (14), (15), (25) or (26) for the specific required case. If I* < I,
the optimal threshold P can be calculated since P > L; otherwise, i.e., if
I} > I, the value-matching and smooth-pasting conditions are not met
under the perpetual case and, hence, the investment problem falls in
the counter-intuitive case exposed in Remark 1.

Several other interesting points can be also analyzed. For instance,
for a given time-s price P, (i.e., the current price) and a fixed price floor
L (that is subject to the government policy), [7, equation 16] allow
us to determine the investment cost I* that would induce the firm to
exercise the option to invest immediately under the GBM process. In
other words, this I* value indicates the required level of investment
that would make the time-t price P, the trigger value to invest. In our
case, this I* value can be obtained by solving the systems of Eqgs. (14),
(15), (25) or (26) with respect to I = I* (and with P replaced by
P, > L) for the specific required case, which can then be compared
with the initial investment cost I of the project. Again, the constants A,
and B, are functions of L and, therefore, they are already known using
the analytical formulas mentioned in Remarks 2 and 3. As expected, if
I < I* it would be better for the firm to invest immediately because
P, = P at the I* level.

Furthermore, taking now the initial investment cost I of the project
as given and substituting L for F, [7, equation 18] show how to
compute (under the GBM process) the interesting point where the
optimal threshold value P is equal to the price floor L = L*. The
obtained L* value can be economically interpreted as the required price
floor level to be offered by the government to induce the firm to invest
immediately (i.e., so that P = L*) for the fixed initial investment cost.
In our case, this L* value can be obtained by solving systems of four
equations with the required constants being now functions of L*. In
particular, the following procedure is adopted to find the L* value:
(i) if r = g and p < 2, use the systems of equations [4, equation 17]
with L = L* and (14) with P = L*; (i) if » = ¢ and § > 2, use
the systems of equations [4, equation 17] with L = L* and (15) with
P = L*; (i) if r # g and g < 2, use the systems of equations [4,
equation 26] with L = L* and (25) with P = L*; and (iv) if r # ¢
and g > 2, use the systems of equations [4, equation 27] with L = L*
and (26) with P = L*. The obtained L* value can then be compared
with the minimum price guarantee L that is offered by the government:
if L > L* it would be better for the firm to invest right away.

Even though the levels of I and L* can be calculated numerically
using the aforementioned numerical procedures, it is possible to show
analytically that /] = % This is accomplished using relatively simple
calculus by appropriately combining the solutions offered in Remarks
2 and 3 with the systems of Egs. (14), (15), (25) and (26) and solving
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each particular case with respect to I = I;.? This also implies that
L* = rI. Therefore, I; and L* are both independent of § under the
perpetual case and, hence, are the same triggers offered by [7, equation
18] for the GBM case. The independence of I; and L* on the parameter
p seems to be surprising at first glance, but is explained by the perpetual
nature of the guarantee; as we will discuss in the next subsection, such
independence is not valid any more in the case of FIT contracts with a
finite maturity guarantee.

Nevertheless, such independence of the p parameter is only ob-
served at the level L*, because for the range of price floors L € [0, L*[
the optimal trigger value P decreases as we move further away to
the left of § < 2 and increases as f rises for the case with g > 2.
Only at P = L* the optimal threshold of investment is the same.
Since alternative CEV models imply the existence of different optimal
triggers or, equivalently, distinct optimal stopping times, a government
assuming a GBM process to define a FIT policy might be paying a too
high or a too low price floor to stimulate a firm to exercise the option
to invest if the specific investment problem is better described by a
different CEV model.

3.2. Finite case

Let us now analyze the FIT contractual agreement with a finite
maturity guarantee. Similarly to the perpetual case, both the value of
the project and the value of the option to invest will be analyzed.

3.2.1. Value of the project

Following [4, Section 4.2], the value of the project with a fi-
nite guarantee, V,(P,, L,T), must now satisfy the partial differential
equation (subject to the appropriate boundary conditions)

2
Lz wv, v,

6P ——+(r—q)Pb——— — —rV,+1II1 (P) =0, 27
27 P2 =@ Ry =G Y+ IT(R) @7)
with ¢ := T — 1, and whose solution can be expressed as the dif-

ference between the value of the project with a perpetual guarantee,
V;(P,, L,), and the present value of a forward start project with a
perpetual guarantee, V;(Pr, L, o), that is

V(P L,T)=Vy(P,L,00)— e TEq [V(Pr, L, o)|F,], (28)

with V(P L, ) being computed by [4, equations 66 and 67] for
r = q and r # g, respectively, whereas the risk-neutral expectation of
the forward start perpetual contract with a minimum price guarantee,
Eq [V;(Pr, L,)|F,], is calculated using [4, equations 70 and 71] for
r =gq and r # g, respectively.

We recall that Eq. (28) allows us to compute the (time-t) value of
the project until the maturity date of the FIT contract, i.e., only while
the producer benefits from a contractual agreement guaranteing a min-
imum selling price of L. In practice, however, it might be reasonable to
assume that the producer still runs the project after time 7. Therefore,
after the expiry date of the finite maturity FIT contract the producer is
entitled to receive an unprotected cash flow equal to e™"* é]E@ [Pr |F]-

e By [G;’? (Pp) | 7] 1., that should be economically interpreted as
the cash amount that is obtained by selling energy at the prevailing
market price for the remaining (perpetual) life of the project and with
G (Pr) being understood as a forward start perpetual bubble value in
the spirit of [4, equation 10].* Hence, the (time-f) full value of the
project, V,(P,, L,T), that contains both the protected and unprotected
sources of value, is equal to®

3 The full analytical proofs are available upon request.

4 This implies that we are implicitly assuming a perpetual concession with a
finite maturity FIT. Nevertheless, the model can be also applied to the case of
finite concessions having the same duration of the finite maturity FIT contract
by simply ignoring the unprotected cash flow component.

5 The proof of the present value of the unprotected cash flow component
is available upon request.
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V(P L, T) (29)
Vi(P.L.T)+ %e—q(T-” e p<2
B gmq(r—n) 7/ (B/2) )
Vy(P.L.T)+ te o
—e " TDG® (1, T, P) & p>2
where X%%) s the incomplete gamma function ratio (or normalized

I(
function) ;ilown in [22, equation 8.2.4], with y (v, w) being the lower
incomplete gamma function given in [22, equations 8.2.1], for v,w €
R*, and the function f(P,) is obtained from [4, equation 56].

Remark 4. We notice that Eq. (29) nests immediately two special
cases of interest: (i) if there is no guarantee — i.e., if L = 0 or,
equivalently, if T — 7 so that ¢ := T —t - 0 —, the present value
of the project is simply equal to limy_, V,(P,, L,T) = % =GP(P) 152y,
thus demonstrating that the value of the project is equal to a cash
flow without a guarantee; (ii) in the case of a perpetual guarantee,
limy_ o, V,(P,, L, T) = V(P,L,c0)—i.e, the value of the project is
obtained, as expected, via equations [4, equations 66 and 67] for r = ¢
and r # g, respectively.®

3.2.2. Value of the investment opportunity

Let us now consider that the investor has a perpetual investment
opportunity to invest in a project with a sunk cost /. The goal is still
to (simultaneously) determine the value of the (perpetual) option to
invest in a project but now with a finite guarantee, F,(P,, P.T), and the
optimal investment rule, with P being still interpreted as the optimal
output price trigger level that will induce the investment.

The valuation of an investment opportunity in the presence of a
finite-lived guarantee is addressed through the following optimization
problem:

el *

_ T +T
F (PPT) = sup Eg / [(P,)e" " du
T

(s8]

+ / P @Dy — [0

u
*+T

P,] , (30)

where I1(P,) is the time-u profit function upon investment, I is the
investment cost to be made at the optimal investment (or stopping)
time ¢* := inf{u >t : P, = P}, whereas T is the set of all stopping
times taking values in [z, oo[ for the filtration F. The solution to this
problem is presented in Propositions 3 and 4 for the cases with r = ¢
and r # g, respectively, where the first passage time z* is economically
interpreted as the optimal time at which the investor should optimally
exercise the option to invest in a project with a finite-lived guarantee.

Notice that we still have an infinite-horizon optimal stopping prob-
lem such as the one considered in Section 3.1.2. The only difference
is that now once the (perpetual American-style) option to invest is
exercised the owner is entitled to receive a project with a finite-lived
guarantee (coupled with an unprotected cash flow component that
is received after the expiry date of the finite maturity FIT contract),
whereas in Section 3.1.2 the producer receives a project with an
infinite-lived guarantee (hence, with no additional unprotected cash
flow component).

Note also that, in contrast to the perpetual case, the value-matching
and smooth-pasting conditions are now met in both regions P, < L and
P, > L and, therefore, it is necessary to derive a system of nonlinear
equations being dependent on the optimal threshold P in both regions
and for p < 2 and p > 2. The next two propositions show how to
evaluate a perpetual option to invest in a project with a finite-lived
guarantee under the CEV process.

® The proof of such asymptotic analysis is available upon request.
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Proposition 3. Assume the CEV process with r = q and the notation
introduced in Proposition 1. The time-t value of the (perpetual American-
style) option to invest in a project with a finite-lived guarantee is given
by
F;(P,.P.T) (31
[Vo(P.L.T) + G2 (P) 1y — 1] 5P Prco)

= =GP (P) 1y
V,(P.L.T) -

< P<P >

& P>P

with the stochastic discount factor of the perpetual option to invest being still
given by Eq. (13). Two cases must now be considered:

(i) For P < L, the optimal threshold P is obtained as the solution of the
single nonlinear equation

L _nT— = P _a(r— 51 \ L+1(P)
(7 = TV, (P, Ly oo) + ZeaT=0 —1) <P +z’(P)%>

—r(T—1) 9_ P _L—qr-n _
+e aFVf~”b(P’ L, o) qe 0,

(32)
for p <2, and
L_ o P P) - ) Ki (2(P)
(- Vyas(P L) +8(P) = I ( (P TELES 33
+e T Ly, (P, L o) — g'(P) = 0,
for p > 2, with
V(P L, o) (34
Agl(=1,P, L)+ X,(~1,P, L) + ByK(1, P, L)
+P,(1,P.L) e f<2
ByK(=1,P, L)+ X,(=1,P, L) + A)I(1, P, L)
+P,(1,P, L) & p>2

representing the time-t risk-neutral expectation shown in [4, equation 70],
but excluding the discount factor and the bubble effect,

Z(P) = <1 - —) 2V _“, (35)

slp -2

P o 7 (v.7(P)2)

P e~ 4(T—t
g(P) = 7 o) (36)
and
(P = e —q(T—1) M _ [f(p)/z] /P2 37)
rw) T ’

after employing [22, equation 8.8.13] for tackling the derivative of the
term involving the incomplete gamma function y (v, f (5)/ 2). Moreover, the
(already known) constants A, = Ay(L) and B, = By(L) (associated
to the value of the project) are obtained via Remark 2 for any f # 2,
and the functions P, P, L), X,(-1,P, L), (¢, P, L) and K(¢, P,, L) are
borrowed from [4, equations 46, 47, 48 and 49], respectively.

(ii) For P > L, the optimal threshold P and the constants A 1A l(ﬁ)
and B, = B, (F) (associated to the value of the option to invest) are obtained
as the solution of the system of equations

1 _ 1 _ =
A P2 1,(z(P))— ByP?K,(z(P)) — ;—’ (14 ¢74T=0)
+e TV, (P, L,co)+1=0
— — _43 (38)
A1, (z(P) + ByK, 1 (2(P)) — e 7T~ 2P 2

% [V) (P, L0o) = PLV, (P, L, oo)]
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for p <2, and

1 — L — = —
B, P?K,(z(P)) — AyP* I,(z(P)) — S -g(P)
+e Ty, (P, L,co)+1=0

_ _ b=l _ (39)
B K, (2(P)) + Aol (2(P)) \%P 2 [5 n g’(P)]
p-1
—H(T— 5 I 2 0 ey _
+e= T ’)\/LZP = Viw(P. L o) =0,
for p > 2, with the (already known) constants Ay = Ay(L) and B, = B(L)

(associated to the value of the project) being obtained via Remark 2.
Proof. Please see Appendix C.

Proposition 4. Assume the CEV process with r # q and the notation
introduced in Proposition 2. The time-t value of the (perpetual American-
style) option to invest in a project with a finite-lived guarantee is still given
by Eq. (31), but with the stochastic discount factor of the perpetual option
to invest being given by Eq. (24). Again, two cases must be considered:

(i) For P < L, the optimal threshold P is obtained as the solution of the
single nonlinear equation

(% = TV, (P, Ly oo) 4+ ZemaT ) — 1)
—1 . 2 M (a+1,b+1,x(P —
x <P + [ﬂ + b(”—ix(”] x’(P)> (40)
2 M(a,b,x(P))
—r(T—1) 0 D 1 —q(T—1) _
+e" )ﬁnyn,,(P,L, )= e A= = (,
for p <2, and
L —«(T-1) - By _ )(ﬂ _ au(a+1,b+1,x(P))> P
(£-e a Vian(P Loo) + g(P) = 1 ) (5 = Sttt ) (P
+e TSV (P, L oo) = g'(P) =0
(41)
for p > 2, with
V(P L, o) (42)

AyYMp(=1,P, L)+ X,(—1,P, L)
+B)YUp(1,P, L)+ P,(1,P, L)

ByYUyn(-1,P,L)+ X,(-1,P. L)
+AgY My(1, P, L)+ P,(1,P, L)

& p<2

& p>2

representing the time-t risk-neutral expectation shown in [4, equation 71],
but excluding the discount factor and the bubble effect, and

2lr—q| -
2~ ﬁ>52|ﬂ 2|P . (43)

X'(P)=
Moreover, the (already known) constants A, = Ay(L) and By = By(L)
(associated to the value of the project) are obtained via Remark 3, and the
functions Mp(~1, P, L), My(1, P, L), Up(l, P, L) and Un(~1, P,, L) are
borrowed from [4, equations 50, 52, 54 and 55], respectively.

(ii) For P > L, the optimal threshold P and the constants A = Al(ﬁ)
and B, = B, (P) (associated to the value of the option to invest) are obtained
as the solution of the system of equations

A nEP YPM(a b, x(P)) — Bye“™ nEP YPU(a b, x(P))
-2 (1 +e71T=0) 4Ty, (P, L,co)+1=0
Ale(a+1 b+1, x(P))+B0aU(a+1 b+ 1,x(P))

[T+ em TV, PoLoo) = (14 0T 0)]| (44)
o= e)’”’)——l 1 52 —=h-2
Xy~ P (T + 3P )
-1y B 5 B 2
Sl

x[2 (14 enaT) e T 2y, (P L oo)| =



J.C. Dias et al.
for p <2, and

x(P) - x®) P
B V2 YU(a,b,x(P)) — Age“ V72 Y M(a, b, x(P))
~L — g(P)+ TV, (P, Loo) + 1 =0

BlaU(a+1,b+1,x(ﬁ))+A0§M(a+1,b+1,x(ﬁ))
P S\ —r(T— — Lo (1—e)XB) (45)
- [;” +g(P)—e "Dy (P, L, oo)—I] Syl
_y-lpi-o*P &2 ph!
2lr—q|

Ly o/(Py— T2 P ] -
x [q +g(P)—e SV (P, L.oo)| =0,

for p > 2, with the (already known) constants Ay = Ay(L) and B, = B\ (L)
(associated to the value of the project) being obtained through Remark 3.

Proof. Please see Appendix D. W

To sum up, Propositions 3 and 4 can be used to analyze the optimal
decision to invest in the case of a FIT contract with a finite maturity
guarantee: exercise the (perpetual) option to invest only if P, > P;
otherwise, i.e., if P, < P, it is better to wait and keep the option alive.

Notice that Propositions 3 and 4 are the CEV counterparts of the so-
lution offered in [7, Section 3.2] for the GBM process, whose numerical
results can be obtained by taking f — 2 in our solutions.” Fortunately,
the optimal thresholds of the investment problem under analysis are
independent of any bubble effect because both the perpetual option
to invest and the value of the active project possess the same bubble.
Therefore, Egs. (34) and (42) do not include any bubble effect for
computing the trigger levels P in Propositions 3 and 4.

Note also that the value-matching and smooth-pasting conditions
are now met in both regions P>Land P < L. The case P < L in
Propositions 3 and 4 requires only the use of a single nonlinear equation
to determine the corresponding optimal trigger level P (in particular,
Egs. (32) and (40) for f < 2 and Egs. (33) and (41) for g > 2). As
expected, the associated constants of the perpetual option to invest
(A, = A(P) for p < 2 and B, = B,(P) for § > 2) can be calculated
using equations (C.4) and (C.6), for r = ¢, and equations (D.3) and
(D.5), for r # g, respectively.

To determine which region should be used to calculate the optimal
trigger P it is necessary to find first the investment cost level I;
that separates the regions P > L and P < L. This is accomplished
by replacing P by the fixed price floor L (previously defined by the
government) in the systems of Egs. (38), (39), (44) and (45) and solving
each one with respect to I = I;. Notice that these are the equations
that should be used since are the ones for which the condition P = L
is valid. Similarly to the perpetual case, I7 is economically interpreted
as the required investment cost that makes the current L the optimal
trigger of investment, but now for the finite maturity case. Again, the
constants A, and B, are functions of L and, hence, they are known in
advance using the analytic solutions offered in Remarks 2 and 3. Armed
with the values of A = Ay(L) and B, = B\(L), the I i level is then easily
computed using the systems of Egs. (38) or (39), for the case r = ¢, and
(44) or (45), for the case r # q. If I; <1, the optimal threshold Pis
calculated using the region P > L, i.e., P is obtained by solving the
systems of nonlinear Egs. (38) or (39), for r = ¢, and (44) or (45), for
r#q.If I > I, the optimal trigger Pis computed in the region P<L,
ie., P is calculated by solving the single nonlinear Egs. (32) or (33),
for r = ¢, and (40) or (41), for r # q.

The knowledge of I under the finite guarantee case allows us to
find an additional interesting point that is obtained in the appropriate
region P < L or P > L, depending on I7 > I or I} <1, respectively.
For instance, suppose that I; < I for the case with § < 2 and r = ¢.

7 By the way, and for the sake of clarity, we notice that there is a very
small typo in [7, equation C.3]. The correct formula is the one given in [7,
equation 26].
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By solving the system of Egs. (38) with respect to I = I*, with P
replaced by the given time-t price P, and assuming a fixed price floor
L (that is subject to the government policy), it is possible to find the
required level of investment 7* that would induce the firm to exercise
the option to invest immediately, which can then be compared with
the initial investment cost I of the project. As before, this I'* value
indicates the required level of investment that would make the time-
price P, the trigger value to invest. Hence, it would be preferable for
the firm to invest immediately if I < I* because P, = P at the I* level.
A similar rational can be applied to the case of other combinations of
p parameters and drift specifications.

Several other interesting points from the perspective of a policy-
maker can also be determined. For instance, taking now the initial
investment cost I of the project as given and using the previous
example, we can determine the point where the optimal threshold value
P is equal to the price floor L, by solving the system of Egs. (38)
with respect to L = L*, which can then be compared with the
minimum price guarantee L that is offered by the government. Note
that if the policymaker sets the minimum price guarantee L > L*, the
investor starts immediately the project and receives a revenue from the
guarantee instead of a revenue from the market price. Again, a similar
rational can be used in the case of other combinations of § parameters
and drift specifications.

Even though the levels of /7 and L* under the perpetual case have
been shown to be independent of 8, such independence is not valid in
the case of FIT contracts with a finite maturity guarantee. In this case,
in the range of price floors L € [0, L*] both the price floor L* and the
optimal trigger value P decrease as we move further away to the left
of f < 2 and increase as f rises for the case with g > 2. This contrasting
behavior when compared with the perpetual case is explained by the
finite nature of the guarantee, i.e., now the producer is not entitled
to receive a fixed guarantee forever and, hence, the effect of g on I
and L* does not disappear. Again, since different CEV models imply
the existence of different optimal triggers (including now distinct L*
levels), a policy scheme based on a GBM assumption might imply a too
high or a too low price floor to encourage a producer to exercise the
option to invest if the specific investment problem is better described
with an alternative CEV specification.

A further interesting point from the policymaker perspective is the
price floor level L, that turns the NPV of the project equal to zero,
because any value of L above this point generates a positive NPV inde-
pendently of the market price P. Notice that if L > L, the investment
will be deployed immediately because there is no waiting option. Since
under the CEV process with < 2 the origin is attainable (and assumed
to be absorbing), this point can be determined analytically by solving
the equation NPV := V,(P,, L;,T) — I = 0 with respect to L, when
P, = 0 and with V,(0, Ly, T) being defined as the project value given
in Eq. (29), which yields®

Ir
Tl
However, since under the CEV process with § > 2 the origin is
not attainable, it is not possible to obtain a closed-form solution as
given in Eq. (46). Nevertheless, the level L, can still be determined
numerically by solving the equation

Ly (46)

P}g%+ V,(P,. Ly, T) -1 =0, (47)
limp_o+ [By(Lo)K(=1, P, Ly)]
Lo (] —e=rT-D) _ T = _
e +r(1 e™" ) 1=0 & r=gq
limp g+ [Bo(Lo)Y Uy (=1, P;, Lg)|
() 20 e r#g

8 A detailed proof of such asymptotic analysis for both g <2 and f > 2 is
available upon request using results borrowed from [24,25], [26, Chapter 29]
and [27].
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with respect to L, when P, — 0% and with By(L,) being computed
through the analytic equations mentioned in Remarks 2 and 3 for r = ¢
and r # g, respectively. The differences found between Egs. (46) and
(47) are clearly expected and can be explained by the fact that the
process with f > 2 is not trapped at the origin at time r = 0 and,
therefore, the forward start perpetuity that is included in the project
value (29) is influenced by a nonzero forward value Pp. By contrast, if
p < 2 the process is absorbed at the origin and, hence, the forward start
perpetuity that is included in the project value (29) does not depend
on the forward value P, because P; =0 (i.e., the process remains in a
cemetery state forever).

Therefore, if the government sets a policy with a price floor L > L,
the investment will be made immediately generating a risk-free profit.
Moreover, by setting L in the range L* < L < L, the policymaker gives
the investor a waiting option and the project starts with a revenue from
the guarantee.

Even though Eq. (46) — that has been obtained using the CEV model
with f < 2 — is exactly the same to the one derived in [7, equation 31]
under the GBM assumption’ — thus, implying that L, is, as expected,
independent of g (for p < 2) —, the range of values ]L*, L[ is not the
same across models with different skew patterns due to the influence
of the f parameter on L*. Furthermore, the limit of (46) when T" —»
is consistent with the observations that have been made in Remark
1, which also implies that the range 1L*, Ly[ vanishes as T — oo.
This means that, under the perpetual case, there is no range of values
in which the investor has an option to wait and a revenue from the
guarantee when the project starts.

3.3. Derivatives of the forward start perpetuity components

The implementation of Proposition 3 still requires the computation
of the derivative of the risk-neutral expectation (34) with respect to P,
that is

0 pa—
- Vf,nb(P, L, o) (48)
JoP

[AOI(—l,F, L)+ X,(-1,P, L)
) +BOK(1,?,L)+Pq(1,F,L)] e p<2

>

oP [BOK(—L?,LHX,(—LF,L)
+A01(1,F,L)+Pq(1,ﬁ,L)] & p>2

with the (already known) constants A, and B, (associated to the value
of the project) being obtained via Remark 2, whereas the computation
of Proposition 4 requires the derivative of the risk-neutral expectation
(42) with respect to ﬁ, that is

a ja—
—_— Vf,,,b(P, L, o) (49)
JP

[AOYMP(—LF, L)+ X,(-1,P,L)
& p<2

9 +BOYU,,(1,F,L)+Pq(1,F,L)]
P [BOYUN(—LF, L)+ X,(-1,P,L)
+AOYMN(1,ﬁ,L)+Pq(1,F,L)] < p>2

with the (already known) constants A, and B, (associated to the value
of the project) being obtained through Remark 3.

9 A tiny technical detail arises here that deserves to be mentioned for the
sake of completeness. Although [7, equation 31] has been derived by simply
imposing P, = 0 in [7, equation 19], this should not be formally made because,
as argued, for instance, in [28, Remark 5.2] or [29, page 352], the limiting
process of GBM never hits zero (i.e., zero is a natural boundary and not an
exit boundary). Nevertheless, [7, equation 31] is still obtained if we compute
the limit of [7, equation 19] when P, — 0%.
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Even though the derivatives (48) and (49) can be easily computed
through a finite difference scheme, we prefer to use the analytical
expressions shown in Appendix E that have been derived following the
insights of [27,28,30].

Remark 5. Clearly, the delta of a finite maturity FIT contract, defined
as oV, (P, L,T)/0P,, is straightforward to be evaluated via the appro-
priate combination of our analytical results. Moreover, [4, equation 73]
implies that the delta of a finite maturity FIT is equal to the delta of
a finite-lived profit cap. Hence, we are able to extend the computation
of the delta shown in [5, equation 28] or [15, equation 46] under the
GBM diffusion to the more general CEV process. This should be helpful
for the potential design of dynamic hedging strategies of such contracts.

4. Numerical results

The goal of this section is to present some numerical experiments of
the novel theoretical results proposed in this paper. To accomplish this
purpose, we adopt the base case parameters configuration of [7,10] that
is associated to a typical European onshore wind farm. Even though
we are adopting the case of an onshore wind farm in our numerical
examples, our analytical formulae is suitable to be used in any other
technology with FIT contracts.

Following [7,10], we assume a riskless interest rate r = 5%, a
dividend yield (or rate of return shortfall) g = 5%, a volatility ¢ = 19%,
a price floor L = 25 EUR/MWh and a finite duration of T = 15 years.
It is also assumed that each wind turbine has a capacity of 2 MW and
requires a total investment cost of 1.5 million EUR/MW, thus leading
to a total investment cost per wind turbine of 3 million Euros, which
implies an investment cost per MWh of I = 3,000,000/(0.3 x 2 MWh x
24 hx365 days) for the case of a power plant with an assumed capacity
factor of 30%. Although we analyze the investment threshold for a
single wind turbine, the results can be easily calculated for a wind park
with N turbines.

4.1. Perpetual case

Fig. 1 presents the optimal thresholds P under the case of a perpet-
ual guarantee as a function of the price floor L for different CEV models
with g € {-6,—4,-2,0,1,2,3,3.5}. The dashed line displays the price
floor level L that separates the two regions in the graph, i.e., P > L
and P < L. Note that only the region of trigger values above or equal
to the dashed line L represents the market conditions for which P > L.
Following the insights of Remark 1, trigger values below the dashed
line L are not admissible for a FIT scheme with a perpetual guarantee
since the value-matching and smooth-pasting conditions are not met
and, hence, the investment problem is not well behaved in this case.
The case with § # 2 has been computed through Proposition 1, whereas
the case with g =2 has been implemented via [7, equation 16].

We first notice that the triggers of all tested f parameters decrease
as the price floor rises, thus inducing earlier investment decisions for
higher price floor values. Moreover, for the range of price floors L €
[0, L*[ the optimal trigger value P decreases as we move further away
to the left of § < 2 and increases as f rises for the case with f > 2. This
is explained by the different behavior of the leverage effects attached
to CEV models for f < 2 and g > 2. Note also that the aforementioned
independence of the § parameter is observed only at the optimal trigger
level P = L* = 28.54, which is exactly the L* value that is obtained
under the nested GBM assumption considered in [7, equation 18]. The
perpetual nature of the guarantee makes the effect of § on L* (and I})
to disappear thus leading to this interesting finding.

In the case of a FIT contract with a perpetual guarantee under the
CEV model, the value of L* = 28.54 can be obtained numerically by
solving the systems of four equations referred in Section 3.1.2 for each
p value — with the relevant constants being functions of L*, i.e., A, =
Ag(L*¥), By = By(L*), Ay = A;(L*) and B| = B|(L*) — or, alternatively,
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Fig. 1. Perpetual optimal investment thresholds, P, as a function of the price
floor L for different g parameters with P, = 25.

Other parameters borrowed from [7,10]: o(Py) = 0.19, r = 0.05, ¢ = 0.05 and a
total investment cost of 3 million Euros, which implies an investment cost per
MWh of I = 3,000,000/(0.3 x 2 MWh x 24 h x 365 days). The case with g # 2
has been computed through Proposition 1, whereas the case with g = 2 has
been implemented via [7, equation 16].

via the closed-form solution L* = rI, which directly highlights the
independence of L* with respect to f. Nevertheless, different optimal
triggers for distinct § values are obtained in the range L € [0,28.54],
which implies that a government that (wrongly) assumes a GBM process
to define a FIT policy might be paying a too high or a too low price
floor to stimulate a firm to exercise the option to invest if the specific
investment problem is better described by a different CEV specification.

4.2. Finite case

Fig. 2 displays the optimal thresholds P under the case of a finite
maturity guarantee as a function of the price floor L for different
CEV models with g € {-6,-4,-2,0,1,2,2.7,4}. Again, the dashed line
displays the price floor level L that separates the two regions in the
graph, i.e., P > L and P < L. As mentioned before, both regions are
now valid because the value-matching and smooth-pasting conditions
are always met in the presence of a finite maturity guarantee. The case
with f # 2 has been computed through Proposition 3, whereas the case
with g =2 has been implemented via [7, equation 26].

Similarly to the perpetual case, the region P > L under the
finite maturity case originates triggers that decrease as the price floor
increases for the whole set of p parameters. As expected, this induces
earlier investment decisions for higher price floor values. Furthermore,
for the range of price floors L € [0, L*] the optimal trigger value P still
decreases as we move further away to the left of § < 2 and increases
as f rises for the case with g > 2. The rational is again explained by
the different behavior of the leverage effects associated to CEV models
with # < 2 and f# > 2. From a policymaker perspective, the region
P > L creates scenarios for which the project starts receiving a revenue
from the market price rather than a revenue from the guarantee. It
is also possible to observe that for a wide range of price floors L €
[0, L*] the policy scheme is useless in practical terms because the lines
representing the optimal thresholds are almost flat, at least for lower
values of L and, in particular, for the case with g < 2.

In the case of a FIT contract with a finite maturity guarantee,
however, the trigger point P = L* depends on the § parameter
and needs to be determined numerically. Table 1 shows the optimal
trigger points P that are equal to the price floor L = L* and the Ly
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Fig. 2. Finite maturity optimal investment thresholds, P, as a function of the
price floor L for different g parameters with P, = 25.

Other parameters borrowed from [7,10]: T = 15, 6(P)) = 0.19, r = 0.05, g = 0.05
and a total investment cost of 3 million Euros, which implies an investment
cost per MWh of I = 3,000,000/(0.3 x2 MWh x 24 hx 365 days). The case with
B # 2 has been computed through Proposition 3, whereas the case with g =2
has been implemented via [7, equation 26].

levels of finite maturity contracts under different CEV models with
p € {-6,—4,-2,0,1,2,2.7,4}, and with alternative expiry dates T €
{10, 15,20, 30, 60, o0 }.

We first note that the trigger point L* = 28.54 determined for
the perpetual guarantee case is always lower than the remaining ones
reported in Table 1 for the finite maturity case. This is expected since
an investor requires a higher threshold to invest in a project that
only ensures a finite guarantee instead of a perpetual one. We also
conclude that the range [0, L*] widens as the p parameter rises (for
realistic expiry dates of the FIT contract). This should have important
implications for a policymaking perspective. For instance, comparing
the cases with § = —6 and p = 2, we observe that (38.35 — 33.64) =
4.71 EUR/MWh (per turbine) thus leading to an annual amount of
(38.35-33.64)x24 hx365 days = 41,259.60 EUR per turbine. For a typical
European onshore wind farm with 25 wind turbines this would lead
to a difference of 1,031,490 Euros. This would represent an amount
that tax payers would be paying in excess (only for a single wind farm)
if the regulator negotiated the contract based on a GBM assumption
when the price process was better described by a CEV process with
p = —6 and whenever the prevailing market price P, was lower than
the (fixed) price floor L = L*. Moreover, since the option values
computed under GBM and CEV for the corresponding (fixed) price
floors L = L* are equal to 103.07 and 64.48, respectively, the price
difference 38.35 — 33.64 originates an implied option premium value
equal to 38.59 (i.e., 103.07 — 64.48) that is not charged by a generous
government writing a finite put.

In contrast to the perpetual case, the region P < L allows the
existence of threshold values that range in the interval L € [L*, L],
with L, = 54.09 EUR/MWh being determined through Egs. (46) and
(47) for p < 2 and B > 2, respectively. Interestingly, this is the value
that is obtained for the GBM process calculated via [7, equation 31].
This means that if the government sets a policy with a price floor
L > L, then a positive NPV arises and the firm can undertake the
project immediately. Finally, by setting the price floor in the range
L € 1L*, L[, the policymaker gives the investor a waiting option and
the project starts with a revenue from the finite maturity guarantee.
Notice also that in this region there is a price floor level L for which the
optimal thresholds are the same for pairs of § parameters. Moreover,
after this point lower g parameters lead to higher threshold values.
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Optimal investment thresholds P that are equal to the price floor L = L* and the price floor levels L, for different g parameters

and expiry dates with P, = 25.

T Price floor B
-6 -4 -2 0 1 2 2.7 4

10 L* 34.31 35.44 36.96 38.98 40.18 41.54 42.62 44.89
L, 72.53 72.53 72.53 72.53 72.53 72.53 72.53 72.53
15 L* 33.64 34.56 35.71 37.05 37.71 38.35 38.80 39.64
L, 54.09 54.09 54.09 54.09 54.09 54.09 54.09 54.09
20 L* 32.98 33.70 34.55 35.42 35.75 36.01 36.18 36.48
L, 45.15 45.15 45.15 45.15 45.15 45.15 45.15 45.15
30 L* 31.75 32.16 32.59 32.94 32.99 32.97 32.96 32.94
L, 36.74 36.74 36.74 36.74 36.74 36.74 36.74 36.74
60 L* 29.45 29.51 29.56 29.60 29.59 29.55 29.53 29.48
L, 30.03 30.03 30.03 30.03 30.03 30.03 30.03 30.03
© L* 28.54 28.54 28.54 28.54 28.54 28.54 28.54 28.54
L, 28.54 28.54 28.54 28.54 28.54 28.54 28.54 28.54

This table shows the optimal trigger points P that are equal to the price floor L =

L* and the price floor levels L, with g €

{—6,-4,-2,0,1,2,2.7,4}, T € {10,15,20,30,60,00} and P, = 25. Other parameters borrowed from [7] and [10]: ¢(Py)) = 0.19, r = 0.05, g = 0.05
and a total investment cost of 3 million Euros, which implies an investment cost per MWh of I = 3,000,000/(0.3 x 2 MWh X 24 h x 365 days).
For r=gq and § <2, L* is calculated by solving the systems of equations [4, equation 17] with L = L* and Eq. (38) with P = L*. For r =gq
and f > 2, L* is computed by solving the systems of equations [4, equation 17] with L = L* and Eq. (39) with P = L*. Notice that the
relevant constants should be taken as functions of L*, i.e., A, = Ay(L*), By = By(L*), A, = A;(L*) and B, = B,(L*). For g <2, L, is calculated
via equation Eq. (46), whereas, for § > 2, L, is computed through equation Eq. (47). Finally, for § = 2, L* and L, are determined via [7,
equations 30 and 31], respectively, or, alternatively, through [15, equations 66 and 67], respectively. Appendix F presents additional details

on the computation of the L* levels for T = 15.

Even though the optimization problem involving the implementa-
tion of Propositions 1, 2, 3 and 4 is easily tackled in any computer
language, the calculation and the convergence of the required optimal
threshold values P depend on the combination of the used parameters.
Nevertheless, for the cases where it might be hard to obtain convergent
solutions it is possible to apply a linear interpolation scheme. For
example, a simple linear interpolation between the values reported in
Table 1 with T = 15 and for f = 1 and g = 2.7 (both calculated through
Proposition 3) allows us to find an interpolated value for the case with
p = 2, which can then be compared with the one obtained via [7,
equation 30], that is: 37.71+(38.80—37.71)x(2—1)/(2.7—1) = 38.35, which
is exactly the value that is obtained under the GBM process. Clearly,
this is a further simple confirmation of the robustness of our theoretical
results.

Fig. 3 displays the optimal thresholds P under the case of a finite
maturity guarantee as a function of the initial volatility, 6, = o(F),
for different CEV models with g € {-6,-4,-2,0,2,2.7}. It is possible
to conclude that a higher volatility defers investment and that the
optimal triggers are lower (resp., higher) as we move further away to
the left (resp., right) of p < 2 (resp., f > 2). Therefore, the real options
approach based on the lognormal assumption induces investment too
late if the underlying asset is better governed by a CEV model with
p = —6, since the inverse relationship between volatility and price levels
that are frequently observed in practice is neglected. Moreover, since
both the GBM and CEV models share the same drift and were calibrated
such that the initial instantaneous volatility at the initial project value
P, is the same across different g specifications, these differences stem
purely from the effect of the relationship between volatility and price
levels, which is captured only by the CEV diffusion.

Finally, even though we have adopted the base case parameters
configuration of [7,10], for the sake of completeness and future re-
producibility of our results by other interested academics and practi-
tioners, Table 2 provides investment thresholds for a wide variety of f
parameters and different drift specifications.

These results confirm the previous observations that care must be
taken when a policymaker aims to design a given policy to induce
investment decisions with the help of FIT contracts since the differences
between trigger points under alternative modeling assumptions are
quite significant and, in most of the cases, the excessive rents are paid
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Fig. 3. Finite maturity optimal investment thresholds, P, as a function of the
initial volatility, 6, = o(F), for different § parameters with P, = 25.

Other parameters borrowed from [7,10]: L = 20, T = 15, r = 0.05, ¢ = 0.05
and a total investment cost of 3 million Euros, which implies an investment
cost per MWh of I = 3,000,000/(0.3 x2 MWh x 24 h x 365 days). The case with
B # 2 has been computed through Proposition 3, whereas the case with g =2
has been implemented via [7, equation 26].

at the expense of tax payers.!’ Notice that contract #9 of Panel A
is intended only to show an example of a contract where the value-
matching and smooth-pasting conditions are not accommodated since
it refers to the region P < L of the perpetual case.

5. Conclusions

This paper presents analytical formulae to analyze optimal invest-
ment decisions of FIT contracts with a minimum price guarantee under

10 Additional policy implications and recommendations are provided in
Appendix G.
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Table 2

Optimal investment thresholds of perpetual and finite maturity FIT contracts.
# L r q s Maximum

—4 -2 0 2 4 % difference

Panel A: Optimal investment thresholds under the perpetual case
1 10 0.07 0.03 41.03 42.63 46.16 54.88 106.44 25.24 93.93
2 15 0.07 0.03 41.03 42.61 46.10 54.75 105.99 25.06 93.61
3 20 0.07 0.03 41.03 42.59 46.01 54.41 102.64 24.59 88.66
4 10 0.05 0.05 36.28 38.42 42.16 50.51 89.16 28.16 76.53
5 15 0.05 0.05 35.70 37.69 41.17 48.78 81.15 26.82 66.36
6 20 0.05 0.05 34.91 36.66 39.65 45.80 67.03 23.77 46.34
7 10 0.03 0.07 32.44 33.88 36.79 43.59 61.56 25.58 41.22
8 15 0.03 0.07 27.13 27.37 28.40 31.14 34.37 12.88 10.36
9 20 0.03 0.07 - - - - - - -
Panel B: Optimal investment thresholds under the finite case with T'=35 years
1 15 0.05 0.05 37.17 39.55 43.47 51.59 90.85 27.95 76.10
2 20 0.05 0.05 37.17 39.54 43.46 51.58 90.77 27.93 76.00
3 25 0.05 0.05 37.16 39.52 43.42 51.50 90.26 27.85 75.28
4 30 0.05 0.05 37.09 39.44 43.30 51.25 88.81 27.62 73.29
5 35 0.05 0.05 36.70 39.10 42.93 50.67 86.08 27.56 69.89
6 40 0.05 0.05 35.31 37.59 41.76 49.44 81.90 28.59 65.64
7 15 0.03 0.04 33.66 35.25 37.49 40.63 47.98 17.14 18.09
8 20 0.03 0.04 33.64 35.22 37.44 40.55 47.80 17.03 17.89
9 25 0.03 0.04 33.57 35.13 37.30 40.25 46.98 16.59 16.71
10 30 0.03 0.04 33.33 34.84 36.90 39.49 45.02 15.58 14.00
11 35 0.03 0.04 32.16 33.82 35.78 37.74 41.31 14.80 9.46
12 40 0.03 0.04 31.82 32.82 30.83 34.54 32.16 10.74 6.90

This table shows the values of optimal investment thresholds of perpetual and finite maturity FIT contracts under the CEV process with
p € {-4,-2,0,2,4} and P, = 25. The price floor L, the riskless interest rate r and the dividend yield (or rate of return shortfall) ¢ vary
as indicated in the second, third and fourth columns, respectively. Other parameters borrowed from [7] and [10]: 6(P)) = 0.19 and a total
investment cost of 3 million Euros, which implies an investment cost per MWh of I = 3,000,000/(0.3 x 2 MWh x 24 h x 365 days). The two
utmost right columns give the maximum absolute value of the percentage difference between the GBM trigger value and the CEV trigger values
for # <2 and B > 2, respectively, relative to the GBM trigger value. For Panel A, the case with r = ¢ and § # 2 has been computed through
Proposition 1, the case with r # ¢ and § # 2 has been calculated using Proposition 2, whereas the case with f =2 has been implemented via
[7, equation 16]. For Panel B, the case with r = g and § # 2 has been computed through Proposition 3, the case with r # ¢ and g # 2 has been
calculated using Proposition 4, whereas the case with f =2 has been implemented via [7, equation 26].

the CEV model considering both perpetual and finite-lived guarantees.
Overall, we document that the argument that a perpetual guarantee
only induces investment for prices below the price floor when offering
a risk-free investment opportunity is still valid under the CEV process.
We also show that the optimal price-floor level triggering immediate
investment in the presence of a perpetual guarantee is independent of
the elasticity parameter of the CEV model. Moreover, we show that
such independence is not valid in the case of FIT contracts with a
finite maturity guarantee. In summary, our results strongly highlight
the importance of policymakers to move beyond the more simplistic
real options analysis based on the GBM process to more realistic
models incorporating leverage and volatility smile effects because the
differences between trigger points originate excessive rents that are
commonly paid at the expense of tax payers.

The main advantage of the more general CEV framework is that
it uses a local volatility function that is dependent of the underlying
output price and it takes the limiting GBM process as a special case
when the elasticity parameter § — 2. This implies that we focused
our analysis on the impact of using a non-constant volatility assump-
tion on the optimal investment decision problem, since the CEV and
GBM processes share the same drift specification. However, it would
be also interesting to study the optimal investment decision problem
considered in this paper using other alternative stochastic processes,
e.g., via the mean-reverting models in the spirit of [31,32] or [33]. The
existence of different analytical solutions would be useful to develop
some empirical work to better understand how FIT contracts have
been implemented in different jurisdictions and how they align with
alternative models’ predictions. Such analysis is out of the scope of the
present paper and is left as an interesting avenue for future research.

As we mention in Remark 5 of the paper, the analytical solutions
shown in Appendix E can be used to evaluate the delta of profit caps
and FIT contracts with a price-floor regime under the CEV model. Such
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derivatives are important in this paper for applying the appropriate
smooth-pasting conditions of the optimal investment decision problems
under analysis. Nevertheless, the existence of novel closed-form solu-
tions for other Greek measures (e.g., gamma, theta and vega) would be
also important for the holders of real options aiming to develop hedging
strategies associated with their real options applications. The derivation
of such partial derivatives under the CEV model and the corresponding
analytical sensitivity analysis falls also outside the scope of the present
paper and is left as another possible topic for future research.
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