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Sumário 

 
O Value at Risk (VaR) representa uma estimativa da perda potencial máxima que um portefólio 

pode sofrer num determinado período e nível de confiança. Neste trabalho, é definido um 

limite para o VaR, que serve como referência em torno da qual são tomadas as decisões de 

gestão de risco. O portefólio, composto por 160 ações e 15 obrigações, é gerido de forma a 

assegurar que o seu VaR se mantém abaixo do limite pré-determinado, preservando 

simultaneamente uma alocação de 60% em ações e 40% em obrigações, com uma margem 

de tolerância de 5%. Para identificar a metodologia mais adequada para cálculo do VaR, são 

implementados 4 modelos distintos, cuja precisão é avaliada através de procedimentos de 

backtesting. O modelo com melhor desempenho é então aplicado para calcular o VaR diário 

do portefólio, que é gerido ativamente através de uma estratégia de equity-hedging ao longo 

de um horizonte de um ano. A eficácia desta estratégia é avaliada utilizando o indicador Return 

on Risk Adjusted Capital (RORAC). 
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Abstract 

 
Value at Risk (VaR) represents an estimate of the maximum potential loss that a portfolio may 

experience over a specified time horizon and confidence level. In this work, a threshold for 

VaR is established, serving as the benchmark around which risk management positions are 

taken. The portfolio, composed by 160 equities and 15 bonds, is managed to ensure that its 

VaR remains below the predetermined threshold while maintaining a target allocation of 60% 

equities and 40% bonds, allowing a 5% deviation. To identify the most suitable VaR 

methodology, 4 distinct VaR models are implemented, and their accuracy is evaluated through 

backtesting procedures. The model that presents the better performance is then applied to 

calculate the portfolio’s daily VaR, which is actively managed using an equity-hedging strategy 

across a one-year horizon. The effectiveness of this strategy is evaluated using the Return on 

Risk-Adjusted Capital (RORAC) metric. 
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Chapter 1 – Introduction 

 
Risk management is a central pillar of portfolio management, not only for investors seeking to 

balance return and risk, but also for regulators who require institutions to adopt rigorous 

frameworks to preserve financial stability. Among the wide range of tools available for 

measuring and controlling market risk, Value at Risk (VaR) has emerged as one of the most 

widely adopted metrics. VaR provides an estimate of the maximum potential loss of a portfolio 

over a given time horizon and confidence level, offering a standardized metric for comparing 

risks across different asset classes and investment strategies. Its ability to condense risk 

exposures into a single, interpretable measure has made it widely used in regulatory 

frameworks, institutional policies, and practical asset management. 

Despite its popularity, the effectiveness of VaR depends heavily on the methodology used 

to estimate it. Different statistical approaches can yield significantly different results, 

particularly during periods of market stress, making the choice of model crucial. 

This thesis implements VaR as both a measurement tool and a decision-making threshold 

in the management of a diversified portfolio composed of 160 equities from various markets 

and sectors and 15 bonds with a AAA credit rate (Standard & Poor's scale). A target allocation 

of 60% equities and 40% bonds, with an allowed deviation of 5%, is maintained while ensuring 

that the portfolio’s VaR remains below a predetermined threshold of 800.000€. Four distinct 

VaR models, namely RiskMetrics VaR, Skewed Generalized Student-t VaR, Historical VaR, 

and Quantile Regression VaR, are implemented and compared through backtesting to identify 

the most accurate model. The backtest, based on 10 years of historical data using the portfolio 

composition as of May 29, 2023, is conducted using the Unconditional Coverage test and the 

Berkowitz, Christoffersen, and Pelletier test. 

The best-performing model is then employed for daily VaR estimation, which serves as 

the basis for an active equity-hedging strategy over a one-year period from May 30, 2023, to 

June 3, 2024, intending to maintain the VaR below the 800.000€ threshold. 

Finally, the effectiveness of the proposed risk management framework is evaluated by 

comparing the performance of the Unrebalanced Unhedged Portfolio, Rebalanced Unhedged 

Portfolio, and the Rebalanced Hedged Portfolio by using the Return on Risk-Adjusted Capital 

(RORAC), a performance metric that relates profitability to the level of risk undertaken. 

This thesis is organized as follows: Chapter 2 provides a review of the literature on Value 

at Risk and its applications in risk management; Chapter 3 describes the data and portfolio 

composition, with the details of the selected equities and bonds; Chapter 4 outlines the 

methodology, including risk factor mapping, volatility, VaR models, backtesting procedures, 

and hedging techniques; Chapter 5 discusses the process of model selection and presents the 

results of the backtests; Chapter 6 applies the chosen model to the active management of the 
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portfolio’s VaR and evaluates the effectiveness of the hedging strategy using RORAC; The 

thesis concludes with a summary of the findings.   
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Chapter 2 - Literature Review 

 
Risk management was always a concern, but over the past few decades, risk management 

has increasingly gained significance for all companies. Financial institutions are realizing the 

need to allocate more resources to risk management in order to reduce and avoid avoidable 

losses (Hull, 2015). The 2007 credit crisis was one of the events that reinforced that idea since 

it exposed significant flaws in risk management (Jorion, 2011), but this preoccupation was not 

new. The concerns over the fragility of the global financial system were a key driver behind the 

establishment of the Basel Committee on Banking Supervision (BCBS) in 1974, after the 

collapse of Bankhaus Herstatt (Goodhart, 2011). The BCBS is the primary global authority for 

establishing standards for the prudent regulation of banks, namely risk management 

guidelines. 

Risk is defined as the level of uncertainty of future returns (Jorion, 2007). This uncertainty 

can take many forms, exposing the participants in the financial markets to multiple types of 

risks that can be classified according to the source of the underlying uncertainty: market risk, 

credit risk, operational risk, liquidity risk, and model risk (McNeil, Frey, & Embrechts, 2015). 

This work is going to focus on market risk. Market risk is the risk to an institution’s financial 

condition resulting from adverse movements in the level or volatility of market prices (Frain & 

Meegan, 1996). 

Before risk can be mitigated, it must be assessed. A market risk metric is a single value 

that quantifies the uncertainty in a portfolio's profit and loss (P&L) or its return (Alexander, 

2008). According to Artzner et al. (1999), a coherent risk metric should satisfy four axioms: 

monotonicity (preserves stochastic dominance), sub-additivity (accounts for diversification 

effects), positive homogeneity (scaling a portfolio by a positive factor should scale the risk by 

the same factor), and translation invariance (adding risk-free assets reduces the risk by the 

same amount). Among the many risk metrics, there is the Value-at-Risk (VaR). VaR is a 

quantile risk metric, and it is defined as “a measure of the maximum potential change in the 

value of a portfolio of financial instruments with a given probability over a pre-set horizon.” (J.P. 

Morgan & Reuters, 1996). 

As defined by Klaassen & van Eeghen (2009), “Economic capital represents an estimate 

of the worst possible decline in the institutions amount of capital at a specified confidence level 

within a chosen time horizon.”. Therefore, Economic Capital may be regarded as an estimation 

of the capital required by a financial institution to maintain solvency. In financial institutions, 

Economic Capital is composed by credit risk, market risk, and operational risk (Jorion, 2007). 

Jorion (2007) demonstrates that VaR may be interpreted as a measure of Economic Capital, 

as it reflects the maximum loss a financial institution is prepared to tolerate. 
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VaR offers several advantages as a risk metric. It quantifies potential losses that could 

occur with a specified probability, evaluates the risk associated with both the underlying risk 

factors and their sensitivities, it enables comparisons across different markets and types of 

exposures, making it a versatile tool applicable to all activities and categories of risk, it can be 

calculated at multiple levels, from individual trades or portfolios to a measure that covers all 

risks within an organization. Furthermore, when aggregating for larger portfolios or 

disaggregating to focus on specific risks, it effectively accounts for the interdependencies 

among different assets or portfolios (Alexander, 2008). 

Nevertheless, VaR does not satisfy the subadditivity property, which means that the risk 

of a combined portfolio can exceed the sum of the individual portfolio risks, therefore 

discouraging diversification (Artzner et al., 1999). Since it does not respect this property, VaR 

cannot be classified as a coherent risk metric as classified by Artzner et al. (1999). Additionally, 

VaR ignores tail risks since it does not provide any information about the magnitude of losses 

that could occur beyond the threshold (Hull, 2015). 

Value at Risk, in contrast to indicators such as return and volatility that can be computed 

directly from observed historical data, is an estimation rather than a direct financial measure, 

as it is model-dependent. Its computation requires specific assumptions concerning the 

distribution of returns, the time horizon, and the confidence level. Various methodological 

approaches may be adopted to obtain the most accurate estimation, and as a result, VaR 

outcomes can differ substantially depending on the chosen model (Vasileiou, 2017). 

In this work, four  VaR models are going to be tested: RiskMetrics (RM) VaR, Skewed 

Generalized Student-t (SGSt) VaR, Historical VaR, and Quantile Regression (QR) VaR. 

The Risk Metrics or parametric linear Value at Risk (VaR) model relies on analytical 

formulas based on assumptions about risk factor returns, specifically assuming that h-day 

returns are independent and identically distributed (i.i.d.) and follow a normal distribution 

(Alexander, 2008). 

Financial asset returns may depart from the normal distribution since returns often present 

leptokurtosis and negatively skewed distributions (Nam & Choi, 2008). A leptokurtic distribution 

is one whose density function has a higher peak and larger tails than the normal density 

function of the same variance, while skewness refers to the degree of asymmetry of a 

distribution around its mean (Hull, 2015). The normal linear VaR, given the leptokurtosis and 

negative skewness in risk factor return distributions, may underestimate the VaR at high 

confidence levels (Alexander, 2008). 

Theodossiou (1998) developed a skewed General t Distribution designed to capture the 

skewness and excess kurtosis commonly present in financial data. The Skewed Generalized 

Student t VaR, based on the distribution proposed by Theodossiou (1998), is a model that 



 

 

 

 

5 

accounts for the skewness and excess kurtosis, and its distribution is more flexible than the 

Student-t and normal distributions. 

Historical VaR is the preferred methodology of banks. The historical VaR has some 

advantages when compared with parametric models since it does not make assumptions about 

the density function of the risk factor returns, and it applies not only to linear portfolios 

(Alexander, 2008). To improve the accuracy of the historical Value at Risk and reduce its 

limitations, the weight of risk factor returns must not be equal. There are two weighting options: 

exponential weighting of probabilities and volatility adjustment of returns. In this work it will be 

used the volatility adjustment of returns proposed by Hull and White (1998), which adjusts the 

volatility of the sample to the current volatility. 

The last model will be the quantile regression VaR. Unlike traditional regressions (such as 

OLS) that focus on estimating the conditional mean, quantile regression estimates specific 

quantiles of the distribution of financial returns. By using quantile regression, the VaR of a 

portfolio is computed based on historical data and explanatory variables. This method is 

flexible in the use of explanatory variables, which brings a subjective component to the VaR 

(Xiao et al., 2015). 

The estimation of the VaR involves making decisions that create model risk. There are two 

sources of model risk (Cairns, 2000): model choice and parameter uncertainty. To test the 

model risk, the backtesting methodology is used to assess if the VaR is well specified. 

A backtest takes a fixed portfolio and assumes its weights are fixed for the entire backtest. 

The result of a backtest depends on the portfolio composition, as well as on the evolution of 

the risk factors and the assumptions made about risk factor return distributions when building 

the model. The backtest should be performed using a long period, daily data, and it is applied 

a rolling window without overlapping the data. The backtesting will compare two series, the h-

day VaR and the realized return, to observe the exceedances, that is, when the portfolio losses 

are higher than the estimated VaR (Alexander, 2008). 

The Conditional Coverage Test (Christoffersen, 1998) is a method used to evaluate the 

accuracy of risk models. It tests the unconditional coverage, which checks if the actual 

exceedances match the model's predicted, and independence, which ensures that 

exceedances are not clustered. 

Berkowitz, Christoffersen, and Pelletier (BCP) (2007) proposed a test similar to the 

Conditional Coverage test but that also tests autocorrelation in the exceedances at lagged 

intervals. Engle (1982) emphasizes that accurate interval forecasts should adapt to market 

volatility changes, ensuring that outliers are distributed across time and not concentrated 

during specific periods of market turbulence. The clustering of exceedances indicates that the 

VaR model is not sufficiently responsive to changing market circumstances. 
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In this work, a hedging strategy will be applied with the objective of keeping VaR below a 

predetermined threshold and also a portfolio target allocation of 60% stocks and 40% bonds 

with a 5% allowed deviation. As a result, three portfolios are considered: the unrebalanced 

unhedged, rebalanced unhedged, and the rebalanced hedged portfolio. To compare their 

performance, it is necessary to employ an appropriate performance measure. Conventional 

performance measures, such as Return on Assets (ROA), provide insights into profitability but 

fail to account for the risks undertaken to achieve those returns (Crouhy, Galai, & Mark, 2023). 

This limitation is particularly relevant when evaluating the analysed portfolios, given the 

differences in their risk profiles. In order to overcome this limitation, Risk-Adjusted 

Performance Measurement (RAPM) frameworks were developed. RAPM techniques 

represent a class of methodologies designed to evaluate financial performance by relating 

returns to the capital invested, while accounting for the risks undertaken. Unlike conventional 

performance measures, which may focus solely on profitability, RAPM models adjust the 

returns for the risk incurred in generating those returns (Crouhy, Galai, & Mark, 2023). Among 

the various models, there is Return on Risk-Adjusted Capital (RORAC). RORAC, as described 

by Matten (2000), is a measurement that relates returns to the level of risk undertaken, with 

risk quantified through the concept of Economic Capital. 

To better understand VaR role in modern risk management, it is important to consider the 

historical evolution of Value at Risk. The concept of VaR was popularized in the early 1990s, 

particularly with the “Risk Metrics Technical Document” by JPMorgan. It presented VaR as a 

standardized risk methodology and set a point of reference for market risks since “Risks are 

comparable only when they are measured with the same yardstick” (J.P. Morgan & Reuters, 

1996). Even though some of the ideas were new, they described practices that were already 

used (Holton, 2013). 

VaR adoption by the Basel Committee in the 1996 Market Risk Amendment to Basel I 

marked a turning point, as it provided a methodology for calculating capital requirements 

against market risk, enabling greater comparability between financial institutions. Financial 

institutions could choose among two methodologies to calculate the capital charge, the 

standardized measurement method or VaR internal models (McAleer, Jiménez-Martín, & 

Pérez-Amaral, 2013; Basel Committee on Banking Supervision, 1996)  

To assess the accuracy of the internal VaR models, the Basel market risk framework 

adopted a backtesting procedure that corresponds to comparing actual daily trading results 

with the corresponding VaR forecasts over a rolling 250-day period to determine whether the 

model’s predictions align with observed outcomes. To interpret the results, the Basel 

Committee applies a system that classifies the number of VaR exceptions into three zones: 

green (0–4 exceptions), indicating model performance within statistical expectations; yellow 

(5–9 exceptions), suggesting potential deficiencies; and red (10 or more exceptions), that leads 
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to an automatic presumption that a problem exists with the model. When the results fall into 

the yellow or red zones, the Basel framework mandates the application of a higher capital 

multiplier on the VaR based capital requirement (McAleer, Jiménez-Martín, & Pérez-Amaral, 

2013). 

Basel II, finalized in 2004, expanded the regulatory framework to incorporate credit risk 

and operational risk alongside market risk. However, during the 2007 credit crisis, certain 

limitations were exposed, leading to the realization that changes were necessary in the 

calculation of capital for market risk. As a response, the BCBS released in 2009 the “Revisions 

to the Basel II market risk framework”, also known as Basel II.5, that required financial 

institutions to calculate two VaRs, the usual VaR and a stressed VaR (calculated from a 

stressed period of 250 days), in order to compute the total capital charge (Hull, 2015; Basel 

Committee on Banking Supervision, 2009). 

On Basel III, namely on “Minimum capital requirements for market risk” from 2016 (revised 

on 2019), the Basel Committee considering the weaknesses of VaR, namely the inability to 

capture tail risk, changed from VaR at a confidence level of 99% to Expected Shortfall (ES) at 

a confidence level of 97,5% to compute the regulatory capital requirements (Chang, Jiménez, 

Maasoumi, McAleer, & Pérez-Amaral, 2019; Basel Committee on Banking Supervision, 2019). 
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Chapter 3 - Data and Portfolio Composition 

 
The analyzed portfolio is composed of equity and debt securities. The sample period spans 

from January 2, 2007, to June 3, 2024, with May 29, 2023, treated as the current date, “today”. 

The analysis is based on daily data observations. 

With the Euro as the base currency, both equity and debt securities have securities that 

are denominated in their respective home currencies, including the Euro (EUR), US Dollar 

(USD), British Pound (GBP), Brazilian Real (BRL), Japanese Yen (JPY), and Hong Kong Dollar 

(HKD). The exchange rates used in this analysis are USDEUR, GBPEUR, BRLEUR, JPYEUR, 

and HKDEUR. 

The equity component of the portfolio has 160 stocks, with both long and short positions. 

It was constructed by randomly selecting stocks from major indexes across various countries. 

It includes 20 stocks each from the S&P 500 (GSPC), Dow Jones Industrial Average (DJI), 

FTSE 100 (FTSE), Ibovespa (BVSP), Nikkei 225 (N225), and Hang Seng Index (HSI). 

Furthermore, it includes 30 stocks from Eurozone indices, with 5 stocks randomly selected 

from the Austrian Traded Index (ATX), BEL 20 (BFX), CAC 40 (FCHI), DAX 40 (GDAXI), IBEX 

35 (IBEX), and FTSE MIB Index (FTSEMIB.MI).   

The exchange rates and the adjusted close prices (prices adjusted for splits and dividends) 

from stocks and the corresponding stock market indices were retrieved from Yahoo Finance 

(https://finance.yahoo.com/). 

The debt component is composed by 15 government bonds, with an AAA credit rate, based 

on the Standard & Poor's (S&P) scale. These bonds were randomly selected, being 6 issued 

by the United States, 5 by the Netherlands, and 4 by Germany. The bond maturities span from 

2025 to 2033, being all coupon bonds with different coupon rates and coupon dates. 

The bond data, including the maturity, coupon rate, coupon payment frequency, and 

currency, were obtained from Börse Frankfurt (https://www.boerse-frankfurt.de/en). 

To assess the interest rate risk associated with the bonds, risk-free rates from the US and 

the Eurozone were obtained. Euro Zone risk-free rates are derived from the “Yield curve spot 

rate – Government bond, nominal, all issuers whose rating is triple A” sourced from the 

European Central Bank (ECB) (Spot curve | ECB Data Portal) for 3-month, 6-month, 1-year, 

2-year, 3-year, 5-year, 7-year, and 10-year maturities. For the US, the risk-free rates are 

represented by the “Market Yield on US Treasury Securities at Constant Maturity”, obtained 

from the St. Louis Federal Reserve System (FED) (FRED) (Treasury Constant Maturity | FRED 

| St. Louis Fed),  for the same maturity spectrum. 

The initial portfolio, on May 29, 2023, is composed as presented in tables 1 and 2 (stocks 

and bonds, respectively), with a total portfolio value of 67.506.586€ allocated 60% to stocks 

and 40% to bonds. 

https://finance.yahoo.com/
https://www.boerse-frankfurt.de/en
https://data.ecb.europa.eu/data/data-categories/financial-markets-and-interest-rates/euro-area-yield-curves/aaa-rated-government-bonds-yield-curve/spot-curve?searchTerm=&filterSequence=&filterType=advanced&showDatasetModal=false&selectedAdvTab=&filtersReset=false&resetAllFilters=false&sort=relevance&pageSize=10&advFilter%5BFinancial+market+data+-+yield+curve+%28YC%29%5D%5BfilterSequence%5D=Financial+market+instrument-CL_INSTRUMENT_FM&advFilter%5BFinancial+market+data+-+yield+curve+%28YC%29%5D%5BFinancial+market+instrument-CL_INSTRUMENT_FM%5D%5B%5D=G_N_A&advFilterDataset%5B%5D=Financial+market+data+-+yield+curve+%28YC%29
https://fred.stlouisfed.org/categories/115
https://fred.stlouisfed.org/categories/115
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Table 2. Bond Portfolio on May 29, 2023. This table summarizes the bond holdings, including 
the International Securities Identification Number (ISIN), the face value, its base currency, the 
maturity date, the coupon rate, the number of coupon payments per year, the face value in 
euros, and the fair value in euros. 

Table 1. Equity Portfolio on May 29, 2023. This table presents a summary of stock holdings, 
including the company name, the market identifier code (ticker), the index in which it is listed, 
the number of shares held (quantity), where the negative values correspond to short positions, 
the share price in its base currency, the value in euros, and the portfolio allocation. 
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Chapter 4 – Methodology 

 
This work aims to evaluate and manage the risks of a diversified portfolio composed by stocks 

and bonds over a one-year period, using historical data from 2 January 2007 to 3 June 2024.  

A risk factor mapping approach is used to align individual asset exposures with the relevant 

underlying risk factors. The returns of the risk factors are computed based on the historical 

data, and volatility is estimated using the Exponentially Weighted Moving Average (EWMA) 

method. 

Four VaR models are implemented: RiskMetrics VaR, Skewed Generalized Student-t VaR 

(SGSt VaR), Adjusted Historical VaR, and Quantile Regression VaR (QR VaR). Each is tested 

under different specifications to assess robustness. 

The model’s performance is assessed through backtesting, using the Conditional 

Coverage test and Berkowitz, Christoffersen, and Pelletier (BCP) test. These tests verify the 

accuracy and reliability of VaR forecasts, and their results help identify the model that best 

captures the portfolio’s risk profile. 

 

4.1. Risk factor mapping 

In order to address market risk, each asset exposure is mapped onto a set of predefined risk 

factors. Risk factors represent the market variables that drive changes in the value of the 

assets within the portfolio. 

Table 3 presents the risk factor mapping as of May 29, 2023. In the following sections it is 

addressed the methodology used to map the different risk factors. 

 

4.1.1. Equity 

For the equity assets, the relevant risk factor is the market price of each stock, as the value of 

an equity position depends on its market price, which reflects all publicly available information 

and investor sentiment at a given point in time. Any fluctuation in this price affects the position's 

value and, in turn, the overall portfolio value. 

The exposure to this risk factor is determined by the size of the position held in each stock. 

Therefore, the capital at risk is calculated by multiplying the number of shares held (𝑁𝑖𝑡), by 

the stock’s current market price(𝑃𝑖𝑡). Given that the portfolio’s base currency is the euro, and 

some stocks are in foreign currencies, the market prices are converted using the applicable 

exchange rate (𝐹𝑋𝑡)  to ensure consistency across all positions: 

𝐸𝑖𝑡 = 𝑁𝑖𝑡 ∗ 𝑃𝑖𝑡 ∗ 𝐹𝑋𝑡 . (1) 
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4.1.2. Bonds 

Bonds are considered fixed-income securities since they provide predetermined cash flows, 

consisting of coupon payments 

Table 3. Risk factor exposure mapping on May 29, 2023. This table presents the asset  
exposure mapping, in euros, to its corresponding risk factor: equity, bonds and currency. 
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𝐶𝑖𝑡 = 𝑁 ∗
𝑐𝑛

𝑛
, (2)

where 𝑁 is the face value, 𝑐𝑛 is the annual coupon rate, 𝑛 is the coupon frequency, and the 

repayment of principal at maturity (𝑇) 

𝐶𝑖𝑇 = 𝑁 ∗ (1 +
𝑐𝑛

𝑛
) . (3) 

The fair value of a bond (𝑃𝑉𝑖𝑡) is determined by continuously discounting its future cash 

flows (𝐶𝑖𝑡), using a discount rate that reflects current market interest rates (𝑟𝑡), 

𝑃𝑉𝑖𝑡 = ∑𝐶𝑖𝑡

𝑇

𝑡

∗ 𝑒−𝑟𝑡∗𝑡 . (4) 

When interest rates rise (fall), the discount factor (𝑒−𝑟𝑡∗𝑡) increases (decreases), which 

reduces (increases) the present value of future payments and, consequently, the bond’s price. 

As a result, interest rates represent the key source of risk for bonds, and each bond is exposed 

to as many interest rate risk factors as cash flow maturities (𝑡). 

However, in a large portfolio, cash flow maturities may occur on a daily basis, implying the 

need to monitor the volatilities and correlations of interest rates for a wide range of maturities, 

which could become unmanageable. Additionally, the interest rate data may not be available 

for all relevant maturities. To address these aspects, Alexander (2008) proposes that the cash 

flows are mapped to standard maturities of a term structure of interest rates. 

Interest rates at various maturities are then computed by applying linear interpolation 

between the closest larger and smaller standard maturities, the upper and lower vertices, 

respectively, 

{
𝑤𝑡𝐿 =

𝑡𝑈 − 𝑡

𝑡𝑈 − 𝑡𝐿
𝑤𝑡𝑈 = 1 − 𝑤𝑡𝐿

, (5) 

where 𝑡𝐿 and 𝑡𝑈 are the maturities of the lower and upper vertices, respectively, 𝑤𝑡𝐿 and 𝑤𝑡𝑈 

are the weights allocated to the lower and upper vertices, respectively, and 𝑡 is the cash-flow 

maturity. The interpolated interest rates are then calculated with the formula: 

𝑟𝑡 = 𝑟𝐿 ∗ 𝑤𝑡𝐿 + 𝑟𝑈 ∗ 𝑤𝑡𝑈 , (6) 

where 𝑟𝐿 and 𝑟𝑈 are the interest rates of the lower and upper vertices. 

The present value of a basis point (PV01) measures the sensitivity of a cash flow to a 

decrease of 1 basis point in market interest rates. Given the small change of the interest rate 

(1 basis point), the PV01 of a cash flow (𝐶𝑖𝑡) can be approximated using a first-order Taylor 

expansion expressed as 

𝑃𝑉01𝐶𝑖𝑡
≈

𝜕𝑃𝑉𝑖𝑡

𝜕𝑟𝑇
∗ (−0,01%)              

= 𝑡 ∗ 𝑃𝑉𝑖𝑡 ∗ 0,01%.

(7) 

The exposure to the interest rate risk that each vertex represents is then 
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−𝑃𝑉01𝑗𝑡 = 𝑃𝑉𝑖𝑡 ∗ 𝑤𝑗𝑡 ∗ 𝑡𝑗 ∗ (−0,01%), (8) 

where 𝑤𝑗𝑡 is the weight allocated to the vertex and 𝑡𝑗  is the maturity of the vertex. 

 

4.1.3. Currency risk factor 

The portfolio under analysis has positions in assets that are not denominated in the base 

currency (EUR) therefore, these positions are not only exposed to the risk factor of the asset 

but also to the exchange rate risk factor. The assets denominated in USD, GBP, BRL, JPY, 

and HKD are exposed to the USDEUR, GBPEUR, BRLEUR, JPYEUR, and HKDEUR risk 

factors, respectively, by the total amount of the investment in EUR. 

 

4.2. Volatility 

Volatility represents the degree of uncertainty in asset returns, and it is a critical component in 

assessing risk, as it directly influences the VaR calculation. Since volatility in financial markets 

is not constant over time, the choice of the estimation method can significantly influence the 

quality and responsiveness of the risk assessment. 

The most common approach to estimate volatility is the historical method, where the 

standard deviation is calculated based on a fixed window of past returns, assigning an equal 

weight to each observation. This method assumes a stable market environment and can lag 

in capturing sudden changes in volatility, particularly during periods of market stress. 

To address this limitation, this analysis adopts the Exponentially Weighted Moving 

Average (EWMA) model. Unlike the equal-weighted approach, EWMA assigns more weight to 

recent return observations, allowing the volatility estimate to adjust more rapidly to current 

market dynamics. The variance at time 𝑡 is computed as 

𝜎̂𝑡
2 = (1 − 𝜆)𝑟𝑡−1

2 + 𝜆𝜎̂𝑡−1
2 , (9) 

where 𝜆 is the smoothing factor, 𝑟𝑡−1
2  is the squared return from the previous day, and 𝜎̂𝑡−1

2   is 

the variance from the previous period. The parameter 𝜆 takes a value between 0 and 1 and 

determines how quickly the influence of past observations declines over time. A higher 𝜆 gives 

more weight to past variances, causing the model to react more smoothly and slowly to new 

information. In contrast, a lower 𝜆 gives more importance to recent returns, making the volatility 

estimate more responsive to sudden market changes. The adopted smoothing factor is 𝜆 =

0,94, as recommended by the RiskMetrics Technical Document (J.P. Morgan, 1996). This 

value was empirically chosen for daily volatility estimation since it provides a trade-off between 

responsiveness to new market conditions and stability of the volatility estimate. 

By recursively substituting 𝜎, the formula becomes: 

𝜎̂𝑡
2 = (1 − 𝜆)∑𝜆𝑖−1 𝑟𝑡−𝑖

2

∞

𝑖=1

. (10) 



 

 

 

 

17 

Equation 10 demonstrates that, although all past observations contribute to the estimate, 

over time, their weight decreases exponentially. 

 

4.3. Value-at-Risk Models 

Value at Risk (VaR) summarizes the worst expected loss, in present value terms, over a time 

horizon, ℎ, that will not be exceeded with a given confidence level, 1-𝛼. It answers the question: 

“What is the worst expected loss over a given time period under normal market conditions, at 

a certain confidence level?” 

Formally, VaR corresponds to the negative of the lower 𝛼-quantile of the projected return 

distribution, discounted over the time horizon 

𝑉𝑎𝑅ℎ,𝛼 = −𝐹−1(𝛼) , (11) 

where 𝐹−1(𝛼) is the inverse cumulative distribution function (CDF) of the returns of the portfolio 

over the time horizon ℎ. Since losses are negative returns, the inverse CDF is multiplied by -1 

to express VaR as a positive potential loss. 

On the following sections are presented the 4 VaR models: RiskMetrics VaR, Skewed 

Generalized Student-t VaR (SGSt VaR), Adjusted Historical VaR, and Quantile Regression 

VaR (QR VaR). 

 

4.3.1. RiskMetrics VaR 

The RiskMetrics VaR is a VaR model that assumes that the portfolio’s discounted returns over 

an h-day period (𝑋ℎ), are normally distributed and independent across time 

𝑋ℎ ~
i.i.d.

 𝑁(𝜇ℎ , 𝜎ℎ
2) , (12) 

where (𝜇ℎ) represents the expected return and (𝜎ℎ
2) the variance of returns over the ℎ period. 

The RiskMetrics VaR is then computed by the formula: 

𝑉𝑎𝑅ℎ,𝛼 = −Φ𝜇ℎ,𝜎ℎ
−1 (𝛼), (13) 

where −Φ𝜇ℎ,𝜎ℎ
−1 (𝛼) denotes the 𝛼 quantile of the normal distribution with mean 𝜇ℎ and standard 

deviation 𝜎ℎ. By transforming the normal variable to a standard normal variable, the formula 

becomes: 

𝑉𝑎𝑅ℎ,𝛼 = −Φ−1(𝛼)𝜎ℎ − 𝜇ℎ  , (14) 

where Φ−1(𝛼) is the inverse standard normal cumulative distribution function. 

The expected return of the portfolio (𝜇ℎ) is assumed to be zero since for short-term 

horizons such as daily VaR (ℎ = 1), the expected excess return is usually small. By assuming 

an expected return of zero, it is assumed that the average portfolio return equals the risk-free 

rate, consistent with the risk-neutral measure commonly used in financial modelling and 

regulatory capital calculations. The standard deviation (𝜎ℎ) is estimated using the EWMA 
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volatility model (equation 10). Under these assumptions, the final formula for RiskMetrics VaR 

becomes: 

𝑉𝑎𝑅1,𝛼 = −Φ−1(𝛼)𝜎1. (15) 

 

4.3.2. Skewed Generalized Student t VaR 

The probability density function (PDF) of the Skewed Generalized t-distribution is: 

𝑓(𝑥, 𝜇, 𝜎, 𝜆, 𝑝, 𝑞) =
𝑝

2𝑣𝜎𝑞
1
𝑝𝐵(

1
𝑝 , 𝑞)

1

[
1
𝑞 (

|𝑥 − 𝜇 + 𝑚|
𝑣𝜎(𝜆𝑠𝑖𝑔𝑛(𝑥 − 𝜇 + 𝑚) + 1)

)
𝑝

+ 1]

1
𝑝+𝑞

 , (16)
 

and 

𝑚 =
2𝑣𝜎𝜆𝑞

1
𝑝𝐵 (

2
𝑝 , 1 −

1
𝑝)

𝐵 (
1
𝑝 , 𝑞)

(17) 

𝑣 = 𝑞
−

1
𝑝

[
 
 
 
(3𝜆2 + 1)

𝐵 (
3
𝑝 , 𝑞 −

2
𝑝)

𝐵 (
1
𝑝 , 𝑞)

− 4𝜆2 (
𝐵 (

2
𝑝 , 𝑞 −

1
𝑝)

𝐵 (
1
𝑝 , 𝑞)

)

2

]
 
 
 
−

1
2

(18) 

 

𝑠𝑖𝑔𝑛(𝑥) = {
1      if 𝑥 > 0
0      if 𝑥 = 0
−1   if 𝑥 < 0

(19) 

𝐵(𝑥, 𝑦) = ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑑𝑡
1

0

, (20) 

where 𝜇 is the mean of the distribution, 𝜎 > 0 is the standard deviation, −1 < 𝜆 < 1 determines 

the skewness, 𝑝 > 0 controls kurtosis and tail thickness, 𝑞 > 0 controls the decay rate of the 

distribution tails, 𝑚 is the skewness shift adjustment (ensures the distribution remains centred 

at 𝜇), and 𝑣 is normalization parameter (ensures unit variance). 

The 𝑛-th moment of the distribution is only defined if 𝑝𝑞 > 𝑛. Therefore, in order to use the 

mean/standard-deviation parameterization 𝑝𝑞 > 2.  

We estimate the parameters by maximizing the likelihood function 

(𝜇̂, 𝜎̂, 𝜆̂, 𝑝̂, 𝑞̂) =
max

𝜇, 𝜎, 𝜆, 𝑝, 𝑞 ∑ ln[𝑓(𝑥𝑡−𝑖 , 𝜇, 𝜎, 𝜆, 𝑝, 𝑞)]

𝑛

𝑖=1

. (21) 

The VaR formula, when the portfolio returns follow a SGSt distribution, is 

𝑉𝑎𝑅ℎ,𝛼 = −𝑇𝜇,𝜎,𝜆,𝑝,𝑞
−1 (𝛼) , (22) 

where 𝑇𝜇,𝜎,𝜆,𝑝,𝑞
−1 (𝛼) is the inverse of the SGSt distribution. By using the equivariance property 

of the quantile function, the VaR formula becomes 

𝑉𝑎𝑅ℎ,𝛼 = −𝑇0,1,𝜆,𝑝,𝑞
−1 (𝛼) ∗ 𝜎 − 𝜇. (23) 
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Following the same reasoning of the RiskMetrics VaR, 𝜇 = 0, 𝜎 is estimated using the 

EWMA volatility model (equation 10) and ℎ = 1 (daily VaR). Under these assumptions, the final 

formula for SGSt VaR becomes: 

𝑉𝑎𝑅1,𝛼 = −𝑇0,1,𝜆,𝑝,𝑞
−1 (𝛼) ∗ 𝜎. (24) 

 

4.3.3. Historical VaR 

While Risk Metrics VaR and Skewed Generalized Student t VaR models rely on specific 

assumptions about the distribution of returns, Historical VaR is a non-parametric model that 

uses directly the empirical distribution of past returns estimating VaR based on the 𝛼-quantile 

of this distribution. 

The sample size on this model is crucial since the entire distribution is based on it. The 

minimum size must be at least 
1

𝛼
, which in this analysis corresponds to at least 100 

observations. Using the minimum number of observations can make the VaR highly sensitive 

to outliers. On the other hand, using a very large sample size may include outdated market 

conditions that are no longer relevant to current risks, especially since the model assumes 

constant risk sensitivities over the period. The choice of sample size is also influenced by data 

frequency, since low-frequency data would lead to going further into the past, which might 

reduce relevance to the current risks, and the data might not be available. To ensure 

consistency across the various models, it is adopted a sample size of 800 observations using 

daily data.  

Historical VaR assumes that past volatility is representative of current risk. But if market 

volatility increases or decreases, the unadjusted historical returns might under- or overestimate 

actual risk. To improve the sensitivity of the historical VaR to current market conditions, as 

suggested by Hull and White (1998), the volatility of the series of returns can be adjusted to 

the current volatility so that the whole sample reflects the current market conditions. To 

compute the adjusted returns (𝑟̂𝑡), each historical return (𝑟𝑡) is scaled by the ratio of current 

volatility (𝜎̂𝑇) to historical volatility (𝜎̂𝑡), 

𝑟̂𝑡 =
𝜎̂𝑇

𝜎̂𝑡
𝑟𝑡  , (25) 

where volatilities are computed by the EWMA model (equation 10). 

To compute the VaR, the time series of unadjusted and adjusted historical returns over 

the past 800 days are first sorted in ascending order. The historical VaR at the 99% confidence 

level corresponds to the 8th (1% of 800) most negative return observation in these sorted 

distributions.  
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4.3.4 Quantile Regression Var 

Unlike traditional regressions (such as OLS) that focus on estimating the conditional mean, 

quantile regression estimates specific quantiles of the distribution of financial returns. By using 

quantile regression, the VaR of a portfolio is computed based on historical data and 

explanatory variables 

𝑉𝑎𝑅𝛼 ≡ −𝑞𝑦,𝛼 = −(𝑎̂ + 𝑏̂𝑥𝑖) , (26) 

where 𝑦 is the portfolio returns (dependent variable), 𝑥𝑖 is the EWMA volatility estimates 

(explanatory variable), and 𝑎̂ and 𝑏̂ are the estimated intercept and slope coefficients from the 

quantile regression.  These coefficients are obtained by solving the following minimization, as 

introduced by Koenker and Bassett (1978): 

(𝑎̂, 𝑏̂) = arg
min
𝑎, 𝑏

∑[𝑦𝑖 − (𝑎 + 𝑏𝑥𝑖)](𝛼 − 𝐼𝑦𝑖−(𝑎+𝑏𝑥𝑖)<0)

𝑛

𝑖=1

 , (27) 

where 𝐼𝑦𝑖−(𝑎+𝑏𝑥𝑖)<0 is an indicator function of event 

𝐼𝑦𝑖−(𝑎+𝑏𝑥𝑖)<0 = {
1   if  𝑦𝑖 − (𝑎 + 𝑏𝑥𝑖) < 0

0   if  𝑦𝑖 − (𝑎 + 𝑏𝑥𝑖) ≥ 0
. (28) 

The parameters are estimated using a sample size of 800 daily observations, and they are 

re-estimated every trading day. 

 

4.4. Backtest 

While VaR provides a theoretical estimate of potential losses under normal market conditions, 

it is essential to evaluate the accuracy of these estimates when compared to observed 

outcomes. Backtesting compares the VaR values forecasts with realized portfolio losses over 

a historical period and records the number of exceedances. A VaR exceedance occurs when 

the loss on a portfolio exceeds the symmetric of the VaR estimate for that day. To identify if an 

exceedance has occurred it is used the indicator function 

𝐼𝛼,𝑡 = {
1   if  𝑟𝑡 < 𝑉𝑎𝑅1,𝛼,𝑡

0   if  𝑟𝑡 ≥ 𝑉𝑎𝑅1,𝛼,𝑡
, (29) 

where 𝑟𝑡is the return observed for day 𝑡 and 𝑉𝑎𝑅1,𝛼,𝑡 is the VaR estimated for day 𝑡. 

In this analysis, backtesting is conducted using daily VaR estimates computed for the 

portfolio held on May 29th, 2023. The underlying risk factor returns are calculated using 

historical data spanning the past 10 years, from June 13, 2013, to May 31, 2023. 

The following sections detail the tests used to backtest the VaR Models: the Unconditional 

Coverage Test and the Berkowitz, Christoffersen, and Pelletier (BCP) Test. 
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4.4.1. Unconditional Coverage Test 

The Unconditional Coverage (UC) Test evaluates whether the number of VaR exceedances 

aligns with the expected number given the chosen confidence level. This test is based on a 

likelihood ratio framework. 

To test the unconditional coverage, as proposed by Kupiec (1995), the hypotheses are 

formulated 

𝐻0: 𝜋𝑜𝑏𝑠 = 𝛼
𝐻1: 𝜋𝑜𝑏𝑠 ≠ 𝛼

. (30) 

If 𝐻0 is not rejected, the model’s exceedances are consistent with the expected level, if 𝐻0 

is rejected the model underestimates or overestimates risk, as the number of exceedances are 

statistically inconsistent with the assumed VaR confidence level. 

The likelihood under the null hypothesis 𝐻0 is 

𝐿(𝛼, 𝐼1, 𝐼2,… , 𝐼𝑛) = (1 − 𝛼)𝑛−𝑛𝑒 ∗ 𝛼𝑛𝑒  , (31) 

and under the alternative hypothesis 𝐻1 

𝐿(𝜋𝑜𝑏𝑠, 𝐼1, 𝐼2, … , 𝐼𝑛) = (1 − 𝜋𝑜𝑏𝑠)
𝑛−𝑛𝑒 ∗ 𝜋𝑜𝑏𝑠

𝑛𝑒  , (32) 

where 𝑛 is the number of observations, 𝑛𝑒 is the number of exceedances, 𝑛 − 𝑛𝑒 is the number 

of non-exceedances and 𝜋𝑜𝑏𝑠 is the exceedance rate in the backtesting period (
𝑛𝑒

𝑛
) and 𝛼 is 

the VaR significance level. 

The likelihood ratio test is then: 

𝐿𝑅𝑢𝑐 = −2 ln [
𝐿(𝛼)

𝐿(𝜋𝑜𝑏𝑠)
] = −2[ln 𝐿(𝛼) − ln 𝐿(𝜋𝑜𝑏𝑠)]~𝜒2(1), (33) 

thus: 

𝐿𝑅𝑢𝑐

 

 = −2[(𝑛 − 𝑛𝑒) ln(1 − 𝛼) + 𝑛𝑒 ln(𝛼) − (𝑛 − 𝑛𝑒) ln(1 − 𝜋𝑜𝑏𝑠) − 𝑛𝑒 ln(𝜋𝑜𝑏𝑠)] =

 = −2[𝑛𝑒(ln 𝛼 − ln 𝜋𝑜𝑏𝑠) + (𝑛 − 𝑛𝑒)(ln(1 − 𝛼) − ln(1 − 𝜋𝑜𝑏𝑠))]                           
. (34) 

 

4.4.2. Berkowitz, Christoffersen, and Pelletier (BCP) Test 

The Unconditional Coverage Test only checks frequency, not the independence or clustering 

of exceedances. As a result, models that exhibit clustering of exceedances may still pass the 

UC test despite being misspecified. The Berkowitz, Christoffersen, and Pelletier test addresses 

this limitation by testing if the exceedances are independent. As proposed by Berkowitz, 

Christoffersen, and Pelletier (2007), the hypotheses are formulated 

𝐻0: 𝜌̂𝑘 = 0, ∀𝑘 ∈ {1, … ,𝐾}                  

𝐻1: ∃𝑘 ∈ {1,… , 𝐾} such that 𝜌̂𝑘 ≠ 0 
 , (35) 

where 𝜌̂𝑘 is the 𝑘-th order autocorrelation of the time series of exceedances, and 𝐾 is the 

maximum autocorrelation lag considered in the test, 
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If the null hypothesis 𝐻0 is not rejected, the VaR model is well specified, and exceedances 

are independent at all lags. If the null hypothesis 𝐻0 is rejected, then at least one 

autocorrelation is significantly different from 0, indicating a model misspecification. 

The exceedances sequence has a first-order autocorrelation of zero under the null 

hypothesis. The BCP test can be computed through the Ljung-Box statistics 

𝐿𝐵(𝐾) = 𝑇(𝑇 + 2) ∑
𝜌̂𝑘

2

𝑇 − 𝑘

𝐾

𝑘=1

 , (36) 

where 𝑇 is the total number of observations (sample size). The test statistic has an asymptotic 

chi-square distribution with 𝑘 degrees of freedom, 

𝐿𝐵(𝐾)~𝜒𝑘
2. (37) 

Although the number of lags 𝑘 is not fixed, a higher 𝐾 captures longer-range 

autocorrelation but increases the degrees of freedom, raising the critical value and reducing 

the test's power. On the other hand, a lower 𝑘 improves the test's ability to reject the null under 

strong short-term dependence but limits its ability to capture autocorrelation beyond the 

chosen horizon. 

To balance these trade-offs, the BCP test is computed for 𝐾 = 1 to 𝐾 = 10, testing the 

autocorrelation until the 10th lag. For each test period, it is selected the lag 𝐾 that yields the 

lowest p-value among the tests. 

 

4.5 Hedging 

To implement a hedging strategy, it is necessary to evaluate how individual risk factors 

contribute to the total VaR. A Marginal VaR decomposition allows to isolate and quantify the 

portion of portfolio VaR attributable to each specific exposure. Therefore, the Marginal VaR 

allows to determine the positions that can effectively reduce the Value at Risk by identifying 

the most impactful risk factor exposures. 

 

4.5.1 Gradient Vector 

The gradient vector, denoted by ∇𝑉𝑎𝑅, is a vector that captures the first-order sensitivities of 

the portfolio’s VaR with respect to small changes in exposure to each of the 𝑛 underlying risk 

factors, 

∇𝑉𝑎𝑅 =

[
 
 
 
 
 
 
 
𝜕𝑉𝑎𝑅

𝜕𝜃1

𝜕𝑉𝑎𝑅

𝜕𝜃2

⋮
𝜕𝑉𝑎𝑅

𝜕𝜃𝑛 ]
 
 
 
 
 
 
 

 , (38) 

where the vector of risk factors is 
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Θ = [

𝜃1

𝜃2

⋮
𝜃𝑛

] . (39) 

 

4.5.2 Marginal VaR 

The Marginal VaR quantifies the contribution of the decomposition risk factor (Θ𝑆) to the total 

portfolio VaR. The Marginal VaR it is computed using the gradient vector (equation 38)  

𝑀𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑉𝑎𝑅𝑆 = ∇𝑉𝑎𝑅𝑇Θ𝑆 , (40) 

where 

𝑉𝑎𝑅 = ∑𝑀𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑉𝑎𝑅𝑆

𝑚

𝑆=1

. 

A decomposition of the vector of risk factor loadings (Θ) can be any that satisfies: 

∑ Θ𝑆

𝑚

𝑆=1

= Θ (41) 

 

4.5.3 Hedging position 

Following the Marginal VaR decomposition, the risk factors that exhibit the highest marginal 

contributions to the total portfolio VaR are identified as primary candidates for hedging. These 

are the exposures whose small changes result in the most significant impact on portfolio risk. 

Given a target change in the VaR (∆𝑉𝑎𝑅) the required hedging position (Θ𝑆) is computed with 

the formula: 

∆𝑉𝑎𝑅 ≈
𝜕𝑉𝑎𝑅

𝜕Θ𝑆 ∗ Θ𝑆 +
𝜕𝑉𝑎𝑅

𝜕Θ𝐹𝑋
𝑆 ∗ Θ𝑆  , (42) 

where 
𝜕𝑉𝑎𝑅

𝜕Θ𝑆  is the gradient of the decomposition risk factor, Θ𝐹𝑋
𝑆  is the currency risk factor 

associated with the hedging position, given that if the hedge is held in a foreign currency, the 

exposure to that currency will vary proportionally with the position, and 
𝜕𝑉𝑎𝑅

𝜕Θ𝐹𝑋
𝑆  is the gradient of 

the currency risk factor. Solving equation 42 for the hedging position Θ𝑆: 

Θ𝑆 ≈
∆𝑉𝑎𝑅

𝜕𝑉𝑎𝑅
𝜕Θ𝑆 +

𝜕𝑉𝑎𝑅

𝜕Θ𝐹𝑋
𝑆

 . (43)
 

 

4.6. Return on Risk-Adjusted Capital (RORAC) 

The objective for optimal capital allocation is to achieve the best risk-adjusted performance. 

Return on Risk-Adjusted Capital (RORAC) is a Risk-adjusted performance measurement that 

relates returns (𝑅) to the level of risk undertaken. The level of risk undertaken is measured by 

an internal measure of capital at risk, namely Economic Capital (𝐸𝐶), 
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𝑅𝑂𝑅𝐴𝐶 =
𝑅

𝐸𝐶
. (44) 

According to Jorion (2007), VaR can be viewed as a measure of Economic Capital, therefore 

𝑅𝑂𝑅𝐴𝐶 =
𝑅

𝑉𝑎𝑅
. (45) 

 

 

 

  



 

 

 

 

25 

Chapter 5 - Model Choice 

 
The backtesting window is of 2600 trading days, covering the period from June 11, 2013, to 

May 29, 2023. This ten-year period includes a diverse range of market conditions, including 

periods of stability and stress. 

The backtesting is conducted using a consistent set of parameters across all models, as 

presented in Table 4. The EWMA smoothing factor is set to 0,94 as proposed by J.P. Morgan 

(1996), ensuring both responsiveness to recent market changes and robustness of volatility 

estimates. 

In order not to overestimate the Historical VaR and the Quantile Regression VaR, the 

product of the confidence level and the sample size must be an integer: 

𝛼 ∗ 𝑛 ∈ ℤ (46) 

Therefore, a rolling sample size of 800 observations is used for all models except for 

RiskMetrics, whose estimation methodology does not rely on a predefined sample window. 

The 800 daily observations correspond approximately to 3 years of data, assuming that one 

year has 260 trading days.  

A daily estimation frequency is adopted for models where time-series updating is relevant, 

namely the SGSt and Quantile Regression specifications. This frequency aligns with the 

availability of financial market data and ensures that model parameters are regularly updated 

to reflect the latest market information. 

Table 5 resumes the backtesting results, including the number of exceedances, the 

exceedance rate, the p-value for the Unconditional Coverage Test, and the p-value, lag, and 

clustering for the BCP test. 

When comparing the VaR forecasts with the realized portfolio losses over the backtesting 

period from June 11, 2013, to May 29, 2023, it was expected to observe approximately 26 

exceedances (𝑛 ∗ 𝛼) based on the 2600 observations (𝑛) at a confidence level (𝛼) of 1%.  

All models exceed this threshold, indicating a tendency to underestimate the risk. 

Nevertheless, Risk Metrics, SGSt, and Adjusted Historical Var models recorded exceedances 

notably above the expected level with 49, 45, and 43 exceedances registered, respectively. 

Table 4. Backtesting model parameters. This table presents the parameters applied to each 
model backtesting, namely the EWMA smoothing factor, the sample size, and the estimation 
frequency. 
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The Unadjusted Historical and Quantile Regression VaR models registered only 35 and 32 

exceedances, respectively, closely aligned with the theoretical expectation.  

The Unconditional Coverage test corroborates this interpretation. At a 5% significance 

level, the test rejects the null hypothesis (equation 30) for Risk Metrics, Adjusted Historical, 

and SGSt VaR models. On the other hand, the Unadjusted Historical and Quantile Regression 

VaR models yield a p-value of 9,2% and 25,37% respectively, therefore the null hypothesis is 

not rejected, and the number of exceedances is statistically consistent with the expected level. 

All models fail the Berkowitz, Christoffersen, and Pelletier (BCP) test, rejecting the null 

hypothesis (equation 35), implying that at least one autocorrelation of exceedances is different 

from 0. As a result, none of the models can ensure the independence of the exceedances. 

To assess the temporal robustness of model performance for the VaR models that 

performed better at the Unconditional Coverage Test, namely the Unadjusted Historical model 

and the Quantile Regression model (table 5), the 2600 day backtesting window was 

decomposed into ten non-overlapping sub-periods of 260 trading days each (approximately 

one year) in order to analyse the stability and consistency of model performance over time, 

particularly across different market regimes (table 6).  

In terms of the Unconditional Coverage test, the expected exceedance rate would be 

approximately 3 exceedances (260 ∗ 1%). The Unadjusted Historical Var performs 

satisfactorily in 5 out of 10 sub-periods, with p-values exceeding 5%. In the remaining 5 

subperiods, the null hypothesis is rejected (equation 30), and in 3 out of those 5 periods, the 

risk is overestimated, producing fewer exceedances than expected. A notable underestimation 

of risk occurs during the period from June 4, 2019, to June 3, 2020, where 17 exceedances 

were recorded, reflecting a model’s failure to predict extreme market movements during 

periods of elevated volatility, namely the COVID-19 market shock. The Quantile Regression 

VaR model shows a more stable performance over time in terms of the Unconditional 

Coverage test, where, across the 10 sub-periods, it produces acceptable exceedance rates in 

8 out of 10 sub-periods, with p-values above 5%, suggesting stronger alignment with the 

Table 5. Backtesting Model Evaluation Results. This table summarizes the performance of 
the models under backtesting, including the number of exceedances, the exceedance rate, 
and the results of the Unconditional Coverage (UC) test and the Berkowitz, Christoffersen, and 
Pelletier (BCP) test. 
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theoretical exceedance frequency. Similar to the Unadjusted Historical model, it performs 

poorly during the 2019-2020 window, with 7 exceedances recorded and a p-value of 2,34%, 

thereby underestimating portfolio risk during one of the most turbulent market regimes in the 

sample. 

Regarding the BCP test, which evaluates the independence of exceedances, both models 

exhibit a weak performance. The Unadjusted Historical VaR model rejects the null hypothesis 

of the BCP test (equation 35) in 2 out of the 10 sub-periods, whereas the Quantile Regression 

VaR model rejects the null hypothesis in 6 out of 10 sub-periods. Despite the lower failure 

frequency, the Unadjusted Historical model displays substantially higher clustering intensity, 

accumulating a total of 62 clustered exceedances across all lags (𝐾 = 1 to 𝐾 = 10) for the 10-

year period (table 7), compared to only 10 clusters observed for the Quantile Regression model 

(table 7). This suggests that while the Quantile Regression model is rejected more frequently, 

the severity of exceedances dependence is higher in the Unadjusted Historical model.  

Table 6. Yearly Backtesting Results for the Unadjusted Historical and Quantile 
Regression VaR. This table summarizes the performance of the Unadjusted Historical and 
Quantile Regression VaR, including the number of exceedances, the exceedance rate, and 
the results of the Unconditional Coverage (UC) test and the Berkowitz, Christoffersen, and 
Pelletier (BCP) test, per year. 
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The model selected to perform the risk assessment is the Quantile Regression VaR since 

it has a better performance at the Unconditional Coverage test and displays a lower clustering 

intensity on the BCP test. 

Figure 1 presents the daily VaR estimates computed by the Quantile Regression VaR, and 

the returns observed for the backtesting period. 

 

 

  

 

  

Table 7. Yearly Lag Dependence Results for Unadjusted Historical and Quantile 
Regression VaR. This table presents the backtesting results of lag dependence for the 
unadjusted Historical VaR and the Quantile Regression VaR models, recording for each period 
the frequency of exceedances across lags 1 to 10 and the cumulative sum of exceedances 
across all lags. 

Figure 1. Quantile Regression VaR backtesting period performance. This figure presents 
the portfolio returns and the corresponding 1-day VaR estimates over the sample period. The 
black line represents portfolio returns, the blue line the VaR estimates, and the blue and red 
dots highlight exceedances. 
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Chapter 6 - VaR Management 

 
For the portfolio held on March 29, 2023 (table 1 and table 2), the one-year Value at Risk (VaR) 

was computed for the period spanning from May 30, 2023, to June 3, 2024. The VaR was 

calculated on a daily basis using the Quantile Regression model (chapter 5) and was estimated 

before market close each day to forecast the potential loss for the following trading day. 

All coupon payments received during the year were reinvested into the originating 

securities, thereby maintaining consistency in the reinvestment policy. 

Throughout this period, the portfolio was required to maintain a target allocation of 60% in 

equities and 40% in bonds, with a permitted deviation of up to 5%. As observed in Figure 2, 

on February 6, 2024, just before the market closed, the portfolio allocation exceeded this 

threshold, reaching an allocation of 65,1% in equities and 34,9% in bonds.  

As a result, the portfolio was proportionally rebalanced shortly before the market close 

(see Annex A), on the same day, to restore the target allocation of 60% equities and 40% 

bonds (Table 8). 

  

Table 8. Rebalanced Portfolio Value on February 6, 2024. This table provides the total value 
of the investment portfolio, with the allocation by stocks and bonds before and after the 
rebalancing. 

Figure 2. Evolution of portfolio allocation with and without Rebalancing (Rebalancing 
on 6 February 2024). The figure shows stock and bond allocations over the 1-year period, 
with and without rebalancing. The rebalancing on February 6, 2024, reset the portfolio to its 
target allocation of 60% stocks and 40% bonds, while the unrebalanced allocations drifted due 
to market movements. 
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In this rebalancing, 8,73€ were allocated to a cash account. Without rebalancing, the 

unrebalanced portfolio allocation on June 3, 2024, would have diverged substantially from the 

target weights, reaching 68,7% in stocks and 31,3% in bonds (Figure 2). 

Since there was a portfolio change, as done in chapter 5, the new rebalanced portfolio was 

backtested, with the same parameters presented in table 4, with a backtesting window of 2600 

trading days, from February 19, 2014, to February 6, 2024. As observed in Annex 2, the results 

were similar to the results analysed in Chapter 5, with the best-performing model continuing to 

be the Quantile Regression VaR. 

Figure 3 presents he results of the daily VaR estimations compared with the actual P&L of 

the rebalanced portfolio. As illustrated by the blue and red dots (Figure 3), two exceedances 

were recorded during the period, on July 6, 2023, and April 16, 2024. On these dates, the 

estimated VaR was 700.112,98€ and 708.390,30€, respectively, while the actual portfolio 

losses were 728.993,46€ and 886.678,87€, respectively.  

An Economic Capital threshold of 800.000€ was established as the upper bound for daily 

VaR. To ensure that the rebalanced portfolio remained within the limit, before market closing 

and after estimating the VaR for the next trading day, hedging positions were taken whenever 

the estimated VaR exceeded the threshold. 

The hedging strategy was based on a decomposition of the portfolio's marginal VaR 

(Chapter 4.5.2) by currency, equity index, and interest rate exposures, as illustrated in Table 

9. 

Figure 3. Rebalanced Portfolio Returns and Total Value-at-Risk (VaR). This figure shows 
the rebalanced portfolio returns (black line) against the VaR estimates (blue line). The dots 
highlight the exceedances. 
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On the days where the estimated VaR exceeded the 800.000€ threshold, hedging 

positions were taken in the decomposition (currency, index, or interest rate) with the highest 

marginal contribution to the overall VaR.  As shown in the graph below (Figure 4), index 

components, namely GSPC, FTSE, BVSP, and N225, were the chosen hedging positions 

since they consistently exhibited the highest marginal VaR. All hedging positions (Figure 4) 

were short positions and were computed as described in Chapter 4.5.3. When a short position 

was carried over from the previous day and the estimated VaR for the next day exceeded the 

threshold, the marginal VaR of that position was evaluated to determine whether to maintain it 

as the sole hedge or to keep it and add a new short position that presents a higher marginal 

VaR. On the other hand, if maintaining existing short positions brought the following day’s VaR 

below the threshold, the position with the lowest marginal VaR was bought back until the total 

VaR was reduced to or below the threshold. 

Table 9. Risk Factor Decomposition. This table presents the decomposition of risk factors 
by index, currency, and interest rate. 

Figure 4. Daily hedging with short positions. This figure shows the daily evolution of short 
positions in major indices (GSPC, FTSE, BVSP, and N225) employed as hedging positions. 
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The hedging strategy proved effective in keeping the total VaR within the 800.000€ 

threshold throughout the period, as illustrated in Figure 5. Figure 5 also shows that the 

unrebalanced unhedged portfolio exhibits a higher VaR compared to the rebalanced portfolio 

without hedging, and consequently, to the rebalanced portfolio with hedging. 

While on the hedged portfolio the VaR is lower, with a maximum VaR of 800.000€, the 

impact on returns is mixed. Figure 6 highlights the trade-off between risk and return, comparing 

the returns of the rebalanced hedged and rebalanced unhedged portfolios. Although hedging 

effectively controlled risk exposure, as shown in Figure 5, it occasionally came at the cost of 

lower returns. However, the presence of positive values suggests that the hedging strategy 

also captured upside in certain market conditions. Out of the 103 days on which hedging 

positions were implemented, the strategy resulted in lower returns on 51 days (negative values 

of Figure 6) and higher returns on 52 days (positive values of Figure 6).  

On the three scenarios, unrebalanced unhedged, rebalanced unhedged, and rebalanced 

hedged, the cumulative returns over the one-year period were positive (Figure 7). However, 

the hedged portfolio outperformed the unhedged portfolio up until December 7, 2023 (black 

crossover on Figure 7). From that date onward, the unhedged portfolio delivered higher 

cumulative returns, except during the period from April 19 to April 23, 2024 (green crossovers 

on Figure 7), when the hedged portfolio temporarily outperformed the unhedged portfolio. On 

June 3, 2024, the cumulative return for the unhedged portfolio was 18.673.733€, while on the 

hedged portfolio the cumulative return was 18.381.306€. On the other hand, the unrebalanced 

unhedged portfolio outperformed the rebalanced unhedged portfolio from the rebalancing date 

(February 2, 2024) onward, reaching a cumulative return of €19,437,740 on June 3, 2024. 

Figure 5. Portfolio VaR under three different strategies. This figure compares the total one-
day portfolio VaR under three strategies: unrebalanced unhedged, rebalanced unhedged, and 
rebalanced hedged portfolios. 
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Since the three portfolios were exposed to different levels of risk, a direct comparison of 

their performance based solely on returns could be misleading. To account for this, the 

performance is measured using the Return on Risk-Adjusted Capital (Equation 45).  

Table 10 shows that the unrebalanced unhedged portfolio generated the highest one-year 

return of 19,44 million euros, but it also carried the highest risk, as reflected in the cumulative 

VaR of 212,17 million euros. In contrast, rebalancing reduced the overall return to 18,67 million, 

Figure 6. Daily Profit and Loss (P&L) difference between the hedged and unhedged 
portfolio. This figure illustrates the daily Profit and Loss (P&L) difference between the 
rebalanced hedged and rebalanced unhedged portfolio, where positive values indicate days 
where the hedged portfolio outperformed the unhedged, whereas negative values represent 
periods where the unhedged portfolio outperformed the hedged portfolio. 
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and although risk also declined to 207,10 million, the RORAC dropped to its lowest level at 

9,02%, suggesting that rebalancing on its own does not provide an improvement in efficiency.  

The addition of hedging, however, improved efficiency. Although the rebalanced hedged 

portfolio produced the lowest return of 18,38 million euros, it was offset by the most significant 

reduction in risk, with cumulative VaR falling to 200,99 million euros. As a result, the RORAC 

of 9.15% nearly matched the unrebalanced portfolio RORAC of 9,16%. 

 

 

  

Table 10. Unrebalanced unhedged, unhedged and hedged portfolios performance. This 
table presents the returns (P&L), VaR and RORAC for the unrebalanced unhedged, 
rebalanced unhedged, and rebalanced hedged portfolios. 
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Conclusion 

 
The primary objective of this work was to measure and control the portfolio’s daily Value at 

Risk (VaR) throughout a one-year horizon, spanning from 30 May  2023 to 3 June 2024, 

ensuring that the estimated VaR consistently remained below a predefined maximum threshold 

of 800.000€, thereby aligning portfolio risk exposure with defined risk tolerance levels. 

Additionally, the portfolio should also keep a target allocation of 60% stocks and 40% bonds, 

with an allowed 5% deviation. 

Four VaR models, namely RiskMetrics VaR, Skewed Generalized Student-t VaR, 

Historical VaR, and Quantile Regression VaR were tested since the accuracy of the portfolio 

risk metric depends critically on the chosen methodology. Their performance was evaluated 

through backtesting using the Unconditional Coverage (UC) Test and the Berkowitz, 

Christoffersen, and Pelletier (BCP) Test, making it possible to compare alternative approaches 

before selecting the most appropriate one. 

Both parametric models, RiskMetrics VaR and SGSt VaR, were rejected by the UC Test 

at the 5% significance level, indicating that the portfolio returns are not adequately captured 

by either the normal distribution or the skewed generalized Student-t distribution. Within the 

non-parametric models, the Historical VaR was tested both with and without a volatility 

adjustment. Although the adjusted Historical VaR was expected to improve accuracy, the 

results indicated otherwise, as the unadjusted VaR performed better while the adjusted model 

was rejected by the UC Test at the 5% significance level. Among all the models considered, 

the Quantile Regression VaR, a non-parametric model, delivered the strongest performance 

in the UC Test. 

The outcomes of the BCP Test were less favorable, as all models failed to pass at the 5% 

significance level. This indicates that, despite the differences observed in the UC Test, none 

of the models were able to adequately capture the dependence structure and clustering of the 

portfolio returns. This limitation reflects the challenges of VaR modeling, which become even 

more evident in periods of high uncertainty such as the COVID-19 crisis. 

After selecting Quantile Regression VaR as the best-performing model, the portfolio was 

managed to maintain its Value at Risk below the 800.000€ threshold through an equity-hedging 

strategy. The hedging positions were determined using the gradient vector and marginal VaR, 

which identified the most effective assets for reducing overall portfolio risk. Accordingly, short 

positions were taken in major equity indices such as the S&P 500 (GSPC), FTSE 100, Bovespa 

(BVSP), and Nikkei 225 (N225), and were adjusted on a daily basis in response to changes in 

the portfolio’s risk profile. These positions operated as expected, ensuring that the VaR did not 

exceed the predefined limit. 
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Over the one-year horizon, the Quantile Regression VaR model registered two 

exceedances, which is aligned with the theoretical exceedance frequency implied by the 

chosen confidence level. This outcome suggests that the model was appropriately specified 

for the period under analysis. 

On February 6, 2024, the portfolio was proportionally rebalanced after exceeding the 5% 

allowed deviation threshold, restoring the target allocation of 60% equities and 40% bonds. 

The effectiveness of the risk management was then evaluated through the Return on Risk-

Adjusted Capital (RORAC). All three portfolios under analysis, unrebalanced unhedged, 

rebalanced unhedged, and rebalanced hedged achieved positive returns over the one-year 

period. The unrebalanced unhedged portfolio unexpectedly delivered the highest RORAC, 

showing that under certain market conditions, avoiding intervention altogether can be more 

efficient. However, this comes with considerably higher exposure to losses, underscoring that 

effective risk management does not necessarily aim to maximize performance, but rather to 

optimize the trade-off between returns and stability. Nevertheless, the rebalanced hedged 

portfolio achieved a RORAC very close to the unrebalanced unhedged portfolio level while 

offering significantly lower risk.  
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Annex A – Portfolio Rebalancing on February 6, 2024 
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Table 11. Equity Portfolio Rebalancing on February 6, 2024. This table presents a summary 
of the rebalancing by stock (ticker), including the number of shares held before and after the 
rebalancing (negative values correspond to short positions), the share price in its base 
currency, the exchange rate, the value in euros, and the portfolio allocation before and after 
rebalancing and the number of shares bought/sold. 
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Table 12. Bond Portfolio Rebalancing on February 6, 2024. This table summarizes the 
bond portfolio rebalancing, including the bond ISIN, face value in its base currency, maturity, 
coupon rate, and exchange rate. Additionally, it includes the face value and fair value in euros 
before and after the rebalancing. 



 

 

 

 

43 

Annex B – Model choice after the rebalancing on February 6, 2024 

 
 

 

Table 13. Backtesting Model Evaluation Results after the rebalancing on February 6, 
2024. This table summarizes the performance of the models under backtesting, including the 
number of exceedances, the exceedance rate, and the results of the Unconditional Coverage 
(UC) test and the Berkowitz, Christoffersen, and Pelletier (BCP) test. 

Table 14. Yearly Backtesting Results for the Unadjusted Historical and Quantile 
Regression VaR after the rebalancing on February 6, 2024. This table summarizes the 
performance of the the Unadjusted Historical and Quantile Regression VaR, including the 
number of exceedances, the exceedance rate, and the results of the Unconditional Coverage 
(UC) test and the Berkowitz, Christoffersen, and Pelletier (BCP) test, per year. 
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Table 15. Yearly Lag Dependence Results for Unadjusted Historical and Quantile 
Regression VaR after the rebalancing on February 6, 2024. This table presents the 
backtesting results of lag dependence for the unadjusted Historical VaR and the Quantile 
Regression VaR models, recording for each period the frequency of exceedances across lags 
1 to 10 and the cumulative sum of exceedances across all lags. 
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