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ABSTRACT

This article proposes a dynamic debt model where the face value of debt can change. In particular, our dynamic debt

setting allows debt changes ruled by intensity processes that are linked to the firm value through the correlation between

the stochastic processes. Analytical solutions are obtained, and we extend the proposed dynamic debt model to the case of
subordinated debt. While empirical behaviors are emulated, the impacts of dynamic debt over the credit spreads are
explored. In this model, the possibility of debt increases magnifies credit spreads and the reverse occurs for the possibility

of debt decreases.
JEL Classification: G12, G32

1 | Introduction

The pricing of risky debt claims and corresponding credit
spreads constitutes a rich field of research. The structural
default models approach begins with Black and Scholes (1973)
and Merton (1974), where a fixed debt level is held and, at the
debt's maturity date, the total value of the firm determines if a
default event is triggered.

To deal with the limitations that arise from its simplified
assumptions, various extensions to the baseline model of
Merton (1974) have been proposed. Here, the challenged
assumption is that of firms holding fixed amounts of debt;
contrary to what is assumed by the baseline model, firms
tend to adjust debt over time. One can expect more debt to
be accrued when the value of the firm increases and less
debt when it decreases. For a debt holder, the future face
value of the total debt held by the firm can impact not only
the probability of default but also the share to be received in
the event of default.

Several studies point to the value of analyzing adjustments in
the debt levels. Roberts and Sufi (2009) mention that most of
long-term debt contracts suffer renegotiations over the
amount, maturity, and pricing of the contract. Nini et al.
(2012) find that creditors, through informal channels, play an
active role in the governance of firms, even when default is a
far scenario.

Crucially, there are empirical results that establish a link
between credit spreads and expected leverage variations. In a
transversal analysis of the Merton model, Gemmill (2002)
points to the importance of considering downward changes
in leverage to solve the problem of the counterfactual
downward slopping term-structure for riskier bonds. In
Flannery et al. (2012), by analyzing the bonds of nearly un-
ique 400 firms, it is shown that expected future leverage af-
fects bond yields, above and beyond the effects of the
observed leverage, implying that “leverage expectations are
the dominant influence on a firm's credit spread.” In addi-
tion, the effect is not systematically different among expected
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increases and decreases in leverage. More recently, Maglione
(2022), through a cointegration approach involving credit
spreads and leverage (plus equity volatility), finds evidence of
a long-term relation among these variables. This suggests that
spreads are not solely priced in relation to the current
leverage, but are also tied to the values to which leverage
(plus equity volatility) is expected to converge.

Several attempts have been made to introduce a dynamic
behavior on the level of debt. For instance, in the Collin-
Dufresne and Goldstein (2001) setting, debt changes continu-
ously, with a process for the debt level that is linked to the firm
value and is steered toward a defined leverage. However, the
model relies on continuous changes in the debt model and a
strict adherence to a given capital structure.

The assumption about the strictness of the capital structure is
disputed. For instance, DeAngelo and Roll (2015) find that
capital structure stability is an exception. In addition, the survey
responses in Graham and Harvey (2001) regarding the leverage
policy of firms indicate that while 19% do not have a target and
10% have a strict target, the remaining majority have either a
flexible target or a somewhat tight target or range.

Das and Kim (2015) set a model where this limitation is ad-
dressed by allowing adjustments in the leverage after sub-
stantial deviations from the initial value. The debt level can
increase or decrease when certain barriers are crossed by the
firm value. By setting the knock-in and knock-out values for
the barrier options—to indicate the firm values at which the
debt amounts are changed—and adjusting the strike prices
properly—to indicate how much debt changes—Das and Kim
(2015) are able to simulate debt ratchets and write-downs in a
discrete fashion, where there is a free movement of the
leverage within a range, and once barriers are crossed, the
face value of debt (and, therefore, the leverage) is adjusted.
Consequently, after sizeable decreases in the leverage due to
firm value increases, the debt level increases (thus increasing
the leverage), and the reverse occurs when the firm value
decreases. They study a total of six cases of possible debt
changes, which are compared with the baseline Merton
(1974) model.

More recently, Eisenthal-Berkovitz et al. (2020) explore the
dynamics of leveraged buyout (hereafter, LBO) events and ex-
plore a structural model case where the firm can suffer an LBO,
which triggers an increase in the debt level. To do so, a Cox
process attributes a probability to the event of the LBO, which is
defined exogenously and is independent of variations in the
firm value.

Our paper adopts the dynamic debt mechanism of Das and
Kim (2015), but avoids the need to initially specify the par-
ticular constant barriers that trigger the increases and
decreases in the nominal debt. To do so, we use hazard
processes to trigger the debt change events. More specifically,
intensity processes that can be exogenous are used, although
there is the possibility of including correlation between a
process and the firm's value, thus allowing variations in the
firm value to influence the direction of the debt changes.
Therefore, while avoiding setting precise debt ratios to trigger

the debt changes and not assuming a strict leverage policy,
we are able to retain the Das and Kim (2015) feature of debt
being changed, whilst tending to increase it when the firm
value increases and decrease it when the firm value
decreases. Since Black and Cox (1976), various approaches to
credit risk with barrier options have emerged, such as
Brockman and Turtle (2003) and Lin and Sun (2009).

By using a Vasicek (1977) intensity process, this model opens
the possibility to calibrate the debt changes under its own
process, and the correlation parameterization allows one to
approach different degrees of strictness in terms of leverage
targeting. Hence, this model structure allows investors to
study debt values and spreads under the possibility of a
dynamic capital structure without the requirement of ex-
plicitly choosing the ex ante levels at which the debt changes
are triggered.

As for the arguments presented in Das and Kim (2015) to justify
the possibility of debt changes alongside changes in the firm
value, it is argued that, in the case of the leverage increase, as
the firm increases in value, the extra collateral can be used to
support the additional debt; as for the debt decrease case, as the
firm value decreases, to stave off default, the nominal debt
amount is reduced. The arguments above can be complemented
with a stream of literature that links firm value increases—see,
for instance, Mura and Marchica (2010) and Denis and McKeon
(2012)—and decreases—see, for example, DeAngelo et al.
(2018) and Lambrinoudakis et al. (2019)—to adjustments in the
nominal debt.

This kind of intensity process is not a novelty in the credit
risk literature. Often, these are used to allow exogenous
factors beyond the firm value to predict the default event,
allowing the use of econometric specifications from term-
structure modeling. Both Jarrow and Turnbull (1995) and
Madan and Unal (1998) provide early examples of this
approach when modeling two sources of risk simulta-
neously. In addition, the pricing of vulnerable options—
contracts where, in addition to the usual risk of the asset
price, the issuers’ default risk is also taken into
consideration—often relies on intensity processes. Klein
(1996) and Klein and Inglis (2001) offer early examples of
this approach. Recently, Fard (2015) and Koo and Kim
(2017) provide studies where, to simulate the occurrence of
default events, intensity-based models are used in vulnera-
ble options. Baule (2021) provides a method to evaluate
vulnerable derivatives, where the correlation between the
underlying asset and the issuer is estimated through a
simple method. In the context of default risk, Denault et al.
(2009) compare different alternatives for processes used to
estimate physical intensity processes.

Besides offering flexibility in regard to the strictness of the
leverage targeting, the framework presented in this paper is
adaptable to other existing structural models. Apart from
studying the spreads on increases over the baseline Merton
(1974) model, the possibility of a debt increase is also studied in
the case of the presence of subordinated debt. Black and Cox
(1976) present a model with multiple debt claimants. After-
ward, Gorton and Santomero (1990) present a model where
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debt is separated between senior debt and junior debt, with the
latter being impacted by the amount of the former. They reach a
formula that can be interpreted as the difference between two
call options, which can be adapted to the possibility of debt
changes. Here, following that framework, we set the possibility
of increasing the senior debt, and study how it impacts the
credit spreads of the junior debt.

The remainder of this paper is organized as follows. In
Section 2, we present the extensions to the Merton (1974) model
with the possibilities of increasing and decreasing the debt and
also approach the subordinated debt using the framework of
Gorton and Santomero (1990). In Section 3, we obtain the
closed-form solutions for the bonds. In Section 4, we provide
some numerical results and explore the impact of different
variables within the model. Finally, in Section 5, we present the
conclusions.

2 | The Random Dynamic Debt Model
2.1 | The Baseline Merton Model

We begin by introducing the Merton (1974) model, which is
the baseline for this study. For a given firm, the face value of
debt is represented by D and the maturity of the zero-coupon
bond is T. The total firm value (i.e., the sum of the market
value of equity and the market value of debt) is denoted by V'
and is assumed to follow the usual (risk-neutral) geometric
Brownian motion, that is,

dav;
7f = (r — @)dt + oydWp, 1)
t

where the risk-free rate is represented by r, q stands for the
firm's total payout to debt and equity holders, and oy repre-
sents the standard deviation of the firm value. The known
solution is

V= Voexpl(r —q- %a%,)t + UVW%/], (2)

with W?V being a standard Brownian motion defined under the
measure Q and generating the filtration F = {F, t > 0}.

In this model, the firm issues a zero-coupon bond. Hence, the
default event can only occur at maturity and does so when
the firm's value is below the face value of debt, that is, when
Vr < D. When default occurs, the debt holder obtains a
fraction of the firm's value ¢,,, V. The inclusion of ¢,,,(<1)
contemplates the possibility of a deadweight default loss, that
is, the possibility of not recovering the full firm's value upon
default, but only the fraction ¢,,,. In the case of default not
occurring, at maturity, the debt holder receives the face value
of the debt D.

Following the standard solution, the time-0 bond value is
given by

By(Vo, D, T) =e""Eq [DJI[VT>D} + ¢dw1VTJ1{VTSD}‘ fo]

= De "N (d,(Vy, D, T))
+ Pau1 Voe N (=d (Vp, D, T)),
3

where

In(Vy/D) + (r -qx 6%//2)T
Uvﬁ '

dl,Z(I/O’ Da T) = (4)

Finally, we recall that the corresponding time-0 equity value in
this modeling setting is given by

Eo(Vo, D, T) = € B [ (400 Vr = D)lys 1o |
= B Voe 4N (i (Vo, D, T)) ®)
— De™'"N (dy(Vs, D, T)).

2.2 | Debt With the Possibility of an Increase—
Debt Ratchet

Now, we establish the mechanism for the leverage increase
through a rise in the nominal debt, that is, a debt ratchet. Our
objective goes beyond allowing the nominal debt value (and,
therefore, the leverage) to increase; we also aim to connect that
possibility to the path of the firm value. As the firm value
increases through the diffusion process, the leverage is
decreased (for the fixed amount of nominal debt) and this gives
a wider margin to the management of the firm to increase the
debt amount. Therefore, as the leverage is decreased by market
events over the (increased) firm value, a debt ratchet event
becomes more likely, and when it occurs, this will result in a
debt increase (and increased leverage as a result).

We do not point to firms having a strict target for the leverage,
although, after being decreased due to a greater firm value, with
the presented dynamic, we foresee it to revert to higher levels as
a result of the increased debt from the ratchet event. On the
other side, decreases in the firm value reduce the likelihood of
the debt ratchet increasing the nominal debt amount.

As for empirical studies where this relation is explored, Mura
and Marchica (2010) find that firms maintain a low leverage to
have flexibility for large investments to be financed through
new debt—justifying the expectation of potential increases in
the nominal debt for high-grade debt firms—and Denis and
McKeon (2012) argue that investment related capital needs—
which one can relate to an increase in the firm value—
determine the debt level decisions.

Here, we assume the possibility of one increase in the nominal
value of debt, which can occur between time-0 and the maturity
date T. The inclusion of a correlation parameter, between the
firm value and the possibility of the debt increase processes, will
allow one to link the probability of a debt increase to greater
firm values.
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Following the same mechanism as in Das and Kim (2015), the
increase in the nominal debt that augments the leverage is
corresponded by a decrease in the equity, holding the total firm
value equal. That is, at the moment of the debt increase event,
the increased amount of debt to be reimbursed at maturity
corresponds to a new bond value, and that value is subtracted
from the equity. We also assume no restructuring costs. This
mirrors how the debt decrease is approached in Section 2.3.

The debt ratchet event is assumed to follow a Vasicek (1977)
process with intensity A¢, that is, for a small time interval A, the
probability of a ratchet event occurring between ¢ and t + A is
approximately A1}A.

Following Lando (1998, egs. 2.4 and 2.2), respectively, we note
T u
that P(z, > T) = E[e’fo Ml and g, = inf{ fotxl(Vt)dt ZE},

where E is a unit exponential random variable. The Vasicek
(1977) process is given by

dav = xu(eu - /I}‘)dt + 0, dW2, (6)

with 6, being the risk-adjusted long-term average of the process,
%, the speed of the reversion, and o, the volatility. The corre-
lation between the debt increase and the firm value is defined as
dW%dW% = p,,dt. By selecting p,,, > 0, the firm value and
the likelihood of increasing the debt level become positively
correlated, as intended.

The known unique solution to the stochastic differential
Equation (6) is given by'

t
A = Aert 4 6,(1 — e~ul) + g f eu=) g2,
0
@)

The total firm debt level starts at D, and, if no ratchet occurs, that is,
if 7y > T, it remains at that level. Thus, in this case, we have the
same payoff as in the baseline Merton (1974) model, that is,

BY(Vt, D, T) = Dl py + Saen Ve lpwrsy- (8)

If the ratchet event occurs, with U > 0, the debt level is
increased to DeU. Assuming the same maturity date and the
same seniority among the new and the old debt, the indicator
functions are adjusted to reflect the new amount of nominal
debt. The amount to be received in the case of
default—V; < DeV—is weighted by % =e U, that is, the
original debt holder will receive a percentage of the recovered
Vr, equal to his share of the new total amount of debt (before
considering the deadweight loss). The amount to be received
when there is no default remains at D, as the initial debt
holder's nominal debt is unchanged.

Hence, if oy < T,

BY(Vr, D, T) = Dl;spety + $gi€ “Velppepery.  (9)

The event of debt increase is assumed to be able to occur only
after time-0 and ) := {D,, t > 0} denotes the filtration generated
by the indicator process D;:=ly.g. In  addition,
G = {G, : t >0} will denote the enlarged filtration obtained as
G =FVND,.

Therefore, the debt value at time-0 will be given by

BY(Vo, D, T, A4, U) = e_rTEQ[(D]l{VT>D} + ¢dw1VT]1{VT§D}) leysty

+ (D]I{VT>DCU} + ¢dwle_UVTﬂ{VT5DCU})

ﬂ{rUgT}lgo]-
(10)
The above equation can be rewritten as
BY(Vp, D, T, A, U) = e”T(A? +AY + BV — BY
(11)
+BY — BE(),
where the first set of terms is
E@[(Dﬂ{va} + fa Vilr<ny ) Lo 1) go]
T
- Al dt
= Eqo (Dﬂ{Vr>D} + ¢dWlVrJ1{VTSD}) e f" ‘ }—0]
T
- | aa
= EQ DJI{VT>D}e fo el ]:0:|
A
T
- Af dt
+ Bo|@awm Vrlpr<nie fo ‘ 7:0}’
vH
(12)
whereas the second set is
EQ[(DE{VpDe”} + ¢dwle_UVT]1{VTsDeU})ﬂ{msT}‘ gO]
fT
- Af dt
= Eq (Dﬂ{vT>DeU} + ¢dwleUVTJ1{VTSDeU})[1 —e b ] Fo
fT
- Afde
= E@ [DJI{VT>DEU}|f0] - EQ D]I{VT>DeU}e 0 t ‘7:0}
U
B
1 Bg
+ Eq [¢dwle_UVTJl{VTSDeU}|]:0]
By
T
- Afde
- E@ ¢dwle_UVTJ1{VTSDeU}e jl; ‘ ‘7:0}
By
(13)

Journal of Futures Markets, 2025

519017 SUOWIWIOD BAIBIO 3o idde ) Aq PaUBAOB 3.8 DI YO ‘35N J0 S9INJ 10} AIRIGITBUIUO /B|IA UO (SUO1IPUOO-PUE-SWR) L0031 ATRJq1puIIU0//SAIY) SUORIPUOD PUE SWLB 1 841 39S *[GZ02/TT/20] Uo Akiqi78uliuo AB|iM ‘EBNIOd BUBIU0D Aq 2G00L IN}/Z00T OT/I0P/WI0D" 5| I AZeId1pu|uo//SA Y WO Papeo|umod ‘0 ‘vE66960T



2.3 | Debt With the Possibility of a Decrease—
Debt Write-Down

Now, we establish the mechanism of the debt decrease, that
is, a debt write-down. As the firm decreases in value
through its diffusion process, while the nominal amount of
the debt remains the same, the leverage is increased. This
imposes constraints on the management, increasing the
incentive to decrease the nominal debt (and thus the
leverage). Therefore, as the leverage is increased through
market events, the more likely is for it to suffer a decrease
via a debt write-down.

In the reverse, as the firm value increases (and the leverage is
decreased), it becomes less likely for the nominal value of the
debt to be decreased through the write-down.

These decreases find empirical backing in DeAngelo et al.
(2018), who find a strong tendency for firms to deleverage from
high levels of leverage to restore the option to borrow in the
future—supporting expectations for nominal debt decreases in
low-grade debt—and in Lambrinoudakis et al. (2019), who
conclude that shocks on a firm's investment opportunity set—
which one can interpret in a reduction of the firm value—tend
to decrease the firm's leverage, especially on financially con-
strained ones.

Once again, this decrease in the amount of debt can occur
between time-0 and time-T. Here, again, a correlation param-
eter cements this dynamic, that is, debt decreases are more
likely after the firm looses value.

As in the debt increase case, we follow the mechanism
of Das and Kim (2015), holding the firm value constant
at the moment of the debt change. So, the nominal debt
that was suppressed from the total debt has a value at
the time of the debt decrease, and that value will increase
the equity. We also assume that there are no restructuring
costs.

Again, we use a Vasicek (1977) process, now with intensity A,
which follows the same dynamic

with 6, being the risk-adjusted long-term average of
the process, x; the speed of the reversion, and ¢; the vola-
tility. The correlation with the firm value is again present
and defined as dW%dW?’V = p;,dt. Now, with p;;, <0, as the
firm value decreases, the debt reduction becomes more
likely.

As before, the known unique solution to the stochastic differ-
ential equation (14) is given by

t
AL = Abest 4 g,(1 — e) 4 g fo =) g,
(15)

Once again, when no debt write-down is triggered, that is, if
77, > T, the nominal amount of debt remains at D and, there-
fore, the payoff is given by

Bi(Vr, D, T) = Dlyyyspy + g Ve livp<ny- (16)

If the debt write-down occurs, that is, when 77, < T, the debt
level becomes Del, with L < 0, while the assumptions on debt
maturity again imply that, in case of default, the value received
is weighted by D%L = e7L, while in the case of no default, the

amount to be received is unchanged.

Thus, in the cases where 7, < T, the payoff to the original debt
holder is

B%(VT, D, T) = Dlyy>pely + ¢dwle_LVTﬂ{VT5DeL}-
7)

Hence, with the possibility of a debt decrease, the debt value
will be

B{(Vo, D, T, A, L) = e_rTEQ[(DJl{VT>D} + Pawi VTJI{VTSD})J]{n)T}

+ (D“{VT>DeL} + Paw e‘LVTﬂ{VTsDeL})ﬂ{rLST}‘ goJ,
(18)

which can be rewritten in similar terms to those of the debt
increase, that is,

B§(Vo, D, T, 41, L) = e™7(Af + A} + B} — B
(19)
+ B} — Bf),

with

"l
L= EQ D]l{VT>D}e_f0 ot

Aj Fol,
T
— | Ala
A% = EQ ¢dle}ﬂ{VTﬁD}e ‘f(; ' Fols
B = Eq [DJI[V1~>DeL}I-7:O],
) -
BL = Eg|Dlyy,»petje Jy e ;fo], and

B = Eq [¢dwle_Lwﬂ{VT5DeL}|F0]’

[ T
—| Aar
B = Eg|@gme ™ Vel <pene f" [ fo}

2.4 | Debt With the Possibility of an Increase and
a Decrease

Now, the two previous cases are combined: the firm can have its
value increased, decreased or both. Any of the events can occur,
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with the probabilities being ruled by Equations (6) and (14),
plus the respective solutions. The order of the debt changes is
not relevant, as the decisive factor is, if by the maturity date, the
face value of debt has increased and/or decreased, how much of
it is standing, and if the firm value can match it. There are four
possible debt events: (i) no debt changes, with the total debt
being D; (ii) debt increase, but no debt decrease, with the debt
being DeV; (iii) debt decrease, but no debt increase, with the
debt being De’; and (iv) both debt increase and debt decrease,
with the debt being DelVer.

Alongside the correlations between the debt change pro-
cesses and the firm value, it is also possible to include the
correlation between the debt increase and decrease pro-
cesses: dW?udW% = p,dt. Hence, the debt value will be gi-
ven by

B*(Vo, D, T, A, U, 4, L)
= e‘rTEQ[(Dﬂ{v»D} + B VTﬂ{stD})ﬂ{ru>T}ﬂm>T}
+ (Dﬂ{vT>DeL} + o€ Vi lyyvets sl 1)
+ (Dﬂ{vT>DeU} + ¢dw1e‘”VTJl{vTSDeU})ﬂ{TUsT}ﬂ{rpT}
+ (DII{VT>D5UEL} + ¢dwle_Ue_LVT]1{VTSDeUeL})

Lz < T}ﬂ{qsﬂ'go]

=7 Ey (Dﬂ{vrw} + ¢dw1VTJ1{VT5D})

_ T u _ Tl
. foa,dze foa,m 7
+ Eqg (DJI{VT>D3L} + ¢dw1e_LVTJ1{VTSDeL})

Tu Tl
[ aar —f&dt
efo’ 1—e Jo ™

Fo

+ Eqg (DJI{VT>D3U} + ¢dwle_UVTJl{VrsDeU})

Tu Tl
[ aar 7fldt
1—efo’)e o

Fo

+ E@[(DH{VT>DeUeL} + ¢dwle_Ue_LVTJ1{VTSDEUeL})
_ T u _ T 1
X [1 —e fo i’dt][l —e fo A’dt)

— e—rT[AIi/L + AVL 4 BUL _ BUL 4 BUL _ UL

Fo

+CL _ Yty ¥t —
+ DVt — p¥t — pYL + DT 4+ DYE — DL
— DY + D§t|,
(20)

where
—fT(/l“+Al)dt
A%H‘ = EQ DJI{VT>D}6 o VT Fols
UL —fT(A§‘+A£)dt
A2 = EQ ¢dw1VTJ1{VTSD}e 0 Fols

» T/l“d
B%lL = EQ DJl{VT>DeL}e_»I:) cdt

)

[ T
_ u_ 4l
B = Bo| Dl pene ™ ()

)
),

| fT(A )
- {+2p)dt
By = Bo|@ume  Vrlpyzpene Jo

),
),

[ T
- A4al)d
CY" = Eg|Dljy,s pevye J, i)
T
Aldt

[ T
— | atde
BIZ{L = EQ ¢dwle_LV}J1{VTSDeL}e f(’ '

),

[ T
—| Ad
CY = Eg|Dljy,» pevye Jy e

Cit =Eo ¢dwle‘UVTJl{VT5DCU}e_fo

fo},
UL | —fT(Ag‘Mi)dt
C3" = Eg|dame " Vrl<perie Jo Fol»

D%”‘ = EQ [DJI[VT>DeUeL}|]:0] s

T
- | Ad
DgL = EQ DII{V—p>DeUeL}e J(; o Fol»

[ T
— [ ata
DY" = Eq|Dlyy;spevene fo A

[ r u 1
DY" = Eq Dﬂ{wweveL}e_fo (st eal)a fol,
DY = Bg [ e Ve Vi lcpeenl Fo

h fT |
_U.— - A dt
D" = Bo|¢gme Ve Ve l<pevene o }—0}’

T
- Afde
DYE = Eg|@pme Ve Ve liyp<peverje fo " Al and

Fol-

[ T
- A42h)de
D" = Bo|¢gme Ve Vel <netene Jy e

In addition, we also present the expression for the survival
probability and the probability of default. Survival occurs
when there is no default. Hence, for each case of final debt
outcome, the value of the firm will be greater than the face
value of debt:
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Lvis pliry> 1yl > 11 + Livgs petillizy> Tillin <1y 1)

+ Vs petilimy <milm>1y + Lives peveliliny <yl <

As usual, the survival probability is given by the expected value
of the indicator functions, that is, the probabilities of the out-
comes, thus yielding

SP“(Vo, D, T, Ay, U, 44, L)
=Eq [JI{VT>D}J1{‘L'U> T}Jl{r[‘>T}|g0]
+ Eq [Jl{VT>DeL}J1{TU>T}JI{TLST}lgo] (22)
+ Eo [ﬂ{VT>DeU}ﬂ{wsT}ﬂ{n>T}'go]

+ Eq [ﬂ{vT>DeUeL}J1{rU5T}Jl{rLs T}|g0],
and, consequently, the probability of default is calculated as

PDY (Vo, D, T, Ay, U, A1, L)

(23)
=1-— SPY*(V,, D, T, Ay, U, A1, L).

2.5 | Debt Increase and Subordinated Debt

The goal now is to study the possibility of a debt increase, but in
the presence of a capital structure with subordinated debt in the
spirit of Black and Cox (1976) and Gorton and Santomero
(1990). This framework departs from the Merton (1974) base
case and contemplates the presence of two kinds of debt: junior
debt, with face value D’, and senior debt, with face value DS. In
this study, we will consider only the possibility of increasing the
senior debt and its impact on the junior debt.

The senior debt has priority in cases where the firm defaults,
and this difference is highlighted in the payoffs across different
scenarios. At time T, if the firm value, V7, is greater than the
sum of both debts—V4 > DS 4+ D’—the two kinds of debt are
paid in full. If DS + D’ > V¢ > DS, the senior debt holder gets
paid in full, while the junior debt holder collects V- — DS, that
is, the senior debt holder has the priority to be paid in full,
while the junior debt holder receives the remainder of the firm
value. When DS > V4, the senior debt holder receives V; while
the junior debt holder receives zero, because in the case of
default the senior debt holder has the priority to receive as
much as possible, although not enough to be fully reimbursed,
while the junior debt holder finds no value to compensate for
his loan. As for the equity holders, they receive V; — DS — D!
when the value is positive, and zero otherwise.

Using the payoffs shown in Table 1 and expanding the model
presented in Gorton and Santomero (1990) for the case of
deadweight default losses, it is straightforward to show that the
time-0 value for the junior debt holder is given by

JBy(Vo, D, D3, T)

e "Eq [DJE{VTZDMDJ} + (BaVr — DS)H{DS+DJ>VTZDS}‘ fo]

e_rTEQ[(‘?del V — D)5 ps)

- (¢dw1VT - DS - DJ)E{VT2D5+DJ} -7:0]
= Eg(Vo, DS, T) — Eo(Vo, DS + D', T)
(24)
= By(Vo, DS + D', T) — By(Vy, DS, T), (25)

that is, it can be interpreted as the difference between a call
with strike DS and a call with strike DS + D!, with the calls
being computed via Equation (5) for a given deadweight default
loss parameter ¢,,,, or understood as the difference between
two risky debt claims evaluated through Equation (3) with face
values equal to DS + D’ and DS, respectively.

Let us now consider the possibility of an increase in the senior debt
and analyze its impact on the junior debt. More specifically, we are
admitting the possibility that, between times 0 and T', an increase in
the senior debt (only) might occur through a process d1} as defined
in Equation (6), which has the solution shown in Equation (7).
Again, to set a positive relation between the debt increase and the
firm value, the correlation between the drifts of the firm value and
the debt increases must be positive, that is, o,, > 0. When this
event occurs, the senior debt amount to be reimbursed will be
DSeV, where, as usual, U > 0 corresponds to a debt increase. The
remaining assumptions on the debt also hold in this case. As ex-
pected, the time-0 value of the junior debt must now be conditioned
on the possibility of the event 7, yielding

JBY(V,D", DS, T, A, U)
= ¢"Eq [(¢dw1 Vilpzp = Dlyp»ps)
= Faw Vilpgzpseny + (OF + DO)lygepsspilizy>1)
+ (¢dWl Vilypspsety = DSeVly» psety
= Gaw Velprzpsev 1y + (D% + D)y psev +DJ})J1{TUST}‘QO:|
= e Tlyay -4y — gAY + 4%

+JBY —JBY —JBY +JBY —JBY + JBY + JBY - ]Bg],

. . 26
The above cases are summarized in Table 1. (26)
TABLE 1 | Subordinated debt realized asset values at maturity.
Vr >DS + D’ DS + D! > vy > DS D3 > Vg

BS (senior debt) DS DS Vi

BY (junior debt) D’ Vr — DS 0

Er (equity) Vp — DS — DY 0 0
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where

[ T
— [ a4
JAY = Bo|baw Ve lyr=psie f" ¢

|

T
- [ aa
JAY = Eq| @ Vrlypssnie fo °

)

f0:|$
- -
JAY =Eo| (DS + DJ)JI{VTZDS+DJ}e7‘f; Ards -7:0],
JBY =Eq [¢dw1Vr]1{VTZDSeU}|]:0] ,
T
- [ axa
TBY = Eg| g Vi lvp>pseje fo . }—O}’

JBY = Bq [ DSeVly;spsev)| o]

[ T
JAT =Eq Ds]l{VrzDS}eif0 e

T
]BE‘] = E@ DSeUJl{VTZDSeU}e_j(; & ds] F .

JBY = Bg | ¢u Vilpsnser s 0yl 5,

T
— [ ava
JBE = Eq|@aw Vi lvyzpsev+p1e fo e fo},

JBY = Bq [ D%V + D)y psev oyl o, and

[ T
JBY = Eq|(D%V + DJ)JI{VTZDsequDJ}e_fo Ads ]—'0].

3 | Solutions to the Cases

In this section, the solutions to the debt discount cases are solved.
The following two propositions will be instrumental for it.

Proposition 1. Under the financial model presented in
Equation (1), coupled with Equations (6) and (14), and
assuming that ©y > 0 and 1, > 0, the following expected value
has the solution

"
= oy +Akay ) dt
B @aun Vrlpr<peverye f‘) ([ o I)

5
@7

= B Vo' "PTH (aty, a)) F (e, 1)
(1 - G(C(u, ap, al(X)))9

where

G (ay, aj, a1(X))

T
ar(X) = 20 [ Tny (s, T)ds - a

T
ovaiPy
Tfo n(s, T)ds
Uvﬁ

(28)

@ (X) = log(Vp/X) + (r g+ %GZV)T, (29)

X = DeVel, (30)

u T
F(ay, a)) = exp|ay [—ﬁnu 0, T) - Guj; n,(s, T)ds
Ky

0'2 T
u 2
+ > 5]; l’lu(S, l)du]

Al !
+ al[——on,(o, T) — Glfo ni(s, T)ds (1
X1

2 T

g 2
+ — ni(s, T)du
27([2 0 1 ( ) ]

o.a (T
+aap, 2 f na (s, T)my(s, T)ds .
0

u i

1
fo1de
H(ay, a) = EXpl_““MJ; n,(s, T)ds
x

u

o r (32)
- oqulVf ny(s, T)ds],
X 0
and
n(t, T) =1 —e=T, (33)
Proof. Please see Appendix A. O

Proposition 2. Under the financial model presented by
Equation (1), coupled with Equations (6) and (14), and
assuming that @y > 0 and 1, > 0, the following expected value
has the solution

_ T u 1
E|Dllyy,s peverye fo (A;au+/1tocz) dt T
(G4
= DF (a, o) G (at, o, a2(X)),
with
a(X) = log(Vo/X) + (r —gq- %oé) I, (39
X = DeVel, (36)

and where the functions G (a,, o, x) and F (ay, «;) are defined
as in Proposition 1.

Proof. Please see Appendix B. O

The formula for the possibility of debt increase and/or decrease
is the first one to be solved. The remaining formulae follow
similar steps.

Proposition 3 (Debt increase and/or decrease). Under the
financial model shown in Equation (1), with the debt changes
being ruled by Equations (6) and (14), and assuming that 7y > 0
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and 1, > 0, then the value of a bond at time-0 on a firm under the
possibility of suffering a debt increase and/or decrease is equal to
Equation (20), where

AV = DF(1,1)G(1, 1, a;(D)),
AYE = ¢ e OTYF(1, DHQA, DA — G, 1, a;(DeVe)),
BYL = DF(1,0)G(1, 0, ay(Del)),
B =DF(1,1)G(1, 1, ay(Deb)),
BYE = ¢y e te DTV F (1, 0)H (1, 0)(1 — G(1, 0, ay (Del))),
BYE = ¢, e Le =TV, F (1, DH(1, (1 — G(1, 1, a;(Del))),
CY = DF(0,1)G(0, 1, a(DeY)),
c'=DF(1,1)G(1, 1, a,(Dev)),
CY" = ¢ye Vo DTF (0, DH (0, (1 — G(0, 1, &y (DeY))),
CYl = ¢y VVpe =OTF (1, DH (1, 1)(1 — G(1, 1, a;(DeY))),
DY = DG(0, 0, ay(Dele?)),
DYL = DF(0,1)G(0, 1, a,(Dele")),
DY = DF(1,0)G(1, 0, a,(DeVe’)),
DY = DF(1,1)G(1, 1, a,(DeVe)),
DY = ¢y e Ve te DTV, (1 - G(0, 0, ay (DeVe))),
DY = ¢y e Ve le DTV, F (0, 1)H (0, 1)
(1 = G(0,1, a1 (DeV))),
DY = ¢y, e Ve le DT F (1, 0)H (1, 0)
(1 - G(,0,a1(DeV))),
DY = ¢y e Ve le DTV F (1, 1)H (1, 1)
1 -G, 1, a(DeeN)),

whereas the functions F(«,, a;), G (ay, a;, x), and H («,, o)) are
defined in Proposition 1.

Proof. For AYL, it can be observed that the expected value
matches Proposition 2 if o, =1,¢=1,U=0, and L =0.
Therefore, the solution is

AV = DF(1,1)G(1, 1, dy(D)).

In the case of AYL, the expected value can be matched to
Proposition 1 if @, = 1 and o = 1. Hence, the solution is

AT = ¢y e DTV H (1, DF (1, 1)(1 — G(1, 1, a3 (DoeVel))).

As for BVE, the expected value is matched by Proposition 2 if

a, =1, =0, and U = 0. Therefore, the solution is

BYL = DF(1,0)G(1, 0, a;(Dgeb)).
The remainder of the elements follow the same rationale. [

Proposition 4 (Debt increase). Under the financial model
presented by Equation (1), with the debt changes being ruled by
Equation (6) and assuming that 1y > 0, the value of a bond at
time-0 on a firm under the possibility of suffering a debt increase
is equal to Equation (11), where

AV =DF(1,0)G(1, 0, a,(D)),

AY = e PV F(1,00H (1, 0)(1 — G(1, 0, a1 (D))),

BY = DG(0, 0, a,(Dev)),

BY = DF(1,0)G(1, 0, a(DeV),

BY = ¢y,e Ve =0TV (1 — G(0, 0, & (DeV))),

BY = ¢ye Ve "-DTF(1,0)H (1, 0)V, (1 — G(1, 0, a,(DeV))),

whereas the functions F (a,, «;), G (ay, a;, x), and H (a,, a;) are
defined in Proposition 1.

Proof. This proof is similar to the one used in Proposition 3
and is, therefore, omitted. O

Proposition 5 (Debt decrease). Under the financial model
presented by Equation (1), with the debt changes being ruled by
Equation (6) and assuming that 7, > 0, the value of a bond at
time-0 on a firm under the possibility of suffering a debt decrease
is equal to Equation (19), where

AF=DF(0,1)G(0, 1, a,(D)),

A} = ¢y e TV F (0, DH (0, (1 — G(0, 1, a;(D))),
BE=DG(0, 0, a,(Deb)),

BL = DF(0,1)G(0, 1, a,(Del),

B} = ¢yyueLe 0TV (1 = G(0, 0, ay (Del))),

BY = ¢y0e7Le " DTF (0, DH (0, DV, (1 — G(0, 1, ay (Del))),

whereas the functions F (a,, «;), G(ay, a, x), and H (ay, o) are
defined in Proposition 1.

Proof.  This proof is similar to the one used in Proposition 3
and is, therefore, omitted. O

Proposition 6 (Junior debt under senior debt increase).
Under the financial model presented by Equation (1), with the
debt changes being ruled by Equation (14) and assuming that
17, > 0, the value at time-0 of a junior bond on a firm under the
possibility of suffering a debt decrease on the senior debt is equal
to Equation (26), where

JAY = ¢y " OTRF (1, 00H (1, 00G (1, 0, a1 (DY),

JAY = DSF(1,0)G(1, 0, a,(D%)),

JAY = ¢ Voe —9TF (1,0)H (1, 0)G (1, 0, a; (DS + D)),
JAY = (DS + D))F(1,0)G(1, 0, a,(DS + DY)),

JBY = ¢4, 2TV, G(0, 0, a; (DSeY)),

JBY = ¢y0e " PTV,F (1,0)H (1,0)G (1, 0, a; (DSeV)),
JBY = DSeVG(0, 0, ay(D%eY)),

JBY = DSeUF(1,0)G (1, 0, ay(DSev)),

JBY = ¢3,0e PTG (0, 0, ay (DY + DY)),

JBY = ¢yqe DTV F (1,0)H (1,0)G(1, 0, a; (DY + DY)),
JBY = (DSV + D')G(0,0, a,(D%eV + DY)),

JBY = (D% + D)F(1,0)G(1, 0, a;(D%V + D)),
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whereas the functions F(«,, a;), G (ay, a;, x), and H (a,, o)) are
defined in Proposition 1.

Proof. This proof is similar to the one used in Proposition 3
and is, therefore, omitted. O

4 | Result Analysis

In the analyses that follow, the firm value is normalized to
V=1, while the two main explored debt levels are
D = {0.75, 0.50}, the high-leverage and low-leverage cases. The
firm value volatility is assumed to be oy = 20%, the risk-free
rate is r = 2%, the total payout on debt and equity holders, g is
set at zero, and the studied levels of the recovery values are
@aw1 = 11, 0.70}, a full and partial recovery. The debt increase is
U = log(1.30), which corresponds to an increase of 30% over the
initial amount of debt and the debt decrease is L = log(1/1.30),
which corresponds to a decrease of approximately 23.1%. As for
the increase and decrease events, we set the volatility of both
processes to o, = oy = 0.30. The initial and mean reverting
value of the processes is the same in both cases

4= 2L =6, =6, = 0.20. Thus, both the initial and the long-
term average imply that in a small time interval A, the possi-
bility of either an increase or a decrease occurring on the debt is
approximately 0.20A. The speed of reversion of both processes is
x, = ¥; = 3. Perfect correlations are assumed between the firm
value and the debt increase and debt decrease processes, posi-
tive in the debt increase p,, = 1, and negative in the debt
decrease p;, = —1. As for the correlation between both pro-
cesses, it is assumed to be zero, p,, = 0. In the subordinated
debt case, the total debt is equally distributed among the junior
debt and the senior debt, such that D' = DS = 0.375 in the
high-leverage case and DS = D’ = 0.25 in the low-leverage case.

We start with an analysis of the overall model, exploring dif-
ferent maturities. After that, we present a comparative statics
analysis of the different variables introduced. Lastly, the par-
ticular case of debt seniority is presented.

4.1 | Numerical Analysis

First, we study the direct impact of the proposed dynamic debt
setting on the debt values and corresponding credit spreads. In
Table 2, the various values of the bonds and the corresponding

TABLE 2 | Bond values and spreads for the studied cases at T = 15.

spreads are presented, considering T = 15. The spreads in all
these cases are computed in the wusual manner with
S= —% log(DB:_/‘}T), where BV, stands for bond value, which will
be calculated for the different cases.

In the base case, focusing in the case of D/V =0.75 and
¢ = 1, By, it is possible to observe that without the possibility of
debt changes, the bond values are smaller and the spreads are
higher for greater amounts of initial debt and lower recovery
values. This pattern holds when the debt can change.

Comparing with the base case, the possibility of increasing debt,
BY, translates into a spread increment of 50 basis points to 142
and the possibility of decreasing debt, BL. into a decline of 37
basis points to 55. These results are expected, given increases in
debt lead to an increased probability of default, and when those
defaults occur, the amount to be received from the original debt
must be shared with the new debt holder(s); the reverse applies
to debt decreases.

As for how the debt value reacts in the presence of the possi-
bility of both the increase and the decrease in debt, the change
is close to null, with the spread decreasing by one point. Given
the studied time period is 15 years and the chosen parameters
for the amount of debt to be increased and decreased, by then,
this is expected, as with high likelihood, the increases and
decreases in the debt have returned it to its original value. In
the subordinated debt case, although the bond values have a
difficult comparison given the face value of debt being different,
the high spreads highlight the increased risk of the junior debt
in relation to the base case.

Regarding how the parameters affect the credit spreads over
time, Figures 1 and 2 show how these behave in the low-leverage
case—D = 0.50—and in the high-leverage case—D = 0.75—
respectively.

By observing the figures, the results from Table 2 are confirmed,
thus validating that the proposed setup is able to emulate the
empirical behavior predicted in Flannery et al. (2012) and
Maglione (2022), where leverage change expectations (here
modeled through intensity processes) are crucial for explaining
credit spreads. For all maturities, it can be seen that expecta-
tions of future increases in leverage are linked to augmented
credit spreads, while expectations of future decreases reduce
spreads.

D/V =0.75 D/V = 0.50
Gy=1 Gs=0.70 Gy-1 Gs=0.70
Bond value Spread Bond value Spread Bond value Spread Bond value Spread
By 0.4842 92 0.4464 146 0.3492 39 0.3350 67
Bg 0.4489 142 0.4009 218 0.3350 67 0.3143 110
Bé 0.5114 55 0.4841 92 0.3589 21 0.3500 38
BYE 0.4848 91 0.4470 145 0.3496 39 0.3355 66
JB(% 0.1947 237 0.1580 376 0.1576 108 0.1412 181
10 Journal of Futures Markets, 2025
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FIGURE 1 | Credit spreads of the baseline Merton (1974) model, the possibility to increase debt, the possibility to decrease debt, and the
possibility to increase and/or decrease debt with the standard parameters for the low-leverage case where D = 0.50.
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FIGURE 2 | Credit spreads of the baseline Merton (1974) model, the possibility to increase debt, the possibility to decrease debt, and the
possibility to increase and/or decrease debt with the standard parameters for the high-leverage case where D = 0.75.

As for the shape of the curves, the possibility of debt increases
leads to a greater magnitude of the hump-shaped curves that
come from the Merton (1974) base case, while in the case where
there is the possibility of a debt decrease, the curves approach a
flat shape.

As for the comparison between the baseline Merton (1974)
case and the increase and/or decrease possibilities for the
debt case, we note that over the short term, the uncertainty
over the debt level leads to increased spreads; over the
medium term, the spreads are lower, with the impact of the
possibility of the debt decrease being greater than the one
from the possibility of the debt increase; over the long term,
the spreads tend to converge, as the possibility of both the
increase and the decrease having occurred is very high and

the debt has returned to the initial amount with high
likelihood.

Still, further conclusions can be reached by exploring the model
parameters. In Figure 3, we recalibrate the terms in relation to
Figure 2, making the debt decrease more likely by changing the
initial and long-term average of the corresponding process to
6, = A, = 0.30 and the debt increase less likely by selecting
those debt increase process parameters to 6, = A5 = 0.10. With
this, for the higher leverage case (D = 0.75), and for the model
which combines increases and decreases in leverage, we are
able to replicate the conclusions of Gemmill (2002), which point
to reductions in leverage as key for the Merton model to obtain
an upward slopping spread curve, as in real-world data. Also
note that using the debt reduction in isolation produces a
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FIGURE 3 | Credit spreads of the baseline Merton (1974) model and the possibility to increase and/or decrease debt with the standard
parameters for the high-leverage case, where D = 0.75 with upward slopping curve parameterization.

mostly flat curve, while combining that with the debt increases
results in a curve approximating the intended shape.

4.2 | Comparative Statics

Now, we analyze the individual variables added by the dynamic
debt model and their impact on the credit spreads. Besides
using a maturity date of T = 5, to capture the effects at the
medium term, the leverage is selected in the lower level case,
D = 0.50, while the remainder of the parameters, unless stated
otherwise, follow the baseline. We focus on the case of the bond
with the possibility of increasing and decreasing, as in Equation
(20), BYT.

Starting with Figure 4, it is clear the amounts by how much the
debt is increased and decreased, U and L, impact the spreads. In
the case of the increase in debt, the greater the amount, the
greater the spreads. As for the amount of the debt reduction,
which can be observed as we move right in the top abscissa axis,
when the write-down occurs, the spreads suffer a greater
reduction the more intense it is. Overall, upward changes in the
debt level increase spreads and downward changes reduce
spreads.

In Figure 5, we approach the long-term averages of the hazard
processes, 6, and 6;. The initial values for the processes, 1§ and
AL, are set to match the corresponding long-term average in
each case. In the instance of the debt increase, represented by
6., the greater the parameter is, the greater are the spreads. In
other words, given that 6, (and Ay) is higher, the greater is the
probability of triggering a debt increase, which in turn increases
debt, reducing the bond value and increasing the credit spreads.
In the case of 6}, the same effect works in the opposite direction.
As the average value of the debt decrease process (and its initial
value) is increased, the chances of a debt decrease are greater,
thus contributing to a reduction in the credit spreads.

In Figure 6, we take a first approach to the value of correlations
between the hazard processes and the process of firm value (V}),
e,y and p;,. As can be seen, increasing the intensity of each
correlation decreases credit spreads. In the case of the debt
increase and p,;, (> 0), the debt increase becomes more likely as
the firm value increases and less likely when it decreases. Thus,
when the firm is farther from default—and debt increases are
less likely to induce a credit event—the debt is more likely to
increase; when it is closer to default—and debt increases are
more likely to provoke financial distress—it is less likely to
do so.

The situation is reversed for the debt decrease, as it becomes
more likely as the firm decreases in value, thus occurring when
it is most important to stave of default, thus decreasing credit
spreads. As shown below, the study of the correlations is also
relevant when studying the variance and the speed of the
reversion.

As for the volatilities of each hazard process, o, and ¢, the
effects are studied in Figure 7, doing so with different values for
the correlations of each process in relation to the process of the
firm value. We first inspect the case where the correlations are
null, p;, = p,,, = 0, presented in the panel on the left-hand
side. Here, increasing the variance has the reverse effect on the
average values of the intensity process. For instance, by
increasing the volatility of the debt increase process (4,), the
spreads are decreased. This can be explained by the nature of
the Vasicek process, as presented in Equation (6), while recal-

T u
ling that P(g, > T) = E[e‘fo A d‘]. Given the nature of the ex-

ponential function, increasing the variance of the hazard
process 4; tends to have an asymmetrical effect—great increases
in the value tend to approach values close to zero in the ex-
ponential function, while great decreases are not subject to such
a bound. This asymmetry results in a greater variance of the
process bringing about in a lower expected value for the prob-
ability of the debt increase to occur, P(t, <T) =1 — P(g, > T).
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This can also be noticed in Equation (A8), where increases in
volatility have the reverse effect of the increases in the average
of the hazard process. As for the debt decrease variance, it
follows that increased variance of the hazard process tends to
lead toward increases in spreads, as the effect presented above
leads to a decrease in the probability of the debt being written
down.

As we move to the panel on the right-hand side, in the instance of
the debt increase, the effect of the increased volatility leads in the

0.2 0.21 0.22 0.23 0.24 0.25

Credit spreads of bond with the possibility to increase and/or decrease debt with the standard parameters for the low-leverage case,

same direction as on the left-hand side. More significantly, the effect
is reversed in the case of a decrease in debt. This reversal is ex-
plained by the negative correlation, which in this case is equal to
—1. Looking at Equation (14), it can be seen that the variance, g, is
multiplied by dW%, where the correlation link is established with
the process of V;, perfectly negative in this case. In other words, g
enhances the effect of the negative correlation, which, as studied in
Figure 6, reduces the spreads resulting from the debt decrease. This
relation, between ¢; and p;,,, is evident, for instance, in the ex-
pression of H («,, ;) from Proposition 1.
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As for the final variable, the speeds of reversion of the hazard
processes, x, and x;, are analyzed in Figure 8, once again
splitting between two sets for the correlation values. As it can be
seen on the left-hand side, where p,;, = p;;, = 0, increasing the
reversion parameters increases the spreads when relating to
debt ratchet and decreases the spreads with respect to the debt
decrease. This can be interpreted in relation to the variance

parameters—while o, and o; steer the values away from the
average value of the process, high values for the reversion speed
prevent great deviations away from the average value. In other
words, increasing the speed of reversion to the mean counter-
weights the effect of the variance. Thus, the effect from Figure 7
is nullified, leading to increased probabilities of debt ratchets
and write-downs, generating, respectively, credit spread
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increases and decreases. This pattern, of x, and x; serving as a
counterweight to o, and ¢, can be noticed in several equations
from Proposition 1, by noting the reversion speed in the frac-
tions' denominators.

Analyzing the case where p,, = 1 and p;, = —1, on the right-
hand side, a similar pattern to that of the previous figure
emerges. Notoriously, the negative correlation results in
increases in the credit spreads—reversing the effect of the case
with a null correlation. This can be attributed to the speed of
reversion nullifying the effect of the negative correlation
transmitted through dW% and multiplied by ;. That is, the
spread-decreasing effect that comes from p,, =—1 (and
transmitted through o)) is quickly reversed by the higher x,.

Given the containment of the spread decrease that would come
from the negative correlation, the debt spreads are increased.

4.3 | Debt Seniority

Finally, we study the subordinated debt case under the possibility of
a debt increase. Following what is presented in eq. (1) of Gorton
and Santomero (1990), where the senior debt value is calculated as
regular debt, the values for the senior debt are calculated as in the
BU case. The debt values are set to DS = D’ = 0.375.

As it can be noted in Figure 9, as expected, the possibility of the
debt ratchet increases both spreads. While the possibility of the
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increase is over the senior debt amount, the increase in the
spreads in the junior debt is significantly larger than the one in
the former debt. Therefore, while not being the debt that is with
the possibility of an increase, the junior debt is the most
affected. This results from its low seniority and thus lower
priority to receive the remainder of the value of the firm in the
case of default.

5 | Conclusions

In this paper, the concept of debt changing in discrete jumps of
Das and Kim (2015) was explored in a different fashion. Instead
of relying on the firm value crossing certain barriers, the
changes in debt have their own process, although it can still be
linked to the firm value through correlation of the processes.

Through changes of measure, we obtain the formulae for vari-
ous cases that depart from the baseline Merton model: for the
possibility of an increase, the possibility of a decrease, and a
combination of both. We observe that the possibility of
increasing magnifies the credit spreads, while the possibility of
decreasing reduces them. The case where debt can increase
and/or decrease can be ambiguous, with the uncertainty over
the future debt value being able to increase or decrease spreads,
even when the debt value is equal after the changes in debt. We
also study the impact of the various model parameters on the
credit spreads, finding, in particular, that the inclusion of cor-
relations has a deep influence on the debt changes.

Finally, given the flexibility of this dynamic debt framework, we
extend it to the subordinated debt case of Gorton and
Santomero (1990), and observe the impact of increasing the
senior over itself and the junior debt. We notice that the impact
over the junior debt is greater, although the senior debt is the
one which is the most affected by the possibility of the increase.
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Endnotes

!For details on the solution, see, for instance, Musiela and Rutkowski
(2005, Chapter 10).

2See, for instance, Protter (2003, Theorem IV.65).
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Appendix A

Proof of Proposition 1

Let us first define n, (0, T) := 1 — e™T. Using Equation (7) and the
insights of Musiela and Rutkowski (2005, Proposition 10.1.2), it follows

that
u — qu —Ky b — a—kut
fo A dt_/lofo e dz+6uf0 (1 — e *ut)dr

Combining Equations (A1)-(A4) yields

j(; Addt = ﬁnM(O, T) + Guj; ny,(s, T)ds
Ku
T (A5)
+ 2| nuGs, TYdw Q.
s i

Following the same rationale for
m (0, T) :== 1 — ™7 we obtain

Equation (15), with

1 1 1
f /lﬁ dt = ﬁnl(O, T) + Glf n(s, T)ds
0 X 0

T (A6)
+ 2 f ni(s, T)dw,
x Yo ’
Let us now define the random variable
T
£ = - f (a2 + 21 d. A7)
0

The expected value of this random variable is

u 1 1
Bl 5] = ~ S, 0.7) = 0, [ mus. Tyds = o, )
Ku X

T
- @lfo n (s, T)ds,

andzgi¥en the variance 2othhe two separate processes—expressed
as %‘f n2(s, T)ds and U—’zf n?(s, T)ds, respectively—then the vari-
xy YO X Jo

ance of their sum, that is, the variance of the random variable &, is
given by

o ! o !

u 2 1 2

—Kzfo n;(s, T)ds + —sz; ni(s, T)ds
u 1

T (an) aa [
+ aufo ﬁe—Ku(t—x)deudt. + 2pulK—u;l ) ny (s, T)n(s, T)ds.
Notice that Using Musiela and Rutkowski (2005, Lemma 10.1.1), it follows
that
r —Kut 1 —xu T 1
e tuldt = —(1 — e™ul) = —n, (0, T) (A2) 24 T
0 Ky Xy ElefrlF] = exp|——2n, (0, T) — 6,,](; ny(s, T)ds
KM
A !
and - 20, 7) - G,J; n(s, T)ds
e
, ) , 52 (7 o (7 (A8)
f (1 — eul)dt = f dt — f et + 2—"21; n3(s, T)ds + —zf ni(s, T)ds
0 0 0 Ky 2k Vo
1 (A3) T
di="T = —n,(0, 7). pu 2| py(s, TIng(s, T) dsj.
u Ky K VO
. . P 2 ~
Using the stochastic Fubini theorem, Let us now define a new measure, Q, such that
Tt —ru(t=5) qWQ dt = Tt ~ruterus g2 d ~ T(u_ 51
fo fo e sudt = fo fo e rule sudt do o o (t+at)ar ofr
T T T e = , A9
— L ek,,_sj; e—xutdtwgu — ,(17.[(; (1 _ e—ku(T—s))deu dQ E[e_ foT(MA"‘A%)df ]__O} E[egﬂfo] ( )
T
=1 fo n(s, T)dW2,.
(A4)  with
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2 ’
ebr = exp[——onu 0, T) — Guf ny(s, T)ds
Xu 0

T
- %] n s, 7AW,
K, VO ’

s . (A10)
— 200, T) - Olf (s, T)ds
X 0

H

T
_ ﬂf Q
o Jo ni(s, T)dW

after combining definition (A7) with Equations (A5) and (A6).

It is possible to observe that there are some common terms between
Equations (A8) and (A10). Hence, dividing both the numerator and
denominator of Equation (A9) by

QU T ﬂ.l T
exp[——onu(O, T) - Guf (s, T)ds — =m0, T) — sz (s, T)ds
Xy 0 x| 0

and rearranging yields

o, (T Q a (" Q
~ exp|—— n,(s, T)YdWy, — — n(s, T)dW g,
dQ xu Jo Tk Jo '

a0 2 AT 2 AT T
Q exp U—Z‘z f n2(s, T)ds + cr_,2 f ni(s, T)ds + F’uzﬂﬂ f
2%, Jo 2x; Jo Ky %1 Jo

n, (s, T)m (s, T)ds

o [T a (T
=exp —K—“fo ny (s, T AW, — ;j; n(s, T) dW%
u 1
2 T

o o2 (T
——n nzs,Tdu——lf ni(s, T)du
22 Jo u(s, T) 2o (s, T)

T
- /:)ulﬂE ny, (s, T)n(s, T) dsj.
Ky % V0

The multidimensional Girsanov theorem implies that

~ o, t o] t
W) = wo, + P f nu(s, Tds + 220 f n(s, T) ds.
Ku 0 X1 0

Thus, in a new measure Q, the value of V; will be given by
1 ovoup [
V; = Voexp (r -q- —crlz,)t - uf n,(s, T)ds
2 Ky 0

t
[o74)] 5
_ Mfo (s, T)ds + oy W&, |.

Le]
(A11)
Let us now consider the risk-neutral expectation
T
- | (#+2h)a
Bo | faw Vrlvr<xie fo (i) Fo
_ T u, 9l
= ¢, Fole fo (A+af)ar 7
(A12)

= f :(/1}‘+lf)dt
= f z(/l}ml{)dz

E Fo

Eo|Vrlyr<xy

T(ou, gl
The solution to the expected value E@[e‘fo (at+2t)

]—'0] is given in
Equation (A8), and the second expected value under the equivalent
measure Q is equal to

o ﬁ.' ' (At+af)ar [

qgﬂwww

Eo|Vrlyr<xy
R]

(A13)

Lyrex) o).

Then, we define the new equivalent measure Q, such that

d@ —%G%T+m/W%V‘

— =€
dQ

With V; being given as in Equation (All), Equation (A13) can be
written as

Eq

Voexp[(r —q- %CTIZ/)T
T T
Oy G Oy qp
— R [ s yds - 0P [ s, Tyas
Ky 0 i 0

Fo

+ oy Wg,v]ﬂ{vrgq
oy g, T
= Voexp[(r — q)T]exp[—V#p”Vf0 ny,(s, T)ds
x,

u
oy o) T
- Mf n(s, T)ds| X Eg
X 0

1
exp[—goéT + oy W‘%V]JI{VTQ(}I]-})].

Changing to the measure Q, the above expression is written as

T
Voexp[ (r - q)T]exp[—@ fo nu(s, T)ds
u

T
ov APy f .
— T 0 n (S, T) ds| X ]EQ [JI{VTSX}U:O]

T
= Voexp[(r - q)T]exp[—UVfcﬂ fo nu(s, T)ds
u

T
9098 [ 1y 1 5 i)

(A14)

and by the Girsanov theorem W?V = W?V — oyt, and under measure
Qv is

L
oy,
V, = Vpexp (r -q+ lUZV)t - mf n,(s, T)ds
2 Ky 0

t

oy g

- Lpzvj(; n(s, T)ds + angv}.
X

Therefore, log(Vr) is normally distributed with expected value

oy, ¢ oy 0] ¢
Lpu"f ny(s, T)ds — L‘Ol"f (s, T)ds
0 0

1
(r -q+ —U%,)T -
2 Xy X

and variance o2 T. Thus, we get

18

Journal of Futures Markets, 2025

519017 SUOWIWIOD BAIBIO 3o idde ) Aq PaUBAOB 3.8 DI YO ‘35N J0 S9INJ 10} AIRIGITBUIUO /B|IA UO (SUO1IPUOO-PUE-SWR) L0031 ATRJq1puIIU0//SAIY) SUORIPUOD PUE SWLB 1 841 39S *[GZ02/TT/20] Uo Akiqi78uliuo AB|iM ‘EBNIOd BUBIU0D Aq 2G00L IN}/Z00T OT/I0P/WI0D" 5| I AZeId1pu|uo//SA Y WO Papeo|umod ‘0 ‘vE66960T



Eq [1ypsx)\ 5]
t t
a(X) — ”V”Kﬂfo Ny (s, T)ds — “V‘;%fo (s, T)ds
UV\/T ’
(A15)

where N represents the standard normal distribution.

Moreover, combining Equations (A12)-(A15) yields

T
- 4428)d
Eo|tam Vrlvrexie f" (ipeat)ar Fo

= o Voexp[(r — O T]

oy, T oy a T
_Mf 1y (s, T)ds — Lpl"f m(s, T)ds
Ku 0 L4} 0

X exp

AU T /11 T
x exp|—22n, (0, T) — euf na(s, T)ds — 22n, (0, T) — elf n(s, T)ds
Ku 0 x| 0

%

+ =
2
2%,

T 2 (7
2 1 2

J; n.(s, T)du + lezj; ni(s, T)du
aa "

+ pul—“—lj; ny (s, T)n (s, T) ds]
Ku K|

Oy Oy T oy T
aX) — Vx—p“vf n,(s, T)ds — Mf n (s, T)ds
u 0 0

Xy
X|1-N
oy T

Finally, introducing o, € {0, 1}, o; € {0, 1}, and X = DeVe’ to accom-
modate the inclusion of the debt change parameters U and L, the results
of Proposition 1 follow immediately. O

Appendix B
Proof of Proposition 2

This proof is similar to that of Proposition 1. The key difference is that
now it is not necessary to use the measure Q. The steps until Equation
(A13) are identical. Thus, we have

_ T u 1
Eo|Dlymxje fo (Abe+afen ) d %

_fT (A[Mau+/1£a1)dt
= DEgle Jo Fo E@[JI{VT>X}|]:0]5

T(u 1
where the solution of Eg|e~ Jo (tautatea) d”]-'o} is given in Equation (A8),

and taking into consideration a, and a; we obtain F (ay, o).

As for the remaining expected value, given now log(Vr) having the
expected value of

oy, ¢ oy o t
(r -q- %UZV)T - %puvf n, (s, T)ds — %Plvf n (s, T)ds
u 0 1 0

and the variance, oy, T, we obtain

Eq [H(VT>X}|~7:0]

=N

oy, ¢ e ¢
aZ(X)—auLp”Vf n, (s, T)ds—oqu n (s, T)ds
Ku 0 X 0

= G (ay, a5, (X)).

UV\/T
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