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ABSTRACT

The M|G |0 queue system transient probabilities, with time origin at the beginning of a
busy period, are determined. It is highlighted the obtained distribution mean and
variance study as time functions. In this study it is determinant the service time hazard
rate function and two induced differential equations. Also, we will show how the
results obtained can be applied in modeling epidemic and unemployment situations.

Keywords: M)|G|o, hazard rate function, differential equations, epidemic,
unemployment.
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1.INTRODUCTION

In M|G|o queue systems, customers arrive according to a Poisson process at rate 4,
receive a service which time is a positive random variable with distribution function
G(-) and mean a and, when they arrive, find immediately an available server!. Each
customer service is independent from the other customers’ services and from the
arrivals process. The traffic intensity is:

p=Aa (1.1).

Call N(t) the number of occupied servers (or the number of customers being served)
at instant t, in a M|G|oo system. From [1], as py,(t) = P[N(t) = n|N(0) =0], n=
0,1,2,...

Al -6)av)” ¢
pOn(t)=( D) e Ali-6Wlav 017 (1.2).

n!

So, the transient distribution when the system is initially empty, is Poisson with mean:

Afot[l - G(v)] dv.

Considering a queue system with infinite servers does not mean that the physical presence of infinite servers is required, which is
materially impossible. It means that when a customer arrives at the queue, they immediately find a server available. That is why these
gueuing systems are said to be lossless and without waiting. Two ways, among others, of ensuring this availability are:

-The existence of a sufficiently large number of reserve servers, in a state of readiness,

-Each customer is their own server, as happens, for example, in supermarkets when customers collect the goods they are going to buy.
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The stationary distribution is the limit distribution?:
lim oy (t) = %e‘p, n=12,.. (1.3).

This queue system, as any other, has a sequence of busy periods and idle periods. A
busy period begins when a customer arrives at the system finding it empty.
Be

p1n,(t) = P[N(t) =n|N(0) =1',n=10,1,2,..., (1.4)
meaning N(0) = 1’ that the time origin is an instant at which a customer arrives at the
system, jumping the number of customers from 0 to 1. That is: a busy period begins.

Att = 0 possibly:

-The customer that arrived at the initial instant either abandoned the queue system
with probability G (t), or goes on being served, with probability 1 — G(t);

-The other servers, that were unoccupied at the time origin, either go on unoccupied
or occupied with 1, 2, ... customers, being the probabilities p,,(t),n = 0,1,2,....

Both subsystems, the one of the initial customer and the one of the servers initially
unoccupied, are independent and so, see [2]:

P170(t) = Poo(£)G (L)

Prn(8) = Pon ()G () + pon-1(D(1 = G()),n=1,2,.. (1.5).

It is easy to see that:
. p"
glm pya(t) = Fe‘p, n=2012,... (1.6).

Denoting u(1',t) and u(0, t) the distributions (1.5) and (1.2) mean values,
respectively,

p(1',t) = Xpoinprm (8) = Xa=1nG (Dpoo(t) + Xn=1 MPon—1 (t)(l - G(t)) =
GOuO,t) + (1= G(1)) X52o( + 1) po; (1) = u(0,8) + (1 - G(®)),

resulting
p@,)=1-6O+A[[1-6cW)ldv (L7

2q = f0°°[1 — G(v)] dv, since the service time is a positive random variable.



As, Yoo N? Py (8) = G(t) L=y 1% pon(t) + (1 - G(t)) =1 N2 Pon—1(t) =
GO (12(0,0) + 1(0,0) + (1 = G(0))(12(0,8) + 3u(0,t) + 1) = u2(0,t) +
(3-2G6())u(0,t) +1—G(v),

denoting V(1',t) the variance associated to the distribution defined by (1.5), it is
obtained:

V(1',t) =u(0,t) + G(t) — G*(t) (1.8).

The main target is to study u(1',t) and V(1',t) as time functions. It will be seen that,
in its behavior as time functions, plays an important role the hazard rate function
service time given by, see for instance [3 — 5],

_ g9®
h(t) = 60 (1.9)

where g(+) is the density associated to G(*).
Two differential equations, induced by this study, are considered allowing very
interesting conclusions.

2. APPLICATION IN EPIDEMIC AND UNEMPLOYMENT SITUATIONS

M|G|oo,systems have great applicability in modeling real-life problems. See, for
instance, references [4 — 11]. The presented in this paper are very interesting and the
results that will be shown in the sequence are particularly adequate to its study:

-Epidemic

In this case the customers are the people hit by an epidemic. They arrive at the system
when they fall sick, and their service time is the time during which they are sick. The
time the first one falls sick, may be the beginning of an epidemic, is the beginning of a
busy period. An idle period is a period of disease absence. The service hazard rate
function is the rate at which they get cured. See [12].

-Unemployment

Now the customers are the unemployed in a certain activity. They arrive at the system
when they lose their jobs, and their service time is the time during which they are
unoccupied. An idle period is a full employment period. A busy period begins with the
first worker losing his job. The hazard rate function is the rate at which the
unemployed workers turn employees. See [13].

In both cases (1.4) is applicable. It must be checked if the people fall sick or lose their
jobs according to a Poisson process. The failing of this hypothesis is more expectable in
the unemployment situation. In some situations, maybe it is more adequate to
consider a mechanism of batch arrivals.



The beginning of the epidemic or of the unemployment periods can be determined
today with a great precision.

The results that will be presented can help to forecast the evolution of the situations.
Finally, it is necessary to adjust the time distributions adequate to the disease and
unemployment periods. In this last case the situation may not be the same for the
various activities.

3. u(1',t) STUDY AS TIME FUNCTION
Proposition 3.1:
If G(t) < 1, t > 0 continuous and differentiable and
h(t) <A t>0 (3.1)
u(1’,t) is non- decreasing.

Dem.:
It is enough to note, according to (1.7), that %,Ll(l', t) = (1 — G(t))(/l — h(t)). O

Obs.:

-If the rate at which the services end is lesser or equal than the customers arrival
rate, u(1’,t) is non- decreasing.

- Epidemic: If the rate at which people get cured is lesser or equal than the rate at
which they fall sick, the mean number of sick people is a non-decreasing time function.
- Unemployment: If the rate at which the workers lose their jobs is lesser than the rate
at which they turn employees, the mean number of unemployed people is a
nondecreasing time function.

-For the M| M |03 system (3.1) is equivalent to

p=1 (3.2).

—%im u(l',t) = p.

-Epidemic: If an epidemic lasts a very long time, the mean number of sick people will
be closer and closer from the traffic intensity.

-Unemployment: If an unemployment period lasts a very long time, the mean number
of unemployed people will be closer and closer from the traffic intensity.

Defining £ () through the differential equation (note that (3.1) can be written in form
h(t) —2<0,t > 0)

E)=h(t)—2 (3.3)

% The second M means exponential service times.



it is obtained as solution the following collection of service time distribution functions:

t t
G(t) =1—-(1-G(0))e A fosdu ¢ > o,f“ f(f)d” >—1 (3.4)

So, evidently,
Proposition 3.2:
Ifé() =0
G =1-(1-G(0)e™ t>0 (3.5
and
u1l',t)=1-60)=p, t=0.0

Obs.:

- Epidemic: If the time that a patient is sick is a random variable, with a distribution
function given by (3.5) the mean number of sick people is equal to the traffic intensity.
-Unemployment: If the time of unemployment is a random variable, with a
distribution function given by (3.5) the mean number of unemployed people is equal
to the traffic intensity.

Exemplifying for some service time distributions:

-Deterministic with value

1+Att <«
pt=a

u(1',t) = { (3.6),

-Exponential

w1 ) =p+A=plees  (3.7),

(1-e~P)(A+p) _ A
t20,-Asf<——

} ion? —1_
Collection* G(t) = 1 rer(eh_)ia L 2

' (1-e7P)(A+B) -
u(l't) = TP (TP 1) 3 +p—In(1+ (ef —1)e~ @A) (3.8).

4 For this collection of service time distributions, the busy period is exponentially distributed with an atom at the origin, see [14]:

BA@W) =1-2L(1— e "W 2 0,1 < p <

(3.9).



4.V (1',t) STUDY AS TIME FUNCTION
Proposition 4.1

If G(t) < 1,t > 0, continuous and differentiable and

A

h(t) = 2G(t)—-1

(4.1)

V(1',t) is non-decreasing.
Dem.:

It is enough to note, according to (1.8), that:

d
V= A(1-6®))+g®) —26g®) =21 -61®) +g®(1-261)) =

(1-6®)(r®(1-26D) + 1),
from where it follows the condition (4.1). O

Obs:

-Obviously 2G(t) —1 >0 & G(t) > %,t > 0. If this does not happen the condition
(4.1) is trivial.

-Epidemic:If the rate at which people get cured, the rate at which they fall sick and the
sickness duration distribution function hold (4.1) the variance of the number of sick
people is a non- decreasing time function.

-Unemployment: If the rate at which the workers lose their jobs, the rate at which
they turn employees and the unemployment duration distribution function hold (4.1)
the variance of the number of sick people is a non- decreasing time function.

-girgV(l’, t) = p.

-Epidemic: If an epidemic lasts a very long time, the number of sick people variance
will be closer and closer from the traffic intensity.

- Unemployment: If an unemployment period lasts a very long time, the mean number
of unemployed people will be closer and closer from the traffic intensity.

-Epidemic: If an epidemic lasts a very long time the number of sic people is distributed
according to a Poisson distribution with mean p, see (1.6).

*Unemployment: If an unemployment period lasts a very long time the mean number
of unemployed people is Poisson distributed with mean p, see (1.6).

Defining ¢() as {(t) = h(¢) _26(21)—1'

it results the following differential equation in G(*):

(4.1) is equivalent to h(t) —

2G(t)-1 =0,



dG A
dgt) _ (((t) _ m) (1-G(®),t>0 (4.2).

Note that G(t) = 1,t = 0 is a trivial solution of equation (4.2). And, for this case, it is
easy to check after (1.8) that V(1',t) = 0,t > 0.

Proposition 4.2:

y)
2G(t)-1

If ¢(t) — = k(const.) > 0, the solution of equation (4.2) is

G =1-(1-G0)e* t=>0  (43)

and

A
{(t) = 2(1—G(0))9_Kt—1

+k (4.4).
In consequence
v, e = %(1 —G(0)[L—e™)+ (1 - G(0)e ™ — (1 - G(0)%e™2 (4.5).0
Obs.:
-After (4.5) is concluded that lim V(1',¢) =2 (1= G(0)) = p.

“Withk = 0, {(t) =

26(0-1 and G(t) = 1,t = 0 is also the solution of (4.2), resulting

thenthat {(t) = —1and V(1',t) = 0,t = 0.
For {(t) = 0 the following proposition holds:
Proposition 4.3:

If G(.) is implicitly defined as

176 ,2(6(0-6(0) = =2t ¢ > (4.6)
1-6(0)

V', t)=p,t=0.0
Obs.:
-The density associated to (4.6) is

_ Le=*(1-6(0))
g(t) - (1_26(t))ez(c(t)—c(o))

(4.7)



-After (4.7), denoting S the associated random variable, it is easy to see that, with
G(0) > %

(1—G(0))n!e‘2(1‘6(°))
ln

< E[s"] < (1-G6(0)n!

= 26(0)-1)An’ =12,.. (4.8).

Exemplifying for some service time distribution
-Deterministic with value a

A, t< a
V(') = (4.9),
pt=a
-Exponential

2t

t
v@a,t)=p (1 - e_t/a) +e1+e @ (4.10),

_ . 1-eTP)+B) B 2
G(t) =1 Ae—p(e(/’l+ﬁ)t—1)+/1’t 20,-A=sf =~

(1—e P)(A+B)
Ale=P(e(A+Bt—1)+2

V() =p-— ln(l + (e? — 1)9—(/1+B)t) n +

( (1—e~P)(A+B) )2 (4.11)

Ae=P(e@+Bt_1)+2

5. CONCLUSIONS

With very simple probabilistic reasoning, the M |G| transient probabilities, being the
time origin the beginning of a busy period instant, were determined. It is enough to
condition to the service lasting of the first costumer.

It was possible to study u (1°, t) and V (1, t), as time functions, playing here an
important role the service time hazard rate function.

This model may be applied in modeling real situations being the difficulties the usual
ones when theoretical models are applied to real-life situations. In this work we
considered epidemics and unemployment. Note that here the service time hazard rate
function reflects, and depends, on the measures taken to mitigate these situations,
such as:

-Epidemics

Vaccination, medical care, decisions about confinements, ...

-Unemployment



Government support, investments, training, ...

Finally note that, in epidemic application, the model is note applicable to contagious
epidemics. In this situation it would be more realistic to consider arrival rates not
constant, being not possible to have results as interesting and useful as those
presented in this work, or else an appropriate average arrival rate.
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