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Abstract. After the fundamental work of Livschitz in [1, 2], various research directions emerged,
among which the following stand out: (i) the study of cocycles with values in groups and semigroups
beyond R, as well as the investigation of corresponding regularity results; (ii) the analysis of how
a certain degree of regularity (Ck for k = 1, 2, . . . ,∞, ω) of the cocycle can confer corresponding
regularity to the solution of the cohomological equation; and (iii) the study of higher-dimensional
cohomology naturally associated with the action of groups such as Zk or Rk. The aim of this article
is to present, as self-contained as possible, a review of the natural generalizations of the notions
of cocycles and cochains, as well as their corresponding results, in the study of cohomological
equations.
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1. Introduction

Cohomology, originally from algebraic topology, is being innovatively extended to
study the qualitative features of dynamical systems, such as invariant structures and folia-
tions. It creates a conceptual bridge between topology, geometry, and dynamics, opening
new interdisciplinary research directions and offering new insights, tools, or classifications
that were previously inaccessible or underdeveloped using traditional approaches.

In dynamical systems theory, various problems of considerable importance can be
reduced to solving an equation of the form

φ = Φ ◦ f − Φ, (1)

where f : X → X is a dynamical system, φ : X → R is a known function and Φ : X → R
is unknown. Equation (1) is called a cohomological equation.
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The study of cohomological equations is related, in particular, to the analysis of conju-
gacies to irrational rotations of the circle, the existence of absolutely continuous measures
for expanding transformations of the circle, and the topological stability of hyperbolic
automorphisms of the torus. Such equations also naturally arise in statistical mechanics
and celestial mechanics.

Some results established by Livschitz in the 1970s [2] address precisely the possibility of
obtaining solutions to cohomological equations in the context of hyperbolic dynamics. For
a hyperbolic dynamical system, Livschitz’s theorem provides a necessary and sufficient
condition, based solely on information from periodic orbits, for the existence of Hölder
solutions. This is one of the main tools for obtaining global cohomological information
from periodic data.

A pragmatic approach to Livschitz’s theorem, oriented towards the study of cohomo-
logy in dynamical systems, was presented in [3, 4], emphasizing the relationship between
the existence of solutions to cohomological equations and the behaviour of cocycles along
periodic orbits. Following a preliminary demonstration of Anosov’s closing lemma for
hyperbolic diffeomorphisms, a detailed proof of Livschitz’s theorem for hyperbolic diffeo-
morphisms is provided in [4], closely following the approach of Katok and Hasselblatt in
[5]. The only published proof of Livschitz’s theorem for flows is by Livschitz himself [2].
In [3], a proof of Livschitz’s theorem for the continuous-time case is given, and its gen-
eralization to suspension flows is discussed; this generalisation enabled a second proof of
Livschitz’s theorem for flows, based on the construction of Markov partitions by Bowen
[6] and Ratner [7] for hyperbolic flows.

In this article, we present a review of cohomology in dynamical systems, with the
aim of understanding the concept of cocycles and coboundaries more generally, in groups
beyond Z or R, and in higher dimensions. The problem of regularity of the solution of
a cohomological equation, stemming from the regularity of the cocycle, is addressed, and
regularity results are presented. The study of cohomology in dynamical systems becomes
more complex in non-hyperbolic dynamics, even when dealing with the cohomology of
actions of Z or R [8, 9]. Veech obtained an important result in this direction in [10],
where he establishes the C∞ Livschitz property for partially hyperbolic endomorphisms of
the torus (i.e. showing that C∞ cocycles satisfying conditions relative to periodic orbits
possess C∞ trivializations). This research focused solely on the hyperbolic case, presenting
a selection of results that facilitate entry into theory.

2. Cocycles with Values in Lie Groups

Let G be a group that acts on a compact Riemannian manifold M through the
application T : G×M →M . For each g ∈ G, we define the transformation T (g) :M →M
by T (g)x = T (g, x). For each g ∈ G, the transformation T (g) is a diffeomorphism, T (1) is
the identity transformation on M (where 1 denotes the identity of G), and for g, h ∈ G,
we have T (g · h) = T (g) ◦ T (h), denoting by · the group operation in G.

Now consider cocycles with values in a topological group Γ (with an operation denoted
by +, not necessarily commutative) with identity e. A cocycle α over T with values in Γ
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is a continuous transformation α : G×M → Γ such that

α (g2g1, x) = α (g2, T (g1)x) + α (g1, x) ,

for each x ∈M and g1, g2 ∈ G.
Similarly, two cocycles α and β over T are said to be cohomologous if there exists a

continuous transformation Φ :M → Γ such that

α (g, x) = Φ (T (g)x) + β (g, x)− Φ(x), (2)

for each x ∈M and g ∈ G, where − represents the inverse in Γ.
A cocycle α : G × M → Γ is called a coboundary or cohomologically trivial, if the

equation
α (g, x) = Φ (T (g)x)− Φ(x) (3)

has a continuous solution Φ :M → Γ. This corresponds to the case where α is cohomolo-
gous to the trivial cocycle β(g, x) = e. The transformation Φ is then called a trivialisation
of the cocycle α. For a cocycle α to be cohomologically trivial, it must satisfy the identity

α(g, x) = e for each x ∈M and g ∈ G such that T (g)x = x. (4)

Note that for an Abelian group Γ, Equation (2) is equivalent to

α (g, x)− β (g, x) = Φ (T (g)x)− Φ(x).

The study of cocycle cohomology has proven advantageous when considering groups
with invariant metrics, the main examples being Lie groups. Let us now briefly recall some
basic definitions from the theory of Lie groups.

A Lie group Γ is a differentiable manifold with a group structure such that, for every
g0 ∈ Γ, the transformations Lg0 : Γ → Γ and Rg0 : Γ → Γ, defined by Lg0(g) = g0 + g
and Rg0(g) = g + g0, called left and right translations, respectively, are differentiable, as
is the map g 7→ −g. The left and right translations naturally induce, at each point g ∈ Γ,
linear transformations dg0L(g) : TgΓ → Tg0+gΓ and dg0R(g) : TgΓ → Tg+g0Γ on tangent
spaces. A vector field X on Γ is said to be left-invariant if dg0L(g)X(g) = X(g0 + g), and
right-invariant if dg0R(g)X(g) = X(g + g0). The vector space G of left-invariant vector
fields on Γ, equipped with a bilinear, anti-symmetric operation [·, ·] : G ×G → G satisfying

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0

is called the Lie algebra of Γ. A Riemannian metric on Γ is called left-invariant if Lg0 is
an isometry for all g0 ∈ Γ, that is, ⟨g0 + g1, g0 + g2⟩ = ⟨g1, g2⟩. A right-invariant metric
can be defined similarly by replacing Lg0 with Rg0 . In any Lie group Γ, the choice of a
symmetric, non-degenerate bilinear form ⟨·, ·⟩ on the tangent space at the identity, TeΓ,
defines a left-invariant Riemannian metric on Γ via

⟨U, V ⟩g0 = ⟨d−g0L(g0)U, d−g0L(g0)V ⟩ ,
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for all U, V ∈ Tg0Γ. If the metric is also right-invariant, it is called bi-invariant. Given
g ∈ Γ, consider the conjugation map defined by a 7→ −g + a + g for all a ∈ Γ, and the
transformation Ad : Γ → Aut(G) given by the derivative of conjugation by g, defined as
Ad(g)x = (d−gR(g) ◦ dgL(e))x, for x ∈ Γ.

The study of cohomology of cocycles over Anosov diffeomorphisms and flows (that is,
hyperbolic actions of G = Z and G = R, respectively) was initiated by Livschitz. In [1],
as discussed in [4], it was proven that a Hölder cocycle with values in Γ = R satisfying
the conditions in (4) is cohomologous to the trivial cocycle via a Hölder solution Φ. The
same result was extended to Γ as a connected Lie group admitting a bi-invariant metric.

The search for Hölder solutions to Equation (2) is discussed in [11] and [12]. Now,
let us consider the measurable case. Let T be an Anosov diffeomorphism and µ a T -
invariant measure equivalent to the Lebesgue measure. Livschitz showed in [2] that, for
any Hölder cocycle α with real values, a measurable function Φ : M → R satisfying (3)
almost everywhere is almost everywhere equal to a Hölder function Φ̃, for which

α (g, x) = Φ̃ (T (g)x)− Φ̃(x)

everywhere. The same applies to Anosov flows. Pollicott and Walkden state in [13] that
the proof presented by Livschitz extends to any connected Lie group with a bi-invariant
metric. An analogous result for Equation (2) for compact Lie groups was proven by Parry
and Pollicott in [14].

We now describe recent work by Pollicott and Walkden, which considers Lie groups
that do not necessarily have a bi-invariant metric. Let f :M →M be a C1 diffeomorphism
and let Λ be a locally maximal hyperbolic set for f . For a continuous function g : Λ → Γ,
consider the supremum

sup

{
hm(f) +

∫
Λ
g, dm : m is an f -invariant probability measure

}
,

where hm(f) is the entropy of f relative to m. If g is Hölder, then this supremum is
attained by some f -invariant probability measure, which we call the equilibrium measure
of g (see, for example, [5]). The hyperbolicity of f |Λ can be characterized in terms of the
Mather spectrum of f . Let χ(Λ) denote the Banach space of continuous vector fields in
Λ. Define the transformation f∗ : χ(Λ) → χ(Λ) by

(f∗v) (x) = df(v(f−1x)).

The Mather spectrum of f is the spectrum of f∗ acting on the complexification of χ(Λ).
If the Mather spectrum of f |Λ is contained in the set

{z ∈ C : 0 < |z| < λs} ∪ {z ∈ C : λu < |z| <∞} ,

for λs < 1 < λu, then we say that the function φ : Λ → Γ satisfies a partial hyperbolicity
hypothesis if we can choose λs and λu such that λs < µs ≤ 1 ≤ µu < λu, where

µs = lim sup
n→∞

(
sup
x∈Λ

|Ad(φ(fn−1x) · · ·φ(fx)φ(x))|
) 1

n
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and

µu = lim inf
n→∞

(
sup
x∈Λ

|Ad(φ(fn−1x) · · ·φ(fx)φ(x))−1|
)− 1

n

.

Let be

θ̃ = max

{
logµs
log λs

,
log λu
logµu

}
< 1.

Assuming this partial hyperbolicity hypothesis, Pollicott and Walkden generalized in [13]
Livschitz’s Hölder regularity result to any connected Lie group (not necessarily possessing
a bi-invariant metric).

Theorem 1. Let Λ be a compact locally maximal hyperbolic set of a C1 diffeomorphism f ,
and m an equilibrium measure of an Hölder function. Let Γ be a connected Lie group and
φ : Λ → Γ be a Hölder function with exponent θ ∈ (θ̃, 1) satisfying a partial hyperbolicity
hypothesis. If Φ is a measurable solution of the cohomological equation φ = Φ ◦ f − Φ
m-almost everywhere, then Φ is m-almost everywhere equal to a Hölder transformation Φ̃
for which φ = Φ̃ ◦ f − Φ̃ everywhere.

We note that this result does not guarantee the existence of solutions to the coho-
mological equation. We now describe a sufficiently general additional condition under
which existence can be ensured. Let φ : Λ → Γ be a Hölder function satisfying a partial
hyperbolicity hypothesis such that λs < µ−1

u and µ−1
s < λu. We define the constant

θ̃′ = max

{
θ̃,

logµ−1
s

log λu
,
logµu

log λ−1
s

}
< 1.

Still in [13], Pollicott and Walkden proved the following result.

Theorem 2. Let Λ be a compact locally maximal hyperbolic set of a C1 diffeomorphism f .
Let Γ be a connected Lie group and φ : Λ → Γ a Hölder function with exponent θ ∈ (θ̃′, 1)
satisfying a partial hyperbolicity hypothesis with λs < µ−1

u and µ−1
s < λu. If

n−1∑
i=0

φ(f ix) = 0,

whenever fnx = x, then there exists a Hölder solution Φ : Λ → Γ for the cohomological
equation φ = Φ ◦ f − Φ.

Pollicott and Walkden initially addressed the case where Γ is a connected solvable Lie
group (recall that a group is solvable if there exist subgroups Γ = Γ0 > Γ1 > · · · > Γn =
{e} such that the quotients Γi/Γi+1 are abelian, 0 ≤ i ≤ n − 1) and then considered the
more general case. Specifically, they showed that for solvable groups it is not necessary to
assume any partial hyperbolicity hypothesis. To prove the results, cohomological equations
over topological Markov chains and their suspensions are considered (see [3]), which allows
the equation to be solved first in symbolic dynamics. It should be noted that the work of
Pollicott and Walkden is based on articles [15] and [14], where cocycles taking values in a
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compact Lie group over Anosov diffeomorphisms were studied. This problem was also the
subject of several earlier articles preceding [13], namely, [16] by Niţică and Török, [11] by
Parry, and [17] and [18] by Walkden.

Another generalization of the Hölder Livschitz’s results was obtained by Niţică and
Török for cocycles taking values in diffeomorphism groups of class Ck, k = 1, 2, . . . ,∞, ω.
Given a differentiable manifold N , a cocycle α : Z ×M → Diffk(N) is said to be of class
Ck (k = 1, 2, . . . ,∞) if the function φ = α(1, ·) : M → Diffk(N) is a function of class
Ck. For Γ = Diffk(N), these authors proved in [19] and [20] that a cocycle with values
close to the identity over a diffeomorphism f with a hyperbolic set is cohomologous to
the trivial cocycle provided that the conditions in (4) are satisfied. The proof strategy is
analogous to the one used by Livschitz. The main difference is that in the group Diffk(N),
the natural metric is neither left-invariant nor right-invariant. However, in a sufficiently
small neighborhood of the identity, it can be shown that this metric is “almost invariant”,
which is sufficient for the proof.

3. The Regularity Problem

Another important question is what can be said about the regularity of the solution
Φ of the cohomological equation when the cocycle α and the action T are of class Ck,
k = 1, 2, . . . ,∞, ω.

This question was also first studied by Livschitz. He showed in [1] that for C1 cocycles
α, the solution Φ is still of class C1. Livschitz also showed, using the decay of Fourier
coefficients, that if α is a C∞ cocycle (respectively Cω) over certain linear actions in
the torus, then the same holds for the solution Φ (see [2]). Subsequently, Guillemin and
Kazhdan found C∞ solutions Φ for the case of C∞ geodesic flows on surfaces with negative
curvature [21, 22]. In turn, Collet, Epstein and Gallavotti in [23] proved an analytic
version also for geodesic flows but only on surfaces with constant negative curvature. All
the aforementioned C∞ and Cω regularity results were obtained through some form of
generalized harmonic analysis, and as such require a special structure on the manifold.
Only in 1986, using a geometric argument, was a general result for C∞ regularity presented
by de la Llave, Marco, and Moriyón [24].

Theorem 3. Let M be a compact manifold, f : M → M a topologically transitive C∞

Anosov diffeomorphism, and φ : M → R a C∞ function. Then, the following statements
are equivalent:

(i) There exists a C∞ function Φ :M → R satisfying

φ = Φ ◦ f − Φ;

(ii) For any periodic point x of period n,

n−1∑
i=0

φ(f ix) = 0.
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Moreover, if f is analytic, as well as the stable and unstable bundles and the function φ,
then Φ is analytic.

These authors also established a corresponding result for flows.

Theorem 4. Let M be a compact manifold, Ψ =
{
ψt

}
t∈R a topologically transitive C∞

Anosov flow, and φ : M → R a C∞ function. Then, the following statements are equiva-
lent:

(i) There exists a C∞ function Φ :M → R satisfying

φ(x) =
d

dt
Φ(ψtx)|t=0;

(ii) For any periodic orbit
{
ψtx

}
t∈R of period T , we have∫ T

0
φ(ψtx) dt = 0.

Moreover, if Ψ is analytic, as well as the stable and unstable bundles and the function φ,
then Φ is analytic.

In the proof, an important general result of harmonic analysis is used, which states
that if a function is of class C∞ along two absolutely continuous foliations of class C∞

with Jacobians having certain regularity properties, then the function is globally of class
C∞. This result is proved in the article using the theory of elliptic operators and the
absolute continuity of the Jacobian along the stable and unstable foliations. Since then,
two new proofs for C∞ Anosov systems have emerged. One is due to Journé in [25]. An
alternative approach was proposed by Hurder and Katok in [26], based on an unpublished
idea by Toll. Building on the approach presented in [26], de la Llave later established the
analytic case in 1997 [27]. On the other hand, continuing the work developed by Niţică
and Török in [16, 20], Katok, Niţică, and Török extended in [28] the regularity results in
cocycles taking values in Lie groups and diffeomorphism groups.

4. Cohomology in Higher Dimensions

Another direction of research is the study of cohomology in higher dimensions
for group actions such as Zk and Rk for k ≥ 2, as well as their ”non-invertible” versions
Zk
+ = {(n1, . . . , nk) : n1, . . . , nk ∈ N} and Rk

+ = {(x1, . . . , xk) : x1, . . . , xk ∈ R+}.
Let M be a compact manifold and let T be an action of Zk

+ on M generated by (not
necessarily invertible) transformations F1, . . . , Fk : M → M of class C∞ that commute
with each other, that is, Fi ◦ Fj = Fj ◦ Fi for all i and j. For each n ∈ {1, . . . , k}, an
n-cochain T on M with values in Rl (l ≥ 1) is any function

α : (Zk
+)

n ×M → Rl
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that is multi-linear and antisymmetric in the first n variables and of class C∞ in the last
variable. Since a multi-linear function is determined by its coefficients, the function α can
be viewed as a C∞ function

α :M → (Rl)(
n
k)

with components indexed by i1 < · · · < in, i1, . . . , in ∈ {1, . . . , k}.
Consider an operator D, referred to as the coboundary operator, which acts on each

n-cochain α to produce an (n+ 1)-cochain Dα whose
(

k
n+1

)
components are given by

(Dα)i1···in+1
(x) =

n+1∑
j=1

(−1)j+1 [αi1···îj ···in+1
(Fijx)− αi1···îj ···in+1

(x)].

Here, the notation îj indicates that the index ij is omitted. It is straightforward to verify
that D2 = 0, which allows the introduction of a notion of cohomology associated with
the coboundary operator. The cohomology of the n-cochain is known as n-th cohomology
C∞ of the action T . The action T of Zk

+ on M naturally induces orbits in M . Let PT

denote the set of all periodic orbits of the action T , that is, the finite orbits of T . For a
periodic orbit O ∈ PT , let µO be the unique normalized T -invariant measure associated
with O. Integrating α with respect to this measure produces a n-cocycle over T that
is independent of the last variable, which determines an element [α]O ∈ Hn

(
Zk
+;Rl

)
in

the n-th C∞ cohomology class with respect to the coboundary operator. Each [α]O is a
cohomological invariant of α, meaning that [α]O = [β]O whenever

α (t, x) = β (t, x) +DΦ (t, x) , (5)

since [DΦ]O = 0. The action T is said to satisfy the C∞ Livschitz property for n-cocycles
if the set

{[α]O | O ∈ PT }

constitutes a complete set of cohomology invariants for n-cocycles of class C∞. That is,
if given n-cocycles of class C∞ α and β such that [α]O = [β]O for every periodic orbit
O, there exists a (n− 1)-cochain Φ that is a solution of Equation (5). In this case, the
n-cocycles of class C∞ α and β are said to be C∞-cohomologous. An n-cocycle α (t, x)
of class C∞ is called cohomologically trivial if it is cohomologous to a constant n-cocycle
β(t). The (n− 1)-cochain Φ that is a solution of Equation (5) is called a trivialization of
α. An n-cocycle α of class C∞ cohomologous to the trivial cocycle β(t) = 0 for all t ∈ Zk

+

is called a coboundary, and equation

α (t, x) = DΦ (t, x)

is called the cohomological equation. Similarly, C∞ cohomology can be defined for an
action T of G = Zk or G = Rk. In the case G = Rk, the n-cochains are vector fields
of n-differential forms, the cocycles correspond to vector fields of closed forms, and the
coboundary operators D are given by restrictions to the orbit foliation of (n−1)-differential
forms of class C∞ globally defined.
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In [29], Katok and Katok used a version of Veech’s method in [10] to study C∞

cohomology for actions of hyperbolic automorphisms of the torus TN . They obtained, in
particular, the following results.

Theorem 5. Let T be an action of Zk by hyperbolic automorphisms of TN , and let α be
a k-cocycle of class C∞ over T with values in Rl (l ≥ 1) such that [α]O = 0 for every
O ∈ PT . Then, there exists a (k − 1)-cochain Φ of class C∞ such that α = DΦ.

Theorem 6. Let T be an action of Zk by hyperbolic automorphisms of TN , and for
1 ≤ n ≤ k − 1, let α be a n-cocycle of class C∞ over T with values in Rl (l ≥ 1). Then,
α is C∞-cohomologous to a constant cocycle β, that is,

α (t, x) = β (t) +DΦ (t, x) ,

where Φ is a (n− 1)-cochain of class C∞.

These results illustrate the power of the Livschitz property for higher-order cohomology
and complete the analysis of C∞ cohomology for actions of hyperbolic automorphisms.

We observe that for n = k (Theorem 5), C∞ Livschitz property holds: the k-th C∞

cohomology class of the action T of Zk is determined by the periodic orbits, meaning
that periodic information is necessary and sufficient to identify coboundaries in the k-th
C∞ cohomology. There is therefore a bijective correspondence between k-cocycles and
functions on M with values in Rl. For the remaining possible values of n (Theorem 6),
n ∈ {1, . . . , k − 1}, each n-cocycle of class C∞ is cohomologous to a constant n-cocycle
via an (n− 1)-cochain of class C∞. Thus, the article [29] provides a complete description
of C∞ cohomology for cocycles with values in Γ = Rl induced by an action of G = Zk

through hyperbolic automorphisms of the toroidal manifold TN . The main technique used
involves moving to a dual problem. The dual of a vector function on the torus TN is the
collection of its Fourier coefficients, i.e., a vector function on ZN . The dual cohomological
equation is reduced to equations for the action on each orbit O of the dual action. In
particular, the differentiability of the original cocycle corresponds to a super-polynomial
decay of its Fourier coefficients.

For n = 1, Theorem 6 was established by Katok and Spatzier in [30] for the Anosov
case and in [31] for the partially hyperbolic case. As noted by Katok and Katok, Livschitz’s
method is not valid for higher-order cohomology. Katok and Spatzier present in [30] an
adaptation of Livschitz’s method to establish the C∞, C1 and Hölder Livschitz properties
but only for 1-cocycles of Anosov actions of G = Rk.

5. Conclusion

The research on cohomology for dynamical systems, particularly cocycles and
higher-dimensional actions, has made significant advances over the past decades. From
Livschitz’s foundational results to generalizations for C∞ cocycles and actions on mani-
folds, this area continues to reveal profound connections between dynamical properties
and cohomological invariants. Applications extend to hyperbolic dynamics, Lie groups,
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and beyond, providing a fertile ground for further exploration. Future research will likely
uncover new techniques and frameworks to tackle even more complex dynamical and co-
homological questions.
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logy equation with values in diffeomorfism groups. Ergodic Theory Dynam. Systems,
16:325–333, 1996.

[21] V Guillemin and D Kazhdan. On the cohomology of certain dynamical systems.
Topology, 19:291–299, 1980.

[22] V Guillemin and D Kazhdan. Some inverse spectral results for negatively curved
2-manifolds. Topology, 19:301–313, 1980.

[23] H Epstein P Collet and G Gallavotti. Perturbations of geodesic flows on surfaces
of constant negative curvature and their mixing properties. Comm. Math. Phys.,
95:61–112, 1984.

[24] J Marco R de la Llave and R Moriyón. Canonical perturbation theory of anosov
systems and regularity results for the livsic cohomology equation. Ann. of Math.,
123(2):537–612, 1986.
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