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Abstract: The Zika virus, known for its potential to induce neurological conditions such as mi-
crocephaly when transmitted vertically from infected mothers to infants, has sparked widespread
concerns globally. Motivated by this, we propose an optimal control problem for the prevention
of vertical Zika transmission. The novelty of this study lies in its consideration of time-dependent
control functions, namely, insecticide spraying and personal protective measures taken to safeguard
pregnant women from infected mosquitoes. New results provide a way to minimize the number of
infected pregnant women through the implementation of control strategies while simultaneously
reducing both the associated costs of control measures and the mosquito population, resulting in a
decline in microcephaly cases.
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1. Introduction

Zika virus is a mosquito-borne disease mainly transmitted to humans through the
bite of female mosquitoes Aedes aegypti. It presents a serious threat to public health due
to its vertical transmission from pregnant women to their babies, potentially resulting in
heightened occurrences of neurological disorders like microcephaly [1,2]. In February 2016,
the World Health Organization (WHO) declared Zika-related microcephaly a Public Health
Emergency of International Concern (PHEIC), confirming the causal link between the Zika
virus and congenital malformations. The PHEIC was declared to have concluded by the
WHO in November of the same year. Despite a global decline in cases of Zika virus disease
from 2017 onwards, transmission continues at low levels in various countries across the
Americas and other endemic regions [3].

Mathematical modeling of infectious diseases is not only an important tool in under-
standing the dynamics of the disease but also contributes to the process of taking necessary
measures to prevent disease transmission [4-6]. Researchers have examined the vertical
transmission of Zika as well as the development of microcephaly in newborn babies (for
example, [7-9]). Additionally, controlled mathematical models to identify the crucial char-
acteristics causing the transmission may be more effective in predicting the future course
of the epidemic and preventing transmission [10-13]. Therefore, various perspectives
on optimal control strategies for Zika transmission dynamics have been discussed in the
literature [7,8,14-16].

Our study proposes an optimal control problem for the prevention of vertical Zika
transmission, which is a significant public health concern. Moreover, the proposed optimal
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control problem differs from all the others found in the literature on Zika transmission.
Indeed, we consider the uncontrolled Zika transmission model in Brazil [9] and introduce
time-dependent control functions representing personal protection and insecticide spray-
ing. The objective is to minimize the number of infected pregnant women through the
implementation of control strategies while simultaneously reducing the associated costs of
these control measures.

This paper is organized as follows: in Section 2, we introduce the uncontrolled Zika
model; in Section 3, we formulate the optimal control problem and derive the optimality
system using the Pontryagin maximum principle; in Section 4, our focus is on conducting
numerical simulations to showcase the impacts of optimal control strategies; and finally,
we conclude with Section 5.

2. Uncontrolled Zika Model

In this section, we recall the main assumptions of the mathematical model for the
spread of Zika virus as proposed in [9]. The model considers women as the population
under study. The total women population, given by N, is subdivided into four mutually
exclusive compartments, according to disease status: susceptible pregnant women (S);
infected pregnant women (I); women who gave birth to babies without a neurological
disorder (W); and women who gave birth to babies with a neurological disorder due to
microcephaly (M).

As for the mosquitoes population, there are four state variables related to the (female)
mosquitoes: A;;, which corresponds to the aquatic phase, which includes the egg, larva,
and pupa stages; Sy, for the mosquitoes that might contract the disease (susceptible);
Eu, for the mosquitoes that are infected but are not able to transmit the Zika virus to
humans (exposed); and I;;, for the mosquitoes capable of transmitting the Zika virus to
humans (infected).

The following assumptions are considered in our model:

(A.1) There is no immigration of infected humans;

(A.2) The total human populations N is constant;

(A.3) The coefficient of transmission of Zika virus is constant and does not vary with seasons;

(A.4) After giving birth, pregnant women are no longer pregnant and they leave the popu-
lation under study at a rate yj, equal to the rate of humans birth;

(A.5) Death is neglected, as the period of pregnancy is much smaller than the mean
humans lifespan;

(A.6) There is no resistant phase for the mosquito due to its short lifetime.

Note that male mosquitoes are not considered in this study because they do not
bite humans and consequently they do not influence the dynamics of the disease. The
differential system that describes the model is composed of pregnant women and women
who gave birth:

() = A~ (98B + (1= @)+ ) S(0),
(1) = 98B S (1) — ()10, "

W/(t) = (1= ¢)nS(t) + (1 - p)nl(t) — pW(t),
M'(t) = yI(t) — upM(t),

where N = S(t) 4 I(t) + W(t) + M(t) is the total population (women), with t € [0, ].
The parameter A denotes the new pregnant women per week, ¢ stands for the fraction of
susceptible pregnant women that become infected, B is the average daily biting (per day),
B.un represents the transmission probability from infected mosquitoes I, (per bite), 7y is the
rate at which susceptible pregnant women S give birth (in weeks), 1 is the rate at which
infected pregnant women I give birth (in weeks), iy, is the natural death rate for pregnant
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women, and ¢ denotes the fraction of infected pregnant women I that give birth to babies
with a neurological disorder due to microcephaly. The above system (1) is coupled with the
dynamics of the mosquitoes:

Am(t)

A(t) = py (1 - )(smm T En(t) + In(9) — (ia + 74) Am(D),

K
S1,(8) = 144w (1)  (BBiun a7 + 1o ) Sm(0),

Ep(6) = (BB 2 ) S (8) — (i + i) Em (),

I;/n(t) = ImEm(t) — pmIn(t),

where parameter fj,, represents the transmission probability from infected humans I,
(per bite), y; stands for the number of eggs at each deposit per capita (per day), y 4 is the
natural mortality rate of larvae (per day), 774 is the maturation rate from larvae to adult (per
day), 1/#,, represents the extrinsic incubation period (in days), 1/, denotes the average
lifespan of adult mosquitoes (in days), and K is the maximal capacity of larvae. See Table 1
for the description of the state variables and parameters of the Zika model (1)—(2).

Table 1. Variables and parameters of the Zika model (1)-(2), as given in [9].

Variable/Symbol Description

susceptible pregnant women

infected pregnant women

women who gave birth to babies without a neurological disorder

women who gave birth to babies with a neurological disorder due to microcephaly
mosquitoes in the aquatic phase

susceptible mosquitoes

exposed mosquitoes

infected mosquitoes

ﬁhm
Ho
Ha
A
1/17m
1/Hm

new pregnant women (per week)

fraction of S that become infected

average daily biting (per day)

transmission probability from I, (per bite)

rate at which S give birth (in weeks)

rate at which I give birth (in weeks)

natural death rate

fraction of I that gives birth to babies with a neurological disorder
transmission probability from I, (per bite)

number of eggs at each deposit per capita (per day)
natural mortality rate of larvae (per day)
maturation rate from larvae to adult (per day)
extrinsic incubation period (in days)

average lifespan of adult mosquitoes (in days)
maximal capacity of larvae

We consider system (1)—(2) with given initial conditions:

S(0) =Sy, 1(0)=1, W(0)=W, M()=M,,
An(0) = Awo,  Sm(0) = Smo,  Em(0) = Ewo,  In(0) = Ino,

with (S, Io, Wo, Mo, Amo, S0, Emo, Imo) € Ri. In what follows, we assume B,,;, = B
The positivity and boundedness of solutions, as well as the existence and stability

analysis of both disease-free and endemic equilibria, were studied in [9]. Additionally, the

basic reproduction number and its sensitivity was also analyzed in [9]. Considering the
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data collected by the WHO between 4 February 2016 and 10 November 2016 in Brazil, the
authors of [9] concluded that the parameters most sensitive to interventions are B and f,,y,.
Hence, to mitigate the transmission of the Zika virus, it is imperative to implement control
measures aimed at reducing the number of daily mosquito bites, B, and the transmission
probability from the infected mosquitoes, §,,;,. Furthermore, the fraction ¢, representing
susceptible pregnant women (S) who contract the virus, exhibits a sensitivity index very
close to +1. This underscores the critical importance of preventive measures aimed at
safeguarding susceptible pregnant women from infection.

These conclusions encourage us to pursue the identification of optimal strategies for
mitigating the transmission of the Zika virus. In the upcoming section, we address this by
introducing an optimal control problem.

3. Optimal Control Problem

In this section, we formulate an optimal control problem for Zika transmission. Our
objective is to minimize the number of infected pregnant women, reduce the mosquito pop-
ulation, and minimize the cost associated with the implementation of the control measures.

According to the Centers for Disease Control and Prevention, the best way to prevent
Zika is to be protected from mosquito bites [17]. Moreover, everyone, including pregnant
and breastfeeding women, should take steps to prevent mosquito bites [17]. When used as
directed, EPA-registered insect repellents are proven safe and effective, even for pregnant
and breastfeeding women. Taking this into account, we propose a controlled model by
introducing in the Zika model (1)—(2) two control functions u1(-) and u(+). The control u;
represents protective clothing, insect repellent, and bed-nets to protect pregnant women
from infected mosquitoes; while control u; refers to the insecticide spray applied to the
mosquito population. The dynamical control system for Zika transmission that we propose
is then given by

97

(£) = A — (1= w1 (1)) pBBun R S(H) — (1 — ¢)mS(H) — S (1),
I'(t) = (1= 1 (£))pBBy 2425 () — (12 + pua) I(2),
(1-9)mS(t) + (1 - p)nI(t) - W (D),
= ¢l — u M(t),
A () = gy (1= 258) (S (1) + En (1) + In(£)) = (1 + 14) A (1),

Spu(t) = 74 An () = BBum L Sy (£) + tmSm () — ua (£)Sm (1),
E}y(£) = BBin " S0 () — (1 + ) Eni () — 12 (£) Eni (1),
Ir,n(t) = ﬂmEm(t) - lem(t) - ”2(t)1m(t)-

The set U of admissible control functions is defined by

U= {(ul(.),uz(.)) e (1~(0, tf))2’ 0 < 1 (£), ua(t) < ttmax < 05, [0,t] }

Our objective is twofold: first, to minimize the incidence of Zika virus infection among
pregnant women, thereby reducing the risk of microcephaly in newborns; second, to
decrease the mosquito population responsible for transmission. Achieving these goals
involves implementing preventative measures while optimizing budget allocation to min-
imize costs. To achieve this, we consider the objective functional of the optimal control
problem as follows:

JAI(-), N (), ug,(+), u2(+)) = /Otf (wﬂ(t) + wo Ny (1) + w313 (t) +w4u%(t))dt, (4)

where the weight coefficients w; and w, are the weights for infected pregnant women and
the mosquito population, respectively. Also, the coefficients w3 and w, are measures of the
cost of preventive interventions related to the controls u#; and u5, respectively.
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The optimal control problem consists of determining
X" = (8", I", W, M*, A}, S, E L)

associated with an admissible control pair u* = (ui‘, uﬁ) € U on the time interval {0, t f} ,
satisfying (3), given initial conditions S(0), I(0), W(0), M(0), A (0), S (0), E;»(0), and
I;,(0) and minimizing the objective functional (4), i.e.,

J(X*,u*) = (X’ur)neigxu](X,u), 5)

where X is the set of admissible trajectories. We achieve the necessary optimality conditions
with the help of Pontryagin’s maximum principle (PMP) [18]. Note that the existence of
optimal controls is ensured by the convexity of the integrand of the objective functional (4)
with regard to the control functions (u1, 1) and the fact that the control system (3) satisfies a
Lipschitz condition with respect to the state variables S, I, W, M, A, Sy, Em, and I, [19,20].

Theorem 1. Let (uj,u3) € U be the optimal controls that minimize the objective functional (4)
and (S*,I*, W*, M*, A}, S, Ex,, Ity) be the optimal solution for the dynamical system (3). Thus,
there are costate variables (A1, Ay, A3, Ag, As, Ag, Ay, /\8) satisfying

A1) = (M) = A5(0) (1= 15 (5) 9B ><1*'(>+w*’<>+M*'<>>
b0 A5(0) (1 1+ (D Olt) 4 7(t)) BB g e Sin ()
M) = —wr o (Aa() = Aa(6)) (1= ] (1) @By 52" (6) + Aal8) (72 + )
— MO - P n-Aa(OgT+s(t) - <>>Bﬁhm%ﬂsm
(6 = (Aa(t) = M(0) (1= w5 (0) PBBun (=S (1) + A (D)
— (A6(6) = A7(0)) BB -1z 1)
M0 = (2l = MO~ ) BB () + sl ©
= (Ae(t) = A7(t))BB ()) fn(f)
A = =25 (mk (S () En(D)+ 1() + (1 +14)) — A
() = —w2 = As(B)s (1= A5+ (A6 (1) = A7(6)) BB +A6<><um+u;<t>>
Ap(t) = —wz—As()uE "k(t)i ()(’7m+ﬂm+”2()) A7 (£
Ag(t) = —wa+ (M(t) 1)1 —uj(t )4’313th —As(t )Vb( —ATU))
+ ()(Vm+”2())
with transversality conditions
(tf)—O, i=12,...,8 @)

In addition,

AL () =Aa(t Ly() g+ (4
ui‘(t):min(max () 2())w3 N{) (),0 ,umax>/ ®)

uj(t) = min (max (— )“’S;’(tHM%(tHAsE’*”(t) , 0) , umax) .

Proof. Using PMP [18], we obtain the necessary optimality conditions (6)—(8) that an
optimal solution must provide. We introduce the Hamiltonian H to form the necessary
optimality conditions:
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H(t, X, u,A) w11 + wy Ny + wau? + wan3
A1 (A=(1 = ) ¢BBu k1S — (1= 9)TiS — yS)
A2 (1= u1)@BBun S — (12 + Vh)1>
A3((1=@)uS+ (1 - )l —uW)
(Yl — ppM) )
Am
As ﬂb( - T)(Sm + En+In) — (ha+ ’7A)Am)
As|\1aAm — B,maﬁsm + HmSm — u25m>
Az B,maﬁsm — (4m + pm) Em — ”2Em>
+ AS(’]mEm - lem - uzlm)-
We consider the following equations based on the Hamiltonian to obtain the necessary
optimality conditions of the problem:

+ o+ o+ A+ o+

e  State equations:

ds _oH dl oW dW_9H dM_oH
dt oAy dt  9Ay" dt  9A3” dt 9AL]

dAw_OH dSu_OH dEn_OH dly _OH i
dt  9As” dt 9Ny’ dt  9Ay” dt  9Ag’
¢ Adjoint equations:
dh_ M Ay W e OH b oW
dt 9S’ dt  9l’ dt oW dt oM’ (11)
dds _ OM dAe _ OH dd; O dAs _ OH
dt — 0A,  dt  9S,  dt  OE,  dt 9l
subject to transversality conditions A; (¢ f) =0,i=1,2,...,8
*  Minimality condition:
H(t, X* (1), u*(t),A(t)) = min H(t, X*(1),0,A(1)). (12)

[4S] [Orumax] X [O/umax]

We enforce these conditions to the Hamiltonian and see that the state Equation (10)
correspond to the dynamical system (3); we obtain the costate system (6)—(7) from the costate
Equation (11) and transversality conditions; while we obtain the control functions (8) from the
minimality condition (12) of the PMP [18]. The proof is complete. [J

4. Numerical Simulations: Case Study in Brazil

In this section, we solve numerically the suggested optimal control problem, defined
by (3)-(5). For this, we use the fourth-order Runge-Kutta method (see, e.g., [21] for details).
We consider the real data publicly available at the WHO, considered in [9], of the confirmed
cases of Zika in Brazil between 4 February 2016 and 10 November 2016. According to [9],
we consider as initial values So = 2,180,686 (Sy is the number of newborns corresponding
to the simulation period) and the number of births in the period, Iy = 1, My = 0, and
Wy = 0 for the human female populations, and A0 = Syuo = Ly = 1.0903 x 10°, and
Eno = 6.5421 x 10° for the mosquitoes populations. We obtain numerical simulations for
a final time ¢; = 160 (weeks). Also, the parameters of the model (3) are listed in Table 2
(see [9]), and the maximum value of the control u; is assumed to be upyx = 0.5.
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Table 2. Parameter values for system (1)-(2) and weight coefficients for (4).

Symbol  Description Value References
A new pregnant women (per week) 3,000,000/52  [9]

¢ fraction of S that become infected 0.459 [9]

B average daily biting (per day) 1 [9]

Bun transmission probability from I, (per bite) 0.6 [9]

T rate at which S give birth (in weeks) 37 [9]

(5] rate at which I give birth (in weeks) 1/25 [9]

Un natural death rate 1/50 [9]

P fraction of I that gives birth to babies with a neurological disorder ~ 0.133 [9]

Bim transmission probability from Ij, (per bite) 0.6 [9]

Hp number of eggs at each deposit per capita (per day) 80 [9]

UA natural mortality rate of larvae (per day) 1/4 [9]

na maturation rate from larvae to adult (per day) 0.5 [9]

1/1m extrinsic incubation period (in days) 125 [9]

1/ pm average lifespan of adult mosquitoes (in days) 125 [9]

K maximal capacity of larvae 1.09034 x 10°  [9,22]

w1y the weight coefficient for infected pregnant women 10 assummed
wy the weight coefficient for the mosquito population 10 assummed
w3 the weight coefficient for the cost of protective measure 100 assummed
Wy the weight coefficient for the cost of spraying insecticide 100 assummed

In Figures 1 and 2, graphical representations depict the transmission dynamics of Zika
within women and mosquito populations, with and without implementation of control
measures. These visualizations illustrate the efficacy of control measures in averting cases
of microcephaly by diminishing the count of infected pregnant women and eradicating the
mosquito population responsible for Zika transmission. In Figures 3 and 4, we observe
that employing the suggested combination of control measures robustly hampers Zika
transmission. The mosquito population is essentially eradicated by the 10th week through
the implementation of insecticide spraying control measures. Furthermore, the combined
effect of both control measures resulted in a notable reduction in infection cases in pregnant
women by the 10th week. A comparison of the control strategies reveals that the two control
strategies are the most effective. However, the results also demonstrate that the spraying
insecticide measure has a notable impact. Lastly, in Figure 5, while control u#; remains in
effect during all time window, control u; ceases to be effective around the 40th week due
to its near-complete elimination of the mosquito population. Additionally, Figures 6-11
show comparative results of control strategies, considering different weight coefficients.
As illustrated in Figures 6 and 7, an increase in the weight coefficients of the two control
strategies is associated with a rise in the number of babies born with microcephaly. This
phenomenon occurs concurrently with no discernible impact on the mosquito population.
As shown in Figure 8, this phenomenon can be attributed to the diminished rate of exertion
associated with the protective measure control in response to an elevated weight coefficient.
Although a similar scenario would be expected for only one control strategy, it affects only
the behavior of the spraying insecticide control rather than the behavior of the controlled
system (see Figures 9-11). As a result, it reveals that in all cases, the two control strategies
are the most robust for vertical Zika transmission.
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Figure 1. Effect of control strategies on women population, with and without controls. (Top left):
susceptible pregnant women S; (Top right): infected pregnant women I; (Bottom left): women who
gave birth to babies without microcephaly W; (Bottom right): women who gave birth to babies with
microcephaly M.
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Figure 2. Effect of control strategies on mosquitoes, with and without controls. (Top left): mosquitoes

in the aquatic phase A;;; (Top right): susceptible mosquitoes S;;; (Bottom left): exposed mosquitoes

Eu; (Bottom right): infected mosquitoes I;;.
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Figure 3. Comparative impact of the control strategies on women population, considering both
controls and one single control u; or u. (Top left): susceptible pregnant women S; (Top right):
infected pregnant women I; (Bottom left): women who gave birth to babies without microcephaly
W; (Bottom right): women who gave birth to babies with microcephaly M.

%«10° Aquatic phase 8 «10° Susceptible mosquitoes
10+ _-"
. ’/
6 -~
’/
”
’
,/
41 L’ two controls
’ — — —onlyu,
4
2rs only u,
L
TAMNMTOLONODO~ANMIT OO
Time(weeks)
«10® Infected mosquitoes
e~
2' // \\\
N 4 =~
61 1 / S
\ 151 7 1
\ ’
4 S '
N 1
~
\\
2 \\\ 05‘
\~~ \
=S Py )
TANMTOLOMNOVOIO~ANMS OO TAMOTOLONODO~ANMIT OO
Time(weeks) Time(weeks

Figure 4. Comparative impact of the control strategies on mosquitoes, considering both controls and
one single control u; or uy. (Top left): mosquitoes in the aquatic phase A,; (Top right): susceptible
mosquitoes Sy;; (Bottom left): exposed mosquitoes Ej;; (Bottom right): infected mosquitoes I;;.
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right): women who gave birth to babies with microcephaly M.
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Figure 7. Comparative impact of control strategies with different weight coefficients on mosquitoes,

considering two controls. (Top left): mosquitoes in the aquatic phase A;;; (Top right): susceptible
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ws, wy € {100,1000,10,000}.
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Figure 9. Comparative impact of control strategies with different weight coefficients on women
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Figure 10. Comparative impact of control strategies with different weight coefficients on mosquitoes,
considering one single control 1 or uy. (Top left): mosquitoes in the aquatic phase A;;; (Top right):
susceptible mosquitoes S;,;; (Bottom left): exposed mosquitoes E;; (Bottom right): infected mosquitoes I;.
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Figure 11. Control strategy 17 with w; = w, = 10 and w3 € {100,1000, 10,000} (13 = 0); control
strategy up with wy; = wp, = 10 and wy € {100,1000,10,000} (17 = 0).

5. Conclusions

In this study, we have proposed control strategies aimed at thwarting the transmission
of Zika virus, known for precipitating neurological disorders like microcephaly. For this
purpose, an optimal control problem has been formulated for a model representing the ver-
tical transmission of the Zika virus from infected mothers to infants in Brazil. Our primary
objective has been to curtail the incidence of infection among pregnant women and dimin-
ish the mosquito population, all while ensuring cost-effectiveness in implementing these
strategies. The optimal control problem has been solved via Pontryagin’s maximum princi-
ple. Finally, the numerical results have been obtained using the fourth-order Runge-Kutta
method with the help of the MATLAB (2021b) numeric computing environment. Through
numerical simulations, we have demonstrated that the adoption of these control measures
has led to a consistent reduction in the count of infected pregnant women from the outset
of the intervention, consequently resulting in a decline in cases of microcephaly.
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