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Abstract 

 
Computing an exact solution for the differential equations, with differences, system that 

allows the determination of the M|M|m|m system transient probabilities is a hard task. 

The respective complexity grows with m. The computations are extremely fastidious and 

the length and the fact that the expressions obtained are often approximate, and not exact, 

will not allow the transient probabilities behavior as time functions characterization. To 

overcome these problems, in this work it is analyzed how that system can supply 

approximate values to the M|M|m|m queue system, through matrix calculations. It is also 

presented an asymptotic method to solve the system that becomes possible in many cases 

to obtain simple approximated expressions for those probabilities using the M|M|∞ 

transient probabilities, very well-known and very much easier to study. 

 
Keywords: M|M|m|m; M|M|∞; transient probabilities. 

 
MSC: 90B22, 60K25 

 

Be a queue system 𝑀|𝑀|𝑚|𝑚, on what: 

-𝜆0 is the Poisson process arrivals rate, 

-Each customer receives an exponential distributed service at rate 1 𝛼⁄ , 

-There are m servers, 

-The maximum number of present customers, simultaneously, does not exceed m, 

-The customers that, when arriving, meet the whole servers occupied are lost for the 

system. 

Call 𝑁(𝑡) the number of occupied servers at time t and 𝑃𝑛(𝑡) = 𝑃 ⌈𝑁(𝑡) = 𝑛⌉, 𝑡 ≥ 0, 0 ≤
𝑛 ≤ 𝑚, the transient probabilities. 

 



 
 
 

 

 

 

 
 

 
2 

 

To determine the transient probabilities, we are led to the following differential difference 

equations: 

 
𝑑

𝑑𝑡
𝑃𝑛(𝑡) =  𝜆0𝑃𝑛−1(𝑡) +

1

𝛼
 (𝑛 + 1) 𝑃𝑛+1(𝑡) − (𝜆0 +

1

𝛼
𝑛) 𝑃𝑛(𝑡), 1 ≤ 𝑛 ≤ 𝑚 − 1        (1.1), 

 

With boundary conditions: 

 
𝑑

𝑑𝑡
𝑃0(𝑡) =

1

𝛼
  𝑃1(𝑡) − 𝜆0𝑃0(𝑡)          (1.2), 

 
𝑑

𝑑𝑡
𝑃𝑚(𝑡) =   𝜆0𝑃𝑚−1(𝑡) − 

1

𝛼
𝑚𝑃𝑚(𝑡)      (1.3). 

 

In this system, the stationary and limit probabilities are identical. They can be obtained 

from (1.1), (1.2) and (1.3), making 
𝑑

𝑑𝑡
𝑃𝑛(𝑡) = 0, 0 ≤ 𝑛 ≤ 𝑚 . The solution is: 

 

𝑃𝑛 = 
𝜌0

𝑛

𝑛!
(∑

𝜌0
𝑛

𝑛!

𝑚

𝑛=0

)

−1

, 𝜌0 = 𝜆0𝛼, 𝑛 = 0,1,2,… 𝑛         (1.4). 

 

The transient probabilities computation, extremely sensible to the initial values 𝑁(0) =
𝑛0, demands the resolution of the system integrated by (1.1), (1.2), and (1.3). We can 

write it in the matrix form, see for instance [4], 
 

�̅�(𝑡) =  𝑒𝑡𝐴�̅�(0), 𝑡 ≥ 0         (1.5), 
 

 

being 𝐴 =

[
 
 
 
 
 
 
 
 −𝜆0

1

𝛼
0

𝜆0 −𝜆0 −
1

𝛼

2

𝛼

0 𝜆0 −𝜆0 −
2

𝛼

⋯ 03×2

⋮ ⋱ ⋮

02×3 ⋯
−𝜆0 −

𝑚−1

𝛼

𝑚

𝛼

𝜆0 −
𝑚

𝛼 ]
 
 
 
 
 
 
 
 

    

 

the 𝑁(𝑡) infinitesimal generator, and 𝑒𝑡𝐴 = ∑
𝑡𝑗

𝑗!
 𝐴𝑗∞

𝑗=0  and �̅� (𝑡) = [

𝑃0 (𝑡)

𝑃1 (𝑡)
⋮

𝑃𝑛 (𝑡)

].’’ 

 

For 𝑚 = 1 and 𝑚 = 2 is possible to give (1.5) an alternative form without series: 

- 𝑴|𝑴|𝟏|𝟏 
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𝑃00(𝑡) =
𝜌0

1 + 𝜌0
𝑒

−(𝜆0+
1
𝛼

)𝑡
+

1

1 + 𝜌0
, 𝑡 ≥ 0

𝑃01(𝑡) = −
𝜌0

1 + 𝜌0
𝑒

−(𝜆0+
1
𝛼

)𝑡
+

𝜌0

1 + 𝜌0
, 𝑡 ≥ 0

𝑃10(𝑡) = −
1

1 + 𝜌0
𝑒

−(𝜆0+
1
𝛼

)𝑡
+

1

1 + 𝜌0
, 𝑡 ≥ 0

𝑃11(𝑡) =
1

1 + 𝜌0
𝑒

−(𝜆0+
1
𝛼

)𝑡
+

𝜌0

1 + 𝜌0
, 𝑡 ≥ 0

              (1.6) 

 

And 𝑃𝑖𝑗(𝑡) = 𝑃 [𝑁(𝑡) = 𝑗|𝑁(0) = 𝑖], 𝑖, 𝑗 = 1,2,… ,𝑚,≥ 0. 

 

- 𝑴|𝑴|𝟐|𝟐 

Making 𝑎 =
1

𝛼
+ 2𝜆0, 𝑐 = √(

1

𝛼
− 2𝜆0)

2
+ 4(2

1

𝛼2 + 𝜆0
2)  and 𝑑 = 5

1

𝛼2 + 6𝜆0
2, 

 

𝑃00(𝑡) =
−𝜆0(𝑐𝑎 − 𝑑) + (𝜆0

2 +
1
𝛼

𝜆0) (𝑐 − 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡

+
−𝜆0(𝑐𝑎 − 𝑑) + (𝜆0

2 +
1
𝛼

𝜆0) (𝑐 − 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡

+ (1 + 2
𝜆0𝑎 − (𝜆0

2 +
1
𝛼

𝜆0)

𝑑 − 𝑎2
) , 𝑡 ≥ 0              (1.7) 

 

𝑃01(𝑡) =
𝜆0(𝑐𝑎 − 𝑑) + (−2𝜆0

2 −
1
𝛼

𝜆0) (𝑐 − 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡

+
𝜆0(𝑐𝑎 + 𝑑) + (−2𝜆0

2 +
1
𝛼

𝜆0) (𝑐 + 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡

− 2
𝜆0𝑎 − 2𝜆0

2 −
1
𝛼

𝜆0

𝑑 − 𝑎2 , 𝑡 ≥ 0                           (1.8) 

 

P02(t) = λ0
2 c−a

c(d−a2)
e−

a+c

2
t
+λ0

2 c+a

c(d−a2)
e−

a−c

2
t − 2

λ0
2

d−a2 , 𝑡 ≥ 0 (1.9) 

 

𝑃10(𝑡) =

1
𝛼

(𝑐𝑎 − 𝑑) + (−2
1
𝛼

𝜆0 −
1
𝛼2) (𝑐 − 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡

+

1
𝛼

(𝑐𝑎 − 𝑑) + (−2
1
𝛼

𝜆0 −
1
𝛼2) (𝑐 + 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡

−

1
𝛼

𝑎 − 2
1
𝛼

𝜆0 −
1
𝛼2

𝑑 − 𝑎2
, 𝑡 ≥ 0                                 (1.10) 
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𝑃11(𝑡) =
(−𝜆0 −

1
𝛼
) (𝑐𝑎 − 𝑑) + (

5
𝛼

𝜆0 + 𝜆0
2 +

1
𝛼2) (𝑐 − 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡

+
(−𝜆0 −

1
𝛼
) (𝑐𝑎 + 𝑑) + (

5
𝛼

𝜆0 + 𝜆0
2 +

1
𝛼2) (𝑐 + 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡

+ (1 + 2
(𝜆0 +

1
𝛼
)𝑎 − (

5
𝛼

𝜆0 + 𝜆0
2 +

1
𝛼2)

𝑑 − 𝑎2
) , 𝑡 ≥ 0         (1.11) 

 

𝑃12(𝑡) =
𝜆0(𝑐𝑎 − 𝑑) + (−𝜆0

2 − 3𝜆0
1
𝛼
) (𝑐 − 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡

+
𝜆0(𝑐𝑎 + 𝑑) + (−𝜆0

2 − 3𝜆0
1
𝛼
) (𝑐 + 𝑎)

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡

− 2
𝜆0𝑎 − 𝜆0

2 − 3𝜆0
1
𝛼

𝑑 − 𝑎2 , 𝑡 ≥ 0                                           (1.12) 

 

 

𝑃20(𝑡) = 2 
1

𝛼2

𝑐 − 𝑎

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡 + 2
1

𝛼2

𝑐 + 𝑎

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡 −

4
𝑎2

𝑑 − 𝑎2 , 

𝑡 ≥ 0               (1.13) 

 

𝑃21(𝑡) =
2 

1
𝛼

(𝑐𝑎 − 𝑑) + (−2 
1
𝛼

𝜆0 − 6
1
𝛼2) (𝑐 − 𝑎) 

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡
 

+

2 
1
𝛼

(𝑐𝑎 + 𝑑) + (−2 
1
𝛼

𝜆0 − 6
1

𝜆0
2) (𝑐 + 𝑎) 

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡
 

 

−2
2

1
𝛼

𝑎 − 2
1
𝛼

𝜆0 −
6
𝑎2

𝑑 − 𝑎2
 , 𝑡 ≥ 0                              (1.14) 

 

 

𝑃22(𝑡) =
−2 

1
𝛼

(𝑐𝑎 − 𝑑) + (2 
1
𝛼

𝜆0 + 4
1
𝛼2) (𝑐 − 𝑎) 

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎+𝑐
2

𝑡
 

+
−2 

1
𝛼

(𝑐𝑎 + 𝑑) + (2 
1
𝛼

𝜆0 + 4
1
𝛼2) (𝑐 + 𝑎) 

𝑐(𝑑 − 𝑎2)
𝑒−

𝑎−𝑐
2

𝑡 + 1 

−2
−2

1
𝛼

𝑎 + 2
1
𝛼

𝜆0 + 4
1
𝑎2

𝑑 − 𝑎2  , 𝑡 ≥ 0                              (1.15) 
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As for 𝑚 ≥ 3, it does not seem possible to guarantee obtaining explicit solutions of this 

type for 𝑃𝑖𝑗(𝑡), 𝑖, 𝑗 = 1,2, … ,𝑚, 𝑡 ≥ 0. In fact, for this to happen, it is necessary to solve 

the characteristic equation of A, which is an algebraic equation of degree m+1. This 

equation has only negative solutions and the null solution, corresponding to the stationary 

solution. Thus, in practice, we only must solve an algebraic equation of degree m. 

Therefore, even from 𝑚 = 3  onwards, we have no guarantee of being able to solve 

exactly the characteristic equation of A. On the other hand, as shown by the cases in 

which we obtained exact solutions, the calculations are extremely tedious and the 

solutions obtained, due to to its extent and approximate value, will not allow the 

characterization of the behavior of 𝑃𝑖𝑗(𝑡), 𝑖, 𝑗 = 1,2,… ,𝑚, 𝑡 ≥ 0, as functions of t. They 

will only be used for approximate calculations. For more details on this subject, see, for 

example, [14]. 
 

To solve these problems, let’s follow these steps: 

 

-To analyze how (1.5) can provide approximate values for 𝑃𝑖𝑗(𝑡), see [7]. See also [9] for 

calculating probabilities in queues through computer simulation and [10] for the same 

objective but using Laplace transform. 

 

-To present an asymptotic method for solving the system (1.1), (1.2), and (1.3), see[5] , 
which allows in many cases to obtain simple approximate expressions for the 𝑃𝑖𝑗(𝑡) in 

terms of the transient probabilities of the 𝑀|𝑀|∞ system, see [6]. It is also interesting, 

for this part, to see [11] and [12] 
 

-To compare the 𝑀|𝑀|𝑚|𝑚  and the 𝑀|𝑀|∞ systems transient behaviors, see [8]  and 
[13]. 
 

𝟐 𝑴|𝑴|𝒎|𝒎 Transient Probabilities Matrix Calculation 
 

To establish a numerical method for the 𝑃𝑖𝑗(𝑡) calculation, begin to show that if in (1.5) 

we consider a finite number of terms, F+1, we get: 
 

�̅�(𝑡) ≅  (∑
𝑡𝑗

𝑗!

𝐹

𝑗=0

 𝐴𝑗) �̅�(0), 𝑡 ≥ 0         (2.1) 

 

being the error 𝑅𝐹(𝑡) = (∑
𝑡𝑗

𝑗!

∞
𝑗=𝐹+1  𝐴𝑗) �̅�(0), 𝑡 ≥ 0. 

 

Note that: 
 

- Equation (2.1) is an asymptotic development for �̅�(𝑡) in the time origin neighbor 

and can be written as: 
 

�̅�(𝑡) ≅  (∑
(𝑡 𝛼⁄ )

𝑗

𝑗!

𝐹

𝑗=0

 𝐵𝑗) �̅�(0), 𝑡 ≥ 0         (2.2) 
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where 

 

𝐵 =

[
 
 
 
 
 
−𝜌0 1 0
𝜌0 −𝜌0 − 1 2
0 𝜌0 −𝜌0 − 2

⋯ 03×2

⋮ ⋱ ⋮

02×3 ⋯
−𝜌0 − (𝑚 − 1) 𝑚

𝜌0 −𝑚]
 
 
 
 
 

. 

 

So, with 𝜌0, 𝑡 and 𝑚 established, (2.1) is asymptotic with 1 𝛼⁄  in the time 

origin neighbor. 

 

-In the calculation of (2.1), see for instance [1], it is mandatory to carry out 

 

Φ(𝐹,𝑚)) = (𝐹 − 1)(𝑚 + 1)3 + (𝑚 + 1)2 + 𝐹2         (2.3) 
 

multiplications and 

 

Θ(𝐹,𝑚)) = (𝐹 − 1)(𝑚 + 1)3 + 𝑚(𝑚 − 1)         (2.4) 

 

sums. 

 

To quantify 𝑅𝐹, let’s define, see again [1]: 
 

-Norm of a Matrix A, call it 𝑁(𝐴), is the greatest sum of the absolute values of the 

elements of any column of A. 

 

- 𝑁(𝜆𝐴) = ⌊𝜆⌋ 𝑁(𝐴), 𝜆 ∈ ℝ. 

- 𝑁(𝐴 + 𝐵) ≤ 𝑁(𝐴) +  𝑁(𝐵). 

- 𝑁(𝐴𝐵) ≤ 𝑁(𝐴)𝑁(𝐵). 

-𝑁(𝐴𝑗) ≤ (𝑁(𝐴))
𝑗
, 𝑗 ∈ ℕ0 

 

So, 𝑁(𝑅𝐹(𝑡)) =  ∑
𝑡𝑗

𝑗!

∞
𝑗=𝐹+1  (𝑁(𝐴))

𝑗
, since 𝑁(�̅�(0)) = 1 and 𝑡 ≥ 0. 

 

Still 𝑁(𝑅𝐹(𝑡)) ≤
𝑡𝐹

𝐹!
(𝑁(𝐴))

𝐹 1

1−𝑡
𝑁(𝐴)

𝐹+1

  , since 𝐹 ≥ [𝑡𝑁(𝐴)] + 1  where [𝑥]  means x 

characteristic. 

 

As, in this case, 𝑁(𝐴) ≤ 2 (𝜆0 +
𝑚

𝛼
), 

 

-If 𝐹 ≥ [2𝑡 (𝜆0 +
𝑚

𝛼
)] + 1 

 

𝑁(𝑅𝐹(𝑡)) ≤
(2𝑡 (𝜆0 +

𝑚
𝛼

))
𝐹

𝐹!

𝐹 + 1

𝐹 + 1 − 2𝑡 (𝜆0 +
𝑚
𝛼

)
          (2.5) 
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The expression (2.5) may be written in the equivalent form: 

 

- If 𝐹 ≥ [
2𝑡

𝛼
(𝜌0 + 𝑚)] + 1 

 

𝑁(𝑅𝐹(𝑡)) ≤

(
2𝑡
𝛼

(𝜌0 + 𝑚))

𝐹

𝐹!

𝐹 + 1

𝐹 + 1 −
2𝑡
𝛼

(𝜌0 + 𝑚)
        (2.6) 

And, 

 

- If 𝐹 ≥ [
2𝑡

𝛼
𝑚 (𝜌 + 1)] + 1 

 

𝑁(𝑅𝐹(𝑡)) ≤

(
2𝑡
𝛼

𝑚 (𝜌 + 1))

𝐹

𝐹!

𝐹 + 1

𝐹 + 1 −
2𝑡
𝛼

 𝑚(𝜌 + 1)
, 𝜌 =

𝜌0

𝑚
          (2.7) 

 

Expression (2.5) guarantees that, apart from computational limitations, we can calculate 

the 𝑃𝑖𝑗(𝑡) with the desired approximation if we consider the sufficient terms in (2.1). 

Ensuring that 𝑁(𝑅𝐹(𝑡)) is lesser than a certain 𝜀 value guarantees that each 𝑃𝑖𝑗(𝑡) is also 

calculated with a certain error lesser than 𝜀. 

 

For a given system, that is: fixed 𝜆0, 1 𝛼⁄ , and m, the situations will be more favorable the 

smaller the values of t (the fewer terms we will have to consider guaranteeing that the 

error is lesser than or equal to a certain value). This is in accordance with the fact that 

(2.1) is asymptotic, at the origin of times, with t. 

 

Once t, 𝜌0, and m are fixed, the situations will be more favorable the lower the values of 

 1 𝛼⁄  . We also saw that, in this case, (2.1) is asymptotic with1
𝛼⁄   in the neighborhood of 

1
𝛼⁄ = 0. 

 

Finally, situations in which the product 𝑡 (𝑚 𝛼⁄ )(𝜌 + 1) is equal, although they behave 

identically in relation to the number of terms to be considered to guarantee a certain error 

upper bound, in fact they are not identical from a computational point of view (because a 

larger m requires more operations (expressions (2.3) and (2.4)). 

 

In the experiments carried out, to have some sensitivity to these issues, we followed the 

following method: 

 

-We used (2.5) to determine the first value of F for which 𝑁(𝑅𝐹(𝑡)) ≤ 0.001, 

 

-For this value of F, we calculated the error upper bound given by (2.5) and the number of 

multiplications and additions given by (2.3) and (2.4), respectively. 

 

In Experiment A, 
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Table 1. Experiment A 

 

𝑴|𝑴|𝟏𝟎|𝟏𝟎   𝝀𝟎 = 𝟐   𝟏 𝜶⁄ =1 

t Error U. B. F 𝜱 𝜣 

0.1 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

2.2 

2.4 

.0005 

.0004 

.0005 

.0005 

.0005 

.0005 

.0005 

.0005 

.0005 

.0005 

.0005 

.0005 

.0005 

11 

18 

31 

44 

57 

70 

83 

96 

109 

122 

135 

148 

161 

13552 

23072 

41012 

59290 

77906 

96860 

116152 

135782 

155750 

176056 

196700 

217682 

239002 

13400 

22717 

40020 

57323 

74626 

91929 

109232 

126535 

143838 

161141 

178444 

195747 

213050 

 

it is clear how the number of terms increases with t to the point that from 𝑡 = 1.4 it is 

necessary to consider 𝐹 > 95. For 𝑡 = 2.4 we have 𝐹 = 161 and it is necessary to carry 

out around half a million operations. 

 

In Experiments B and C, 

 

Table 2. Experiment B 

 

𝑴|𝑴|𝟏𝟎|𝟏𝟎   𝒕 = 𝟎. 𝟏  𝟏 𝜶⁄ =1 

𝝀𝟎 Error U. B. F 𝜱 𝜣 

0.1 

0.8 

1.6 

2.4 

4.0 

8.0 

10.0 

20.0 

30.0 

40.0 

50.0 

60.0 

70.0 

80.0 

90.0 

100.0 

.0004 

.0008 

.0003 

.0007 

.0006 

.0009 

.0003 

.0006 

.0003 

.0005 

.0009 

.0005 

.0008 

.0004 

.0006 

.0010 

10 

10 

11 

11 

12 

14 

16 

21 

27 

32 

37 

43 

48 

54 

59 

64 

12200 

12200 

13552 

13552 

14906 

17620 

20342 

27182 

35456 

42406 

49406 

57872 

64982 

73580 

80800 

88070 

12069 

12069 

13400 

13400 

14731 

17393 

20055 

26710 

34696 

41351 

48006 

55992 

62647 

70663 

77288 

83943 
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Table 3. Experiment C 

 

𝑴|𝑴|𝟐𝟎|𝟐𝟎   𝒕 = 𝟎. 𝟏   𝟏 𝜶⁄ =1 

𝝀𝟎 Error U. B. F 𝜱 𝜣 

0.1 

0.8 

1.6 

2.4 

4.0 

8.0 

10.0 

20.0 

30.0 

40.0 

50.0 

60.0 

70.0 

80.0 

90.0 

100.0 

.0003 

.0005 

.0009 

.0004 

.0004 

.0005 

.0006 

.0003 

.0005 

.0009 

.0005 

.0005 

.0004 

.0006 

.0010 

.0005 

16 

16 

16 

17 

18 

20 

21 

27 

32 

37 

43 

48 

54 

59 

64 

70 

139612 

139612 

139612 

148906 

158202 

176800 

186102 

241956 

288556 

335206 

391252 

438012 

494190 

541060 

587980 

644350 

139295 

139295 

139295 

148556 

157817 

176339 

185600 

241166 

287471 

333776 

389342 

435647 

491213 

537518 

583823 

639389 

 

It is clear how the increasing of F with 𝜆0 in much lesser than the verified in Experiment 

A with t. It is evident that as the greater is m the lesser is the influence of    𝜆0  for the 

same 1 𝛼⁄ . 

 

It should also be noted, comparing Experiments B and C, that although the values of F 

are not very different, the number of operations is substantially greater in the case of C. 

 

Therefore, it gives the idea that through this process we can obtain good approximations, 

without great computational effort, for small values, especially of t and 1 𝛼⁄ , but also of 

𝜆0 and of m. 

 

To clarify what is meant by "small values", note that in Table 3: 

 

- 𝑡 = 0.1; 1 𝛼⁄ = 1; 𝜆0 = 8.0 and 𝐹 = 20 for an error major of .0005, 

 

- for these values 
𝑡𝑚

𝛼
 (𝜌 + 1) = 2.8. 

 

Therefore, for values of t, 𝛼, m, and 𝜌  such that 
𝑡𝑚

𝛼
 (𝜌 + 1) ≤ 2.8 we can guarantee an 

error of less than .0005, if we consider F=20 (a few terms that are not very high 

compared to those of Experiments A, B, and C). In any case, the hypothesis that (2.1) 

allows the characterization of 𝑃𝑖𝑗(𝑡)  as functions of time is ruled out. This further 

highlights the quality of the M|M|m|m system’s approximations by the 𝑀|𝑀|∞ system, 

especially for large values of m, which we will see later. 
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Finally, for the systems M|M|1|1 and M|M|2|2 we calculated the transient probabilities 

using the exact expressions, which we determined above, and the computational process 

that we have been studying (experiments D and E). For the first we took F=10 (eleven 

terms) and for the second F=15 (sixteen terms) in (2.1): 

 

Table 4. Experiment D 

 

𝑴|𝑴|𝟏|𝟏     𝟏 𝜶⁄ = 𝟎. 𝟏 

1. 𝝀𝟎 = 𝟎. 𝟎𝟎𝟓 

t 𝑷𝒊𝒋(𝒕) Exact Approximate 

0.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.975914 

0.024086 

0.048171 

0.951829 

0.975914 

0.024086 

0.048171 

0.951829 

1.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.953569 

0.046431 

0.092861 

0.907139 

0.953569 

0.046431 

0.092861 

0.907139 

1.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.932839 

0.067161 

0.134323 

0.865677 

0.932839 

0.067161 

0.134323 

0.865677 

2.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.913606 

0.086394 

0.172788 

0.827212 

0.913606 

0.086394 

0.172788 

0.827212 

2.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.895763 

0.104237 

0.208474 

0.791526 

0.895763 

0.104237 

0.208474 

0.791526 

 

Equilibrium values: {
𝑃0 = 0.2
𝑃1 = 0.8

 

 

2.   𝝀𝟎 = 𝟎. 𝟒 

t 𝑷𝒊𝒋(𝒕) Exact Approximate 

0.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.823041 

0.176959 

0.04424 

0.95576 

0.823041 

0.176959 

0.04424 

0.95576 

1.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.685225 

0.314775 

0.078694 

0.921306 

0.685225 

0.314775 

0.078694 

0.921306 

1.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

0.577893 

0.422107 

0.105527 

0.577893 

0.422107 

0.105527 
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t 𝑷𝒊𝒋(𝒕) Exact Approximate 

𝑃11(𝑡) 0.894473 0.894473 

2.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.494304 

0.505696 

0.126424 

0.873576 

0.494304 

0.505696 

0.126424 

0.873576 

2.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.429204 

0.570796 

0.142699 

0.857301 

0.429204 

0.570796 

0.142699 

0.857301 
 

Equilibrium values: {
𝑃0 = 0.2
𝑃1 = 0.8

 

 

𝟑.    𝝀𝟎 = 𝟎. 𝟗 
 

t 𝑷𝒊𝒋(𝒕) Exact Approximate 

0.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.645878 

0.354122 

0.039347 

0.960653 

0.645878 

0.354122 

0.039347 

0.960653 

1.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.431091 

0.568909 

0.063212 

0.936788 

0.431091 

0.568909 

0.063212 

0.936788 

1.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.300817 

0.699183 

0.077687 

0.922313 

0.300819 

0.699181 

0.077987 

0.922313 

2.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.221802 

0.778198 

0.086466 

0.913534 

0.221841 

0.778159 

0.086462 

0.913538 

2.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

0.173876 

0.826124 

0.091792 

0.908208 

0.174320 

0.825680 

0.091742 

0.908258 
 

Equilibrium values: {
𝑃0 = 0.1
𝑃1 = 0.9

 

 

Table 5. Experiment E 
 

𝑴|𝑴|𝟐|𝟐     𝟏 𝜶⁄ = 𝟎. 𝟏 
 

1. 𝝀𝟎 = 𝟎. 𝟒 

 

t 𝑷𝒊𝒋(𝒕) Exact Approximate 

0.5 𝑃00(𝑡) 

𝑃01(𝑡) 

0.975895 

0.023803 

0.975910 

0.023798 
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t 𝑷𝒊𝒋(𝒕) Exact Approximate 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.000302 

0.047606 

0.929498 

0.022896 

0.002419 

0.091583 

0.905998 

0.000292 

0.047596 

0.929484 

0.02292 

0.00234 

0.091682 

0.905978 

1.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.953416 

0.045412 

0.001172 

0.090823 

0.86728 

0.041896 

0.009375 

0.167584 

0.823041 

0.953533 

0.045371 

0.001096 

0.090742 

0.867174 

0.042084 

0.008767 

0.168334 

0.822899 

1.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.932344 

0.065099 

0.002557 

0.130198 

0.812374 

0.057428 

0.020456 

0.229713 

0.749831 

0.932724 

0.064964 

0.002312 

0.129929 

0.812042 

0.058029 

0.018493 

0.232118 

0.749389 

2.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.912484 

0.083107 

0.004413 

0.166213 

0.763918 

0.069868 

0.035303 

0.279473 

0.685225 

0.913352 

0.082792 

0.003856 

0.165584 

0.763192 

0.071224 

0.030849 

0.284895 

0.684256 

2.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.893652 

0.099648 

0.0067 

0.199296 

0.721157 

0.079547 

0.053601 

0.31819 

0.628209 

0.895298 

0.099043 

0.005658 

0.198087 

0.719845 

0.082068 

0.045266 

0.328219 

0.62642 
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Equilibrium values: {
𝑃0 = 0.615385
𝑃1 = 0.307692
𝑃2 = 0.076923

 

 

𝟐.     𝝀𝟎 = 𝟎. 𝟗 

 

t 𝑷𝒊𝒋(𝒕) Exact Approximate 

0.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.820932 

0.161724 

0.017344 

0.040431 

0.789173 

0.170396 

0.002168 

0.085198 

0.912634 

0.822767 

0.160533 

0.016699 

0.040133 

0.790984 

0.168883 

0.002087 

0.084442 

0.913471 

1.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.670863 

0.268106 

0.061031 

0.067026 

0.63452 

0.298622 

0.007629 

0.149311 

0.84306 

0.683423 

0.260471 

0.056106 

0.065118 

0.646359 

0.288524 

0.007013 

0.144262 

0.848725 

1.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.536257 

0.341347 

0.122396 

0.085337 

0.512118 

0.402545 

0.015299 

0.201272 

0.783428 

0.572869 

0.320478 

0.106653 

0.080128 

0.546076 

0.373805 

0.013332 

0.186902 

0.799766 

2.0 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.408795 

0.394934 

0.196271 

0.098733 

0.408197 

0.493069 

0.020139 

0.246535 

0.728932 

0.484422 

0.354463 

0.161114 

0.088616 

0.476364 

0.435021 

0.020139 

0.21751 

0-76235 

2.5 𝑃00(𝑡) 

𝑃01(𝑡) 

𝑃02(𝑡) 

𝑃10(𝑡) 

0.283318 

0.437069 

0.279613 

0.109267 

0.413129 

0.371745 

0.215126 

0.092936 
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t 𝑷𝒊𝒋(𝒕) Exact Approximate 

𝑃11(𝑡) 

𝑃12(𝑡) 

𝑃20(𝑡) 

𝑃21(𝑡) 

𝑃22(𝑡) 

0.313857 

0.576876 

0.034952 

0.288438 

0.676611 

0.427755 

0.479308 

0.026891 

0.239654 

0.733455 

 

Equilibrium values: {

𝑃0 = 0.076923
𝑃1 = 0.307692
𝑃2 = 0.615385

 

 

It appears that the values determined by the computational process are quite good. Better 

for the 𝑀|𝑀|1|1 system than the 𝑀|𝑀|2|2 system. In the 𝑀|𝑀|1|1  system, with the 

precision considered, in many cases the exact values coincide with the approximate ones. 

In any of the experiments, the values worsen with the increase in  𝜌0 and t. 

 

The calculations presented were carried out using the MATLAB program. 

 

3 Asymptotic Approximations for 𝑴|𝑴|𝒎|𝒎  Transient 

Probabilities 
 

This section is based on the work of Knessl [5] that we will present here and on which 

we will build our results. 

 

To obtain the results of the system integrated by equations (1.1), (1.2), and (1.3), Knessl 
[5] began by giving it the form: 

 

𝜖
𝜕

𝜕𝑡
𝑃(𝑥, 𝑡) = 𝜆𝑃(𝑥 − 𝜖, 𝑡) +

1

𝛼
(𝑥 + 𝜖)𝑃(𝑥 + 𝜖, 𝑡) − (𝜆 +

1

𝛼
 𝑥)  𝑃(𝑥, 𝑡)  

𝜖
𝜕

𝜕𝑡
𝑃(0, 𝑡) = 𝜖

1

𝛼
𝑃(𝜖, 𝑡) − 𝜆𝑃(0, 𝑡)

𝜖
𝜕

𝜕𝑡
𝑃(1, 𝑡) = 𝜆𝑃(1 − 𝜖, 𝑡) −

1

𝛼
𝑃(0, 𝑡)

(3.1) 

 

where 𝜆 =
𝜆0

𝑚
, 𝜖 = 𝑚−1 and 𝑥 = 𝜖𝑛 with 𝑃(𝑥, 𝑡) = 𝑃𝑛(𝑡). Supposed m great, 𝜆0  of the 

same order of magnitude of m (𝜆0 = 𝑂(𝑚)) and 𝜌 = 𝜆𝛼 < 1. 

 

Being the problem solution very sensible to initial conditions, supposing that 𝑁(0) = 𝑛0  

with probability 1, Knessl [5] shows that there are three regions of initial conditions to 

consider: 

 

1) 𝑛0 = 𝑂(1) 

The process begins with only a few servers occupied, 

2) 𝑛0 ≫ 1 and 𝑚 − 𝑛0 ≫ 1 

The process begins with only a strict part of the servers occupied, 

3) 𝑚 − 𝑛0 = 𝑂(1) 
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The process begins with almost the whole servers occupied. 

 

Within each region of initial conditions, the author constructs several asymptotic 

developments for 𝑃𝑛(𝑡), each being valid in a different part of the plane (n, t). It also 

calculates an asymptotic development that is valid for small values of x and when N(t) 

assumes values close to 0 or m. The latter is extremely important to obtain an accurate 

approximation of the transient blocking probability 𝑃𝑚(𝑡). 

 

Using the "ray method" Knessl  [5] obtains the valid asymptotic development in most of 

the plane (n,t). The "ray method" was developed by Keller [3]   in the context of 

geometric optics, but it can also be applied to asymptotic problems of applied 

probabilities. In this case it consists of assuming that: 

 

              𝑃(𝑥, 𝑡)~𝐶(𝜖)𝐾(𝑥, 𝑡)𝑒
𝜓(𝑥,𝑡)

𝜖⁄  [1 + 𝑜(1)], 𝜖 → 0     (3.2) 

 

It is verified that 𝜓 satisfies a first-order non-linear partial derivatives equation, solvable 

by the characteristics’ method, see [2] , with the characteristic curves being called "rays". 

K (x, t) satisfies an equation for linear partial derivatives, and it is necessary, to determine 

it completely, to force the asymptotic development (3.2) to match that obtained for small 

values of x and when N(t) is close to 𝑛0. 

 

Among the results obtained in this context by Knessl [5], we highlight Result1 on page 

756 and Result 1* on page 757. We emphasize again that it is considered 𝜆0 = 𝑂(𝑚), 

with the developments presented asymptotic when 𝑚 → ∞. 

 

Let’s see then the Result 1. The following notation is used for the system M|M|m|m: 

-𝑃0𝑛
𝑚 (𝑡) = 𝑃[𝑁(𝑡) = 𝑛|𝑛0 = 0], 𝑛 = 0,1,… ,𝑚 , 

 

Result 1 

 

Being 𝑛0 = 0, 

 

A. 𝑛 = 𝑂(1), 𝑡 = 𝜖𝜏 = 𝑂(𝜖) 

 

𝑃0𝑛
𝑚 (𝑡)~

(𝜆𝜏)𝑛

𝑛!
𝑒−𝜆𝜏 , 

 

B. 𝑛 ≫ 1,𝑚 − 𝑛 ≫ 1 

 

𝑃0𝑛
𝑚 (𝑡)~

1

√2𝜋𝑛
𝑒𝑥𝑝 [𝑛 ln (

𝜌 (1 − 𝑒
−𝑡

𝛼⁄ )

𝜖𝑛
) + 𝑛 −

𝜌

𝜖
(1 − 𝑒

−𝑡
𝛼⁄ )], 

 

C. 𝑛 = 𝑂(1), 𝑡 = 𝑂(1) 

 

𝑃0𝑛
𝑚 (𝑡)~

𝜖−𝑛

𝑛!
 [𝜌 (1 − 𝑒

−𝑡
𝛼⁄ )]

𝑛
𝑒𝑥𝑝 [1 −

𝜌

𝜖
(1 − 𝑒

−𝑡
𝛼⁄ )] , 
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D. 𝑚 − 𝑛 = 𝑙 = 𝑂(1) 

 

𝑃0𝑛
𝑚 (𝑡)~ (

𝜖

2𝜋
)
1

2⁄
{[𝜌 (1 − 𝑒

−𝑡
𝛼⁄ )]

−1
−

𝜌𝑒
−𝑡

𝛼⁄

𝜌−(1−𝑒
−𝑡

𝛼⁄ )
−1 (1 − 𝑒

−𝑡
𝛼⁄ )

𝑙
} . 𝑒𝑥𝑝 [

1

𝜖
(1 −

𝜌 (1 − 𝑒
−𝑡

𝛼⁄ ) + ln [𝜌 (1 − 𝑒
−𝑡

𝛼⁄ )])]. 

 

If, in Result 1D, 𝑙 = 0  we obtain the asymptotic development for the blocking 

probability: 

 

𝑃0𝑚
𝑚 (𝑡)~(

𝜖

2𝜋
)
1

2⁄ 𝜌 (1 − 𝑒
−𝑡

𝛼⁄ ) − (1 − 𝑒
−𝑡

𝛼⁄ )
−1

𝜌 − (1 − 𝑒
−𝑡

𝛼⁄ )
−1 𝑒𝑥𝑝 [

1

𝜖
(1 − 𝜌 (1 − 𝑒

−𝑡
𝛼⁄ )

+ ln [𝜌 (1 − 𝑒
−𝑡

𝛼⁄ )])].               (3.3) 

 

For great values of t, 1 − 𝑒
−𝑡

𝛼⁄ ≅ 1.  And, remembering that 𝜖 =
1

𝑚
 and 𝜌 =

𝜌0

𝑚
, we 

obtain: 𝑃0𝑚
𝑚 (𝑡) ≅

1

√2𝜋𝑚
𝑒𝑚𝑚−𝑚𝑒−𝜌0𝜌0

𝑚 , that is in accordance with the Erlang loss 

formula in stationary regime: 

 

𝑃𝑚 =
𝜌0

𝑚

𝑚!∑
𝜌0

𝑖

𝑖!
𝑚
𝑖=0

      (3.4) 

 

For m great, since, after the Stirling formula √2𝜋𝑚𝑒−𝑚𝑚𝑚 ≅ 𝑚!. 
 

Still note that: 

 

-B. 𝑛 ≫ 1,𝑚 − 𝑛 ≫ 1 

 

We also have, for great values of t, 

 

 

                                           
𝑛!

√2𝜋𝑛
 (

𝑒

𝑛
)
𝑛 𝑒−𝜌0𝜌0

𝑛

𝑛!
≅

𝑒−𝜌0𝜌0
𝑛

𝑛!
         (3.5),  

 

and so, the second member is approximately the same as the 𝑀|𝐺|∞ system equilibrium 

distribution, see [8] . 
 

As for the Result 1*, where Knessl [5] considers 𝑛0 ≥ 0 and 𝑛0 = 𝑂(1), we are going to 

present it concretized for  𝑛0 = 1. Designating it, in this version, by Result 2 and putting 

for the M|M|m|m system: 

 

-𝑃1𝑛
𝑚(𝑡) = 𝑃[𝑁(𝑡) = 𝑛|𝑛0 = 1], 𝑛 = 0,1, … ,𝑚, 
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Result 2 

 

Being 𝑛0 = 1, 

 

A.    𝑛 = 𝑂(1), 𝑡 = 𝑂(𝑚−1) 

𝑃1𝑛
𝑚(𝑡)~𝑒−𝜆0𝑡

(𝜆0𝑡)
𝑛−1

(𝑛 − 1)!
, 𝑛 ≥ 1, 

 

𝑃1𝑛
𝑚(𝑡)~𝑒−𝜆𝑡 (

𝑡

𝛼
)
1−𝑛

, 𝑛 ≤ 1, 

 

B.  𝑛 ≫ 1,𝑚 − 𝑛 ≫ 1 

 

 

𝑃1𝑛
𝑚(𝑡)~

1

√2𝜋𝑛
[1 − 𝑒

−𝑡
𝛼⁄ +

𝑛

𝜌0(𝑒
𝑡

𝛼⁄ − 1)
] (

𝑒

𝑛
)
𝑛

𝑒
−𝜌0(1−𝑒

−𝑡
𝛼⁄ )

(𝜌0 (1 − 𝑒
−𝑡

𝛼⁄ ))
𝑛

, 

 

C.   𝑛 = 𝑂(1), 𝑡 = 𝑂(𝑚−1
2⁄ ) 

 

𝑃1𝑛
𝑚(𝑡)~𝑒−𝑚𝜆0𝑡+

1

2
 
𝜆0
𝛼

𝑡2 1

√𝑚1−𝑛
∑ 𝑛 (

𝜌0

𝑚
)
𝑛−𝑙 (

𝑡

𝛼
√𝑚)

𝑛+1−2𝑙

(𝑛−1)!
𝑛
𝑙=0  , 

 

D.   𝑛 = 𝑂(1), 𝑡 = 𝑂(1) 

 

𝑃1𝑛
𝑚(𝑡)~ (1 − 𝑒

−𝑡
𝛼⁄ )

[𝜌0 (1 − 𝑒
−𝑡

𝛼⁄ )]
𝑛

𝑛!
𝒆

−𝜌0(1−𝑒
−𝑡

𝛼⁄ )
, 

 

E. 𝑚 − 𝑛 = 𝑙 = 𝑂(1) 

F.  

𝑃1𝑛
𝑚(𝑡)~

1

√2𝜋𝑚
(1 − 𝑒

−𝑡
𝛼⁄ +

𝑚

𝜌0(𝑒
𝑡

𝛼⁄ − 1)
) . [(

𝜌0(1 − 𝑒
−𝑡

𝛼⁄ )

𝑚
)

−𝑙

−
𝜌0𝑒

−𝑡
𝛼⁄

𝜌0 − 𝑚(1 − 𝑒
−𝑡

𝛼⁄ )
−1 (1 − 𝑒

−𝑡
𝛼⁄ )

𝑙
] (

𝑒

𝑚
)

𝑚

[𝜌0(1 − 𝑒
−𝑡

𝛼⁄ )]
𝑚

𝑒−𝜌0(1−𝑒
−𝑡

𝛼⁄ ) 

 

If, in Result 2 E, 𝑙 = 0  we obtain the asymptotic development for the blocking 

probability: 

 

𝑃1𝑚
𝑚 (𝑡)~

1

√2𝜋𝑚

𝜌0 (1 − 𝑒
−𝑡

𝛼⁄ ) − 𝑚 (1 − 𝑒
−𝑡

𝛼⁄ )
−1

𝜌0 − 𝑚(1 − 𝑒
−𝑡

𝛼⁄ )
−1 (

𝑒

𝑚
)
𝑚

(1 − 𝑒
−𝑡

𝛼⁄

+
𝑚

𝜌0(𝑒
𝑡

𝛼⁄ − 1)
) 𝑒

−𝜌0(1−𝑒
−𝑡

𝛼⁄ )
[𝜌0 (1 − 𝑒

−𝑡
𝛼⁄ )]

𝑚
        (3.6) 
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For large values of t, 1 − 𝑒
−𝑡

𝛼⁄ ≅ 1 and 
𝑚

𝜌0(𝑒
𝑡

𝛼⁄ −1)
≅ 0. Thus, the second member of 

(3.6), for large t is approximately equal to 
1

√2𝜋𝑚
(

𝑒

𝑚
)
𝑚

𝑒−𝜌0𝜌0
𝑚 ≅

𝑒−𝜌0𝜌0
𝑚

𝑚!
, which is also 

in accordance with the Erlang loss formula, for large m in steady state. 

 

Still note that: 

 

-B. 𝑛 ≫ 1,𝑚 − 𝑛 ≫ 1 

 

We also have, for great values of t, that (3.5) holds and so the second member can 

approximately have the form, for n great enough, of the 𝑀|𝐺|∞ system equilibrium 

distribution. 

 

4  𝑴|𝑴|𝒎|𝒎  Transient Probabilities contrast with 

𝑴|𝑴|∞ Transient Probabilities 
 

Consider a 𝑀|𝑀|∞ queue system where: 

 

-𝜆0 is the arrivals Poisson process rate, 

 

-Each customer receives an exponential service time with rate 1 𝛼⁄ . 

 

After [8] we have for the 𝑀|𝑀|∞ queue: 

 

𝑃0𝑛
∞ (𝑡) =

𝑒
−𝜌0(1−𝑒

−𝑡
𝛼⁄ )

𝑛!
[𝜌0 (1 − 𝑒

−𝑡
𝛼⁄ )]

𝑛
, 𝑡 ≥ 0, 𝑛 = 0,1,2,…      (4.1), 

 

𝑃1𝑛
∞(𝑡) = (1 − 𝑒

−𝑡
𝛼⁄ +

𝑛

𝜌0(𝑒
𝑡

𝛼⁄ −1)
)

𝑒
−𝜌0(1−𝑒

−𝑡
𝛼⁄ )

𝑛!
[𝜌0 (1 − 𝑒

−𝑡
𝛼⁄ )]

𝑛
, 𝑡 ≥ 0, 𝑛 =

0,1,2,…              (4.2), 

 

Em que 𝜌0 = 𝜆0𝛼. 

 

So, from (4.1) and Result 1, we can conclude immediately that: 

 

Theorem 4.1 

 

For a 𝑀|𝑀|𝑚|𝑚 queue system on what 𝜌 < 1 and 𝜆0 = 𝑂(𝑚)  

 

A. 𝑛 ≫ 1,𝑚 − 𝑛 ≫ 1 

 

𝑃0𝑛
𝑚 (𝑡)~

𝑛!

√2𝜋𝑛
(

𝑒

𝑛
)
𝑛
𝑃0𝑛

∞ (𝑡),𝑚 → ∞ , 

 

B. 𝑛 = 𝑂(1), 𝑡 = 𝑂(1)  
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          𝑃0𝑚
𝑚 (𝑡)~𝑃0𝑛

∞ (𝑡),𝑚 → ∞, 

 

C. Blocking Probability 

 

𝑃0𝑚
𝑚 (𝑡)~𝐾(𝑡,𝑚)𝑃0𝑚

∞ (𝑡),𝑚 → ∞,𝐾(𝑡,𝑚) ≤
𝑚!

√2𝜋𝑚
(

𝑒

𝑚
)
𝑚

 .  

 

And, from (4.2) and Result 2, we can conclude immediately that: 

 

Theorem 4.2 

 

For a 𝑀|𝑀|𝑚|𝑚 queue system on what 𝜌 < 1 and 𝜆0 = 𝑂(𝑚)  

 

A.  𝑛 ≫ 1,𝑚 − 𝑛 ≫ 1 

 

𝑃1𝑛
𝑚(𝑡)~

𝑛!

√2𝜋𝑛
(

𝑒

𝑛
)
𝑛
𝑃1𝑛

∞(𝑡),𝑚 → ∞ , 

 

B.  𝑛 = 𝑂(1), 𝑡 = 𝑂(1)  
 

          𝑃1𝑛
𝑚(𝑡)~𝐾(𝑡, 𝑛)𝑃1𝑛

∞ (𝑡),𝑚 → ∞, 𝐾(𝑡, 𝑛 ≤ 1), 
 

C. Blocking Probability 

 

𝑃1𝑚
𝑚 (𝑡)~𝐾(𝑡,𝑚)𝑃1𝑚

∞ (𝑡),𝑚 → ∞,𝐾(𝑡,𝑚) ≤
𝑚!

√2𝜋𝑚
(

𝑒

𝑚
)
𝑚

 .  

 

These theorems show, beyond any doubt, that for large m there is an evident relationship 

between the transient behavior of the 𝑀|𝑀|𝑚|𝑚 and 𝑀|𝑀|∞  systems. Like this, 

 

-For n≫1, m-n≫1, that is: the system has a strict part of busy servers (cases A.), 𝑃0𝑛
𝑚 (𝑡) 

and 𝑃1𝑛
𝑚  are well approximated by expressions that, apart from a multiplicative factor, 

which depends only on n, are identical to 𝑃0𝑛
∞ (𝑡) and 𝑃1𝑛

∞ , respectively, for m great, 

 

-For (n, t) confined to a neighborhood of (0,0) (B. cases), 𝑃0𝑛
∞ (𝑡)is a good approximation 

of 𝑃0𝑛
𝑚 (𝑡) such as 𝑃1𝑛

∞(𝑡)is a good approximation of 𝑃1𝑛
𝑚(𝑡), for m great, 

 

-The blocking probabilities 𝑃0𝑚
𝑚 (𝑡) and 𝑃1𝑚

𝑚 (𝑡) are well approximated by expressions that 

are always inferior or equal to others that, apart from a multiplicative factor that depends 

only on m, are identical to 𝑃0𝑚
∞ (𝑡) and 𝑃1𝑚

∞ (𝑡) respectively (cases C.), for m great. 

 

Therefore, in these situations, the probabilities 𝑃0𝑛
𝑚 (𝑡) and 𝑃1𝑛

𝑚(𝑡)  are well approximated 

by expressions that are identical or inferior or equal to others that have behaviors, such as 

functions of t, identical to those of 𝑃0𝑛
∞ (𝑡) and 𝑃1𝑛

∞(𝑡), respectively. 

 

In this way, behaviors as functions of t of 𝑃0𝑛
∞ (𝑡) and 𝑃1𝑛

∞  give indications about those of 

𝑃0𝑛
𝑚 (𝑡) and of 𝑃1𝑛

𝑚(𝑡) respectively, under the indicated conditions. And the expressions 

for𝑃0𝑛
𝑚 (𝑡) and 𝑃1𝑛

𝑚(𝑡) are much simpler than the expressions obtained for the solutions of 

the system of equations given by (1.1), (1.2), and (1.3). 
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5 Conclusions 
 

Due to the fact that the solutions of the system constituted by equations (1.1), (1.2), and 

(1.3), for 𝑚 ≥ 3, are difficult to obtain analytically, if not impossible, in addition to the 

fact that, when possible, the expressions obtained are difficult to analyze in terms of their 

behavior as functions of t, we tried to obtain these solutions using numerical methods. 

 

The matrix method, initially discussed, does not present major problems from the point of 

view of mere calculation, since we can calculate the values and determine upper bounds 

of the respective errors. Its only possible problem is the computational effort it requires, 

but given the current capabilities available, we believe it can be easily overcome. But the 

behavior of expressions as functions of t can only be intuited through tedious analysis of 

series of numbers.  

 

Thus, the results of Theorem 4.1 and Theorem 4.2 are attractive because they present 

simple formulas to approximately calculate the 𝑃0𝑛
𝑚 (𝑡) and 𝑃1𝑛

𝑚(𝑡), respectively and allow 

the relationship of the transient behaviors of the systems 𝑀|𝑀|𝑚|𝑚 and 𝑀|𝑀|∞. They 

have the flaw that it is not possible to determine upper bounds of the errors made when 

we use them in the approximate calculation of 𝑃0𝑛
𝑚 (𝑡) or 𝑃1𝑛

𝑚(𝑡). 
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