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1 Introduction

In this paper we develop a decentralized zero growth version of the model in King, Plosser and
Rebelo (1988). By zero growth model we mean a model where physical output is constant in the
steady-state. Note that, for the purposes of simulation, King, Plosser and Rebelo also transform
their exogenous growth model into a model which is essentially a zero growth model.

Our use of a decentralized version can also be explained. First, with a decentralized approach
the assumptions we are using and their role become clearer. For example, with a Constant Returns
to Scale production function the number of households and the number of firms is not important
in terms of describing the equilibrium behaviour of the economy. But we may want to try other
technologies.

Second, the decentralized approach is more general. It can be used even when the assumptions
of the second welfare theorem do not hold. Imperfect competition and distorting taxation are
examples of realities which cannot be tackled using the second welfare theorem.

In the model we construct, there are only two types of economic agents: households and firms.

It is also important to note from the outset that we only have real variables in the model.

2 The model

This is a closed economy model with no government. There are H homogeneous households
and F homogeneous firms operating in this economy. There is only one (homogeneous) physical
good produced in this economy which we denote physical output. There are two possible uses for
this output: it can be consumed or it can be used for investment (i.e. used to increase the capital
stock).

We next examine the typical household’s preferences, the technology available in the economy
(production function and capital accumulation equation), the resource constraints that exist in a
given period and the market structure.

Let us suppose that we are at ty and that households and firms are considering decisions for

periods (to + j) with 7 =0,1,2,3,....



Let us start by describing the preferences of the typical household.

Utility in period (tog + j) is given by

u(Ctotjs Leots)

where ¢4, is the flow of consumption during period (o + j) and ¢4, ; is the amount of leisure
enjoyed in that period. The function w(.,.) is assumed to be twice continuously differentiable and
strictly concave with wuq(c, ) > 0,uz(c, £) > 0,u11(c,¢) < 0 and uga(c, £) < 0. Here, u; denotes the
first partial derivative of u(.,.) with respect to its ith variable and w; is the partial derivative of u;
with respect to the ith variable. The function u(.,.) is also assumed to fulfill the Inada conditions
giir(l]ul(c, £) = +o0, %LH%UQ(C, 0) = 400, lim uy(e,f) =0and lim wus(c,£) =0.

c—+00 £—+o00

The household maximizes the discounted sum of its stream of utilities from #gtill the end of

time!, i.e., it maximizes

j=oo

Uio = iy | Y B ulCrotss lross)
=0

where ( is a discount factor (0 < 8 < 1) that reflects a preference for current over future
consumption-leisure bundles?. Application of the operator Ey,[.] yields the mathematical expec-
tation, conditional on complete information pertaining to period tg and earlier, of the indicated
argument.

Let us now describe the technology available in the economy: production function and capital
accumulation equation. There is a single final good in this economy which, as already mentioned,

we denote physical output. Each firm’s production function is described by

_ d
Yto+i = Atori F(Bto+j My 45)

where y;,4; is the physical output of the firm in period (to + j), A¢+; is a technological

parameter, ki, ; is the firm’s capital stock and nfo +; 1s the firm’s labour demand in period (to+7)-

I'We assume that households are infinitely-lived. The assumption of infinitely-lived households can be interpreted
as households with finite lifetime plus an operational bequest motive linking the utility of the current generation

with the utility of future generations.

21t is obvious that, since 0 < 8 < 1, the weight of utilities in periods that are far from the present counts little

when compared with the weight of utilities in periods nearer to the present.



The function AF(.,.) is a Constant Returns to Scale production function. It is twice continu-
ously differentiable and concave with positive but decreasing marginal productivity of capital and
positive but decreasing marginal productivity of labour. It satisfies the following Inada conditions:
]lii%AFl(k,nd) = +o0, nldiIEOAFg(k,nd) = +o0, kEIfooAFl(k’nd) =0 and ndlirrimAFg(k,nd) =0.
Both factors of production are assumed to be essential in production which means that AF(0,n%) =
0 and AF(k,0) = 0.

Ayy4j is the realization in period (ty9 + j) of a random variable that represents the state of
the technology. Changes in Ay, 4; are changes in “total factor productivity”. We assume that the
realization of Ay y; is known at the beginning of period (to + j).

Physical output can either be consumed by households or stored by firms. Stored output

increases next period’s capital stock, i.e., it represents investment?.

Capital accumulation is described by

Etov145 = (1= 0)ktorj + dto1j

where 44, ; is the flow of investment in period (¢op + j) and J is the per-period rate of physical
depreciation of the stock of capital. § is assumed to be constant and belonging to the closed interval
[0,1].

The resource constraints are as follows. Each firm starts period (tg 4 j) with a stock of capital
kty+; which is pre-determined [ which was determined in (g — 1+ j) ]. In other words, the stock
of capital that will enter the production function in (¢y + j) cannot be changed by decisions taken
during (to + j). Each household has an endowment of time per-period which is normalized to one
by an appropriate choice of units. This amount of time can either be used to work or to rest.

Therefore, we can write

niyj + bty <1

where nj , ; is the household’s supply of labour during (to + 7).

3Note that this implies that the price of consumption goods and the price of investment goods is the same. To
deviate from this assumption would require a two-sector model where the final good would be produced in one

industry and physical capital would be produced in the other industry.



The previous assumptions about preferences and technology ensure that, at an optimal solution,

we will have

s —
N pj + leors =1

This is because any tiny amount of time can be used to increase the level of utility either by
raising the amount of leisure (we are assuming non-satiety in leisure except at infinity) or by using
it to work and use the increased wage earnings to raise the level of consumption.

Finally, we describe the market structure. There are four markets: the goods market, the
labour market, the loans market and the shares market. H and F' are assumed to be large enough
to guarantee that all agents are price-takers. Prices are perfectly flexible and adjust so as to clear
all markets in every period. There are three prices in this model: the real wage, the real interest
rate and the price of shares in real terms. All these prices are measured in units of output. We
can think of these three prices as adjusting to clear the labour market, the loans market and the
shares market, respectively. If these three markets are in equilibrium, then (by Walras Law), the

goods market is also in equilibrium.

3 The typical firm’s behaviour

Each firm uses capital and labour to produce physical output. The profits earned by each firm in
a given period are distributed to households in the form of dividends.

Each firm f (f = 1,2, ..., F') maximizes the Value of its Assets (VA), i.e., the expected discounted
value of the stream of present and future dividends. Therefore, when we are at ¢y, the typical

firm’s optimization problem is

Max VA=E,

d
ig+i ko +1+s

Jj=o0
St
=0 1470, 0+ to+J

where

d d
mf i = A Fkgsg i ) — w5 — higra4g — (1= 0)keos]

for j =0,1,2,...



where wy, 4, is the real wage in period (to + 7).
The only loans market in this model is the one-period loans market (there are no markets
for loans of other maturities). Therefore, (1 + 74, +,+,) [meant to represent the real interest rate

between ty and (g + j)] must be
(L7 p04) =1 for j =0
(L4 7g0045) = (L +71) (L4 70041) (14 Trg42) - (1 + 7y 45-1) for j =1,2,3,...

where r; is the real interest rate between period ¢ and period (¢t + 1).
There is also an initial condition for the capital stock. We denote the typical firm’s initial
capital stock by ki,. We assume k;, > 0.

There is also a transversality condition on the capital stock. This condition is given by

jl{grnooEto [/ w1 (ctors 5, 15 ) Eto145] =0 (1)

Let us summarize the meaning of this condition. In period (¢g + j), the firm chooses k4145

As j — 400, (to + j) — +oo. In other words, making j — 400 corresponds to making (tg + 7)
tend to the end of the world. Hence, (to + 1+ j) denotes the period after the end of the world and
kty+14; the capital stock that is left for the period after the world has ended. Since u;(cty4;, ng, +j)
denotes the marginal utility of consumption in period (to + j), /1 (ctyt ngy+i)kto+1+; denotes
the present utility value of the capital stock that the firm leaves for the period that follows the
end of the world ( remember that, in this model, units of capital correspond to units of output).
Therefore, jgﬂl_looEto [37u1 (Cto4, 15, + j)Kto+145] represents the way a shareholder in ty views the
utility value of the capital stock that the firm is planning to leave for the period that follows the
end of the world. Hence, the transversality condition given by 1 is merely saying that the utility
value of the capital stock that the firm is planning to leave for the period that follows the end of
the world (as evaluated by a shareholder in ty) must be zero. In other words, this transversality
condition says that, if the world is going to end in a certain period, the firm must either not leave
capital for the period that follows the end of the world (giving it for shareholders to use on the
period the world ends or before would be a better solution) or if the firm is planning to leave
a positive capital stock for the period that follows the end of the world, it must be because the

marginal utility that the shareholders would obtain from receiving it at the world’s last period



would be zero*.

The transversality condition plays the important role of eliminating the possibility that the
firm would forever accumulate capital at an excessive rate, something which none of the first-order
conditions prevents.

Also, we have non-negativity constraints: nfoﬂ- >0 and kyy1145 > 0 for j = 0,1,2,....

The assumptions about technology that we made imply that we could never have an optimal

solution with nfo +; = 0 for any j. Since nd

is essential in production, nfo +; = 0 would imply zero
physical output in period (g 4 7). On the other hand, the Inada condition nlgrBOAFg(k, n?) = 400
tells us that, if nfo +; = 0, then the firm would obtain an enormous amount of output simply by
raising nfo +; by a tiny amount. This would lead the firm to indeed increase ntdo +j- Therefore,
nfo +; = 0 could never be an optimal solution.

A similar reasoning leads us to conclude that we could never have an optimal solution with
kty+145 = 0 for any j.

We can summarize as follows. There is a non-negativity constraint for each of the two variables
but we have assumptions which guarantee that none of the variables will be equal to zero at

an optimal solution. Therefore, the optimal solution is not a corner solution. Thus, standard

first-order conditions (equalities) are necessary conditions for the optimal solution.

The first-order conditions to the firm’s optimization problem are:

VA — B Atytj Fo (ktoﬂk”foﬂ) — Wi | _ 0 (2)
ond 1 reg) e (L Thg—14g)
VA [ (=1) ]
8kt0+1+j 0 (1 +Tto)"‘(1 +7"t071+j)
B Apy145F1 (ko108 1145) +(1=9) _ (3)
P M) (U g 145) (14 Tog 1)

for j=0,1,2,3,...

We have already explained that equations 2 and 3 are necessary for an optimal solution.

4Note that the shareholders in this model are the households.



Since the function AF(.,.) is concave, the weights #

- are positive, and Fy [.] is a linear
0:to+J

operator which will be applied to a reality whose events occur with positive probability, we can
conclude that the objective function is also concave. Therefore, equations 2 and 3 are also sufficient
for a maximum.

In the appendix, we derive the first order conditions of the firm’s problem in an intuitive way
and it is easy to see that the conditions derived using mathematics correspond to the ones we
obtain in an intuitive way.

Since it is not possible, in general, to obtain an explicit solution to the firm’s optimization
problem, we take equations 2 and 3 as representing this solution (because these equations represent
the solution in an implicit way). The optimal solution includes, among other values, values for
period #g: nfo and ki 41. Given the (pre-determined) value of k;, this implies a value for y;, =
Ay F(kyy,ni ) and a value for iy, = kyg1 — (1 — 8)ky,.

We can conclude that equations 2 and 3 give, in an implicit way, the firm’s demand and supply
functions for period tg (nfo,ito and y;,) as well as planned demand and supply functions for all
future periods. The firm’s demand and supply functions for period ¢ty will depend on the current
values of the various prices (real wage, real interest rate), on the firm’s initial capital stock, on the
value of the technological parameter in period ¢y and on the expectations of the firm about the

future.

4 The typical household’s behaviour

At tg the household is facing the following sequence of budget constraints

f=F f=F f=F
foof foof bio+1+j f f
Wit Mgt T D Ayt iTiss T D gt gy T 2 Ctotd b + D Zit1es s
f=1 f=1 to+j f=1
for j = 0,1,2,3,...

All terms are measured in units of output (in real terms). Let us examine these budget con-
straints in detail. The way loans work in this model is as follows. In a given period (period t,

for example), the household can either borrow from other households (b;+1 > 0) or lend to other

households ( bey1 < 0). If it borrows Tln units of output in period ¢ [ r; is the interest rate



between period t and period (t41) measured in units of output, i.e., the real interest rate be-
tween period t and period (t+1)], it shall have to pay ﬁ(l +7¢) = 1 units of output in period
(t41). Therefore, if the household borrows bt“ﬁ units of output in period ¢, it will have to pay

bt‘*‘lTlrt(l + 7¢) = b1 units of output in period (t+1).

The way shares work in this model is as follows. qtf is the price [measured in units of output]
that the household would have to pay to buy 100% of firm f in period t. ztf is the percentage of
firm f [i.e. the share of firm f] that the household bought in period (t-1) and sells in period t. z
entitles the household to a share in the dividends of firm f generated in period t, i.e., it entitles the
household to receive the amount ztf W{ during period t. After receiving these dividends, households
can trade shares®. In period t, the household sells the amount z{ and buys the amount z{ 41 (hence,
ztf 41 is the percentage of firm f that the household buys in period t). z[ _ientitles the household
to a share in the dividends of firm f generated in period (¢ + 1), i.e., it entitles the household to
receive the amount z;’ Hﬂ{ 41 during period (¢ +1). The percentages 2 and 2/ 4are measured as a
number belonging to the closed interval [0,1]. So, (zf 11— ztf ) is the net percentage of firm f that
the household buys in period t. Therefore, q[ (ztf 1 ztf ) is the amount that the household spends
on shares of firm f in period t. To make this clear, suppose that z,{ = 0 and that the household
wants to buy the whole of firm f in period t so that th 11 = 1; then clearly it would have to pay q{
(1 —0) = ¢/ units of output which fits our definition of ¢/ .

The interpretation of the budget constraint is as follows. In the left-hand side of the constraint,
Wty 45Ng,4; 1 the amount that the household receives as wages during period (to + 7). The term

f=F
> ztfo Jrﬂr{o +; denotes the amount of dividends that the household receives in period (to + j) in
=1

return for the shares of the F firms that it bought in period (¢ — 14 j) . The term J;ij ztfo n quo 4
denotes the amount the household receives in period (tp + j) from selling the shares o; the F firms
that it bought in period (tp — 1 + j).The term %’:ﬁl—i’ is the amount that the household borrows
from other households in period (¢g + j). All these terms are measured in units of output.

In the right-hand side of the constraint, ¢4, is consumption expenditure in period (to + ),
bty+; is the amount that the household has to pay to other households in period (ty + j) because

=F
of the credit it obtained in the previous period [in period (o — 1 + j)], and > zfo 41 +qu; 4 18
=1

5In equilibrium, they won’t trade shares with each other because they are all equal to each other.

10



the household’s expenditure buying shares of the F firms in period (¢o + j). All these terms are
measured in units of output. Note that in period tg the household sells all the shares of the F firms
it had bought in period (¢yp + 1) and then she buys new amounts of shares.

The previous assumptions about preferences ensure that, at an optimal solution, this budget
constraint will hold as an equality. This is because any unit of output can be used to increase the
level of utility. For example, consuming it in period (g + j) will increase utility because we are
assuming non-satiety in consumption except at infinity.

Consequently, at ty the household is looking into the future and maximizes the present dis-

counted value of lifetime utility subject to the relevant constraints as follows:

Jj=x
J . ,

SMGLL' ; Et(] Z B u(cto+j7 gtrﬂr])
Cigt+i » Lro+i Mig4i0 Dto+1+i » Zig 14y Jj=0
s.t.

f=F f=F b f=F

S f f foof totlts _ , . E f f

Wto+5 M +5 + E ZhotiTto+s T E : Zio+i%io+i T 7 +rei Ctot + Do s + Fto+1+Tto-+j

= e o+Jj f=1

n:(r‘r] + gtO‘Fj = 1
for j = 0,1,2,3,...

We also have initial conditions and a transversality condition. There are initial conditions on
holdings of shares. Assuming that we had market clearing’ in the shares’ market in period (o — 1),
these initial conditions for period ty will be ztfo = % and sio = % . There is an initial condition
defining the household’s initial debt position. Assuming that we had market clearing in the loans

market in period (¢p— 1), this initial condition for period ¢y will be by, = 0. There is also a standard

transversality condition on the amount of borrowing by the household which is given by

1
lim Et[)

bior1441 =0
j—-oo (L4 740) (L + regr1) (L + Trgya) (L + Togyor) O 7

This transversality condition is theoretically relevant. It means that the pattern of borrowing

by an household must be such that at the end of the world, the household owes nothing (put

6 Market clearing conditions will be derived in the next section.
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more precisely, it either owes nothing or, if it owes something, the amount it owes is so small that,
as evaluated from today, it is worth nothing). This prevents one household from consuming at
the expense of others during its lifetime. In the model we have at hand, this condition won’t be
important in terms of describing the competitive equilibrium because market clearing conditions
in the loans market and Rational Expectations will ensure that it holds.

Finally, there are also non-negativity constraints: c,1; > 0, lyy4; > 0, ng +j = 0 and

zf w14y > 0 for j=0,1,2,....

The assumptions about preferences that we made imply that we could never have an optimal
solution with ¢ 4; = 0 for any j. The proof of this is as follows. u1i(c,¢) < 0 tells us that, as
¢; decreases, ug(c, £) increases. The respective Inada condition Qii%ul (¢, €) = +o0] tells us that
this happens in such a way that, as c¢;4+; — 0, the increase in utility that would result from
consuming one extra unit becomes very large (it approaches infinity). Hence, if ¢ 4; was equal
to zero the household would always be compelled to obtain a tiny bit of consumption good (for
example, working a little bit and using the income earned from it to buy a small amount of the
consumption good).

A similar reasoning leads us to conclude that we could never have an optimal solution with
li,+; = 0 for any j.

A solution with ng | ; = 0 for one or more js is theoretically possible. The household could,
for example, use share income to consume. However, in this chapter we are interested in the
competitive general market equilibrium with homogeneous households. At such an equilibrium,
ng, = 0 will not occur because the market equilibrium condition in the labour market implies
that all households work an equal (positive) number of hours’. With Rational Expectations,
the household takes into account future market clearing conditions in making its plans and, as a
consequence, it will not plan nj, +; =0 Since the equilibrium we are interested in is the competitive
general market equilibrium of an economy with homogeneous agents under Rational Expectations,
the solution to the household’s problem that we are looking for is one where ng . > 0.

A solution with ztf(J 4145 =0 for one or more js is theoretically possible. An household could

simply choose to work and use the wage income to consume without engaging in the purchase of

"Market clearing conditions will be derived in the next section.
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shares. However, in this chapter, we are interested in the competitive general market equilibrium
with homogeneous households. At such an equilibrium, ztfo +1 = 0 will not occur because the market
equilibrium condition in the shares’ market will make every household hold an equal (positive) share
of each firm. With Rational Expectations, the household takes into account future market clearing
conditions in making its plans and, as a consequence, it will not plan ztfo 4145 = 0. Since the
equilibrium we are interested in is the competitive general market equilibrium of an economy with
homogeneous agents under Rational Expectations, the solution to the household’s problem that
we are looking for is one where zg:) 4145 > 0.

Since for all variables that have a non-negativity constraint we can conclude that the value of
the variable at the optimal solution will not be zero, we know that the optimal solution is not a
corner solution. Thus, standard first-order conditions (equalities) are necessary conditions for the
optimal solution.

The first order conditions to the household’s optimization problem set above can be obtained as
follows. After using the constraint nj ,; + f¢,4+; = 1 to substitute ¢, ; in the objective function,

we can write the Lagrangean to the household’s optimization problem as

j=oo
L= Eto Z 5Ju(ct0+j7 1- n§o+j) +
i=0
I J s = f f = f f bigt+1+j
+Et, ZO B Mots | WeotiNEyq + le Zho+iTto+5 T le ZiotiBioti T Thrrgss
j: = =

IS ¢ f
—Ctotj — bto+j — le Zto+145Dto+5
Here, Ay +; is the current value Lagrangean multiplier. J6d Ato+j is the present value multiplier,
i.e., the current value multiplier discounted from period (to + ) to period tg.

The first-order conditions are:

oL | /,
9 = By [fuicigr 1 —n3 )] — Eiy [/ Migr5] =0 (4)
Cto+j
oL , ) ,
ons = (=D [Bus(ery sy 1 =0y g)] + By [/ Mg rjtwig45] =0 (5)
nto+j
oL ) 1 )
_— = E j)\ o _ E ]+1)\ ] = 0 6
Obtgy1+4j fo {ﬂ foti +rt0+j] o 6 o144 (6)
oL .
f = Eto {ﬁj)‘to+j(_q£)+j)} +
oz .
to+1+j
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+E4, [/8j+1>‘t0+1+j(7r1{0+1+j + qg;+1+j):| =0 (7)

f=F f=F

oL : foof foof btot1+;
CIV By | B Ato+j wto+j”§o+j + Z 2045 Th04+5 T Z 2045045 T 1 - J_
to+j — — + Ttotj
f=1 f=1
f=F
~Ciots = biots = D 2148 | | =0 (8)
f=1
for j =0,1,2,3, ...

In the appendix, we derive the first order conditions of the household’s problem in an intuitive
way. It is easy to see that the conditions derived using the Lagrangean are the same as the ones
we obtain intuitively.

Another easy way of obtaining the first order conditions using mathematics consists in using
the two constraints to substitute ct,1; and ny ., ; in the objective function and then take derivatives
of the objective function with respect to the remaining decision variables.

We have already explained that equations 4-8 are necessary for an optimum. Since the function
u(.,.) is concave, the weights 37 are positive, and E4,[.] is a linear operator which will be applied to
a reality whose events occur with positive probability, we can conclude that the objective function
is also concave. Therefore, equations 4-8 are also sufficient for a maximum.

Since it is not possible, in general, to obtain an explicit solution to the household’s optimization
problem, we take equations 4-8 as representing this solution (because these equations represent the
solution in an implicit way). The optimal solution includes, among other values, values for period
to: Cty 5 Lig Mgy bigr1 zthH.

We can conclude that equations 4-8 give, in an implicit way, the household’s demand and
supply functions for period o (ct,, bry+1 ztfo 41 and nj ) as well as planned demand and supply
functions for all future periods. The demand and supply functions for period ¢ty will depend on
the current values of the various prices (real wage, real interest rate and price of shares in real
terms), on the expectations of the household about the future, on initial holdings of shares and on

the household’s initial debt position.

14



5 The market clearing conditions

We have seen that equations 2 and 3 give us, in an implicit way, the typical firm’s demand and
supply functions for period tg (nfo, i, and yz,). Because all firms are identical and all experience
the same value of the technological parameter, the demand and supply functions are the same for
every firm. We have also seen that equations 4-8 give us, in an implicit way, the typical household’s
demand and supply functions for period ty (cty, btg+1 , zfo 41 and nj ). Since all households are
identical, the demand and supply functions are the same for every household. Thus, with H
homogeneous households and F homogeneous firms, the market clearing conditions for period %

are:

(1) In the goods market, the amount of consumption demanded by the H households plus the
amount of investment demanded by the F firms must be equal to the amount of output supplied

by the F firms:
h=H f=F f=F
D cot D i =D v
h=1 f=1 f=1
<~ HCtO + F[kto+1 — (]. - 5)kto] = FAtOF(ktoantdO)

F F
&+ ﬁ[ktoﬂ — (1= 8)kysy) = ﬁAtoF(ktm”fo) 9)

(ii ) In the labour market, the number of “hours of work” supplied by the H households must

be equal to the number of “hours of work” demanded by the F firms:

h=H f=F
ng, = nfo < Hnj = ano &
h=1 f=1
F
& ng = "o (10)

(iii ) Let us now examine the loans market. If an household borrows from another household,

we have positive borrowing on the part of the first household and negative borrowing in the same

15



amount on the part of the other household. The sum of the two households’ debt positions is
therefore equal to zero. Combining this observation with the fact that we only have households
borrowing and lending in this economy makes it easy to conclude that the sum all households’ debt

positions must necessarily be equal to zero. Therefore, we can write:

= bt0+1 =0 (11)

This means that, in equilibrium, the typical household will neither borrow from nor lend

to other households (this is the usual result with homogeneous households).
(iv ) In the shares market, the market clearing condition is that each firm should be completely
held. In other words: the sum of the shares of each firm f held by the H households must be equal

to 100%

-~

=

f _ f _
Zzto+1—1<:>HztO+1—1<:>
h=1

for f=1,2,3,..., F

6 The competitive equilibrium

At tg, the competitive equilibrium assuming H homogeneous households and F homogeneous firms

is a system which includes
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A) The first-order conditions of the typical household’s optimization problem (which give,
in an implicit way, the household’s demand and supply functions®). These are given by equations
4-8.

B) The first-order conditions for the typical firm’s optimization problem (which give, in
an implicit way, the firm’s demand and supply functions®). These are given by equations 2 and 3

C) The market-clearing conditions in period ¢ for all markets. These are given by equations
9-12

Putting together A), B) and C), the system we obtain is

Eto [Bjul(ctrﬂrjv 11— nfoJrj)] = Eto [ﬂjAto+j] (13)
Eto [BjUQ (CtoJrj, 1-— n§0+j)] = Eto [ﬁj)‘to+jwto+j] (14>
. 1 .
By |B Morjm————| = Ei [ Agr145] (15)
1+ Tto+3
E, [ﬁjAto+ng:J+ji| = E [6j+1>\to+1+j(7rfo+1+j +qtﬁ+1+j) (16)
; = ;oo = ;oo btot14j
By | B Mo+ | WeotjNggrs T Z Zto+iTto+s T Z ZigtiQto+i T #
=1 =1 to+J
f=F
—Ct0+j — bt0+j - Z Zl‘f)i)-‘rl-&-jq‘tfo—',-j = 0 (17)
f=1

Aty i By (keyrind 4 j) - B { Wiy
(]. + ’I"to)...(]. + 'I"toflJrj) 0 (1 + Tto)...(l + rt071+j)

E,

P Atgi145F1 (krgr145.08 105) + (1= 6) _
P (Tt ) (I Teg—145) (1 + Tt015)

8We should include one set of first-order conditions for each household. However, because households are all equal,
the set of first-order conditions is the same for all households. Hence, we only have to write it once. Otherwise we

would have a system with repeated equations (i.e., redundant equations).

9We should include one set of first-order conditions for each firm. However, because firms are all equal, the set
of first-order conditions is the same for all firms. Hence, we only have to write it once. Otherwise we would have a

system with repeated equations (i.e., redundant equations).
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1

_E 18
O 7)o (U4 7o —144) -
F F
Cto + gylhto+1 — (1= d)key] = ﬁAtoF(kto’ngo) (19)
F
Nh = Tl (20)
bt0+1 =0 (21)
1
tho+1 - T (22)
W{o-&-j = Aso1j F (kg g, nfoﬂ') - wto+j”§lo+j ~ [ros14s = (1= 0)kug 4] (23)
for 7 =0,1,2,3, ...

Equation 23 is the definition of profits of firm f in period (to + j). To complete this system, we
have to add the initial condition on the firm’s capital stock (k¢,) and the transversality condition

on the firm’s capital stock given by equation 1.

7 The competitive equilibrium assuming Rational Expecta-

tions

We are interested in the Rational Expectations equilibrium. The Rational Expectations way of

» 10

solving the “problem of expectations consists in assuming that the expectations about economic

0By “the problem of expectations” we mean the fact that the solution of the system given by equations 13-
23 requires some way of computing the expected values of several variables in that system. To assume Rational
Expectations is perhaps the easiest acceptable way of solving this problem.

The dependence of the current equilibrium on the expectations of economic agents about the future is a key feature
of the model and is easy to understand. For example, if households expect the real wage to increase significantly
within 5 periods, they will probably wish to work less and borrow more today because the reward of working within

5 periods is greater and, therefore, they can work more and pay their debts in those later periods.
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variables in periods (tg 4+ 1), (to + 2), (to + 3), ... are formed by economic agents by assuming that
the value of these variables will be the outcome of a Competitive Equilibrium in each future period.
In other words, economic agents assume that:

- the value of economic variables in period (¢g 4+ 1) will be the solution to a system like 13-23
but with ¢y replaced by (to + 1);

- the value of economic variables in period (ty + 2) will be the solution to a system like 13-23
but with ¢y replaced by (to + 2);

- the value of economic variables in period (ty + 3) will be the solution to a system like 13-23

but with ¢y replaced by (to + 3);

This means that to represent the Rational Expectations equilibrium, we have to take into
account equations 13-23 not only in period ¢, but also in periods (to + 1), (tg + 2), (to + 3), ...
. Therefore, the Rational Expectations Equilibrium can be written as a system like 13-23 where

instead of ¢y we will write ¢ and then emphasize that ¢ = to, (to + 1), (to + 2), (to + 3), ...

Et [ﬁjul (Ct+j, 1-— nf_i_j)} = Et [,Bj)\t_;,_j] (24)
E, [5ju2(ct+ja 1- nfﬂﬂ = E [W‘)\ijtﬂ‘} (25)
. 1 .
J - — Jj+1 .
E; [ﬂ Aty I Tt+j:| Ey [B Mgy (26)
Ey [ﬂjAmqi’ﬂ-} = Ei [ﬁj+1)\t+1+j(ﬂ-f+l+j + 4t 1) (27)

j bii1y)
E, | B2 i |wipind Z o al Z z =
B Ais +iM+j 45 T t4g t-‘rth-‘rj 1+ resy

f=F

—Ct4j — beyj — Z Zg+1+qu+j =0 (28)
f=1

Ey

Apyj Fo (kg nly;)

(]. + Tt)<1 + ’I”t71+j)

Ariai By (Fesregndyg) + (1 —0)
(]. + 'I"t>(1 + Tt71+j)(]- + Tt+j)

Ethl+nyiTi”Hﬂ] (29)

E;

- &[u+ny&+nlﬂﬁ (30)
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P P
¢+ ﬁ[kt-&-l —(L=0)k] = EAtF(kt’ n;)
P
nf = Enf
biy1 = 0
1
= H

T = A F(keygonty) — wipnd ;= ke — (1= 0)key ]
for t:to,(t0+1),(t0+2),

and for 7=0,1,2,3,..

To complete this system, we have to add the initial condition on the firm’s capital stock (k)

and the transversality condition on the firm’s capital stock given by equation 1.

In particular, these equations are valid for j = 0

ui(er, 1 —n3) = A

uz(er, 1 —ni) = Ay

A
1+7’t

= BE; [Ai41]

)\tqtf = ﬁEt |:/\t+1(ﬂ'{+1 + q{+1):|

f=F f=F b f=F
41
At wtnf‘f‘;zwfﬂf‘*‘;zgfﬂ—’— 1+ — o b - leztfﬂqf =0

AtFQ(ku nf) = Wy

A1 Fy (kega,ndy ) + (1= 6)

E
t 1+7”t

=1
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r F
ct + ﬁ[ktﬂ — (1 =0)k] = ﬁAtF(kh"f) (43)

ny = ﬁnf (44)
b1 =0 (45)
1
=+ (46)
wf = AyF(k,nd) — winf — (kg1 — (1 — 0k (47)

for t =to, (to + 1), (to + 2), ...

Assuming Certainty Equivalence'!, we obtain
ui(er, 1 —n3) = A (48)
us(er, 1 —ni) = Ay (49)
T j\_trt = BE [Ae+1] (50)
Aeal = BE; A1) {E [W{H] + Ey [QtfHH (51)

' The argument of Certainty Equivalence runs as follows. Suppose, as an example, that we have a func-
tion g(kt+1,ne+1). If we expand g around the expected values of its variables, we obtain g(ki+1,ne41) =~
g[Et(kes1), Br(neq1)] + [kep1 — Er(ke1)] 91 [Ee(keq1), Er(neg1)] + [ner1 — Er(neg1)] g2 [Be (k1) B (nes1)]-

Taking expectations on both sides of this equation, we obtain

Eq [9(kev1,me41)] = g [Et(keg1), Br(neg)]

This is the result we are going to use to simplify the equations.

To assume Certainty Equivalence is a standard practice in the literature because it is a good way of obtaining a

system which can easily be solved numerically.
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f=F f=F b f=F

s 1

wng + E zinl + E ztqu—l—lf:r —c — b — E ztqug:O (52)
f=1 f=1 t f=1

APy (ke,nd) = wy (53)

Et [At-i-l] Fl (kt-‘rlvEt I:nthrle) + (1 — 5)

1+ 7 =1 (54)

e+ %[kt+1 — (1 =)k = %AtF(kt, nd) (55)
ns — gng (56)

bei1 =0 (57)

Zip1 = % (58)

nf = AF (ke nf) — winf — (ks — (1= 0)ki] (59)

for t:to,(t0+1),(t0+2),...

Note that k:y; is chosen by the firm in period t.

8 Walras’ Law

Substituting the market clearing condition in the labour market (equation 56), the market clearing
condition in the loans market (equation 57) and the market clearing condition in the shares market

(equation 58) into the household’s budget constraint (equation 52), we obtain

I f=F f=F [=F
AL ED L AR I T

Assuming that the loans market and the shares market were in equilibrium in period (¢ — 1) so

that b, =0 and z; = % , we obtain
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F F
wtﬁnf =+ ﬁﬂ-{ — Ct = O

Using equation 59 this last equation becomes

F F
EAtF(kt,nf) — E[k}t+1 — (]. — 6)]{)15] — Ct = 0

which is the same as equation 55. In short, starting from equation 52 we have obtained equation
55. This means that the two equations are redundant. Therefore, we can drop one of the two

equations'?. In the system which follows, we shall drop equation 52.

9 The second welfare theorem

With a production function that is homogeneous of degree one, it follows that %AtF(kt,nf) =
AF (%k:t, %nf) Also, if the production function is homogeneous of degree one, then its par-
tial derivatives will be homogeneous of degree zero. From this it follows that A;Fy(ki,nd) =
AFy(£ky, £nd) and that By [Ay 1] By (ki Be [ndy]) = By [Aga] Fi (Sken, LB [nd 4 ]). I
we use these results and then define the following new variables

fo=f _
to 1t

7l = L4,

Et:%kt,ﬁf:%nf,ﬁ{:%ﬂ'
we can write the system describing the competitive equilibrium with H homogeneous households

and F homogeneous firms plus Rational Expectations as

ur(e, 1 —ng) =N\ (60)

uz(e, 1 —ni) = Awy (61)

12This result corresponds to Walras’ Law.
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At = BE M) (1 +1y)

A, = BE [Ms1] (Et {ﬁfﬂ} + Ey {@{HD

AtFQ(%t, ﬁtd) = W¢

Et [At+1} F1 (Et+1, Et [ﬁi&ﬁ) + (1 - 6) =1+ Tt
ct + [%tJrl — (1 — 5)%4 = AtF(Et,ﬁg)
ny = nf

bit1=0

fo_
Riy1 = H

f{ = AtF(%hTLt ’U}t’flt — [_t+1 kt]

24

(63)

(64)

(65)

(66)

(69)



for t =to, (to + 1), (to + 2), (to + 3), ...

Equation 70 is the definition of profits of firm f multiplied on both sides by % We have one
exogenous variable (A;) and 11 endogenous variables: ¢, n, A, wy, 74, 6{ , ﬁ,{ , bey1, ke, mdand
Zg+1-

Note that ct,n{, byyiand ztf 1 are per-household values (per capita values). Since k¢, nf and m;
are per-firm values, %k, ﬁf and ﬁf are per capita values.

Let us now show that this model is a zero growth version of the model in King, Plosser and

Rebelo (1988a). Equation 60 can be written as

ui(e, 1 —n3) — A =0 (71)

Using 67 to substitute 7y in 64 and then using the resulting equation to substitute w; in 61

and then rearranging the equation, we obtain

’LLQ(Ct, 1-— nf) — )\tAtFQ(Et,TLf) =0 (72)

Using 62 to substitute (1+ ;) in 65 and then using 67 to substitute ﬁ‘fﬂ in the same equation

and then rearranging the equation, we obtain

BE; [)\t+1] [Et [AtJrl] Fy (Et+1, E; [nfﬂ]) + (1 — (5)] —X=0 (73)

Using equation 67 to substitute ¢ in equation 66 and then rearranging the equation, we obtain

AtF(Et, ’I’Lf) + (1 — 5)Et - Et.}rl — Ct = 0 (74)

Let us now look at equations (2.11)-(2.15) in the King, Plosser and Rebelo (1988a) paper (page
203). If we set vy = 1 in equations (2.11)-(2.14), we obtain the same set of equations as the
set of equations given by 71-74. Taking equation 60 into account it is easy to see that equation
(2.15) in their model is just another way of writing the same as we have written in equation 1 (the

transversality condition on the firm’s capital stock).
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Since vy corresponds to one plus the rate of growth in their model, 7y = 1 means zero growth.
This proves that our model is a zero growth version of their model.

We can summarize as follows. We developed our model in a decentralized way whereas King,
Plosser and Rebelo solve their model as a central planner’s problem. We have shown that setting
the rate of growth to zero in their model produces the same set of equations as the ones we
obtained. Hence our claim that the model in this chapter is a decentralized zero growth version of
their model.

The fact that we have used a decentralized approach and arrived at the same equations as King,
Plosser and Rebelo - who have used a central planner’s approach - is a proof of the second welfare
theorem. It proves that in the context of the set of assumptions we are using the second welfare

theorem holds.

10 Near steady-state dynamics

We are interested in studying the behaviour of the system 71-74 around its steady-state. A steady-
state is a dynamic equilibrium in which the level of each variable grows at some constant rate
(different variables can grow at different rates). In the context of the model we have at hand,
if we assume A; = A Vt, imposing a constant rate of growth for every variable implies zero rate
of growth for all variables (i.e., it implies that all variables must be constant). To prove this we
proceed as follows. With A; = A Vt, we have a non-stochastic situation. Therefore, we can drop
the expectations operator. Since the endowment of time per household is bounded, nj cannot grow
in a steady-state. Hence, a steady-state must be such that n; = n®,V¢. From equation 67 it follows
that ﬁf must also be constant in the steady-state. In other words, in the steady-state we will also
d

have n¢ =4, Vt. Taking this into account and assuming that the real interest rate is constant in

the steady-state, equation 65 in the steady-state can be written as

AF1 (EH_l,ﬁd) + (1 — 5) = 1 +7’

This implies that k;,; must be constant in the steady-state. In other words, a steady-state

must be such that k,,; = k,Vt. Note that, given the definition of k;, this means constant stock of
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capital per capita.

Therefore, equation 66 in the steady-state will be

¢t + [k—(1—0)k] = AF(k,7%)
This implies ¢; = ¢, Vt.

From this it follows that equation 60 in the steady-state will be

ur(e, 1 —n®) =M\

This implies Ay = A, Vt.

Hence, this model’s steady-state is one where all variables are constant. The conclusion to be
drawn is that, in the present model, a quick way of obtaining the steady-state is as follows: (i)
take the system 71-74 with specific utility and production functions; (ii) set Ay = A, Ay = A,
ce=cni=n°nj . =n° X=X\ A1 = A k; = k and k1 = k in the resulting system; (444)
solve for ¢, n®, &, \.

The specific utility and production functions we will use in this paper are as follows:

U(Ct,gt) = tht + ¢)1H£t (75)

AF (ko) = Ay (k)™ () (76)
With these specific utility and production functions the steady-state values we obtain are

a—1

o

(0/9)A [y + 7]

k= (77)
(@/$)A | 5rtas + | + s + 2 -0

" [6(1 - o)A <15__a1>,4] K (78)

c=(1-n*)(a/0)AR) " ()" (79)

A= % (80)



13 Therefore,

We want to examine the dynamics of the system 71-74 around its steady-state
we log-linearize each of the four equations around the steady-state values (¢, n®, A, E) To make the
system deviate from the steady-state we use technological shocks'?.

Given a sequence of technological shocks which make A; deviate from A, we can apply the King,
Plosser and Rebelo (1988) method on the log-linearized system of equations 71-74 to obtain the
percentage deviations of ¢;,ny, A\; and k; from their steady-state values. Using these solutions, we
can then use the log-linearized version of equation 67 to obtain the percentage deviation of ﬁf from
its steady-state value; use the log-linearized production function to obtain the percentage deviation
of physical output from its steady-state value; use the log-linearized capital accumulation equation
to obtain the percentage deviation of investment from its steady-state value; use the log-linearized
version of equation 64 to obtain the real wage percentage deviation from its steady-state; use the
log-linearized version of equation 62 to obtain the real interest rate percentage deviation from its
steady-state; and use the log-linearized version of equation 63 and the log-linearized version of
equation 70 to obtain the percentage deviation of the real price of shares from its steady-state.
Equations 68 and 69 tell us that b.11 and z;;1 never deviate from their steady-state values.

Once technological shocks cease (i.e., once A; becomes constant again) the system 71-74 will
converge again to a steady-state (which will be the same as the initial steady-state if the value of

the technological parameter is the same as the one it started from).

11 Calibration

We have already mentioned that, in order to study the dynamic properties of the model, we first log-
linearize each of the four equations 71-74 around the steady-state values of its variables (¢,n*, A, k).
What we obtain is a linear system where instead of each variable appears the percentage deviation
of that variable from its steady-state value [for example, instead of ¢; we have ¢; = In (<) where ¢

is the steady-state value of ¢;]. The log-linearized system can then be calibrated as follows. With

13We don’t need to compute the steady-state to obtain the deviations of the various variables from their steady-

state values. However, to check the existence of a steady-state, we may want to do it.

141 general, any shock to any exogenous variable will make the system deviate from its steady-state.
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the specific utility function we are using - equation 75 - we obtain:

Elasticity of the MU of consumption with respect to consumption | -1

Elasticity of the MU of consumption with respect to leisure 0
Elasticity of the MU of leisure with respect to consumption 0
Elasticity of the MU of leisure with respect to leisure -1

From the U.S.A. data, we obtain

value source
investment share of output in the steady-state (i/y) | 0.167 Barro (1993)
labour’s share of output («) 0.58 King et al. (1988a)
labour supply in the steady-state (n®) 0.2 King et al. (1988a)
real interest rate in the steady-state (r) 0.007060 | FRED and Barro

As usual, we take the post-war average as representing the steady-state value. The last value
in the table is a per-quarter value. It was obtained using data from the Federal Reserve Economic
Data (FRED) to compute the average nominal interest rate!® for the period 1949-1986 and the
data from Barro (1993) to compute the average rate of inflation for the same period. The value
obtained for the average nominal interest rate was 0.016383 and the value obtained for the average
rate of inflation was 0.009258.

Using the values in the preceding table we then proceed as follows. First, it is straightforward
to conclude that the consumption share of output will be 0.833. Second, equation 62 in the

steady-state can be written as

A
=0\ &
1+r p
oh=— (s1)
1+
Since r = 0.007060, we calibrate
8 =0.993

Third, the capital accumulation equation in the steady-state is

15The specific nominal interest rate used was the Bank Prime Loan Rate.
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k=(1—-0k+isi=0dk

Therefore, the share of investment will be given by

i ok 5 i 5(1 — @)
y - Akl—a(nd)a

R
y Ak~2(nd)e Ty (1 —a)Ak—o(nd)
Using the Cobb-Douglas production function and equation 81 above, equation 65 in the steady-

state can be rearranged to give (1 — a)Ak~%(n?)* = % — (1 = 6). Therefore, we can write

i (1 —a) 5 é(%_ )
1 [
Hence, we calibrate
6 = 0.0047

We can summarize the new information in a table

consumption share of output in the steady-state (¢/y) | 0.833

household’s intertemporal discount factor (3) 0.993

per-quarter rate of depreciation of the capital stock (§) | 0.0047

Note that we don’t need to calibrate the parameter ¢ because it disappears when we do the

log-linearization'®.

12 Response of the model to exogenous shocks

As already mentioned, the response of the log-linearized model to shocks in the exogenous variables
can be obtained using the King, Plosser and Rebelo (1988) method, which is based on Blanchard
and Khan (1980). We next present the result of two experiments that use shocks to the technological

parameter: an impulse response experiment and a stochastic simulation experiment.

16To obtain the steady-state values of the four main variables, note that the four equations that give these values
[equations77-80], will have ¢ as a variable but will have n® = 0.2 from our calibration. Also, we can set any value
we want for the steady-state value of the technological parameter (set A = 1, for example) because that corresponds

to a specific choice of units in terms of measuring physical output.
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To do these two experiments, we assume that the technological parameter evolves according

to

Ay =094, 1 +¢ (82)

where ¢, is a white noise!”.

12.1 Impulse response

We first perform an impulse response experiment. Let us suppose that o = 2 and use the
following steps:

(i) Assume that at t = 1 the economy is in its steady-state with A; = 0;

(ii ) Assume that at ¢t = 2, the shock is g5 = 0.01;

(iii ) From equation 82 above it follows that Ay =0.01. And using the same equation we can
also compute the expected values of A, for s = 3,4,5, ...;

(iv ) Use the values from ( iii ) and the Blanchard and Khan algorithm to obtain the ezpected
path that the “percentage deviation of each variable from its steady state” will take from ¢q until

some point in the future ( 20 quarters ahead, for example ).

The results are plotted in figures 1 to 8.

12.2 Stochastic Simulation

We next perform a stochastic simulation exercise. Let us suppose that tg = 2 and use the following
steps:

(i) Assume that at ¢ = 1 the economy is in its steady-state with A; = 0;

(il ) Use the “standard normal distribution random number generator” in Gauss to obtain a

random shock eo;

17Note that A; denotes the percentage deviation of A; from its steady-state value A.
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(iii ) From equation 82 above it follows that Ay = 5. And using the same equation we can
also compute the expected values of A, for s = 3,4,5, ...;

(iv ) Use the values from ( iii ) and the Blanchard and Khan algorithm to obtain the values of
the “percentage deviation of each variable from its steady state” in period ¢t = 2;

( v ) Use the “standard normal distribution random number generator” in Gauss to obtain a
random shock e3;

( vi ) From equation 82 above it follows that 1213 = 0.91212 + £3. And using the same equation
we can also compute the expected values of A, for s =4, 5,6, ...;

( vii ) Use the values from ( vi ) and the Blanchard and Khan algorithm to obtain the values
of the “percentage deviation of each variable from its steady state” in period t = 3;

(viil ) ...

We can do this for 10000 periods and then summarize the statistical properties of the series we
obtained for the various variables i, ¢, i, Ng, Wy, ...

The results are shown in table 1.
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Table 1. Stochastic simulation. Shocks in the firms’ technological parameter.

A. Standard deviations (s.d.)

Variable | s.d. s.d. of the variable divided by the s.d. of g
Ut 4.20 | 1.00
¢t 1.76 | 0.42
i 21.49 | 5.12
n; 2.82 | 0.67
Wy 2.00 | 0.48
rf =71 0.04 | 0.01

B. Autocorrelations

Variable | correlation with g;_1 | correlation with g;_o | correlation with g;_3

Ut 0.906 0.824 0.751

Variable | correlation with ¢;_1 | correlation with é;_o | correlation with é;_3

Ct 0.997 0.993 0.989

Variable | correlation with 2;_;1 | correlation with 2;_o | correlation with 7;_3

it 0.885 0.783 0.695

Variable | correlation with ny_; | correlation with n7_, | correlation with n7_ 4

g 0.883 0.781 0.691

Variable | correlation with w;_1 | correlation with w;_o | correlation with w;_g3

Wy 0.974 0.950 0.928

Variable | correl. with (r;—y —r) | correl. with (r;—o — ) | correl. with (r;—5 —r)

Ty =T 0.889 0.792 0.707

C. Cross-correlations
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Variable Correlation with

Ut—12 | Gt—8 | Ge—a | Y2 | Ge—1 | Ot Ytr1 | Yev2 | Uta | Gtts | Yes12
Ut 0.35 | 049 | 0.69 | 0.82 | 0.91 | 1.00 | 0.91 | 0.82 | 0.69 | 0.49 | 0.35
Ct 0.64 | 064 | 0.61 | 0.59 | 0.58 | 0.56 | 0.51 | 0.47 | 0.41 | 0.30 | 0.23
o 0.15 0.31 | 0.55 | 0.72 1 0.82 | 0.94 | 0.85 | 0.77 | 0.64 | 0.45 | 0.32
ng 0.10 | 027 | 051 | 069 | 0.79 | 0.91 | 0.82 | 0.74 | 0.61 | 0.43 | 0.30
Wy 0.60 | 065 | 0.72 | 0.76 | 0.79 | 0.81 | 0.74 | 0.68 | 0.57 | 0.42 | 0.31
T{—1T -0.07 | 0.10 | 0.35 | 0.3 | 0.64 | 0.77 [ 0.69 | 0.62 | 0.51 | 0.35 | 0.24

In these tables, (r§ —r) denotes the deviation of the ex-ante real interest rate from its steady-

state value.

We may summarize as follows the main results obtained in table 1 and in figures 1 to 8. First:
consumption, investment and “labour effort” are procyclical. Second: consumption is less volatile
than output and investment is more volatile than output. These are very well documented stylized
facts about the United States economy [ references on this include Kydland and Prescott (1990)
and Backus and Kehoe (1992)].

Our pattern of results is similar to the one obtained by King, Plosser and Rebelo (1988). The
reason why our results are not exactly the same as those obtained by King, Plosser and Rebelo has
to do both with the fact that ours is a zero growth version of their model and with the fact that
our calibration is slightly different. For example, in our calibration the investment share of output
was set at 0.167 whereas King, Plosser and Rebelo use the value 0.295 (their value probably results

from including expenditure on consumer durables in the total amount of investment expenditure).

13 Conclusion

We have presented a detailed derivation of the competitive equilibrium of an economy. We have
used a decentralized way of obtaining this equilibrium and have specified all the assumptions
involved. Our method makes clear how each of these assumptions could be replaced by a different

one and still let us proceed with the derivation of the general equilibrium without much difficulty.
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Although we have arrived at the same set of equations as King, Plosser and Rebelo (1988) - who
use a central planner’s approach - our method has the advantage that it can be used in many
situations where the second welfare theorem does not hold.

It results obvious that we are able to generate the same key business cycle facts that King,
Plosser and Rebelo are able to generate with their model: (i) consumption, investment and work
hours are procyclical; (ii) consumption is less volatile than real output whereas investment is more

volatile than real output.
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Appendix

In this appendix, we derive in an intuitive way the first order conditions of the firms’ problem
and the first order conditions of the households’ problem. Let us start with the firms’ problem.

The first order condition in terms of the choice of labour demand can be obtained as follows.

The expected marginal benefit of increasing n‘tio +; by one unit is the increased output that will
be obtained. This is given by the marginal product of labour, A; 4;F» (ktﬁj’nfo_s_j). Discounting

this to period tg, we have

Aty 1 (ko451 45)
(L+74) (14 Teg—145)

Since the firm is in period #y when it is making these decisions, it must think in terms of

Ao i o (Brot 0 +5)
(L+740) (1 4+ 7tg—145)

to

The expected marginal cost of increasing nfo +; by one unit is the wage payment that it implies,

Wy,+5. Discounting this amount to period ty, we have

Wto+j
(1 + Tto)"'(l + Tto*lJrj)

Since the firm is in period ¢y when it is making these decisions, it must think in terms of

Wto+j
(L+74) (1 4+ rtg—145)

B,

The optimal choice of n‘tio +; is the point where expected marginal benefit is equal to expected

marginal cost. Therefore, the condition is

Av1i Fo (ro+5n8, 15) Wio+j
= Et() (83)
(1+7ﬂt0)~~«(1+7ﬂt071+j) (1+Tt0)...(1+rt0,1+]‘)

Ey

0

Let us now try to obtain the first order condition in terms of the choice of capital. Note that
in period (t9 + j) the household chooses ki 414j. ki,4; is pre-determined [it was determined in

period (to — 1+ j)].
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The expected marginal benefit of increasing k;,+1+4; by one unit is obtained as follows. If, in
period (to + j), the firm decides to increase k¢ 414; by one unit, that extra unit of capital shall
produce an increase in output in period (to+1+7) given by A; 414,F1 (kt0+1+j7nfo+1+j). The use
of capital in production involves depreciation so that, after production, all that is left of that extra
unit of capital is (1—¢) units of capital [or (1—4J) units of output since units of capital in this model
correspond to units of output]. Therefore, the overall benefit of increasing k¢, +14; in period (to+j)
by one unit is that in period (to+1+j) the firm will obtain [A;, 1145 F1 (kg 145,08 114 ,) + (1 —6)]

units of output. Discounting this amount to period tg, we obtain

Apy 1451 (bros1inf 1145) +(1-9)
(L4 740) (1 + reg—145) (1 + Teo45)

Since the firm is in period tp when it is making these decisions, it must think in terms of

Atyi145F1 (Frgr1g508 105) +(1—0)
1 (T treg)e (M + rg—145) (1 + T 45)

Ey

The expected marginal cost of increasing k¢,+14; by one unit is the reduction in the amount of
dividends paid in period (to + j). This reduction in real terms corresponds to one unit of output:

the one unit of output that is used for investment. Discounting this amount to period tg, we have

1
(L+reg) (1 +reg—145)

Since the firm is in period ¢y when it is making these decisions, it must think in terms of

Et, [(1 T no)---(i + m—1+j)]

Hence, the first order condition in terms of the choice of capital is

Ey

0

(L4 7tg)e (14 70— 145) (1 + 71015

Apy 105 Fr (Rtgrignf 1) + (1 =0) |
| =

= B, [(1+’rt0)...(i+rto_1+j)] (84)

Let us now derive the first order conditions for the household’s problem in an intuitive way.
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We start by defining A\;,4; as the marginal utility of output in period (¢9p + 7). In other words,
Ato+; gives us the increase/decrease in an household’s utility that would follow an increase/decrease
of one (infinitesimal) unit in the amount of output available to that household. This corresponds to
the increase/decrease in the household’s utility that would be caused by consuming one more/less
unit of output.

In short, Ay +; is defined as giving us the marginal utility that the consumer would obtain if

he/she were given an extra unit of output to consume. Mathematically, then, we can write

— S
Aot = u1(Corg, L — ng 4 5)

Applying the expectations operator to both sides of this equation we obtain

Eto [)\to+j] = Eto [ul(ct0+j, 1-— TL§O+]-)] (85)

Let us now look at the optimal choice of ng _ .

The expected marginal cost of increasing nj . ; by one unit is that this implies a reduction of one
unit in the amount of leisure that the household enjoys during period (tp+7). The decrease in utility
that results from this is given by ua(ct,+j, £1o+j) = u2(cty+j, 1=n3, 4 ;). Since we are taking decisions
at period to, we have to use the expected value of this amount which is Ey, [ua(ctoqj,1 — n§0+j)].

The expected marginal benefit of increasing nj ,; by one unit is that we receive wy,; units
of output. In period (¢y + j) utility terms, the value of this is Ay 4 ws,+;. Since the household is
taking decisions at period t¢, it has to think in terms of Ey, [Ay4jwe,+;]-

The first order condition on nj  ; is obtained by equating expected marginal cost to expected

marginal benefit. Hence, the condition is

Eto [uQ(CtoJrj’ 1- nfoJrj)} = Eto [)‘t0+jwto+j] (86)

Let us now look at the optimal choice of by 414;. Note that in period (ty + j) the household
chooses by, 114j. biy+; is pre-determined [it was determined in period (t9 — 1+ 7).
The expected marginal cost of increasing by, 414, [the amount of output paid to other households

in period (tgp + 1 + j)] by one unit is the corresponding loss in utility. By having one less unit
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of output in period (to + 1+ j), the household loses Ay 14, in period (o + 1 + j) utility terms.
Discounting this to period (tp+7) utility we obtain S\ +1+4;. Since plans are being made in period
to, the household has to think in terms of Ey [BA¢,+145)-

The expected marginal benefit of increasing by, 414, [the amount paid to other households in
period (o + 1 + j)] by one unit is obtained as follows. If the household is going to pay one more

unit of output in period (tg + 1 + j) it must be because it borrowed an extra ) units of

1
(1+Tt0+j

output in period (to + 7). In period (g + j) utility terms, this is worth ﬁ% Since plans are
0

Atg+i ]

being made in period ¢y, the household has to think in terms of Ey, {@Em
0

The first order condition on by, 414 is obtained by equating expected marginal cost to expected

marginal benefit. Hence, the condition is

Ato+j
E, |—X | =F A ; 87
to [(1+m+j)] to [BAto+1+4] (87)

Let us now look at the optimal choice of z,'fo F14j-

The expected marginal cost of increasing ztfo +14+; Dy one unit is obtained as follows. If the
household decides to buy a fraction (1/v) of firm f in period (to + j), it will have to pay (1/7})(1{04.]--
In period (¢ + j) utility terms, the value of this is /\toﬂ(l/v)qfﬁj. Since the household is at tg
when it is making these plans, it must think in terms of E}, [)\to+j(1/v)q£)+j].

The expected marginal benefit of increasing z;fo 41+, Py one unit is obtained as follows. If the
household buys a fraction (1/v) of firm p in period (g + j), it will be entitled to a share in the
dividends in period (tp+ 1+ j) amounting to (1/1))77{0_1_1_1_]-. In addition to this, the household will
be able to sell this fraction (1/v) of firm p in period (¢, + 1 + j) thereby earning (1/v)q£}+1+j.
In period (tg 4+ 1 + j) utility terms the sum of the two amounts that the household receives is
worth A¢gy145 {(l/v)ﬂ'{o“ﬂ + (l/v)q,{OHH] In period (to + j) utility terms, the value of this
is BAtot1+j [(1/1})7r{0+1+j + (1/v)qtfo+1+j]. Since the household is at ¢y, when it is making these
plans, it must think in terms of Ey, [ﬁ)\toﬂﬂ [(1/1})7r{0+1+j + (1/v)q£)+1+jH.

Therefore, the condition is

Bro Mot (U005 | = Bro [Bhsass [0l 0y + (U0)a 1|
or equivalently
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Ey, [At0+jqé,+j:| = Ey, [ﬁ/\to+1+j(ﬂfo+1+j +Qfo+1+j)} (88)

When making its plans regarding present and future amounts of consumption, work effort,
borrowing and shares, the household must also take into account the budget constraints that it

will be facing in each period (present and future). The budget constraint for period (tp + j) is

given by
b1+ =4 f f =4 f f f
J —
Wio+Mg+5 lJiTﬂ + 2o = Cootd F brorg + D i (Bl — )
f=1 F=1

Since the household is at ty when it is making its plans, it must think in terms of

b =L

S to+1+7 f f —

Ety |wiyjni 45 + T . + E :Zto+jﬂto+j =
to+j =1

f=F

= By, |Ctotj + brotj + Z qz)+j(zi)+1+j - Z{o-&-j) (89)
F=1
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