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Abstract. We identify a large class of systems of semilinear wave equations, on fixed accelerated expanding
FLRW spacetimes, with nearly flat spatial slices, for which we prove small data future global well-posedness.

The family of systems we consider is large in the sense that, among other examples, it includes general wave

maps, as well as natural generalizations of some of Fritz John’s “blow up” equations (whose future blow
up disappears, in our setting, as a consequence of the spacetime expansion). We also establish decay upper

bounds, which are sharp within the family of systems under analysis.

1. Introduction

It is well known that an accelerated expansion provides a mechanism that helps explain the high homogene-
ity and isotropy of the observed Universe [23]. At the level of wave equations, on fixed accelerated expanding
cosmologies, such process of attenuation of perturbations provides a favorable environment to establish future
global existence results closely related to “fast” decay estimates of some relevant quantities.

In this paper we realize these expectations by identifying a “large” class of Cauchy problems for systems
of semilinear wave equations

(1.1)

{
�gφ

A = a−2+δ0α+δ0βNA,αβ
BC (φ)∂αφ

B∂βφ
C ,

φA(t0, x) = φA0 (x) , ∂tφ
A(t0, x) = φA1 (x) ,

on fixed accelerated expanding FLRW spacetimes with metric of the form

(1.2) g := −dt2 + a2(t)σij(x)dxidxj ,

for which we prove small data future global well-posedness. We also establish decay upper bounds, which are
sharp within the family of systems under consideration. We use the adjective “large” since (1.1) includes:
i) general wave maps, which for small data and under the assumption of uniformly bounded geometry of the
target manifold (see Remark 2.2) satisfy

(1.3) �gφ
A = −gαβΓABC(φ)∂αφ

B∂βφ
C ,

where ΓABC are the Christoffel symbols of the target manifold’s Riemannian metric; ii) but also includes other
examples of equations that do not exhibit any particular form of null structure. A noteworthy example of
the later corresponds to Fritz John’s equation [10]

(1.4) �gφ = (∂tφ)2 .

1e-mail address: jlca@iscte-iul.pt
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Recall that in 1+3 dimensional Minkowski spacetime, i.e., if g = η, where η is the flat metric, the semilinear
term in John’s equation is responsible for finite time blow-up of solutions arising from arbitrarily small, but
non-trivial, smooth and compactly supported initial data. As we will see, as a consequence of our results,
this is no longer the case if g corresponds to the metric of an accelerated expanding FLRW cosmology, with
nearly flat spatial slices.

Returning to wave maps, it is of interest to note that, on par with Einstein’s equations, they arguably
correspond to the class of geometric wave equations that have triggered the biggest developments on the
geometric analysis of evolution equations. Most of the work on the field [26, Chapter 6] as been carried out
in the context of Minkowski and perturbations thereof (as base manifolds 4) and a typical motivation for the
study of such maps comes from cosmology [21, 11, 4].

The original motivation for our work was to identify classes of nonlinear wave equations, with relevant
content in cosmological modeling, exhibiting future small data global existence. Wave maps were therefore a
natural starting point. However, it rapidly became clear that our techniques applied to a wider class of wave
equations and, therefore, focusing only on wave maps would be an artificial restriction that would obscure
the mechanisms for decay and global existence, in accelerated expanding cosmologies. The end result of our
research was the identification of a nonlinear structure (2.12) that takes advantage of the knowledge gained
concerning the decay rate of derivatives of solutions to the linear homogeneous wave equations in FLRW [5]
to create a favorable setup in the semilinear setting. Recall that time derivatives of the linear solutions
decay with a rate dictated by the expansion factor a(t), while spatial derivatives are at best bounded and,
in general, do not decay at all (see the next section for more information). The structure (2.12) is then
designed to make sure that any badly decaying derivative is multiplied by a “good” derivative and/or by
inverse powers of the expanding factor a(t). This is akin to the role played by the celebrated null structure in
Minkowski, discovered by Klainerman [15]. Nonetheless, although similar in spirit the direct generalization of
the null structure to the FLWR setting 5 and the nonlinear structure (2.12) identified in this paper are quite
different both in form and content; some relevant similarities and distinctions have already been presented
in the examples discussed above.

1.1. Some basic lessons from previous works. In this paper we will be concerned with accelerated
expanding FLRW cosmologies (see Section 2 for more details) with spacetime topology M = {(t, x) | t ∈
R+ , x ∈ Rn} and we will assume that expansion occurs in the direction of increasing t, to which we will refer
as the future direction. Two causal/geometric consequences of the accelerated expansion that are particularly
relevant to our work are the following:

• Global in time information from local in space data: given a fixed x0 ∈ Rn, let γ(t) = (t, x0) ∈ R+×Rn
be an observer that “reaches infinity” and let D be its domain of dependence. Then, D ∩ {t ≥ T} is
compact, for all T > 0, see Figure 1.

• Cosmic silence: given two such curves γi(t) = (t, xi) ∈ R+ × Rn, i = 1, 2, if we denote by Di the
corresponding domains of dependence, then, for all sufficiently big T > 0, D1 ∩D2 ∩{t ≥ T} = ∅, see
Figure 2.

As a consequence of the first property, we see that for any hyperbolic equation that, in particular, satisfies
the domain of dependence property, we can obtain global in time information about its solutions, from
localized initial data prescribed on a compact set of the form D ∩ {t = T} 6. In particular, we can assume
that our initial data is contained in a large enough torus Tn. Then, if the torus is flat and we consider the
homogeneous wave equation we can, in fact, derive explicit solutions using Fourier series, as done in Appendix
A of [5]; these solutions can then be used to clarify what is the sharp asymptotic behavior of solutions. For
instance, in the case of a power law expanding factor a(t) = tp, p > 1, we will show that small data solutions
in our class of semilinear wave equations satisfy the following estimates (valid in the future region)

|∂tφ| . t−2p+1

4The reader might find the lack of reference to the target manifold’s topology strange, but please note that this is simply a

manifestation of the fact that we are only considering small data problems. See Remark 2.2 below for more information.
5By which we mean the structure obtained by replacing, in the original null structure, the flat metric η by the FLRW metric

g.
6This is in stark contrast with what happens, for instance, in Minkowski spacetime, and was used in groundbreaking work

by Ringström [22] to establish future non-linear stability of de Sitter spacetime (a particularly relevant example of our FLRW
family) as a solution of appropriate Einstein-non-linear scalar field systems.
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Figure 1. a) Section of Penrose diagram with D ∩ {t ≥ T} depicted as the hatched region.
b) 2-dimensional representation in R+ × Rn of D.

Figure 2. a) Section of Penrose diagram with D1 ∩ D2 ∩ {t ≥ T} depicted as the hatched
regions. b) 2-dimensional representation in R+ × Rn of D1 and D2.

and

|∂xφ| . 1 .

Since within the referred Fourier mode solutions [5, (155)–(157)] there are solutions with this exact profile,
with “.” replaced by “∼”, and since the homogeneous wave equation is a particular case of our setup, we
can then conclude that these estimates are sharp within our class of equations.

Now let us discuss an important consequence of cosmic silence. Let us start with the wave equation �gφ = 0
and let us choose T � 1 such that D1 ∩ D2 ∩ {t ≥ T} = ∅, as described before. Now consider the Cauchy
problem with data posed on t = T such that φ|Di∩{t=T} = Ci and ∂tφ|Di∩{t=T} = 0, where the Ci are
distinct constants. Then, by the domain of dependence property and the fact that the homogenous wave
equation admits constants as solutions, we conclude that φ|Di(t, x) = Ci, for all t. In particular, φ does not
converge to a constant at infinity, instead we have limt→+∞ |φ(t, x) − φ∞(x)| = 0, for some (non-constant)
function x 7→ φ∞(x). We can now easily see that the exact same conclusions apply to any (non-linear) wave
equation that admits constants as solutions; this is exactly what happens with our class of semilinear wave
equations (see (2.20) and (2.21)). Moreover this should be contrasted with what happens if we consider the
Klein-Gordon case �gφ = m2φ with non-zero mass m: then the only constant solution is the trivial one
and the remaining solutions, arising from appropriate initial data, decay to zero at future infinity (see for
instance [16]).

1.2. Other related works. The mathematical analysis of wave equations on expanding cosmological space-
times has a long and rich history that can be traced back to the work of Klainerman and Sarnak [14]. Here
we will not try to give a complete overview of the subject and will instead simply focus on previous works
that are concerned with the analysis of such PDEs in fixed accelerated expanding FLRW cosmologies.
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Sharp and almost sharp decay estimates for linear wave equations in accelerated expanding FLRW space-
times, with special emphasis on de Sitter, can be found in [20, 29, 2, 5, 16, 17]. For a detailed presentation
of systems of linear wave equations on various cosmological backgrounds we refer to the monograph [24] of
Ringström.

In [3] Choquet-Bruhat investigated wave maps with FLRW base space and established global existence
under appropriate smallness conditions on the data and the spatial geometry. There is some overlap between
these results and the existence results of our paper in what pertains to wave maps. Nonetheless we should
mention that Choquet-Bruhat’s strategy is more geometric in nature and is restricted to wave maps with
1 + n dimensional base spaces and n ≤ 3; moreover her work does not provide an asymptotic analysis of the
maps.

A thorough study of linear and semilinear wave equations, using representation formulas via integral trans-
forms, has been performed by Galstian and Yagdjian (see [8, 28, 27] and references therein). These works
consider non-linearities depending only on φ and are restricted to the Klein-Gordon case with non-vanishing
mass term; this last fact reveals itself in the fact that in their case φ→ 0, as t→ 0 (see discussion in the end
of Section 1.1). Results along the same line have been also obtained by Ebert and Reissig [7].

1.3. Overview. In Section 2 we present our geometrical setup, the structure of our systems of semilinear
equations and our main results. In Section 3 we establish our basic energy estimate using the vector field
method. The issue of local existence is settled in Section 4 where we use the conformal method to transform
our equations into equations in Minkowski, where we can invoke classical local existence results. The proof
of small data global existence is carried out in Section 5. To this end we use a bootstrap argument that
extends the methods of proof developed in [18] and [19]: in a nutshell, the nonlinear structure (2.12) takes
advantage of the integrability of 1/a(t) in order to achieve balanced commutator estimates for derivatives in
L2 and L∞; this allows us to close the bootstrap. Finally, in Section 6 we establish the sharp future decay
estimates. The simple proof presented here is a variation on an idea by Pedro Girão [9] to deal with the de
Sitter case, which was previously implemented in [16]. Here we present a streamlined and extended version of
this strategy; streamlined by avoiding the need to use conformal time and extended to semilinear equations
and the entire FLRW family under consideration.

2. Setup and Main Results

Let (M,g) be a Friedman-Lemaitre-Robertson-Walker (FLRW) spacetime with topology R+ × Rn and
metric

(2.1) g := −dt2 + a2(t)σijdx
idxj ,

where σij := σij(x) are the components of a Riemannian metric in Rn. We will consider cosmologies
undergoing an accelerated expansion in the direction of positive time t: expansion corresponds to

(2.2) ȧ := ∂ta > 0 ,

and the accelerated character of this expansion can by codified by imposing the integrability condition

(2.3)

∫ ∞
t0

1

a(s)
ds <∞ ,

where, from now on, t0 > 0 is fixed. We also assume that a(t) > 0 for all t ≥ t0.
Consider the covariant wave operator, defined by

(2.4) �gφ =
1√
|g|
∂α

(
gαβ

√
|g|∂βφ

)
,

where |g| = −det(gαβ), gαβ are the components of the inverse of gαβ , and where, as usual, greek indices run
from 0 to n. For the FLRW metric (2.1),we have

�gφ = −∂2t φ− n
∂ta

a
∂tφ+

1

a2
∆σφ ,(2.5)

where ∆σ is the Laplace operator of the metric σ, defined by

(2.6) ∆σφ =
1√
|σ|
∂i

(
σij
√
|σ|∂jφ

)
,
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for |σ| = det(σij), and where σij are the components of the inverse of σij , with latin indices taking values in
the range 1 to n.

Let 1 ≤ A,B,C ≤ d and φA : R1+n → R. In this work we study solutions to the Cauchy problem for
systems of semilinear wave equations of the form

(2.7)

{
�gφ

A = ÑA,αβ
BC (φ)∂αφ

B∂βφ
C ,

φA(t0, x) = φA0 (x) , ∂tφ
A(t0, x) = φA1 (x) ,

for (φA0 , φ
A
1 ) ∈ HK+1(Rn)×HK(Rn), K ≥ n+ 1, where the nonlinearities take the form

ÑA,00
BC = NA,00

BC ,(2.8)

ÑA,0j
BC = a−1(t)NA,0j

BC ,(2.9)

ÑA,i0
BC = a−1(t)NA,i0

BC ,(2.10)

ÑA,ij
BC = a−2(t)NA,ij

BC ,(2.11)

with NA,αβ
BC ∈ C∞b (Rd), i.e. the functions N have uniformly bounded derivatives of all orders. Note that by

using the Kronecker symbol we can compress the form of the nonlinearities to a single expression by writing

ÑA,αβ
BC = a−2+δ0α+δ0βNA,αβ

BC .(2.12)

The main results of our paper are compiled in

Theorem 2.1. Let K ≥ n + 1, where n ≥ 2 is the spatial dimension of a FLRW spacetime, with topology
R+ × Rn and smooth metric of the form (2.1), whose spatial geometry satisfies

(2.13)

n∑
i,j=1

(
‖σij − δij ‖L∞(Rn) +

K+1∑
k=1

‖ ∂kxσij ‖L∞(Rn)

)
=: Cσ <∞ .

Consider initial data φA0 , φ
A
1 : Rn → R, 1 ≤ A ≤ d, such that, for a fixed K ≥ n+ 1,

(2.14)
∑

1≤A≤d

(
‖φA0 ‖HK+1(Rn) + ‖φA1 ‖HK(Rn)

)
=: C0 <∞ .

Then, given t0 > 0, there exists δ0 > 0, such that, if Cσ + C0 ≤ δ0, the initial value problem

(2.15)

{
�gφ

A = a−2+δ0α+δ0βNA,αβ
BC (φ)∂αφ

B∂βφ
C ,

φA(t0, x) = φA0 (x) , ∂tφ
A(t0, x) = φA1 (x) ,

with NA,αβ
BC ∈ C∞b (Rd), admits a unique solution (φA, ∂tφ

A) ∈ L∞([t0, T ), HK+1(Rn))×L∞([t0, T ), HK(Rn)) .
Concerning the asymptotic behavior of the solutions, given a fixed 0 ≤ k < K − n

2 , we highlight that:

(1) For a general expanding factor we have

‖ ∂t∂kxφA(t, · ) ‖L∞ . C0

(∫ t

t0

an−2(s)ds

)
a−n(t) .(2.16)

(a) in the case of a power law expansion a(t) = tp, p > 1, (2.16) becomes

‖ ∂t∂kxφA(t, · ) ‖L∞ . C0t
−2p+1 ,(2.17)

(b) and in the de Sitter case a(t) = eHt, H > 0, (2.16) reads

‖ ∂t∂kxφA(t, · ) ‖L∞ . C0e
−2Ht .(2.18)

(2) Moreover, for a general expanding factor there exists a function φ∞ = (φA∞) : Rn → Rd, such that we
have

(2.19) ‖ ∂kx
(
φA(t, · )− φA∞

)
‖L∞ → 0 ,

as t→∞.
(a) in the case of a power law expansion a(t) = tp, p > 1, we have

‖ ∂kx
(
φA(t, · )− φA∞

)
‖L∞ . C0t

−2p+2 ,(2.20)
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(b) and in the de Sitter case a(t) = eHt, H > 0, we get

‖ ∂kx
(
φA(t, · )− φA∞

)
‖L∞ . C0e

−2Ht .(2.21)

Remark 2.2. The previous result applies to the following particular cases:

• Let φ be a wave map with base manifold one of our FLRW spacetimes (M, g) and target manifold
a given Riemannian manifold (N , h) with uniformly bounded geometry [26, Chapter 6], by which we
mean that we can cover N with coordinate charts of radius bounded from below, where the Christoffel
symbols of h, that we denote by ΓABC , are bounded and have bounded derivatives of all orders. Then,
in the small data setting, the wave map equations take the form

(2.22) �gφ
A = −gαβΓABC(φ)∂αφ

B∂βφ
C ,

which clearly fits into our framework. To this effect recall that gαβ are the components of the inverse
metric which is given by

(2.23) g−1 := −∂t ⊗ ∂t + a−2(t)σij∂xi ⊗ ∂xj ,
where σij are the components of σ−1.

• Arguably the most famous example of Fritz John’s “blow up” equations [10] is

(2.24) �gφ = (∂tφ)2 .

Recall that in 1+3 dimensional Minkowski spacetime, i.e., if g = η, where η is the flat metric, all
solutions arising from arbitrarily small, but non-trivial, smooth and compactly supported initial data,
blow up in finite time. However, if g is one of our FLRW metrics then the equation fits into our
framework and as a consequence our results show that, in such case, the equation satisfies small
data global existence to the future; so we see that the (small data) finite time blow up to the future
disappears as a consequence of the accelerated expansion.

• Linblad-Rodnianski’s basic example of a system that does not satisfy the null condition but satisfies
the weak-null condition (see [13] for more information) formally generalizes to our setting to yield

(2.25)

{
�gφ1 = 0 ,

�gφ2 = (∂tφ1)2 .

Contrary to what happens in Minkowski, in the FLRW case small data global existence for this
system is not as surprising in view of the fact that we also have global existence for Fritz John’s
equation (2.24).

3. Energy Formalism

We define the Energy-Momentum Tensor to be

(3.1) Tαβ = ∂αφ∂βφ−
1

2
gαβ∂

µφ∂µφ .

Let D be the Levi-Civita connection of the metric g. The divergence of the energy momentum is then

DαTαβ = ∂βφ�gφ .

Given a (smooth) vector field X, we define the 1-form

(X)Pα = TαβX
β .

Taking its divergence yields

(3.2) Dα(X)Pα =
1

2
(X)παβTαβ +X�gφ ,

where
(X)παβ := LXgαβ = DαXβ +DβXα ,

is a symmetric 2-tensor known as the Deformation Tensor of g with respect to X. Integrating the divergence
identity (3.2) over the time slab

{(t, x) | t0 ≤ t ≤ t1}
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and using Stokes’ theorem we get the following Multiplier Identity∫
t=t0

(X)PαN
α|g| 12 dx−

∫
t=t1

(X)PαN
α|g| 12 dx =

∫ t1

t0

∫
Rn

(
1

2
(X)παβTαβ +Xφ ·�gφ

)
|g| 12 dxdt ,(3.3)

where N = ∂t is the future pointing unit normal to the time slices t = const, |g| = −det(gαβ) = an det(σ) =

an|σ|, with |σ| := det(σij), and dx = dx1 · · · dxn. The integrand (X)PαN
α in (3.3) is the Energy Density

associated to X.
We can also control the sign of the contraction of the deformation tensor with the energy-momentum tensor,

on the right hand side, by choosing an appropriate multiplier vector field X. In fact we have

Lemma 3.1. For X = al∂t, where a is the expanding factor and l ∈ R, we have

(3.4) (X)παβTαβ = (n− l)al−1ȧ (∂tφ)
2

+ (2− n− l)al−3ȧ σij∂iφ∂jφ ,

where σij is the inverse of σij.

Proof. To compute the deformation tensor we start by noting that LXσ = 0,

LXdt = dιXdt = d(al) = lal−1ȧdt ,

and that

LXa = alȧ ,

in order to compute

(X)π = LXg = LX(−dt2 + a2σijdx
idxj)

= −2dtLXdt+ 2al+1ȧσijdx
idxj

= −2lal−1ȧdt2 + 2al+1ȧσijdx
idxj .

It then follows that

(X)παβT
αβ = −2lal−1ȧ

(
(∂tφ)

2
+

1

2
∂αφ∂

αφ

)
+2al+1ȧσij

(
∂iφ∂jφ− 1

2
gij∂αφ∂

αφ

)
,

and the desired result is then a consequence of the identities

(3.5) ∂αφ∂
αφ = − (∂tφ)

2
+ a−2σij∂iφ∂jφ ,

and

(3.6) σij∂
iφ∂jφ = a−4σij∂iφ∂jφ .

�

We thus choose l = 2− n, for which we have

(3.7) (X)παβT
αβ ≥ 0 ,

and define

(3.8) E[φ](t) :=

∫
{t}×Rn

(X)PαN
α|g| 12 dx =

1

2

∫
Rn

[
a2(∂tφ)2 + σij∂iφ∂jφ

]
(t, x)|σ| 12 dx .

Consequently, the identities (3.3) and (3.4) give rise to

(3.9) E(t1) ≤ E(t0) +

∫ t1

t0

∫
Rn
a2 |∂tφ�gφ| |σ|

1
2 dxdt .

Introducing the L2 norm defined by

‖ f ‖L2
σ

=

(∫
Rn
|f(x)|2 |σ| 12 dx

) 1
2

,
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we can apply the Cauchy-Schwarz inequality followed by Young’s inequality to (3.9) to obtain

E(t) ≤ E(t0) +

∫ t1

t0

‖ a ∂tφ ‖L2
σ
‖a�gφ‖L2

σ
dt

≤ E(t0) +
√

2 sup
t0≤t≤t1

{
E1/2(t)

}∫ t1

t0

‖a�gφ‖L2
σ
dt

≤ E(t0) +
ε

2
sup

t0≤t≤t1
E(t) +

1

ε

(∫ t1

t0

‖a�gφ‖L2
σ
dt

)2

,

where ε can be any positive constant, which when chosen sufficiently small allows us to conclude that

sup
t0≤t≤t1

E(t) ≤ 1

1− ε
2

(
E(t0) +

1

ε

(∫ t1

t0

‖a�gφ‖L2
σ
dt

)2
)
.

From the previous we immediately obtain our main energy estimate:

Theorem 3.2. Let g be the FLRW metric (2.1). Then, there exists a constant C1 > 0 such that given
φ : [t0, T )× Rn → R, the following energy estimate holds

(3.10) sup
t0≤t<T

E1/2(t) ≤ C1

(
E1/2(t0) +

∫ T

t0

a(t)‖�gφ ‖L2
σ
dt
)
,

for the energy E = E[φ] defined in (3.8).

4. local existence

Consider two conformally related metrics in R1+n

g = Ω2g̃ .

Then a direct computation shows that

(4.1) �gφ = Ω−2�g̃φ+ (n− 1)Ω−3g̃αβ∂αΩ∂βφ .

If we let g be the FLRW metric (2.1) and consider the standard change of time variable

(4.2) τ =

∫ t

t0

1

a(s)
ds ,

then

(4.3) g = a2(τ)
(
−dτ2 + σijdx

idxj
)

=: a2ησ .

Using (4.1) with Ω = a and g̃ = ησ we conclude that the semilinear equation

�gφ = F (φ, ∂φ)

is equivalent to

�ησφ = (n− 1)
∂τa

a
∂τφ+ a2F (φ, ∂φ) .

We can then apply classical local well-posedness results for nonlinear wave equations on perturbations of
Minkowski (see for instance [25, Theorem 4.1] and [12, Theorem 6.1 and Theorem 6.6], which when translated
back to our original setting lead to

Theorem 4.1. Let (M,g) be a FLRW spacetime, with M = R+×Rn and smooth metric of the form (2.1).
Assume moreover that

(4.4) sup
x∈Rn

∑
i,j

|σij − δij | < 1

10
.

Then, the initial value problem

(4.5)

{
�gφ = F (φ, ∂φ) ,

φ(t0, x) = φ0(x) , ∂tφ(t0, x) = φ1(x) ,

with F ∈ C∞, F (0, 0) = 0, and (φ0, φ1) ∈ HK+1(Rn) × HK(Rn), K ≥ n + 1, admits a unique solution
(φ, ∂tφ) ∈ L∞([t0, T ), HK+1(Rn))× L∞([t0, T ), HK(Rn)), where T = T (‖ (φ0, φ1) ‖HK+1×HK ) > 0 .
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5. Global Existence for small data

In this section we establish small data global existence for the system (2.15) under the conditions of
Theorem 4.1. To do that recall that C0 denotes the size of the initial data (2.14). We start by defining

EK(t) :=
∑

1≤A≤d

K∑
k=0

E1/2[∂kxφ
A](t) =

∑
1≤A≤d

1√
2

K∑
k=0

(∫
{t}×Rn

a2(∂t∂
k
xφ

A)2 + σij∂i∂
k
xφ

A∂j∂
k
xφ

A

) 1
2

.

Some comments concerning notation are in order: first we are using ∂kx to denote any differentiation of
order k with respect to the spatial variables xi, i.e., any differentiation of the form

∂k1

∂xi1
· · · ∂

kl

∂xil
,

with
∑
ki = k; secondly, we are omitting the volume form |σ| 12 dx in order to not overburden the notion; this

is clearly not an issue since by the smallness condition on the metric we have |σ| ∼ 1, uniformly on x, which
allows us to drop this coefficient from all spatial L2 based norms. On this note it might be helpful to make
it clear that by choosing Cσ sufficiently small, there exits C > 0 such that

(5.1) C−1δijξiξj ≤ σijξiξj ≤ Cδijξiξj ,

for all ξ = (ξi) ∈ Rn .
We proceed by a continuity argument. Let K ≥ n + 1 and assume that M is a large enough constant so

that

(5.2) EK(t0) ≤ MC0

C2
,

where C2 is a constant, independent of C0 and Cσ, that will be specified in the course of the proof. Next we
assume as bootstrap condition that T is the supremum over all times of existence t ≥ t0 for which

(5.3) sup
t0≤t<T

EK(t) ≤ 4MC0 .

That a T > t0 in such conditions exists is a direct consequence of Theorem 4.1.
Using Sobolev embedding, the relation (5.1), and the bootstrap assumption we see that for 0 ≤ l < K − n

2 ,
and 0 ≤ t < T , we have

(5.4) ‖ ∂lx∂xφA(t, · ) ‖L∞(Rn) ≤ C‖ ∂xφA(t, · ) ‖HK(Rn) ≤ CEK(t) ≤ 4MCC0 ,

for all A ∈ {1, 2, ..., d}. Moreover, for 0 ≤ l < K − n
2 , and 0 ≤ t < T , we get

(5.5) ‖ ∂lx∂tφA(t, · ) ‖L∞(Rn) ≤ C‖ ∂tφA(t, · ) ‖HK(Rn) ≤ Ca−1(t)EK(t) ≤ 4MCC0 a
−1(t) ,

again for all A ∈ {1, 2, ..., d}. Let 0 ≤ k ≤ K. The spatial derivatives satisfy the equation

�g∂
k
xφ

A = ∂kx�gφ
A + [�g, ∂

k
x ]φA

= ∂kx

(
ÑA,αβ
BC (φ)∂αφ

B∂βφ
C
)

+ [�g, ∂
k
x ]φA ,

so that applying the energy estimate (3.10) for A ∈ {1, 2, ..., d}, summing and taking the supremum gives

sup
t0≤t<T

EK(t) ≤ CEK(t0) + C

d∑
A=1

K∑
k=0

{∫ T

t0

a(t)‖ ∂kx
(
ÑA,αβ
BC (φ)∂αφ

B∂βφ
C
)
‖L2

σ
dt+(5.6)

+

∫ T

t0

a(t)‖ [�g, ∂
k
x ]φA ‖L2

σ
dt

}
.

Let us first concentrate on the second term on the right hand side of the previous energy estimate. Using
the form of the non-linearities (2.12) we get

(5.7) ‖ ∂kx
(
ÑA,αβ
BC (φ)∂αφ

B∂βφ
C
)
‖L2

σ
≤ C (a(t))

δ0α+δ0β−2 ‖ ∂kx
(
NA,αβ
BC (φ)∂αφ

B∂βφ
C
)
‖L2(Rn) .
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To simplify notation we will use N to collectively denote all the functions NA,αβ
BC . That being said, we note

that modulo some multiplicative positive constants arising from the application of Leibniz rule, the terms
‖ ∂kx

(
N (φ)∂αφ

B∂βφ
C
)
‖L2(Rn) can be bounded by sums of terms of the form

‖ ∂k1x N (φ)∂k2x
(
∂αφ

B∂βφ
C
)
‖L2(Rn) ,

with k1, k2 ≥ 0 and k1 + k2 = k. In particular, either k1 ≤ k/2 or k2 ≤ k/2.
Let us start with the case k1 ≤ k/2. Recall that, by assumption,

(5.8) ‖ ∂lφN ‖L∞(Rd) ≤ C ,

for all 0 ≤ l ≤ K. This gives the necessary control ‖N (φ(t, · )) ‖L∞(Rn) ≤ C needed in the case k1 = 0. If

k1 ≥ 1, the chain rule implies that ‖ ∂k1x (N (φ)) ‖L∞(Rn) is bounded by sums of terms of the form

O(1)Πsi‖ ∂six φA ‖L∞(Rn) ,

with
∑
si = k1, and si ≥ 1. In view of (5.4) we see that these terms are bounded, since we have 0 ≤ l =

si − 1 ≤ k1 − 1 ≤ k/2 − 1 ≤ K/2 − 1 < K − n/2, where the last inequality follows from the fact that
K ≥ n+ 1 > n− 2. Consequently

(5.9) ‖ ∂k1x N (φ)∂k2x
(
∂αφ

B∂βφ
C
)
‖L2(Rn) ≤ C‖ ∂k2x

(
∂αφ

B∂βφ
C
)
‖L2(Rn) .

But now the right hand side is bounded by sums of terms of form

‖ ∂k̃1x ∂αφB∂k̃2x ∂βφC ‖L2(Rn) ,

with k̃1 + k̃2 = k2 ≤ k. We may then assume without loss of generality that k̃1 ≤ k/2. Since K ≥ n+ 1 we

have 0 ≤ k̃1 ≤ k/2 ≤ K/2 < K − n/2 and therefore we are allowed to use either (5.4), if α 6= 0, or (5.5), if
α = 0, to conclude that

(5.10) ‖ ∂k̃1x ∂αφB ‖L∞(Rn) ≤ (a(t))
−δ0α 4MCC0 .

But then we get

‖ ∂k̃1x ∂αφB∂k̃2x ∂βφC ‖L2(Rn) ≤ ‖ ∂k̃1x ∂αφB ‖L∞(Rn)‖ ∂k̃2x ∂βφC ‖L2(Rn)(5.11)

≤ (a(t))
−δ0α 4MCC0 (a(t))

−δ0β EK(t) .

Using (5.9) and (5.11) we finally establish

(5.12) ‖ ∂k1x N (φ)∂k2x
(
∂αφ

B∂βφ
C
)
‖L2(Rn) ≤ (a(t))

−δ0α−δ0β 4MCC0EK(t) ,

provided k1 ≤ k/2.
Let us now consider the case k1 > k/2. In such case k2 < k/2 and therefore we see that

‖ ∂k2x
(
∂αφ

B∂βφ
C
)
‖L∞(Rn)

is bounded by terms of the form

(5.13) ‖ ∂k̂1x ∂αφB ‖L∞(Rn)‖ ∂k̂2x ∂βφC ‖L∞(Rn) ≤ (a(t))
−δ0α−δ0β 4MCC0EK(t) ,

where the last estimate is a consequence of (5.4) and (5.5) and the fact that k̂1 + k̂2 = k2 < k/2 ≤ K/2 and
K ≥ n+ 1.

Next we need to control

(5.14) ‖ ∂k1x N (φ) ‖L2(Rn) , k1 > k/2 .

Applying the chain rule and using (5.8), we see that |∂k1x N (φ)| is controlled by sums of terms of the form

|O(1)Πsi∂
si
x φ

A| , with
∑

si = k1 .

By an appropriate relabeling, set s1 = max{si} so that si ≤ k1/2 ≤ k/2, for all i 6= 1, which, in view of (5.4),
implies

‖ ∂six φA ‖L∞(Rn) ≤ 4MCC0 , for all i 6= 1 .

Consequently, using the bootstrap assumption,

‖Πsi∂
si
x φ

A ‖L2(Rn) ≤ 4MCC0‖ ∂s1x φA ‖L2(Rn) ≤ (4MCC0)2 ,
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from which, by decreasing C0 if necessary, we can establish

(5.15) ‖ ∂k1x N (φ) ‖L2(Rn) ≤ 1 .

The last estimate together with (5.13) then allows us to conclude that (5.12) also holds in the case k1 > k/2.
So, for any 0 ≤ k ≤ K, using (5.7) leads to

(5.16) ‖ ∂kx
(
ÑA,αβ
BC (φ)∂αφ

B∂βφ
C
)
‖L2

σ
≤ aδ0α+δ0β−2a−δ0α−δ0β4MCC0EK(t) = a−24MCC0EK(t) ,

and

(5.17)

∫ T

t0

a(t)‖ ∂kx
(
ÑA,αβ
BC (φ)∂αφ

B∂βφ
C
)
‖L2

σ
dt ≤ 4MCC0

∫ T

t0

EK(t)

a(t)
dt .

We now consider the last term in (5.6). In the case k = K, the commutator [�g, ∂
k
x ] is the difference of

two differential operators of order K + 2 and this is worrisome since, a priori, our bootstrap assumption only
gives control of derivatives up to order K+1! But it is well known that the top derivatives cancel out (see for
instance [1, Section 6.2] or [6]). For the sake of completeness, we show here that [�g, ∂

k
x ] is in fact of order

k+1, and that moreover enough factors involving the spatial metric σ appear and provide, via the Kth order
near flatness condition (2.13), a small parameter Cσ that will allow us to close our bootstrap argument.

Using (2.5) we see that

(5.18) [�g, ∂
k
x ] = a−2[∆σ, ∂

k
x ] .

Then, if we note that Leibniz rule can be written as

(5.19) ∂kx(fg) =
∑

k1+k2=k

ck1,k2∂
k1
x f∂

k2
x g ,

with the ck1,k2 positive constant such that c0,k = 1, we can use (2.6) to compute

[∆σ, ∂
k
x ]φ = ∆σ∂

k
xφ− ∂kx

[
1√
|σ|
∂i

(
σij
√
|σ|∂jφ

)]
,

= ∆σ∂
k
xφ−

∑
k1+k2=k

ck1,k2∂
k1
x

(
|σ|−1/2

)
∂k2x

(
σij
√
|σ|∂jφ

)
= ∆σ∂

k
xφ− c0k|σ|−1/2∂i

∑
k1+k2=k

ck1,k2∂
k1
x

(
σij
√
|σ|
)
∂k2x ∂jφ

−
∑

k1+k2=k , k1 6=0

ck1,k2∂
k1
x

(
|σ|−1/2

)
∂k2x

(
σij
√
|σ|∂jφ

)
= ∆σ∂

k
xφ− |σ|−1/2∂i

(
c0kσ

ij
√
|σ|∂j∂kxφ

)
−|σ|−1/2∂i

∑
k1+k2=k , k1 6=0

ck1,k2∂
k1
x

(
σij
√
|σ|
)
∂k2x ∂jφ

−
∑

k1+k2=k , k1 6=0

ck1,k2∂
k1
x

(
|σ|−1/2

)
∂i

∑
k̃1+k̃2=k2

ck̃1,k̃2∂
k̃1
x

(
σij
√
|σ|
)
∂k̃2x ∂jφ ,

since the two terms in the first line of the last equality cancel out, we finally arrive at

−a2[�g, ∂
k
x ]φA = |σ|−1/2∂i

∑
k1+k2=k , k1 6=0

ck1,k2∂
k1
x

(
σij
√
|σ|
)
∂k2x ∂jφ

A

+
∑

k1+k2=k , k1 6=0

ck1,k2∂
k1
x

(
|σ|−1/2

)
∂i

∑
k̃1+k̃2=k2

ck̃1,k̃2∂
k̃1
x

(
σij
√
|σ|
)
∂k̃2x ∂jφ

A .(5.20)

We can now use Jacobi’s formula to write, given l ∈ R,

(5.21) ∂x|σ|l = l|σ|lσij∂xσij .

Recall the well known fact that

(5.22) ∂xσ
ij = −σkjσis∂xσsk .
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By direct inspection of (5.20) we see that: i) all terms on the right hand side contain at least one factor
involving derivatives of |σ|l or of σij which, according to the previous identities and (2.13) can be bounded,
in L∞(Rn), by CCσ; ii) all terms contain derivatives ∂kx∂jφ

A, with 0 ≤ k ≤ K, all of which can be bounded,
in L2(Rn), by the energy EK ; iii) Finally, there are also terms involving factors of |σ|l or σij which are clearly
bounded, in L∞(Rn). We thus conclude that

(5.23) ‖ [�g, ∂
k
x ]φA(t, · ) ‖L2(Rn) ≤ Ca−2(t)CσEK(t) ,

and consequently

(5.24)

∫ T

t0

a(t)‖ [�g, ∂
k
x ]φA ‖L2

σ
dt ≤ CCσ

∫ T

t0

EK(t)

a(t)
dt .

We are now ready to close our bootstrap argument. From estimates (5.6), (5.17) and (5.24), it follows that

EK(t) ≤ sup
t0≤t<T

EK(t)

≤ CEK(t0) + d(K + 1)4MCC0

∫ T

t0

EK(t)

a(t)
dt+ d(K + 1)CCσ

∫ T

t0

EK(t)

a(t)
dt

≤ C2

(
EK(t0) + C0

∫ T

t0

EK(t)

a(t)
dt+ Cσ

∫ T

t0

EK(t)

a(t)
dt

)
.

Using Grönwall’s inequality leads to

(5.25) EK(t) ≤ C2EK(t0) exp

(
C2(C0 + Cσ)

∫ T

t0

1

a(t)
dt

)
.

By the integrability condition (2.3) and choosing C0 + Cσ sufficiently small, we can ensure

exp

(
C2(C0 + Cσ)

∫ T

t0

1

a(t)
dt

)
< 2.

Applying this, (5.2), and taking supremum in (5.25) then yields

(5.26) sup
t0≤t<T

EK(t) ≤ 2MC0 ,

which corresponds to a strict improvement of the bootstrap assumption (5.3), from which we can conclude
that T = +∞.

6. Sharp decay estimates

We will establish sharp decay upper bounds for the global solutions constructed in the previous section.
Dropping the capital latin indices to simplify notation, we see that our wave equation can be written in

the form

∂t(a
n∂tφ) = an−2

(
∆σφ− a2Ñαβ∂αφ∂βφ

)
.(6.1)

From (2.13) and (5.4) we see that

‖∆σφ ‖L∞ ≤ ‖ |σ|−1/2∂i
(
σij
√
|σ|
)
∂jφ ‖L∞ + ‖σij∂i∂jφ ‖L∞

. CσC0 ,(6.2)

while (5.16), (5.26) and Sobolev embedding imply

‖ a2Ñαβ∂αφ∂βφ ‖L∞ . C2
0 .(6.3)

Then, integrating (6.1), we conclude

an(t)∂tφ(t, x) = an(t0)∂tφ(t0, x) +

∫ t

t0

an−2(s)
(

∆σφ− a2Ñαβ∂αφ∂βφ
)

(s, x)ds ,(6.4)

from which, in view of the previous estimates, it follows that

|an(t)∂tφ(t, x)| . C0 + C0

∫ t

t0

an−2(s)ds ,(6.5)
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therefore

|∂tφ(t, x)| . C0

(
1 +

∫ t

t0

an−2(s)ds

)
a−n(t)

. C0

(∫ t

t0

an−2(s)ds

)
a−n(t) .(6.6)

Note that if we consider the de Sitter case a(t) = eHt we immediately obtain (for n ≥ 2)

|∂tφ(t, x)| . C0e
−2Ht ,(6.7)

while in the case a(t) = tp, p > 1, we have

|∂tφ(t, x)| . C0t
−2p+1 .(6.8)

If we commute the wave equation with spatial derivatives we obtain

∂t(a
n∂t∂

k
xφ) = an−2

(
∂kx∆σφ− a2∂kxÑαβ∂αφ∂βφ

)
.(6.9)

Relying once again on (5.4) and (2.13), a simple adaptation of (6.2) shows that, for k < K − n
2 ,

‖ ∂kx∆σφ ‖L∞ . CσC0 .

while (5.16) and Sobolev embedding give us, also for k < K − n
2 ,

‖ a2∂kxÑαβ∂αφ∂βφ ‖L∞ . C0 .

So, by integrating (6.9) we conclude that

|∂t∂kxφ(t, x)| . C0

(∫ t

t0

an−2(s)ds

)
a−n(t) ,(6.10)

provided that k < K − n
2 .

Next we focus on constructing the limiting function φ∞ in the case of a general expanding factor. To do
that we start by noticing that since a(t) is positive and increasing we have∫ ∞

t

(∫ s

t0

an−2(u)du

)
a−n(s)ds ≤

∫ ∞
t

a−1(s)ds

∫ ∞
t0

a−1(u)du ≤ C
∫ ∞
t

a−1(s)ds .(6.11)

We can then set

φ∞(x) := φ(t0, x) + lim
t→∞

∫ t

t0

∂tφ(s, x)ds ,(6.12)

which is well defined in view of (6.6), (6.11) and the fact that a−1 is integrable.
Then

|φ(t, x)− φ∞(x)| ≤
∫ ∞
t

|∂tφ(s, x)|ds ≤ C
∫ ∞
t

a−1(s)ds ,(6.13)

and

‖φ(t, · )− φ∞ ‖L∞ . C0

∫ ∞
t

a−1(s)ds→ 0 ,(6.14)

as t→∞. In particular, this gives

‖φ(t0, · )− φ∞ ‖L∞ . C0 .(6.15)

Similarly, we can define

φx,∞(x) := ∂xφ(t0, x) + lim
t→∞

∫ t

t0

∂t∂xφ(s, x)ds ,(6.16)

and obtain

|∂tφ(t, x)− φx,∞(x)| ≤
∫ t

t0

|∂t∂xφ(s, x)|ds . C0

∫ ∞
t

a−1(s)ds→ 0 ,(6.17)
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as t→∞. From this uniform convergence and the already established convergence of φ( · , x), as t→∞, we
conclude that

φx,∞ = ∂xφ∞ .

It is now easy to conclude by induction that, for all k < K − n
2 , we have

‖ ∂kx (φ(t, · )− φ∞) ‖L∞ . C0

∫ ∞
t

a−1(s)ds→ 0 ,(6.18)

as t→∞.

The quantitative decay estimates (2.20) and (2.20), which are specific to the power law case a(t) = tp,
p > 1, and the de Sitter case a(t) = eHt, H > 0, respectively, now follow easily, by using the corresponding
expansion factors in the previous procedure.

Acknowledgements

This work was partially supported by FCT/Portugal through CAMGSD, IST-ID , projects UIDB/04459/2020
and UIDP/04459/2020, by FCT/Portugal and CERN through project CERN/FIS-PAR/0023/2019 and
through the FCT fellowship CEECIND/00936/2018 (A.F.).

References

[1] S. Alinhac (2010). Geometric analysis of hyperbolic differential equations: An Introduction. London Mathematical Society
Lecture Note Series: 374, (Cambridge University Press).

[2] D. Baskin (2010). A parametrix for the fundamental solution for the Klein-Gordon equation on asymptotically de Sitter

spaces. J. Funct. Anal., 259(7), p. 1673–1719, arXiv:0905.0447 [math.AP].
[3] Y. Choquet-Bruhat (2000). Global wave maps on Robertson–Walker spacetimes. Nonlinear dynamics, 22, p. 39-47.

[4] S. Cotsakis, J. Miritzis and K. Tzanni (2019). Cosmological wave maps. International Journal of Modern Physics A, Vol.
34, 1950092, arXiv:1905.11049 [gr-qc].

[5] J. L. Costa, P. Oliveira and J. Natário (2019). Decay of solutions of the wave equation in expanding spacetimes. Journal

of Hyperbolic Differential Equations, Vol. 16, No. 01, p. 35-58, arXiv:1801.08944 [gr-qc].
[6] M. Dafermos and I. Rodnianski (2013). Lectures on black holes and linear waves. Clay Mathematics Proceedings,

Amer. Math. Soc. 17, p. 97-205. arxiv:gr-qc/0811.0354.

[7] M. Ebert and M. Reissig (2018). Regularity theory and global existence of small data solutions to semi-linear de Sitter
models with power non-linearity. Nonlinear Analysis: Real World Applications, 40, p. 14–54, arXiv:1703.09838 [math.AP].

[8] A. Galstian and K. Yagdijan (2016). Global in time existence of self-interacting scalar field in de Sitter spacetimes. Nonlinear

Analysis: Real World Applications, 34, p. 110–139, arXiv:1602.03897.
[9] P. Girão. Private communication.

[10] F. John (1981). Blow up for quasilinear wave equations in three space dimensions. CPAM 34 , p. 29-51.

[11] M. Narita (2007). Wave maps in gravitational theory. Advanced Studies in Pure Mathematics 47-1, Asymptotic Analysis
and Singularities, p. 253-272.

[12] J. Luk. Introduction to nonlinear wave equations.
[13] H. Lindblad and I. Rodnianski (2010). Global stability of Minkowski space-time in harmonic gauge. Annals of Mathematics,

Vol. 171, 3, p. 1401-1477, arXiv:math/0411109 [math.AP].

[14] S. Klainerman and P. Sarnak (1981). Explicit solutions of �u = 0 on the Friedmann- Robertson-Walker space-times. Annales
de l’I. H. P., section A, Vol. 35, no 4, p. 253-257.

[15] S. Klainerman (1982). Long time behavior of solutions to nonlinear wave equations. Proceedings of the ICMA, Warsaw,

1209-1215.
[16] J. Natário, A. Sasane (2019). Decay of solutions to the Klein-Gordon equation on some expanding cosmological spacetimes.

arXiv:1909.01292 [gr-qc].

[17] J. Natário and F. Rossetti (2021). Explicit formulas and decay rates for the solution of the wave equation in cosmological
spacetimes. arXiv:2112.00771 [gr-qc].

[18] J. Oliver (2016). A vector field method for non-trapping, radiating spacetimes. Journal of Hyperbolic Differential Equations,

Vol. 13, No. 04, p. 735-790, arXiv:1410.5154 [math.AP].
[19] J. Oliver and J. Sterbenz (2020). A vector field method for radiating black hole spacetimes. Analysis & PDE, 13, No. 1,

p. 29-92, arXiv:1705.10714 [math.AP].

[20] A. Rendall (2005). Asymptotics of solutions of the Einstein equations with positive cosmological constant. Ann. Henri
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