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ABSTRACT. We identify a large class of systems of semilinear wave equations, on fixed accelerated expanding
FLRW spacetimes, with nearly flat spatial slices, for which we prove small data future global well-posedness.
The family of systems we consider is large in the sense that, among other examples, it includes general wave
maps, as well as natural generalizations of some of Fritz John’s “blow up” equations (whose future blow
up disappears, in our setting, as a consequence of the spacetime expansion). We also establish decay upper
bounds, which are sharp within the family of systems under analysis.

1. INTRODUCTION

It is well known that an accelerated expansion provides a mechanism that helps explain the high homogene-
ity and isotropy of the observed Universe [23]. At the level of wave equations, on fixed accelerated expanding
cosmologies, such process of attenuation of perturbations provides a favorable environment to establish future
global existence results closely related to “fast” decay estimates of some relevant quantities.

In this paper we realize these expectations by identifying a “large” class of Cauchy problems for systems
of semilinear wave equations

(L1) {DW‘ = a7 B N2 (9)00 P 030

¢A(t07x) = ¢64($) ) 6t¢A(t07 ‘T) = ¢{1($) )
on fixed accelerated expanding FLRW spacetimes with metric of the form
(1.2) g = —dt’ + a*(t)o;;(v)dz'da’ |

for which we prove small data future global well-posedness. We also establish decay upper bounds, which are
sharp within the family of systems under consideration. We use the adjective “large” since includes:
i) general wave maps, which for small data and under the assumption of uniformly bounded geometry of the
target manifold (see Remark satisfy

(1.3) Ot = —g* T30 (6)0a0"050

where I'4} -, are the Christoffel symbols of the target manifold’s Riemannian metric; i7) but also includes other
examples of equations that do not exhibit any particular form of null structure. A noteworthy example of
the later corresponds to Fritz John’s equation [10]

(1.4) Ogd = (0:0)* .
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Recall that in 14-3 dimensional Minkowski spacetime, i.e., if g = 7, where 7 is the flat metric, the semilinear
term in John’s equation is responsible for finite time blow-up of solutions arising from arbitrarily small, but
non-trivial, smooth and compactly supported initial data. As we will see, as a consequence of our results,
this is no longer the case if g corresponds to the metric of an accelerated expanding FLRW cosmology, with
nearly flat spatial slices.

Returning to wave maps, it is of interest to note that, on par with Einstein’s equations, they arguably
correspond to the class of geometric wave equations that have triggered the biggest developments on the
geometric analysis of evolution equations. Most of the work on the field [26] Chapter 6] as been carried out
in the context of Minkowski and perturbations thereof (as base manifolds[@ and a typical motivation for the
study of such maps comes from cosmology [211 [111 [4].

The original motivation for our work was to identify classes of nonlinear wave equations, with relevant
content in cosmological modeling, exhibiting future small data global existence. Wave maps were therefore a
natural starting point. However, it rapidly became clear that our techniques applied to a wider class of wave
equations and, therefore, focusing only on wave maps would be an artificial restriction that would obscure
the mechanisms for decay and global existence, in accelerated expanding cosmologies. The end result of our
research was the identification of a nonlinear structure that takes advantage of the knowledge gained
concerning the decay rate of derivatives of solutions to the linear homogeneous wave equations in FLRW [5]
to create a favorable setup in the semilinear setting. Recall that time derivatives of the linear solutions
decay with a rate dictated by the expansion factor a(t), while spatial derivatives are at best bounded and,
in general, do not decay at all (see the next section for more information). The structure is then
designed to make sure that any badly decaying derivative is multiplied by a “good” derivative and/or by
inverse powers of the expanding factor a(t). This is akin to the role played by the celebrated null structure in
Minkowski, discovered by Klainerman [15]. Nonetheless, although similar in spirit the direct generalization of
the null structure to the FLWR setting E| and the nonlinear structure identified in this paper are quite
different both in form and content; some relevant similarities and distinctions have already been presented
in the examples discussed above.

1.1. Some basic lessons from previous works. In this paper we will be concerned with accelerated
expanding FLRW cosmologies (see Section [2| for more details) with spacetime topology M = {(t,x) |t €
R*, z € R"} and we will assume that expansion occurs in the direction of increasing ¢, to which we will refer
as the future direction. Two causal/geometric consequences of the accelerated expansion that are particularly
relevant to our work are the following:

e Global in time information from local in space data: given a fixed zo € R™, let y(t) = (t,z9) € RT xR"
be an observer that “reaches infinity” and let D be its domain of dependence. Then, DN {t > T} is
compact, for all T' > 0, see Figure [I]

e Cosmic silence: given two such curves v;(t) = (¢t,x;) € RT x R", i = 1,2, if we denote by D; the
corresponding domains of dependence, then, for all sufficiently big T' > 0, D;NDyN{t > T} = 0, see
Figure

As a consequence of the first property, we see that for any hyperbolic equation that, in particular, satisfies
the domain of dependence property, we can obtain global in time information about its solutions, from
localized initial data prescribed on a compact set of the form DN {t = T} ﬂ In particular, we can assume
that our initial data is contained in a large enough torus T™. Then, if the torus is flat and we consider the
homogeneous wave equation we can, in fact, derive explicit solutions using Fourier series, as done in Appendix
A of [B]; these solutions can then be used to clarify what is the sharp asymptotic behavior of solutions. For
instance, in the case of a power law expanding factor a(t) = t?, p > 1, we will show that small data solutions
in our class of semilinear wave equations satisfy the following estimates (valid in the future region)

|0y S 2P H

4The reader might find the lack of reference to the target manifold’s topology strange, but please note that this is simply a
manifestation of the fact that we are only considering small data problems. See Remark below for more information.

5By which we mean the structure obtained by replacing, in the original null structure, the flat metric by the FLRW metric
g.

6This is in stark contrast with what happens, for instance, in Minkowski spacetime, and was used in groundbreaking work
by Ringstrom [22] to establish future non-linear stability of de Sitter spacetime (a particularly relevant example of our FLRW
family) as a solution of appropriate Einstein-non-linear scalar field systems.
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FIGURE 1. a) Section of Penrose diagram with D N {t > T'} depicted as the hatched region.
b) 2-dimensional representation in R™ x R™ of D.
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FIGURE 2. a) Section of Penrose diagram with Dy N Dy N {t > T} depicted as the hatched
regions. b) 2-dimensional representation in R x R™ of D; and Ds.
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Since within the referred Fourier mode solutions [5, (155)—(157)] there are solutions with this exact profile,
with “<” replaced by “~”, and since the homogeneous wave equation is a particular case of our setup, we
can then conclude that these estimates are sharp within our class of equations.

Now let us discuss an important consequence of cosmic silence. Let us start with the wave equation Hg¢ = 0
and let us choose T'>> 1 such that Dy N Dy N {t > T} = B, as described before. Now consider the Cauchy
problem with data posed on ¢t = T such that ¢;p,n—7r} = C;i and Oidp,~yi=1y = 0, where the C; are
distinct constants. Then, by the domain of dependence property and the fact that the homogenous wave
equation admits constants as solutions, we conclude that ¢ p, (t,z) = Cj, for all t. In particular, ¢ does not
converge to a constant at infinity, instead we have lim;_, 1 o |#(¢, ) — doo ()| = 0, for some (non-constant)
function & — ¢ (). We can now easily see that the exact same conclusions apply to any (non-linear) wave
equation that admits constants as solutions; this is exactly what happens with our class of semilinear wave
equations (see and ) Moreover this should be contrasted with what happens if we consider the
Klein-Gordon case Og¢p = m?¢ with non-zero mass m: then the only constant solution is the trivial one
and the remaining solutions, arising from appropriate initial data, decay to zero at future infinity (see for
instance [16]).

1.2. Other related works. The mathematical analysis of wave equations on expanding cosmological space-
times has a long and rich history that can be traced back to the work of Klainerman and Sarnak [I4]. Here
we will not try to give a complete overview of the subject and will instead simply focus on previous works
that are concerned with the analysis of such PDEs in fixed accelerated expanding FLRW cosmologies.



Sharp and almost sharp decay estimates for linear wave equations in accelerated expanding FLRW space-
times, with special emphasis on de Sitter, can be found in [20, 29] 2] B 16, [17]. For a detailed presentation
of systems of linear wave equations on various cosmological backgrounds we refer to the monograph [24] of
Ringstrom.

In [3] Choquet-Bruhat investigated wave maps with FLRW base space and established global existence
under appropriate smallness conditions on the data and the spatial geometry. There is some overlap between
these results and the existence results of our paper in what pertains to wave maps. Nonetheless we should
mention that Choquet-Bruhat’s strategy is more geometric in nature and is restricted to wave maps with
1 4+ n dimensional base spaces and n < 3; moreover her work does not provide an asymptotic analysis of the
maps.

A thorough study of linear and semilinear wave equations, using representation formulas via integral trans-
forms, has been performed by Galstian and Yagdjian (see [, 28] 27] and references therein). These works
consider non-linearities depending only on ¢ and are restricted to the Klein-Gordon case with non-vanishing
mass term; this last fact reveals itself in the fact that in their case ¢ — 0, as t — 0 (see discussion in the end
of Section [L.1]). Results along the same line have been also obtained by Ebert and Reissig [7].

1.3. Overview. In Section [2] we present our geometrical setup, the structure of our systems of semilinear
equations and our main results. In Section [3] we establish our basic energy estimate using the vector field
method. The issue of local existence is settled in Section ] where we use the conformal method to transform
our equations into equations in Minkowski, where we can invoke classical local existence results. The proof
of small data global existence is carried out in Section To this end we use a bootstrap argument that
extends the methods of proof developed in [I8] and [19]: in a nutshell, the nonlinear structure takes
advantage of the integrability of 1/a(t) in order to achieve balanced commutator estimates for derivatives in
L? and L°; this allows us to close the bootstrap. Finally, in Section |§| we establish the sharp future decay
estimates. The simple proof presented here is a variation on an idea by Pedro Girao [9] to deal with the de
Sitter case, which was previously implemented in [16]. Here we present a streamlined and extended version of
this strategy; streamlined by avoiding the need to use conformal time and extended to semilinear equations
and the entire FLRW family under consideration.

2. SETUP AND MAIN RESULTS

Let (M,g) be a Friedman-Lemaitre-Robertson-Walker (FLRW) spacetime with topology R x R™ and
metric

(2.1) g = —dt* + a*(t)o;;da'da’

where 0;; = 0y;(z) are the components of a Riemannian metric in R”. We will consider cosmologies
undergoing an accelerated expansion in the direction of positive time ¢: expansion corresponds to

(2.2) G =0 >0,

and the accelerated character of this expansion can by codified by imposing the integrability condition

(2.3) /too %ds < o0,

where, from now on, ¢y > 0 is fixed. We also assume that a(t) > 0 for all ¢ > ¢,.
Consider the covariant wave operator, defined by

1 (0%
(2.4) Ugo = \/ﬁaa (g Bv |g|3g¢) )
where |g| = — det(gng), g*? are the components of the inverse of g3, and where, as usual, greek indices run

from 0 to n. For the FLRW metric (2.1]),we have
0 1
(2:5) gt = —076 —n==06+ — A6,

where A, is the Laplace operator of the metric o, defined by

(2.6) A= \/%'ai CNEEDR
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for |o| = det(c;;), and where o™ are the components of the inverse of o;;, with latin indices taking values in
the range 1 to n.

Let 1 < A, B,C < d and ¢* : R'"™™ — R. In this work we study solutions to the Cauchy problem for
systems of semilinear wave equations of the form

@) Ogo = Npe” (6)0a0P 0567,
o4 (to, 7) = 63/ (z) . D™ (to,x) = o' () .

for (o3, ¢3') € HEFL(R™) x HE(R™), K > n + 1, where the nonlinearities take the form

(28) NA ,00 NA ,00 7

(2.9) NG =a 2ty NR
(2.10) Nl = a7 () N
(2.11) N = a2 (ONBE

with N 557 € C°(RY), i.e. the functions A have uniformly bounded derivatives of all orders. Note that by
using the Kronecker symbol we can compress the form of the nonlinearities to a single expression by writing

(212) NA af *2+50a+5oﬁj\[§,caﬁ )
The main results of our paper are compiled in

Theorem 2.1. Let K > n+ 1, where n > 2 is the spatial dimension of a FLRW spacetime, with topology
RT x R™ and smooth metric of the form (2.1), whose spatial geometry satisfies

n K+1
(2.13) > <|| i = 0ij Loy + > | %0 ||Lw(Rn)> =C, < 0.
ij=1 k=1
Consider initial data ¢>5‘, o8 R* - R, 1< A<d, such that, for a fized K >n +1,
(2.14) Y (168 laxri@my + 61 | x@n)) =: Co < oo
1<A<d

Then, given tg > 0, there exists dg > 0, such that, if C, + Cy < &g, the initial value problem
D A — —2+60Q+50ﬁ A,af aa Ba C
¢ (to, ) = ¢ () , 0d” (o, x) = ¢1 () ,

with Nj5? € Cp2(RY), admits a unique solution (¢™, 8;¢™) € L= ([to, T'), HE T (R™))x L= ([to, T'), H¥ (R™)) .
Concermng the asymptotic behavior of the solutions, given a fized 0 < k < K — 5, we highlight that:

(1) For a general expanding factor we have

(2.16) ai0kot e, ) = < o | t 2s)is ) (0).
to
(a) in the case of a power law expansion a(t) =P, p > 1, becomes
(2.17) 18:0507 (2, ) |z S Cot™PF1
(b) and in the de Sitter case a(t) = efIt, H >0, reads
(2.18) 10:05 6™ (¢, ) |2 < Coe " .
(2) Moreover, for a general expanding factor there exists a function oo = (¢72) : R® — R?, such that we
have
(2.19) 105 (62(t, ) = ¢%) Il — 0,
ast — oo.

(a) in the case of a power law expansion a(t) =P, p > 1, we have

(2.20) 108 (62(t, -) — ¢%%) Nl S Cot 2712,



(2.21)

(b) and in the de Sitter case a(t) = elt, H > 0, we get
105 (&t ) = &) Nl S Coe ™"

Remark 2.2. The previous result applies to the following particular cases:

e Let ¢ be a wave map with base manifold one of our FLRW spacetimes (M, g) and target manifold

(2.22)

(2.23)

(2.24)

(2.25)

a given Riemannian manifold (A, h) with uniformly bounded geometry [26,, Chapter 6], by which we
mean that we can cover A with coordinate charts of radius bounded from below, where the Christoffel
symbols of h, that we denote by I“gc, are bounded and have bounded derivatives of all orders. Then,
in the small data setting, the wave map equations take the form

Dgo” = —g* T 50(0)0a0" 030 |
which clearly fits into our framework. To this effect recall that ¢®? are the components of the inverse
metric which is given by
g_l = —8t & at + a_2(t)aij8$i ® 8$.7’ 5

where 0% are the components of o~ 1.
Arguably the most famous example of Fritz John’s “blow up” equations [10] is

Ogé = (0:0)” -
Recall that in 143 dimensional Minkowski spacetime, i.e., if g = 1, where 7 is the flat metric, all
solutions arising from arbitrarily small, but non-trivial, smooth and compactly supported initial data,
blow up in finite time. However, if g is one of our FLRW metrics then the equation fits into our
framework and as a consequence our results show that, in such case, the equation satisfies small
data global existence to the future; so we see that the (small data) finite time blow up to the future
disappears as a consequence of the accelerated expansion.
Linblad-Rodnianski’s basic example of a system that does not satisfy the null condition but satisfies
the weak-null condition (see [I3] for more information) formally generalizes to our setting to yield

Ogo1 =0,
U2 = (0:91)? .

Contrary to what happens in Minkowski, in the FLRW case small data global existence for this
system is not as surprising in view of the fact that we also have global existence for Fritz John’s

equation ([2.24)).

3. ENERGY FORMALISM

We define the Energy-Momentum Tensor to be

(3.1)

1
Tag = 8a¢ (95(f) — igaga“q&aﬂq& .

Let D be the Levi-Civita connection of the metric g. The divergence of the energy momentum is then

DTy = 03¢0t .

Given a (smooth) vector field X, we define the 1-form

X P, =T,z X"

Taking its divergence yields

(3.2)

where

1
DeXp, = 3 KB T 5 + XUg

(X)WQB = ﬁxgag = DaXﬁ + DﬁXa s

is a symmetric 2-tensor known as the Deformation Tensor of g with respect to X. Integrating the divergence
identity (3.2]) over the time slab

{(t,z) [to <t <t1}



and using Stokes’ theorem we get the following Multiplier Identity

t1 1
(3.3) / X p,N|g|zdx f/ X)p, N|g|7dx = / / <2 X 78T s+ X - Dg¢> Ig|? dadt |
t=to t=ty to n

where N = 0, is the future pointing unit normal to the time slices ¢ = const, |g| = — det(gag) = a” det(o) =
a”|o|, with |o| := det(oy;), and dz = dz'---da™. The integrand (X) P, N in is the Energy Density
associated to X.

We can also control the sign of the contraction of the deformation tensor with the energy-momentum tensor,
on the right hand side, by choosing an appropriate multiplier vector field X. In fact we have

Lemma 3.1. For X = al0,, where a is the expanding factor and | € R, we have
(3.4) K785 = (n— Da " a (819)” + (2 —n — D)a' 200 0;00;¢
where o' is the inverse of ;.
Proof. To compute the deformation tensor we start by noting that Lxo = 0,
Lxdt = dixdt =d(a') = la'tadt
and that
Lxa=da,
in order to compute
Xr = Lxg= Lx (—dt* + aQUijdxidmj)
= —2dtLxdt +2a o jdrtda?
= —2la' tadt? + 2al+1(zaijdxidxj .

It then follows that

X ragT? = —20aa ((at¢)2+;aa¢aa¢>

+2a oy (aiqsajgb — ;g”‘aaqsa%) ,

and the desired result is then a consequence of the identities

(3.5) 0a00 ) = — (0:0)" + a~0" 0,0, ,
and
(36) Uijai(ﬁajd) = a74aij6¢¢8j¢ .

We thus choose | = 2 — n, for which we have

(3.7) KT >0,
and define
. 1 g )
(3.8) Elg](t) := /{ } PN g[>do = 5 / [0*(010)* + 0V 0:60;6] (¢, x)|o|* da .
t XRTL n

Consequently, the identities (3.3)) and (3.4) give rise to
t .

(3.9) E(t1) < E(to) +/ / a? |0:¢ Og | |o|2dxdt .
to n

Introducing the L? norm defined by

1z = ([ 1@ loltar)
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we can apply the Cauchy-Schwarz inequality followed by Young’s inequality to (3.9)) to obtain

t1
E(t) < E(to)+ / @046 122 lla Dgbl 2 dt

to

t1
< B+ V2 sw (B0} [ Jabgol
to<t<ty to
€ 1 t 2
< B+ g s B0+ ([ laOgliar)

2 to<t<ty to

where € can be any positive constant, which when chosen sufficiently small allows us to conclude that

1 1/ [t 2
sup E(t) < 1« (E(to) + - (/ aDg¢|Lgdt> ) .
to<t<t ) € \Jio

From the previous we immediately obtain our main energy estimate:

Theorem 3.2. Let g be the FLRW metric (2.1). Then, there exists a constant C1 > 0 such that given
@ [to, T) x R" = R, the following energy estimate holds

T
(3.10) sp_ EV2(t) < Oy (EV2(t0) + / (1) g [z dt)

to<t<T to
for the energy E = E[¢] defined in (3.8).
4. LOCAL EXISTENCE
Consider two conformally related metrics in R!*"
g =g

Then a direct computation shows that
(4.1) Og¢p = Q7 20z + (n — 1)Q 379,036 .

If we let g be the FLRW metric (2.1) and consider the standard change of time variable

(1.2) - / %d

then
(4.3) g = a’(1) (—dr* + 0yjda*da’) =: a*ny .
Using with Q = a and g = 7, we conclude that the semilinear equation
Ogé = F(6,09)
is equivalent to
O 6= (- ) Z%0,.6 1 aF(6,00)

a
We can then apply classical local well-posedness results for nonlinear wave equations on perturbations of

Minkowski (see for instance [25, Theorem 4.1] and [I2], Theorem 6.1 and Theorem 6.6], which when translated
back to our original setting lead to

Theorem 4.1. Let (M,g) be a FLRW spacetime, with M = RT x R™ and smooth metric of the form (2.1)).
Assume moreover that
(4.4) sup Y |0 — 6| <

weRn 4= 10

1

Then, the initial value problem

(5) {ngﬁ = F(6,99) .

P(to, x) = go(x) , Oho(to,x) = ¢1(x),

with F € C*, F(0,0) = 0, and (¢o, 1) € HETHR™) x HE(R™), K > n + 1, admits a unique solution
(¢,0:0) € L>([to, T), HETL(R™)) x L>([ty, T), HX(R")), where T = T(|| (o, 1) || mr+1xmx) >0 .



5. GLOBAL EXISTENCE FOR SMALL DATA

In this section we establish small data global existence for the system (2.15) under the conditions of
Theorem To do that recall that Cy denotes the size of the initial data (2.14]). We start by defining

K
Ex(t) = Y > EVoretl(t) = ) IZ< /{tw (0:06™)° +o“aia§<z>/*aj8§¢/*>

1<A<d k=0 1<A<d

2

Some comments concerning notation are in order: first we are using 9 to denote any differentiation of
order k with respect to the spatial variables z*, i.e., any differentiation of the form

ok ok
with Y k; = k; secondly, we are omitting the volume form |o| 2dz in order to not overburden the notion; this
is clearly not an issue since by the smallness condition on the metric we have |o| ~ 1, uniformly on z, which

allows us to drop this coefficient from all spatial L? based norms. On this note it might be helpful to make
it clear that by choosing C, sufficiently small, there exits C' > 0 such that

(5.1) CT169&¢; < 0¥¢:8; < C&¢;

for all £ = (&) e R™.
We proceed by a continuity argument. Let K > n + 1 and assume that M is a large enough constant so
that
MCy

(5.2) Ex(to) < o,

where Cs is a constant, independent of Cy and C,,, that will be specified in the course of the proof. Next we
assume as bootstrap condition that 7T is the supremum over all times of existence t > ¢y for which

(5.3) sup Ek(t) <4MC, .

to<t<T

That a T > tg in such conditions exists is a direct consequence of Theorem
Using Sobolev embedding, the relation (5.1)), and the bootstrap assumption we see that for 0 <! < K — 2
and 0 <t < T, we have

(5.4) 100, (t, - ) | mn) < Cll 0ad™ (L, +) | gy < CEK() < AMCCy
for all A € {1,2,...,d}. Moreover, for 0 <l < K — 4, and 0 <t < T, we get

(5.5) 1850:06™(t, ) L @ny < Cll 0™ (t, ) |l @y < Ca™ (H)Ek (1) < 4MCCoa™'(t)
again for all A € {1,2,...,d}. Let 0 < k < K. The spatial derivatives satisfy the equation
DgaIzCQSA = 8kDg¢A [Dg7 5§}¢A

= Ok (NE"(0)02679507) + [Og, 0510

so that applying the energy estimate (3.10) for A € {1,2,...,d}, summing and taking the supremum gives

d K
k Aaﬁ B C
56w f() < Cexlt) +0D _0{ [ w08 (3 000,0706°) iz +
T
+/ a(t)] [Dg7351¢ALgdt} :
to

Let us first concentrate on the second term on the right hand side of the previous energy estimate. Using
the form of the non-linearities (2.12]) we get

(57) 105 (NAE (@)0a650567 ) 1z < C (alt) ™ | 08 (NG (6)0607 056 ) Iz -
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To simplify notation we will use A/ to collectively denote all the functions A g,ca A That being said, we note
that modulo some multiplicative positive constants arising from the application of Leibniz rule, the terms
| % (N (¢)0adP0p¢C) ||12(rn) can be bounded by sums of terms of the form

| M N (¢)0F2 (80P 056 || 12(mny

with k1, ke > 0 and k; + ko = k. In particular, either k; < k/2 or ko < k/2.
Let us start with the case k; < k/2. Recall that, by assumption,

(5.8) [ OLN (| (rey < O,
for all 0 <1 < K. This gives the necessary control | N(¢(t, -)) ||z @®n) < C needed in the case ki = 0. If
k1 > 1, the chain rule implies that || 05" (N(¢)) || (rn) is bounded by sums of terms of the form

O(I)Hsi H a;Z(bA ||L°°(R"’) )

with >>s; = k1, and s; > 1. In view of (5.4]) we see that these terms are bounded, since we have 0 <[ =
si—1 <k —1<k/2-1<K/2-1< K —n/2, where the last inequality follows from the fact that
K >n+1>n—2. Consequently

(5.9) 185 N (9)052 (8ad®050) ll12(ny < C|l 03 (80”050 |lL2(en) -
But now the right hand side is bounded by sums of terms of form
107 00”052 056 || 12

with ky 4+ ko = ko < k. We may then assume without loss of generality that k< k/2. Since K > n+1 we
have 0 < k; < k/2 < K/2 < K —n/2 and therefore we are allowed to use either (5.4)), if o # 0, or (5.5), if
a = 0, to conclude that

(5.10) | 051006 || Lo ) < (al(t)) ™= AMCC .

But then we get

(5.11) |08 0067 052056 || pany < || 08 00® || Lo am | 05206 |12z
< (a(t))”2 AMCCy (a(t)) 2 Ex () .

Using (5.9) and (5.11)) we finally establish
(5.12) | 95N (9)0%2 (00B 56 ) || 12(rny < (a(t)) ™~ AMCCoEk (t)

provided k1 < k/2.
Let us now consider the case k; > k/2. In such case kg < k/2 and therefore we see that

| 952 (900" 0506C) || oo zn)
is bounded by terms of the form
(5.13) 1051006 || oo () | 052056 || oo ey < (alt)) ™22 AMCCoEx (t)

where the last estimate is a consequence of (5.4) and (5.5) and the fact that ki + ks = ko < k/2 < K/2 and
K>n+1.
Next we need to control

(5.14) 105N (@) |2y » k1 > k/2.
Applying the chain rule and using (5.8), we see that [9¥* A(¢)| is controlled by sums of terms of the form
|O()IL,, 8% ¢4| , with Zsi — k.

By an appropriate relabeling, set s; = max{s;} so that s; < k;/2 < k/2, for all ¢ # 1, which, in view of (5.4),
implies

| 057 || oo (rny < 4MCCy , foralli # 1.
Consequently, using the bootstrap assumption,

1L, 856 || L2y < 4AMCCo|| 8316 || L2@n) < (AMCCo)?



11

from which, by decreasing Cj if necessary, we can establish
(5.15) 105" N (&) Il 2(gny < 1.

The last estimate together with (5.13)) then allows us to conclude that (5.12) also holds in the case ky > k/2.
So, for any 0 < k < K, using (5.7)) leads to

(5.16) |9 (W ( 4 “5(¢)aa¢33,3¢0) Iz < oo tios 200005 AN[CCoE (1) = & 2AMCCoEic(t) |
and

’ A, Ek(t)
(5.17) / a(t)]| dF (N, ( “5(¢)8a¢385¢c> L2 dt < 4MCC’0/ o(t) ——=dt .

to to

We now consider the last term in . In the case k = K, the commutator [(g, 0%] is the difference of
two differential operators of order K + 2 and this is worrisome since, a priori, our bootstrap assumption only
gives control of derivatives up to order K + 1! But it is well known that the top derivatives cancel out (see for
instance [I, Section 6.2] or [6]). For the sake of completeness, we show here that [(g, ¥] is in fact of order
k+1, and that moreover enough factors involving the spatial metric o appear and provide, via the Kth order
near flatness condition , a small parameter C, that will allow us to close our bootstrap argument.

Using (2.5) we see that

(5.18) [Og, 0% = a2[A,, %] .

Then, if we note that Leibniz rule can be written as

(519) alxc (fg) = Z Cky k2 8k1 f8k2
k1+ko=k

with the ¢, i, positive constant such that ¢ = 1, we can use (2.6 to compute

Do, 08p = Ag0h¢— 0h [Wa( Wam)]

= D,0k0— Y anadl (Jol72) 0k (07 VIol0s0)

ki1+ko=k

= 2,050 - corlol 20 DD a0t (a7 Jo]) 5050
k1+ko=Fk

- Y ewwd (Jo72) ok (0¥ VIolos0)

ki+ka=k , k17£0
= AO*¢ — |o|7H%0; (Cokﬂij m3j8§¢>

ol o Y w0l (07 Jo]) k050
ki+ko=Ek , k17#0

k —1/2 k k
- Y awwd ()0 Y e dh (07Vo]) 92050
ki+ko=k , k170 k14ko=ko

since the two terms in the first line of the last equality cancel out, we finally arrive at

@O, 506" = 1ol X enwdl (09VI0]) olos0t
ki1+ka=k , k17#£0
(5.20) > B (o) o Y e, 08 (07 VIol) k00
k14ko=Fk , k170 k1+ko=ks

We can now use Jacobi’s formula to write, given [ € R,
(5.21) Orlolt = l|o|'0¥ 0,04 .
Recall the well known fact that
(5.22) 0,0 = —a* 50,04, .
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By direct inspection of we see that: i) all terms on the right hand side contain at least one factor
involving derivatives of |o|" or of 0* which, according to the previous identities and can be bounded,
in L>®(R"™), by CCy; ii) all terms contain derivatives 8’;8j¢A, with 0 < k < K, all of which can be bounded,
in L2(R"), by the energy Ex; iii) Finally, there are also terms involving factors of |o|' or ¢* which are clearly
bounded, in L (R™). We thus conclude that

(5.23) I [Og: 516 (t, ) ll2@ny < Ca™(#)Coie(t)

and consequently

dt .

T T
k1 A Ex ()
(5.24) | Og ok10t luzae < e, [ S8

We are now ready to close our bootstrap argument. From estimates (5.6]), (5.17) and (5.24)), it follows that
Ex(t) < swp Ex(t)

to<t<T
T T
< CEx(to) + d(K + 1)4MCCO/ Ex®) gy 4 d(K +1)CC, Exld)
to a(t) to CL(t)
T T
Ek(t) Ek(t)

< —_— .

< (Cy (5}((150)-1-00 /to a(t) dt + C, . a(t) dt
Using Gronwall’s inequality leads to

T
(5.25) Ex(t) < Co€k (to) exp <CQ(C() + Cg)/ a(lt)dt> .
to

By the integrability condition (2.3|) and choosing Cy + C,, sufficiently small, we can ensure

exp <CQ(C() + Cg‘) LT CL(lt)dt> < 2.

Applying this, (5.2)), and taking supremum in (5.25) then yields
(5.26) sup Ex(t) <2MCy

to<t<T

which corresponds to a strict improvement of the bootstrap assumption ([5.3)), from which we can conclude
that T' = 4o0.

6. SHARP DECAY ESTIMATES

We will establish sharp decay upper bounds for the global solutions constructed in the previous section.
Dropping the capital latin indices to simplify notation, we see that our wave equation can be written in
the form

(6.1) 8,(a"0,6) = "2 (qub - a2fvaﬁaa¢aﬁ¢) :
From (2.13)) and we see that
1206~ < |lo]"?0; (0” |cr|) 0j |l + 0 0:0;6 || L

(6.2) < GG,
while (5.16)), (5.26)) and Sobolev embedding imply
(6.3) | a* N7 006036 ||1~ < CF -

Then, integrating (6.1]), we conclude

(6.4) a"(£)0b(t, ) = a™ (t0)Dpo(to, ) + / a"2(s) (qus - awaﬂamaﬁqs) (s,2)ds ,

to
from which, in view of the previous estimates, it follows that

(6.5) " (D0,6(t,2)| < Co + Co / " 2(s)ds |

to
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therefore
Orp(t, )] < Co (1 + /t t a"_Q(s)ds> a”"(t)
(6.6) < Co </t: a"z(s)ds) a”"(t) .

Note that if we consider the de Sitter case a(t) = e/t we immediately obtain (for n > 2)
(6.7) |0 (t, x)| S Coe ™27,
while in the case a(t) = tP, p > 1, we have
(6.8) |0p(t, )| S Cot 2P+
If we commute the wave equation with spatial derivatives we obtain
(6.9) 0 (a"9,0% ) = an~2 (85A0¢ - a2a’;/\7aﬁaa¢aﬂ¢) .

Relying once again on and , a simple adaptation of shows that, for k < K — 7,
105806 L= S CoCo .
while (5.16) and Sobolev embedding give us, also for k < K — 3,
16*05N 00605 || L~ < Co -
So, by integrating we conclude that

t
(6.10) e ( / a”<s>ds) a (1),
to
provided that k < K — 7.

Next we focus on constructing the limiting function ¢, in the case of a general expanding factor. To do
that we start by noticing that since a(t) is positive and increasing we have

(6.11) /too (/t a"_Q(u)du) =" (s)ds < /:O a1(s)ds /too o= (u)du < c/too ' (s)ds .

We can then set

(6.12) fo(2) = (t0,2) + lim /tt Bu(s,)ds ,

which is well defined in view of , and the fact that ¢! is integrable.
Then

(6.13) 0.0~ 6 () < [ 105, 0)lds <O [ a7 s,

and t t

(6.14) o6t ) = b = £.Co [ a”(s)ds 0.

as t — oo. In particular, this gives

(6.15) I é(to, -) = doo [l S Cl -

Similarly, we can define

t
(6.16) Gaela) = Os0(to, ) + Jim [ 010,0(s,2)ds
 Jio
and obtain

t [e%e)
(6.17) 10,6(t, ) — Bo.oo(@)| S/t 10,0,6(s, 2)|ds < co/t o (s)ds = 0,
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as t — oo. From this uniform convergence and the already established convergence of ¢(-,x), as t — oo, we
conclude that

¢:v,oo = 8x¢oo .
It is now easy to conclude by induction that, for all ¥ < K — 3, we have
oo
(6.19) 05 (6t )~ 60c) = S Co [ @™ (s)ds 0.
t

as t — oo.

The quantitative decay estimates (2.20) and (2.20]), which are specific to the power law case a(t) = tP,
p > 1, and the de Sitter case a(t) = eff*, H > 0, respectively, now follow easily, by using the corresponding
expansion factors in the previous procedure.
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