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Abstract In this pa per we pre sent for mu las to com pu te the busy cyc le re ne wal fun-

ction for the M |G| queue, considering service time distributions that
arise whenwe stu dy parame tersrela ted to the busy period. The busy cycle

re ne wal fun ctioninf gi ves the mean num ber of busy pe riods that be gin in

[0.1]
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1. INTRODUCTION

In the M |G |0 queueing sys tem,A is the cus tom ers Pois son pro cess ar rival rate,
each cus tomer gets a ser vice that is a pos i tive real value with dis tri bu tion func tion

G(- ) and mean o, being o = ].0[1 -G ( t)] dt; there are in finite serv ers and the ser vice
0

time of each cus tomer is in de pend ent of the oth ers. The traf ficin ten sity isp=Aa..

Inaqueueing sys tem we usu ally call busy period aperiod that be gins when a cus-
tomer ar rives there, and it is empty; it ends when a cus tomer leaves the sys tem let-
ting it empty, and there is al ways at least one cus tomer pres ent. So, in a queueing
sys tem, there is al ways a se quence ofidle pe ri ods and busy pe ri ods.

Let’s con sider the M| G | sys tem with time ori gin at the be gin ning of a busy pe-
riod. Theinstant), ¢, ¢,,...atwhichabusy period be gins, are the arrival ep ochs ofa

renewal pro cess (Takacs (1962)). We say that a cy cle is com plete when a re newal
oc curs, thatis, abusy pe riod be gins. These cy cles are busy cy cles; and their length is
a real value that we will call Z.

So

Z=B+]I (1.1)

where B1is the busy pe riod length and 7 the idle period one.
Takacs (1962) proved that B and /are stochastically in de pend ent and, still, that
the Z Laplace-Stieltjes trans form, Z (s), is given by

Z(s) =1-———— (1.2),

- (S+>\.)P00 (s)
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—XJ{ [I—G(v )]dv
where POO(S) is the poo(t) =e ’ Laplace-Stieltjestrans form,probability

ofthe sys tem em ptiness at # havingbeeninitial ly empty.
That au thor showed also that

(3
Efz1 =& (1.3)
[71=%
and
© —kr[l—G(v)]av
E[zz]zzx-le“’j e ! —e® |dt+27%e (1.4).
0

Being / exponentially distributedwithparameter) its Laplace-Stieltjes trans-

- Z
form s I(S)zkk and the ratio I_((? gives the expression
+s s

} for the Laplace-Stieltjes trans form of B (Stadje (1985)),

= 1 1
B(s)=1+—|s-

7 { Pa()
whose inversion is a com plex prob lem ex cept for some ser vice dis tri bu tions (see

Ferreira (1991), (1995), (1998)).

Our work in this pa per will fo cus on the M |G | queuebusy cy cle, inpartic u lar
inits re newal func tion study.

2. THE M|G|~ QUEUE BUSY CYCLE RENEWAL FUNCTION

The renewal function, R of a renewal process is given for
R=1+F+F"? +F" +...where F"" is the n -thinterrenewal time con vo lu tion with
itselfdis tri bu tion func tion (see, for in stance, Cinlar (1975)). It gives the mean num-
ber of re new als in[o, z]. For in stance, in the ap pli ca tion of this model to un em ploy-
ment situations, a busy period is a period of unemployment. And, in illness
situations, abusy periodis anepidemic period. See, about this kind of ap pli ca tions
Ferreira (2003 and 2003a).

To com pute the M |G| queue busy cy cle re newal func tion we have, us ing the

-1
Laplace-Stieltjes trans form, E(g) - 1 + 1 Z(g) " 1 7 Z(S) I n(s) _ 1 SZ( )
s s s s —7(s

§ _ (S+7L)P00(S)

— 1 :Poo(s)+7»iPm (s).
RS THE)
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t
So, R(t) = poo(t) +Xfp00(u) du, and:
0

s j‘[m(v)]dv ! —)vj‘[l -G )] dv
R(t)ze 0 +XJ.e 0 du (2.1).
0
Note that:
—ki[ﬂ —G(v)]dv t p—x'"[[ HG( v)] &
Iim[R(t)—Lt}zlim e " +re’|e ° du—ﬁt =
t— 0 eP t—> 0] )
t pr 1]'[ 1G (v)]dv o x]j'[l_G(v) ]dv
=e’ +he’ im|le ° -1 du:e_p+7»e_pj. e —1|du
—>00 0 o
So, it is easy to see that:
| VAR[Z|+E’[z
lim| R (1) -~ |= [ ]2 [] (2.2)
t—o0 E [Z] | 2E [Z]

as it has to be with a re ne wal fun ction.
—AseP<p (1)<1

poo (1) +he Pt <R (1)< pw (£) + 0t (2.3)
and, still,
e"(1+At) <R(1) <1+t (2.4),
we concludethat
lai% R(r) =1+At (2.5),

as it has to be be ca u se, when the ser vi ce time is nul, when it ar ri ves each cus to mer
be ginsabusy period.

And the arrival instants, in the M |G| system, occur accordingtoaPoisson
pro cess at rate A.

_%R(t) = po (1) {A[1=G()]} + oo (1) =2G (1) o (1) 2 0-

So R(t) in creases with ¢.
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3. R(t) VALUES FOR SOME PARTICULAR SERVICE TIME
DISTRIBUTIONS

A. The M |G| oemptinessprobability attimer, as time func tion, be ing the ini tial
in stant the one of the be gin ning of a busy pe riod (at which a cus tomer ar rives at the

t
system finding it empty) is determinated by the sign of %()) - KG( t), t>0
-G(t
(Ferreira (1996)) where g() and G () are, respectively the ser vice time p.d.f. and
d.f..

Putting g (t) — XG(I) :B(;) ([{ ,)is any time func tion) we get

1-G(r)

dc;(t) =2.G*(t)-[B(c) -] G() +B(¢) 3.1)

thatisaRicattiequationaboutG( -
Solving it, af ter noting that G( ¢ ) =1, ¢ > Ois aso lution, we get

—M— Ji [3( u)d u

bl

G(t)zl—% (l—e_p)e

o oo [B(uydu ¢ e TPy
e g(”) dw—(1-¢")|e ‘I( dw
{ 0
j[?)(u)du
120, —L < < pk 1 (3.2).
& —

Putting directly (3.2) in (2.1) we get the cor re spond ing value forR( t) If B(t ) =B
(constant)

G(1)=1- (l_eﬁ)(}“"'ﬁ) A

, 120, —A<B<L
Xe_p(e_(mﬁ)t—l)—i—k B e —1

(Ferreira(1998))(3.3).

Forthis ser vice time dis tri bu tions col lec tion the busy pe riod length is ex po nen
tially dis trib uted with an atom at the ori gin.

After (2.1) we get R(t)z eﬁ)(l+7ut) +(1 —61))k[j_l3eiM P +(l —e’ 7»7:'[3’
VAR ] +E* [Z]
2E* [ Z]

A<B< It is easy to show thatR(7) —he™® — =0, t>0.

e —1

For the col lec tion given by (3.2) we can show that
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n ; '
(l+kt)+(1+e"p){l+e e ] J‘B(u)du ,
R(1) 2 120, <0 < (3.4)
e’ t e -1

B. The M |G| o populational process, with time ori gin ata busy pe riod be gin-
ning instant, mean behaviour as time function determinated by the sign of

t
g( ) — A, t>0 (Ferreira (2003 and 2003a)).

1-G( 1)

Putting & A= B( t) (B(- )is any time func tion) we get

1- G(t)

_)j_j‘ﬁ(u) du J.B(u) du (3 5)
=31-]1- 0 > 0 > D).
G(1)={1-[1-GO) ]} ;120 A2
Putting di rectly (3.5) in (2.1) we get the cor re spond ing value for R(t)
For B=0, (3.5) be comes

G(t)=1-[1-G(0)|™, =0 (3.6)

with1 -G (0) =p.Inthissituationthe M |G |copopulational pro cess, with time ori-
gin at a busy period beginning instant, mean is constantwith valuerho (Ferreira
(2003 and 2003a)). As for R( ¢) we have

R(t)z e_p(l_e_ir) +7»I ejo(l_e_ )du (3.7)
0
and also
eﬂ(l_eﬂ ) +xe "t <R (t) < eﬁ(l_ei ) + A\t (3.8)
CONCLUSIONS

Af'ter a short study aboutR(t)and its prop er ties, we pres ent the for mu las foritin
thesituationofparticulardistribution functionsrelatedtoimportantbusyperiodpa -
ram ¢ ters be hav iour study as time functions.

We show also bounds that help, in this case, when the formulas are note so
friendly.
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