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Abstract. We focus our analysis in the properties of an electron beam during/after collision with an intense pulse. 
The additional energy spread introduced by the stochastic nature of QED emission can be balanced by the average 
energy loss leading to overall energy spread reduction even in the QED regime.  

INTRODUCTION 

Multi-petawatt laser systems presently available can provide intensities of 1022 W/cm2, at which the physics 
can no longer be assumed purely classical and appropriate quantum corrections must be taken into account. 
Near-future facilities [1] are expected to provide even higher intensities (on the order of 1024 W/cm2) and there 
has been a significant research effort towards understanding the laser-plasma interaction in such conditions [2-
8]. A powerful tool that supports theoretical studies of laser-matter interaction and helps the design of 
experiments are particle-in-cell (PIC) codes, which self-consistently use Maxwell’s equations to advance the 
electromagnetic fields and the Lorentz force to move the charged particles. However, the standard PIC 
algorithm is entirely classical and does not incorporate any quantum effects. In order to expand the validity of 
our PIC code OSIRIS [9] for studies at higher intensities, we have included two additional modules: a classical 
radiation reaction module based on the Landau & Lifshitz [10] equation, and a quantum electrodynamics (QED) 
module that has discrete photon emission (non-linear Compton scattering) and Breit-Wheeler electron-positron 
pair production [11]. In this manuscript, we study the differences between the two pictures in the transition from 
the classical to the quantum-dominated regime, with parameters of interest for near-future experiments. Our 
configuration considers relativistic electron beams (GeV-level) and ultra-intense lasers (1021−1022 W/cm2) in a 
head-on collision. The study compares the evolution of the main electron beam properties (energy loss, energy 
spread, divergence) from the QED and classical perspectives. Lasers of various durations are considered to 
identify the role of the interaction length.  

RADIATION REACTION FOR AN ELECTRON IN AN ELECTROMAGNETIC 
WAVE 

In our previous work [12], we have studied the classical radiation reaction of a particle that emits continuous 
radiation and looses energy as a consequence of the emission. Therefore, the energy of the particle is a smooth 
function of time. This approximation is considered valid as long as the energy of a single emitted photon is 
small compared with the energy of the particle. In these conditions the highly energetic electrons radiate more 
than the electrons with lower energy and therefore the energy spread of an electron beam is reduced during the 
laser interaction.  

In QED, radiation is a discrete stochastic process and this impacts the particle trajectory in a distinct manner 
from the continuous emission. The probabilities of the various processes in an electromagnetic plane wave are 
based on Volkov [13] states where the quantum-transition probability is evaluated taking into account the 
interaction between the particle and the background wave. In the event of emission, the electron loses some 
energy to the photon; otherwise, the electron momentum and energy remain unaltered. If every single photon 
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radiated has a small energy compared with the electron energy, and there is a large number of radiated photons, 
we obtain the classical limit. The main difference between the two descriptions is that the QED approach, in 
principle, accounts for radiated high-energy photons even in a setup where the cross-section for Compton 
scattering is small (i.e. the average energy loss of the particle is negligible). Hence, the stochastic nature of 
emission leads to a diffusion around the mean value in the electron distribution function, as it was reported in 
refs. [7, 8]. This is opposite of what is predicted in a classical radiation reaction scenario.  

The total probability of a process by a single particle is relativistically invariant and depends on the 
normalised vector potential a0=eE/(mcω0) and an invariant parameter χ  (χ e for electrons and χ γ   for photons) 
defined by:  

                     χe =
pµF

µν

mcEs

, χγ =
kµF

µν

mcEs

,                                                      (1) 

where pµ is the particle 4-momentum, kµ is the photon wave 4-vector, Fµν the electromagnetic tensor, 
Es=m2c3/(eħ) the Schwinger critical field, m and e are the electron mass and charge, c is the speed of light and 
ω0 is the angular frequency of the wave. The differential probability rate of photon emission by nonlinear 
Compton scattering is then given [14] by  
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where χ∗=2ξ / (3χe (1-ξ)) and  ξ = χγ / χe. For ξ<<1 the total radiated power reduces to the classical 
synchrotron.  

The OSIRIS QED module introduces the previous differential emission probability rate in the OSIRIS 
framework. At particle push-time, the probability of radiating a photon is evaluated, and if the event occurs, the 
radiated photon energy is selected to obey the distribution given by Eq. (2). The photon is assumed to be 
radiated in the direction of the particle motion. There is no radiation reaction on particles if no photons are 
emitted, but if the emission occurs, the particle energy and momentum are updated to account for the energy lost 
to the emitted photon. The energy is conserved in the loop.  

SIMULATION SETUP 

Here we investigate the evolution of energy spread and divergence of an initially almost ideal electron bunch 
that interacts with different laser pulses. This allows for following exactly the divergence and energy spread 
increase and decrease in time, as well as their dependence on different laser lengths and shapes. We choose two 
electron bunches with mean energies of 0.5 GeV and 0.85 GeV and a small thermal momentum spread (thermal 
velocity γvth=0.2 c) equal in all directions that provides a very narrow divergence and energy spread. Both 
beams have the same lengths of 25.0 c/ω0 (which corresponds to 13.3 fs). These bunches collide head-on with 
seven different lasers. All lasers are transversally plane waves with longitudinal envelopes that have the same 
rise and fall functions, but their duration can be varied by introducing a flat part in the middle. Therefore, τrise = 
τfall = 50.0 ω0

-1 (which corresponds to 26.6 fs) and the flat part τflat varies between 0.0 ω0
-1 and 300.0 ω0

-1 with a 
step of 50.0 ω0

-1 (seven different total pulse durations τ = τflat + (τrise + τfall)/2). The normalising frequency 
ω0=1.88×1015 rad/s corresponds to a laser with wavelength λ  = 1 µm. Here, the interaction between the particles 
of the beam is negligible and since the laser field does not have x2 and x3 spatial dependence, all the particles in 
the simulation are subject to the same conditions. The simulations are performed in two spatial dimensions (2D) 
with a box size of 500.0×20.0 c/ω0, and 5000×200 simulation cells. The boundary conditions were periodic in 
the x2 direction (perpendicular to the laser propagation direction x1) and open in the x1 direction. The simulation 
timestep was dt=0.04 ω0

-1 with sixteen particles per cell. Having many particles in the beam (≃1 milion) 
provides us with a good statistical sample to study the evolution of the energy spectra and the divergence of the 
electrons.  

EVOLUTION OF THE ELECTRON ENEGY SPECTRA 

We first consider the temporal evolution of energy spectrum of the beam as it interacts with the intense 
lasers. The results of our simulations are summarized in Fig. 1 which shows the electron energy spectra after the 
interaction. All the spectra, as expected, are wider than the initial nearly delta-function distribution. The first 
striking fact here is that after interaction with longer lasers, the final energy spread of the electron beam seems 
to be narrower than after interacting with shorter lasers. This hints that for longer interaction there is a turning 
point where after the initial increase in the spectral width associated with the quantum nature of the radiation 
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process in the early stages of the interaction, the width reduces again as predicted for classical radiation reaction 
[12].  

 
FIGURE 1. (a) Scheme (counter propagating laser not depicted) with individual events of photon emission that cause a non-
continuous energy loss; energy spectra after shutdown of the laser starting from (b) a 0.5 GeV electron beam and (c) a 0.85 

GeV electron beam. 
 

Therefore, examining the temporal evolution of the energy spectra and its width could reveal what is the 
moment in time where the QED radiation reaction changes from widening the beam spectrum to narrowing it. 
We define the beam width at a time t as the standard deviation in energy over all the particles  

         σ t( ) = 1
N

γ t( ) −γ i t( )( )
2

i=1

N

∑ ,                     (3) 

where N is the total number of particles, <γ(t)> is the mean energy of the entire electron beam at the time t, γi(t) 
is the energy of a single particle at the same time, and i counts all the particles. The analysis of the beam 
spectral width evolution through the interaction time confirms the previous assumption: the first effect of the 
interaction is to broaden the spectrum to a certain value. If the laser is short enough, the spectrum stays broad. 
However, if the laser used is longer, then there is a specific point in time where the spread starts decreasing. If 
the electron beam energy can be approximated by a Gaussian distribution [7] for a laser wavelength of 1 µm this 
happens when (the derivation will be presented elsewhere):   

           σ t( )2 MeV[ ] = 3.6×10−6a0 γ t( )
3
MeV[ ] .       (4) 

Let us comment on the underlying physics involved. The emission probability is initially almost the same for 
all the particles, because they have similar momenta and they experience the same field, and therefore all have 
the same χe parameter. However, since the emission process is probabilistic, there could be still some particles 
that do not emit any photon at this point. Also, the emitting particles do not emit at the same photon energy - 
there is a wide spectrum of photons with different differential probabilities of emission. The electrons that 
radiate higher energy photons lose immediately a bigger fraction of their energy compared with the electrons 
that radiate smaller energy photons. Therefore, the widening of the electron spectra is natural to expect at early 
times in this configuration. Later, the electron spectrum is already wide, but the laser is still interacting with the 
beam. Further emission can take place, but the probability of emission is no longer equal for all the particles - 
the particles that have a higher χe have a higher probability to emit a high-energy photon compared to the 
electrons with lower energy (and therefore lower χe). The lower energy electrons still can emit, but their photons 
are much more likely to be in the lower energy part of the spectrum. This is what then leads to the shrinking of 
the electron beam energy spectrum.  

ELECTRON BEAM DIVERGENCE 

In addition to the electron energy, we can also evaluate the impact of the laser interaction on the electron 
beam divergence. We define the weighted average of the deflection angle from the main propagation direction 
as  
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where N is the total number of simulation particles, qi is the charge weight of the i-th particle, and (p�/p�)i is the 
ratio of the transversal to the longitudinal momentum with respect to the direction of laser propagation. For 
small angles, tan θ ≃ θ, and the average divergence shown in Fig. 2 is determined with this approximation.  

Figure 2 shows the evolution of the electron bunch divergence over time. We can see that for all cases there 
is a smooth rise that corresponds to the laser envelope rise, then there is a linear-rise stage where the laser 
amplitude is constant, and then the smooth fall that corresponds to the laser envelope fall. The first and the last 
stages happen also in a purely classical scenario where the total energy radiated by electrons is negligible – a 
laser introduces a perpendicular momentum on electrons as they are oscillating in the electric field of the laser 
pulse, but this change is temporary and when the interaction is over, the beam divergence returns to the initial 
state due to the conservation of the canonical momentum of the electron in the laser field. However, without a 
significant emission, the electron beam in the constant amplitude section of the laser envelope would not exhibit 
any rise in the average angle. In a semi-classical case where radiation reaction is significant, but can be 
described with continuous models, we do expect a linear rise. To understand why, let us consider what happens 
when a particle interacts with a circularly polarised plane wave. First, there is a perpendicular momentum of the 
particle that is equal to the wave normalised vector potential a0, which also results from the canonical 
momentum conservation. We assume a case similar to one of ours, so here a0 = 27 and p� ≃ 27. Second, the 
initial particle energy is on the order of a 0.5-1.0 GeV, which means that γ0 ≫ a0 and p�

2 = γ2 − a0
2 − 1 ≃ γ2. In 

this case the average angle that a single electron makes with the direction of laser propagation can be 
approximated by θ ≃ a0/γ. The fact that there is strong emission makes the relativistic factor γ decrease, and the 
rate of this decrease in a linearly polarised wave is given [12] by dγ/dt=-α γ2, where α =4e2ω0

2a0
2/(3mc3). For a 

circularly polarised wave α needs to be multiplied by 2. By integrating we get γ = γ0/(1 + 2αγ0t) in the field of a 
circularly polarised wave which gives us a linear function for the angle as a function of time: θ ≃ (a0 / γ0 )(1 + 
2αγ0t).  

       
FIGURE 2. Electron beam divergence vs. time in the QED description. The electron beam initial energy is (a) 0.5 GeV and 

(b) 0.85 GeV. 
 
The dashed lines in Fig. 2 show the average expected angle a0/γ during the constant amplitude part of the 

laser envelope, where γ is taken as the average relativistic factor of the electron bunch and a0 = 27. We observe 
a similar trend with the simulation data, which indicates that the average divergence increase due to radiation 
emission in the constant amplitude region of the laser envelope is well explained by the semi-classical approach. 
However, there is a slight difference between the simulation data and the expected a0/γ which increases over 
time. After the interaction has finished, the electron beam has a residual divergence on the order of ∼ 10 mrad 
which is larger than the initial divergence on the 0.2 mrad level. With semi-classical radiation reaction models 
the final divergence would be very similar to the initial value (difference of aboout 0.01 mrad), which leaves us 
with the conclusion that the net beam divergence obtained in the laser interaction must be a consequence of the 
quantum stochasticity, even though the trend of average angle increase in a plane wave seems to be well-
described by the semi-classical formula. To understand the origin of this effect, let us examine a transverse 
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momentum phasespace in different instants of time shown in Fig. 3. In the beginning, the electron beam has a 
narrow momentum spread. Then, the laser interacts with the beam and introduces transversal momenta p2 and 
p3. During the plane wave stage the average p� indeed has an average value of a0, but in the QED case there is a 
distribution around that value with a spread that is increasing with the interaction time. Finally, after the 
shutdown of the laser, there is a residual distribution in p2 and p3. The width of the final angular distribution 
increases slowly with the length of the total interaction time.  

 
FIGURE 3. Transversal momentum space p2 − p3 at different times. Classical and QED radiation reaction give different 

final transversal momentum spread.  

CONCLUSIONS 

In classical radiation reaction, the energy loss of one electron depends on its initial energy. For an electron 
beam, the main effects are the decrease in its mean energy and reduction of the energy distribution width. When 
QED effects are taken into account, the intrinsic stochastic nature of photon emission leads to diffusion in the 
energy distribution around the mean value. Therefore, in the quantum regime, there is a competition between 
these two tendencies. If we allow a long enough interaction time, there is a point when the diffusion is balanced 
by the energy width reduction. Beyond this point, the energy spread only decreases.   

When including QED effects, the average divergence of the electron beam is well-described by the classical 
radiation reaction, however, when including the QED effects the distribution has a certain spread around this 
value that increases with the interaction time. This spread remains after the interaction is shut down and leads to 
a residual divergence of the electron beam.  
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