Computer Physics Communications 258 (2021) 107580

journal homepage: www.elsevier.com/locate/cpc

Contents lists available at ScienceDirect

Computer Physics Communications

N
COMPUTER PHYSICS
COMMUNICATIONS

A new field solver for modeling of relativistic particle-laser ]

Check for

interactions using the particle-in-cell algorithm™
Fei Li**, Kyle G. Miller, Xinlu Xu ©*, Frank S. Tsung®, Viktor K. Decyk ", Weiming An ',

Ricardo A. Fonseca %¢, Warren B. Mori *"

2 Department of Electrical Engineering, University of California Los Angeles, Los Angeles, CA 90095, USA
b Department of Physics and Astronomy, University of California Los Angeles, Los Angeles, CA 90095, USA

¢SLAC National Accelerator Laboratory, Menlo Park, CA 94025, USA

4 GOLP/Instituto de Plasma e Fusdo Nuclear, Instituto Superior Técnico, Universidade de Lisboa, Lisbon, Portugal

€ ISCTE - Instituto Universitdrio de Lisboa, 1649-026, Lisbon, Portugal
f Department of Astronomy, Beijing Normal University, Beijing 100875, China

ARTICLE INFO ABSTRACT

Article history:

Received 7 April 2020

Received in revised form 19 August 2020
Accepted 26 August 2020

Available online 29 August 2020

A customized finite-difference field solver for the particle-in-cell (PIC) algorithm that provides higher
fidelity for wave-particle interactions in intense electromagnetic waves is presented. In many problems
of interest, particles with relativistic energies interact with intense electromagnetic fields that have
phase velocities near the speed of light. Numerical errors can arise due to (1) dispersion errors in
the phase velocity of the wave, (2) the staggering in time between the electric and magnetic fields
and between particle velocity and position and (3) errors in the time derivative in the momentum
advance. Errors of the first two kinds are analyzed in detail. It is shown that by using field solvers
with different k-space operators in Faraday’s and Ampere’s law, the dispersion errors and magnetic
field time-staggering errors in the particle pusher can be simultaneously removed for electromagnetic
waves moving primarily in a specific direction. The new algorithm was implemented into OSIRIS
by using customized higher-order finite-difference operators. Schemes using the proposed solver in
combination with different particle pushers are compared through PIC simulation. It is shown that the
use of the new algorithm, together with an analytic particle pusher (assuming constant fields over a
time step), can lead to accurate modeling of the motion of a single electron in an intense laser field
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with normalized vector potentials, eA/mc?, exceeding 10* for typical cell sizes and time steps.
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1. Introduction

The interaction of relativistic charged particles with laser
fields has attracted extensive attention in plasma and accel-
erator physics. Examples of current research in frontier areas
in which relativistic wave particle interactions are important
include plasma-based acceleration of electrons/positrons and ions
[1-6], direct laser acceleration [7], quantum electrodynamic
laser-plasma interactions [8], free-electron lasers [9] and stochas-
tic wave-particle interactions [10-14]. The particle-in-cell (PIC)
algorithm [15-17] has been used for nearly half a century to study
how plasmas and beams interact with radiation. It has also be-
come a powerful tool for modeling a variety of plasma and beam
physics processes. Most current electromagnetic PIC codes use
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the finite-difference time-domain (FDTD) method as it is simple,
versatile and straightforward to parallelize. The grid-based FDTD
method discretizes the time-dependent Maxwell’s equations us-
ing a central-difference approximation for both space and time
domains. The resulting discretized set of equations is solved in
a leapfrog manner in time, with the electric and magnetic field
components interlaced in space when using the Yee mesh grid
[18]. Many numerical issues can arise due to the discretization,
requiring careful use to avoid subtle spurious effects. Examples of
known issues include improper numerical dispersion, numerical
Cerenkov radiation and the associated numerical Cerenkov insta-
bility (NCI) [19-22], finite-grid instability [23-26] and numerical
errors in the fields that surround relativistic particles [27]. These
errors do not always decrease proportionately with decreasing
cell size and time step, making it important to deeply understand
the cause of these effects in order to most efficiently remedy
them.

Generally, the impact of numerical issues is problem-specific,
and in many cases, no single algorithm can solve all problems.
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In this article, we consider intense laser fields interacting with
particles that co-propagate with the laser fields at speeds close
to the speed of light. This situation arises in high-intensity laser—
plasma interactions and plasma-based acceleration. It has been
recognized for some time that errors arise when computing the
trajectory of single particles in the fields of intense light waves
(lasers) [28-30]. In this work, we analyze several reasons for
these errors and propose a solution that can be implemented into
PIC codes that utilize finite-difference and FFT-based algorithms
[15,17].

We will show that the dominant error is often due to numer-
ical dispersion. Although, numerical dispersion errors for various
Maxwell solvers are well known, the effect that this plays on
single particle motion in intense laser fields is not well known.
The time-space discretization causes an electromagnetic wave to
propagate across the grid with errors in its dispersion relation
that vary between Maxwell solvers and can depend on time step
and cell size. These errors are of large concern particularly when
the particle is co-moving with the laser close to the speed of light.
In such a scenario, small errors in the phase velocity can lead to
large differences in the resonant interactions between waves and
particles. The trajectory of particles in phasespace is therefore
very sensitive to these numerical errors. The spectral method
[15,21,31-33], i.e., solving Maxwell’s equations in Fourier space,
can remove numerical errors due to spatial derivatives. Some
refer to this as a pseudo-spectral method when grids are used.
Furthermore, one can use these methods to exactly integrate the
fields forward in time assuming the current is constant during
a time interval (time step). This method, called the pseudo-
spectral analytical time-domain (PSATD) method [17,34], can thus
provide a numerical-dispersion-free scheme for light propagating
in vacuum. However, the PSATD method is not free from spurious
effects when particles are included. Another advantage with FFT-
based methods is that unlike the standard FDTD method the
entire algorithm improves in accuracy as the time step is reduced,
including the particle advance. Therefore, convergence can be
investigated by reducing the time step while keeping cell size
fixed. While the use of FFT-based solvers can improve dispersion,
they do so at a cost of decreased computational efficiency and
parallel scalability unless a local FFT-based approach is used
[35]. However, many existing codes are based on finite-difference
methods, and shifting these to FFT-based algorithms can require
major changes to the software. Therefore, an FDTD method is
desired that exhibits good dispersion characteristics and that im-
proves in accuracy when the time step is reduced while keeping
the cell size fixed.

The second important numerical issue specific to relativis-
tic particle-laser interaction is the inaccurate evaluation of the
Lorentz force during the particle push. This numerical artifact was
first identified by Lehe et al. [28]. He performed some numerical
tests to identify the sensitivity of the issue. Here we present an
analysis of this issue as well as a possible solution. This inaccuracy
is caused by the time staggering (by a half time step) between
the electric and magnetic field components for time centering
of the field equations. In reality, the electric and magnetic fields
in a plane wave are exactly equal in phase (and equal in am-
plitude when in vacuum for cgs or normalized units), so an
ultra-relativistic particle in a co-propagating laser feels nearly
vanishing transverse Lorentz force: the force is proportional to
(1—-2)E, ~ ﬁEl, where E | is the transverse electric field,
v, the longitudinal velocity of the particle, y the Lorentz factor
and c the speed of light. However, due to the time staggering
of E and B fields that exists in a standard second order time
centered solver, the magnetic field defined at the same time as
the electric field has errors of O(At?). These can be corrected if
the field has a known frequency (or if there is a known dispersion

relation). These inaccuracies in the fields can lead to errors in the
motion of a single particle that accumulate in time. To solve this
problem, a higher-order interpolation in time has been proposed
[28] to approximate the magnetic force. This method can reduce
the error in Lorentz force (assuming the wave is moving at the
proper phase velocity), by using values of B at earlier time steps,

eg., B3 , B"? and B"_%. This could reduce the time step error
to better than second order but it needs more values of B from
earlier time steps. Alternatively, the PSATD method without time
staggering could be employed which will be simultaneously free
of both numerical dispersion and errors in the Lorentz force from
the staggering E and B.

In this article, we present a finite-difference (FD) based algo-
rithm that simultaneously eliminates numerical dispersion along
one direction and corrects for errors in the v x B force from the
time staggering of the fields. This is done by first identifying the
desired k-space operators for the curl operations in Ampere’s and
Faraday’s laws (these operators can easily be used in an FFT-based
solver and adapted for any time step), then using the method
described in Ref. [36] to construct a customized FD solver that
replicates the desired k-space operators. The solver also includes
a correction to the current in order to guarantee that Gauss’s law
is satisfied at each time step.

A third numerical issue is the inaccuracy of the particle pusher.
The Boris pusher [37,38] uses a second-order (leapfrog) operator
for the time derivative and a split operator for the electric force
and rotation from the v x B force. The momentum is advanced a
half time step from E, then rotated a full-time step from v x B,
and then advanced a second half step from E. The rotation can
be done exactly with only small adjustments [17,37]. The main
source of the error in the Boris push is that v is not known at
the correct half time step, so an average is used. In addition,
a relativistic code has v = p/my, so there are several choices
for defining v during the rotation since neither p nor y are
known at the half step. Recently, there have been several ideas
for improving on the Boris pusher; some of these were motivated
to model the motion of charged particles in high-amplitude laser
fields. Vay [39] and Higuera and Cary (HC) [40] suggested using
different definitions for y during the magnetic field rotation. A
comprehensive comparison of these particle pushers can be found
in Ref. [41]. Recently, Arefiev et al. [29] proposed using a sub-
cycling technique when the fields were very large. This method
essentially recovers the analytic result when small enough time
steps are used. Gordon et al. [30] showed that a covariant pusher
could be exact if the fields are constant during a proper time step.
Very recently, Pétri [42] proposed an exact or analytic pusher (for
constant fields over a time step) in which a mapping between
the proper and lab time for each particle is required. We have
implemented the HC and an extension of the ideas of the Gordon
and Pétri pushers into Osiris [43]. We find that when combined
with our proposed solver, the HC pusher agrees very well with the
analytic pusher (and theory) until the laser strength parameter
m:f)oc exceeds 10° for relativistically drifting particles,
where e the elementary charge, m, the electron static mass and
wy the laser frequency. We will leave the details of our analytic
pusher and comparison of the various pushers for a separate
publication.

This paper is organized as follows: In Section 2, we elaborate
on the origins of the first two numerical errors mentioned above.
In Section 3, a novel Maxwell solver amenable to FD methods is
proposed, which greatly improves (1) the dispersion characteris-
tics and (2) evaluation of the transverse Lorentz force. An analysis
of the dispersion relation for electromagnetic waves at all angles
is provided. The Courant-Friedrichs-Lewy (CFL) stability condi-
tion and current correction for charge conservation are discussed.
In Section 4, OsIRrISs simulation results based on the new solver are

apg =
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presented. We compare the simulation results for a single particle
in a laser field in vacuum using the new solver with the standard
Boris, Higuera-Cary and analytic pushers against analytic theory.
The results show that the standard second-order Maxwell solver
can lead to significant errors whereas the proposed solver can
provide accurate results. We also compare simulation results
with and without the new solver for a more collective behavior
commonly referred to as direct laser acceleration (DLA). We then
offer a summary and directions for future work in Section 5.
Lastly, more detailed analysis and details of the customized solver
are provided in three Appendices.

2. Some error sources in PIC codes

In this section, we provide details on the errors in the elec-
tromagnetic fields and the forces on charged particles interacting
with these fields when using FD and some FFT-based PIC codes.
The analysis is primarily based on the spectral method by per-
forming a discrete Fourier transform in time and space for general
FD operators in space and time. In such an analysis, the FD
operators map to frequency and wave number operators that
are functions of the true frequency and wavenumber. We do the
analysis in Maxwell’s equations which are linear in the fields for
a given current.

2.1. Numerical dispersion

Because of the space and time discretization of the PIC algo-
rithm, the grid (or mesh) can be viewed as a special medium in
which the electromagnetic wave is subject to a dispersion relation
different than that in a vacuum. The numerical dispersion relation
leads to a phase velocity that deviates from the speed of light,
causing inaccuracies in the computation of particle motion. We
will show later that this error is generally the largest amongst
those discussed here when using a standard FDTD PIC code.

The numerical dispersion relation can be derived from the
discrete Faraday’s and Ampere’s laws as

dth—dEXE, thZdBXB_.’v (1)

where d; and dgp are the generalized FD operators. For the
remainder of the article, we use the normalized units in which
¢, me and e are equivalently viewed as unity, and the variables
having time and length dimensions are normalized to reciprocals
of arbitrary frequency w, and wavenumber k, = w,/c. The
spatial operators used in Faraday’s and Ampere’s laws can be
different. Note that the operator used in Ampere’s law should be
the same as that assumed in the continuity equation for a charge-
conserving scheme where Gauss’s law is maintained or that used
directly to solve Gauss’s law. Performing a Fourier transform gives

[kle x E, [w]E = —[k]s x B—1i, )

where an overtilde represents a Fourier transform, [w]; and [k]g p
are the counterparts of the discrete FD operators in Fourier space.
By ignoring the source term J, the numerical dispersion relation
in vacuum can be obtained as

[w]? — [k]s - [K]e = 0. (3)

[w]B =

In the above derivation, Gauss's law i[k]z - E = 0 is used. If we
assume that the laser field propagates in the 1-direction, then
its wavenumber has only a k; component and the numerical
dispersion relation becomes

[0]? — [K]p1[k]le1 = O. (4)

In the standard leapfrog PIC algorithm, the electric field E is
defined on the grid a half time step away from the magnetic field

B. Therefore, the operator [w]; has the form [w]; = sin (
for which the phase velocity is given as

2 At
By = @ _ arcsm( [k]Bl[k]El) (5)

) /4.

ki kAt

where At is the time step and w is the frequency of the electro-
magnetic wave. For the Yee mesh, where the electric and mag-
netic field components are stored on the staggered grid points in
space as well, FD operators for [k]g; and [k]g; of arbitrary order
have the form

p/2 . P kqAxq :I
B oy sin [(2] 1)
- Z J

i AX] /2

where p is the order of accuracy and C].B £ is the stencil coefficient.
In a conventional PIC algorithm, we usually use the same solver
stencil for both Faraday’s and Ampere’s equations, i.e., [kl =
[k]g1 = [k]1. For example, the standard Yee solver of second-order
accuracy has [k]g; = [k]g1 = sin( "1§"1 )/ 45

Fig. 1 shows the [k];, w, and phase veloc1ty (Bp = w/kq) as a
function of k; for FD solvers of different accuracy. We can see that
the dispersion relation and phase velocity of the second-order
solver (Yee) can deviate significantly from real physics. Although
higher-order solvers decrease the deviation, even seemingly triv-
ial discrepancies in the phase velocity can still have cumulative
effects on particle dynamics in long-duration (distance) simula-
tions. For example, if we set the cell size to Ax; = O.Zk(j] (5
points within a laser skin depth k(j]) and the time step to At =
0.5Ax;, the phase velocity of the ko =~ 0.03k,; mode is By =
0.99875 (which corresponds to y, = 20) for the second-order
Yee solver. For these parameters, an ultra-relativistic particle
would undergo an artificial backward phase shift of one laser
wavelength after 5 x 10* time steps (800 laser cycles), gaining
less energy than it would otherwise. However, a mildly relativistic
particle with ¥y ~ 20 would stay in phase with a light wave
moving slower than the speed of light, enabling increased energy
gain from the laser. The kg mode of the 8th-order solver is super-
luminal, as shown in Fig. 1(c), and the phase velocity is estimated
to be B, ~ 1.00042. This would cause an artificial forward phase
shift of one laser wavelength after 1.5 x 10° time steps (2400 laser
cycles) for an ultra-relativistic particle. Therefore, the numerical
errors can become important for both moderately and highly
relativistic particles (in long duration simulations) due to errors
in the phase velocity. For modes with higher k;, which are present
for a light wave packet, the phase velocity deviation and artificial
phase shift are more severe.

: (6)

[Kk]s1,e1

2.2. Inaccurate calculation of the Lorentz force

In order to illustrate how the time staggering between E and
B leads to a spurious force exerted on the particles from a laser
field, we start from the particle pusher used in the PIC algorithm.
For simplicity, we assume the laser is polarized in the 2-direction
(the other transverse direction being the 3-direction). A particle
with charge q is pushed according to
yn+%ﬁ;+% _ yn——ﬁz

) =q|E — B} x

where the laser fields E; and Bj are interpolated from the spatial
grid points and B; refers to the velocity of the particle in the i-
direction. The superscript ()" represents the quantities at t =
nAt, and the overbar (-) represents interpolation in time. Since
the magnetic field components are defined on the half time step
whereas the Lorentz force is evaluated at the integer time step, B3
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Fig. 1. (a) The operator [k]; of the standard solvers with different orders of accuracy as a function of k;. (b) The numerical dispersion relation, @ vs. k. (c) The
phase velocity, B, = w/k;, as a function of k;. To generate these plots, the cell size and time step were set as Ax; = ().2)(51 and At = 0.5Ax;. The normalization

unit is defined as kq1 = 27/ Ax;.

needs to be interpolated in time. In the standard PIC algorit?m,
this is usually fulfilled by simply averaging, i.e., Bg = (B;_f +

1
Bg+7 )/2, as shown in Eq. (7). Because of the averaging, Bg does not
equal E with sufficient precision for particles moving near the
speed of light in the 1-direction, which introduces errors when
pushing the macro-particles and hence errors to each particle’s
trajectory. It should be noted that although the field compo-
nents are also stored on spatially staggered grid points for a Yee
mesh, our derivation shows that the spatial staggering has no
contribution to the spurious Lorentz force.

From the discretized Maxwell equations in Eq. (2), the relation
between E, and Bs is

[K]E1 ~
= E,, 8
ol 2 (8)

from which it can be shown (see Appendix A) that in two di-
mensions the transverse Lorentz force exerted on the particle
is

Fy(w, kq, k . . At
w = [Ez(w, ki, ky) — BiBs(@, ki, ky) cos “’T}

x S(—kq, —ky), 9)

B

where S is the Fourier transform of the interpolation function. The
factor of cos ‘“TA‘ is due to the time staggering and corresponding
average in Eq. (7), but the spatial staggering has no impact as
aforementioned. Combining Eqgs. (8) and (4), we have

E - _ At -
52 =k [1 — B1y/[Kle1/[Kp cos “)2} s.

For the standard PIC algorithm with [k]z; = [k]p;, the factor
cos “’TAt cannot be eliminated from Eq. (10). The correct cancella-
tion, which results in F, = qE»(1 — B1)S, is therefore unattainable

for any solver with identical [k]g; and [k]p; operators.

(10)

2.3. Coupling of the dispersion and Lorentz force errors

It should be noted that the two numerical errors just described
are not separable. It is possible that total error in the particle’s
trajectory is actually less than that from each on their own. This
can be illustrated qualitatively by a simple case where a particle

with velocity 1 co-propagates with a monochromatic plane wave
with amplitude Ep and frequency wy. The 2-component of the
Lorentz force in the presence of the time staggering and numer-
ical dispersion is thus F; = Eo(1 — B; cos wOTA[)cos{[l<]o(ﬂ¢t -
X1) + ¢o}, where By is the phase velocity, ¢ is the initial phase,
and [k]o is the wavenumber k, under numerical dispersion. Since
the analytical force is F, = Eg(1 — B1) coslko(t — x1) + ¢o] (note
wo = ko), it can be shown the instantaneous error in the force
0F, =F, — F; at time t is

5Fy = Eg(1—B1)[c0S $—COS(d+5¢)]—2Eo By sin? 2L

cos(¢p+45¢)
(11)

where ¢ = ko(t — x1) + ¢o is the analytical phase and §¢ =
[klo(Bp — 1)x1 is the phase error induced by numerical dispersion.
The first term in Eq. (11) originates purely from the numerical
dispersion while the second term couples both the dispersion
and time-stagger errors together. If we use the Yee solver as an
example, the two terms are non-vanishing and 8¢ is negative.
Considering a particle residing at ¢ = 0, the signs of the two
terms are opposite, partially canceling the force error. The total
error in F, may thus be smaller than the error from only one
term. In light of this coupling between errors caused by numerical
dispersion and time staggering, reducing errors from only one
source might not necessarily improve overall accuracy. Therefore,
finding a solution that can simultaneously reduce both the errors
is of particular importance.

3. Improved Maxwell solver
3.1. Improved dual [k], operator

In order to provide accurate modeling of intense laser-matter
interactions, it is first important to accurately model how a sin-
gle particle interacts with an intense electromagnetic wave. To
achieve this using PIC codes, we need to improve both the nu-
merical dispersion relation and compensate for the spurious force
induced by the time stagger of the E and B fields. The idea is
to determine the [k]g; and [k]g; operators (in Fourier space) that
minimize or eliminate errors in both the dispersion relation and
Lorentz force, and then to develop FD operators (in real space)
that provide those desired [k]g; and [k]g; operators. If one is
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using an FFT-based algorithm, the desired operators can be used
in Fourier space directly.

To minimize the dispersion errors, the [k]g; and [k]g; oper-
ators should be properly selected so that the numerical version
of the ratio k% /w? approximates the real physics as much as

possible:
[K]e1[k]B1 k?

Furthermore, to minimize spurious terms in the Lorentz force we
would like simultaneously find a [k]g; and [k]p; to best approxi-
mate the Lorentz force:

- wAt -
1-— ,31\/ [k]E]/[k]m COoS T — 11— /31. (13)
The first condition is satisfied by setting [klgi[klpr = [k]%,t,

where [k];; = sin(kl%)/%. Substituting this relationship into

the second condition then leads to,
[k]1,¢

cos(25t)’

[Klgr = [klg1 = [k]1,r cos(——). (14)

wAt

2
It is difficult to ensure that these equations are simultaneously
satisfied in general due to the w dependence inside the cosine
terms. We are interested in ensuring that this relationship is
satisfied for light waves propagating in tenuous plasmas where
w ~ ky therefore we replace w = k; in Eq. (14) and obtain
[Kler = S gy = [kl cos kle 3 (15)

cos 5=

We note that for modes with w = k; a non-zero error in the
Lorentz force remains, but in general the magnitude is smaller
than those of the standard method. Note that choosing [k]; =
[k]1.¢ is exactly the solver proposed by Xu [27] to reduce field er-
rors surrounding relativistic particles. This numerical-dispersion-
free solver adopts identical operators, i.e., [klg1 = [klg1 = [k]1..
Our proposed scheme can be simply viewed as a time-staggered-
correction version of this solver. For simplicity, we will call the
solver associated with the [k]; operator the Xu solver in the
remainder of the article. Such operators can be readily achieved
by spectral (FFT) based solvers, but are impossible to be matched
exactly by standard FD solvers. To approximate these operators
using a FD method in broad regions of k; space, we follow the
methodology in Ref. [36]. The target forms for [k]z; and [k]gq
are achieved by extending the solver stencil and customizing its
coefficients. The number of stencil coefficients is increased from
p/2 to arbitrary M, where M > p/2. The detailed method of
fitting the [k]g, and [k]g; operators using customized coefficients
is described in Appendix B.

In Fig. 2 we present results for the ki-space operators, the
numerical dispersion errors and the Lorentz force errors for a
16-coefficient customized stencil with Ax; = 0.2k, Tand At =
0.5Ax7. In Fig. 2(a) the [k]g; (blue line) and [k]g; (red line)
operators are shown as functions of k;. Although they seem to
deviate more from their individual ideal forms than do the stan-
dard higher-order solvers [see Fig. 1(a)], the resulting numerical
dispersion relation [w]; = /[k]g1[k]z1 denoted by the yellow line
is clearly better than for the standard operators [see Fig. 1(b)]. In
Fig. 2(b), we compare the phase velocity errors when using [k]g;
and [k]p; fitted with different stencil widths. It can be seen that
within the range 0 < k; < 0.3k, a negligible phase velocity
error (~ 107°) is achieved using only 8 stencil coefficients. Since
the high-k modes [k; > 0.3kg; in Fig. 2(b)] with relatively large
phase velocity errors can usually be filtered out as they lie outside
the Fourier modes of physical importance, such a result is good
enough for most cases. The comparison in Fig. 2(b) shows that
the dispersion relation can be further improved by using solvers

with wider stencils. For example, increasing the number of stencil
coefficients from 8 to 16 improves the accuracy of the phase
velocity by nearly two orders of magnitude.

In Fig. 2(c), we compare the errors in the Lorentz force for a
plane wave with different solvers, as defined by the cancellation
factor F = /[klg1/[Kp1 cos 25 [see Eq. (10)], where w is cal-
culated under numerical dispersion. In the continuous limit, this
factor should be unity, F = 1. For the standard Yee solver and any
others with [k]g; = [k]g1, the F factor has a noticeable deviation
in almost the entire first Brillouin zone, k; < kg1. Even for the Xu
solver (green line), which exhibits the correct dispersion relation,
we still have a very large deviation in the F factor. However,
the proposed solvers with different stencil widths significantly
improve the F factor. Within a considerably wide range of ky, the
cancellation factors are very close to 1, as seen in Fig. 2(c). The
very high k modes will be filtered out as mentioned before; the
proposed solver thus provides an improved dispersion relation
and field cancellation for the k; range of interest.

We close this subsection by noting that we have described
a choice for the k-space operators that reduce errors associated
with the second time advance of the fields in Maxwell’s equa-
tions. This operator is obtained by essentially eliminating errors
for plane electromagnetic waves propagating in vacuum. These
choices have some similarities to the PSATD algorithm where E
and B are staggered in time (in the PSATD the algorithm is in
k-space while in our case the algorithm is in real space using
FD operators). For light waves propagating in a tenuous plasma
where the correction to the Lorentz force requires knowledge
of the dispersion relation of light (see Eq. (10)), the proposed
solver will significantly reduce the errors. However, for moderate
or overdense plasmas, the new solver will have errors of O(At?)
as before. In addition, when nonlinearities modify the dispersion
relation of the modes, so long as the modes move near the speed
of light then the new proposed solver will have significantly less
errors than the standard solver.

3.1.1. Obliquely traveling waves

Although the proposed solver is designed for electromagnetic
waves propagating parallel to the 1-direction, its numerical dis-
persion relation is still more accurate than that of the Yee solver
even when the incident wave travels within a considerable angle
range. The errors with the proposed solver gradually increase
with increasing angle until they are identical to those with the
Yee solver for propagation at 7 /2 with respect to the 1-direction
(maintaining consistent time step and cell sizes). To illustrate
this feature, we assume an obliquely incident plane wave with
wave vector ko traveling in the x;-x, plane (k3 = 0). Let the
incident angle be 6, so that k; = kgcosf and k, = kgsiné.
Since k, is now non-vanishing, we need to include [k]g; and
[k]p2 operators when calculating the phase velocity using Eq. (5).
Here, for both the Yee and proposed solvers, the operators in x;

have identical forms, [klz, = [kl = sin kz% %. Using

the operators defined in Eq. (15) for the proposed solver and
[Kler = [kl = sin (1521 ) /21 for the Yee solver, we can write
the phase velocity in a unified form,

= arcsin At
% = oAt 2
sin(nko At cos6/2) 2+ sin(ko Ax, sin6/2) 2 (16)
X
nAt/2 AXo /2 ’
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wAt
2

F = /Ikl1/[k]p1 cos

(ideally F = 1) between the proposed solvers with different stencils, the standard Yee solver and the Xu solver. The numerical parameters

are Ax; = 0.2k51, At = 0.5Ax; and kg1 = 27 /Axy. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)

where 7 1and n = AA—"; for the proposed and Yee solvers,
respectively. Performing a Taylor expansion in 6 gives
nkoAf

. -1 ..
drcsin sin

nlsin(nkoAt) — nkoAt]
2\/(1 = cos(nko At))(2n? — 1+ cos(nko At))

Vy =
? T koAt

0% + 0(6%).

(17)

The leading term for the proposed solver exactly equals unity
(n 1), while for the Yee solver where n = % > 1 due to
the CFL stability condition, the leading term is always less than 1.
Since the coefficient of the 62 term is positive, waves moving at a
small incident angle will travel slightly faster than those parallel
to the 1-direction. Fig. 3(a) shows the phase velocity as a function
of 6 according to Eq. (16) for a reasonable choice of kg with
Ax; = Axp = 0.2k, ". For At = 0.1w, ' (blue lines), much smaller
than the Courant limit Atc. = 272w, the proposed solver
always has the smallest errors in the phase velocity (closer to the
speed of light) for all angles less than 7 /2. On the other hand, for
At >~ Atcp (red lines), the proposed solver still has smaller errors
in the phase velocity for a wide range of 6. As is well known, we
can see that for the Yee solver with At >~ Atcg, there is an angle
for which the phase velocity is exactly equal to unity (for this case
with square cells the angle is 7 /4). For angles less than ~ /8, it
is clear that for both values of At the proposed solver has smaller
errors in the phase velocity. It can also be seen that for a given
time step, the dispersion errors for the proposed solver converge
to those for the Yee solver (while remaining slightly smaller) as
the angle approaches 7 /2. This, together with the fact that the
phase velocity at small angles for the proposed solver - unlike the
Yee solver — monotonically converges to unity as At is reduced,
allows for convergence tests by reducing the time step (since the
field solver and the pusher both get more accurate).
_ We can also consider the accuracy of the Lorentz force in the
2-direction for a plane wave moving at an angle 6 and a particle
moving in the 1-direction. A similar analysis could be done for the
force in the 1-direction. The 2-component of the Lorentz force has
the same form as described by Eq. (9), but due to the laser moving

at an angle there is also a component of k in the 2-direction,
making B3 the sum of two terms,

- [klg1 = [Kle2 -
B; = E;, — s 18
Tl Y (ol (18)
according to Eq. (2). Substituting into Eq. (9), we have
E [, . [k]e1 <a)At>:| -
=FE,(1-— os| — | |S
q ? L P NKlg1[klg1 + [Klg2[K]p2 2
- (K12 (a)At) ~
+ E os{ — | S
i 11 NKIgTklg1 + [Klg2[K]g2 2
_E, | coso — B, [Klg1 cos @ + [k]gz sin @ os (a)At)] 3
L NTkIg1[k11 + [k1e2[kTg2 2
(19)

where E, is the complex amplitude of the plane wave and we
have used E; = Egcos6 and E; —Eq sin6 to simplify the ex-
pression. The term introducing numerical errors is the factor «

[K]gq cos O +[klg sin 6 wAt : _ kycosO+kysing
e s ko gy <08 2 » Which reduces to k = === == =

1 in the continuous limit. In Fig. 3(b) we plot « as a function of
0 for the [k]g g operators corresponding to the Yee and proposed
solvers. It can be seen that for the Yee solver the error is nearly
constant over all angles and gets smaller as At is reduced. On
the other hand, the factor is unity for the proposed solver at an
angle of 0 and is always closer to unity (for all angles) than for
the corresponding Yee solver.

3.1.2. Behavior in a plasma

The proposed solver also gives more accurate dispersion rela-
tion for light in a plasma. In a cold and static plasma with the
ions assumed to be immobile, it can be shown (see Appendix C)
that the simple numerical dispersion relation

(]} — [Klg - [K]5 + S(o, K)o?) ([]; — s(w, k)w?) =0

is satisfied when using a momentum-conserving scheme where
the interpolation function for the electric field is identical to the
deposition function for the charge (current). Here, s is an auxiliary
parameter related to the interpolation function and the aliasing

(20)
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effect, as defined in Appendix C. After inspection, it can be seen
that the first term in the above equation corresponds to the
electromagnetic mode, while the second term corresponds to the
Langmuir mode.

In Fig. 4 we plot the numerical dispersion relations for both
modes using the Yee and proposed solvers and compare them
against continuous-limit expressions for w, = 1. To generate
these plots, we assume the aliasing effect is negligible and only
solve Eq. (20) in the first quadrant of the fundamental Brillouin
zone, ie., (ki kz) € [0, kg1/2] x [0, kg2/2], where kg = 2Z. The
Langmuir mode is shown in Fig. 4(a), where there is no observed
difference between the Yee and proposed solvers because the
numerical dispersion relation [w]? = s(w, k)a)g does not explicitly
rely on the [k]g 5 operators. In both cases, the dispersion relation
depends on k because of the interpolation function. The value of
w is wp for k = 0, and then  decreases as the magnitude of k
increases.

Fig. 4(b) shows the w-k relation for the electromagnetic mode.
It can be seen that the Yee-solver surface resides well below the
continuous-limit result, while that of the proposed solver falls
in-between the two. When k, = 0 the surface of the proposed
solver converges to the continuous limit, whereas when k; = 0 it
converges to the curve of the Yee solver. Therefore, even though
the proposed solver was specifically designed to optimize the be-
havior of single particles interacting with electromagnetic waves
in vacuum, the proposed solver still gives a significantly more
accurate dispersion relation than does the standard Yee solver
for electromagnetic waves in a plasma. For waves propagating
roughly along the 1-direction in a cold plasma, the proposed
solver is nearly as accurate as it is in vacuum. We have only
plotted results for square cells, but the general conclusions still
hold for rectangular cells.

3.2. CFL stability condition

The use of different FD stencils in Ampere’s and Faraday’s
laws leads to a different Courant-Friedrichs-Lewy (CFL) stability
condition than that obtained for a conventional solver. According
to the numerical dispersion relation in Eq. (4), the following
constraint on the time step is obtained in order that w be a real
number for a real wave number:

M M

B X E . 2
§ :stxl-] § :stxl«] +5x2,1
j=1 j=1

At

<1,
2

(21)

where sy ; = sin[(2j — 1)k;Ax;/2]/(Ax;/2). We point out that
the Yee operator for the 2-direction is included in the above
inequality for the general 2D scenario. Noting that sy, ;| < A%.-'
it can be shown that a sufficient condition (CFL limit for At) for
the above inequality is

Atfl/

3.3. Current correction for charge conservation

M

pBed

j=1

M

21

j=1

1+1
A3

(22)
Ax2

In a typical FDTD PIC code, the electromagnetic fields are
advanced via Faraday’s and Ampere’s laws, while Gauss’s law is
maintained by applying a charge-conserving current deposition
scheme similar to that in Ref. [44]. The referenced deposition
scheme is second-order-accurate in all directions, which means
that Gauss’s law is satisfied exactly for the standard second-
order Yee solver. However, when using the proposed solver with
a modified stencil in the 1-direction, the existing current de-
position can no longer be charge conserving without a corre-
sponding current correction. We next show that if we modify the
second-order-accurate current in the 1-direction in Fourier space
(performing an FFT only along the 1-direction) as follows,

(23)

that the continuity equation and hence Gauss’s law are satisfied
for the modified stencil, where [k]1yee = sin(¥15*1)/2 is the
operator corresponding to the standard second-order Yee solver.

The existing second-order-accurate charge-conserving current
deposition satisfies the following FD representation of the conti-

nuity equation:

dep + dyee - J™T2 =0, (24)

where d refers to differential FD operators. Performing a Fourier
transform in the 1-direction and using the corrected current from
Eq. (23), we have

dep + ilKlpe.1 + ilKl2.yee2 = O. (25)
Combining this with the divergence of Ampere’s law yields
de (7 + ikl s + ilkl veeF2 ) = 0, (26)
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Fig. 4. Comparison of the w-k relation between the different solvers and theory for the (a) Langmuir mode and (b) electromagnetic mode as defined in Eq. (20). To
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for better visibility. The surface of the proposed solver exactly overlaps with that of Yee solver in (a).

which indicates that Gauss's law i[k]p - E = —p is satisfied for
later times if it is satisfied at t = 0, where [k]z = ([k]p1, [K]2,vee)-

4. Sample simulations

In this section, we present two examples where the proposed
solver improves results from simulations. A single relativistic
charged particle co-propagating with a laser pulse is simulated
in the first example. The second is a more complicated scenario,
where an electron bunch is injected and accelerated directly by
the wakefield and laser pulse in a laser wakefield accelerator.
We used the PIC code Osiris [43,45], where the proposed algo-
rithm has been implemented. An FD solver with 16-coefficient
wide stencil was used for all the simulations in this section. As
shown in Fig. 2(b) and (c) for such a stencil there is negligible
inaccuracy relative to the exact k-space operator for kq/kg;. For
wavenumbers of interest our coefficients lead to errors less than
10~® from the exact choice. Numerical convergence tests have
confirmed that further broadening the stencil benefits leads no
improvement in accuracy.

For a comparative study, we will show not only the results of
the proposed solver, but those of all solvers listed below:

1. Standard Yee solver.

2. Xu solver with [k]g; = [klg1 = [k]1 (see Ref. [27]). This
solver is considered to have a good dispersion relation, but
because it uses identical [k]g; and [k]g; it does not correct
for the time-stagger errors in the magnetic field.

3. Yee solver with field time-stagger correction (Yee
t-stagger). As aforementioned, any dispersion relation can
be set as the objective in Eq. (14), not just w = k;. By letting
[w]: = [K]1.vee, the solver retains the dispersion errors of
the Yee solver while possessing the time-stagger correction
in the transverse force.

4. Proposed solver, which can be viewed as the time-stagger-
corrected version of the Xu solver.

The purpose of doing the comparison is to demonstrate that
both dispersion and time-staggering errors can contribute signif-
icant numerical errors to the motion of a single particle in an
intense laser and in wakefields, and that correcting one without
the other can actually make the errors larger in some cases.
Therefore, correcting both numerical artifacts is important. In
these comparisons we also use various particle pushers as de-
scribed below. We emphasize that the results can depend on the
choices of the cell size, the aspect ratio of the cells for multi-
dimensional cases and the time step, in addition to the solver
and pusher. These examples are not intended to be exhaustive,
but illustrative.

4.1. Single particle in a laser field

In the first set of 2D test simulations, we initialized a single rel-
ativistic macro-particle which co-propagates with a plane-wave
laser pulse polarized in the 2-direction. Fig. 5(a) shows the initial
configuration of the simulation, where moving-window (peri-
odic) boundaries are used in the 1-direction (ﬁ—direction). The
pattern colored by red and blue represents the E; component
of the laser pulse. For simplicity, the laser is a plane wave and
has a super-Gaussian longitudinal profile with a 100 k; ! long
flat-top. Thus the laser field has no diffraction as it propagates,
and the particle always feels a constant laser amplitude. In this
section, the time step (At = 0.050)51) and cell sizes (Ax; =
0.2ky 1 Axy = 20k, l) are fixed for all the simulations. The theo-
retical results plotted in each figure (dashed lines) are calculated
using analytic solutions, e.g., see Ref. [46].
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In the first example, a drifting particle with y, 20 is
initialized inside laser fields of moderate amplitude (ag = 0.5)
at a location where the laser electric field (vector potential) is at
a maximum (zero). In Figs. 5(b)-(d), the particle trajectories are
compared between the above-listed solvers used in conjunction
with the Higuera-Cary (HC) pusher [40]. We have found that the
HC pusher is generally better than the standard Boris pusher: it
simultaneously exhibits the advantages of the Vay pusher [39] for
relativistically drifting particles and of the Boris pusher for con-
serving the phase volume. We leave a more detailed comparison
of the choice in pushers for a later publication.

Fig. 5(b) shows the change of particle phase, & = x; — t.
Since the use of the Yee-type solvers (types 1 and 3) leads to
the laser fields traveling slower than the speed of light (but still
faster than the particle), the test particle undergoes a significantly
smaller dephasing than for the Xu and proposed solvers. This
artifact in the dispersion relation is also reflected in the oscillation
period of the transverse momentum, p,, as shown in Fig. 5(c);
the Yee-type solvers have much larger oscillation periods than
the others, while the solvers with a corrected dispersion relation
(Xu and proposed) have similar periods that agree well with the
theoretical prediction.

The adverse impact induced by the time staggering is pri-
marily manifested in the oscillation amplitude; the amplitudes
of both the standard Yee and Xu solvers in Fig. 5(c) are larger

than their counterparts that have the time-stagger correction. As
is well known, p, satisfies the canonical momentum conservation,

(27)

where g is the normalized vector potential of the laser pulse.
Since the test particle is initially stationary in the 2-direction and
placed where a; = 0, the subsequent evolution of p, is subject
to p, = a;. As the test particle progressively dephases, p, should
oscillate between —ay and qo. In this regard, only the proposed
solver gives a convincing solution. Fig. 5(d) shows the change in
y, where except for the proposed solver, all others overestimate
the energy gain to different degrees. It is worth noting that we
have also done comparisons with the standard Boris pusher, and
the results are almost identical to those with the HC pusher,
implying that the discretization error on particle velocity has little
impact on such problems with relatively low ao.

The situation becomes more complicated, however, for larger
ap and for particles initialized at rest, in which case the numerical
errors originating from the particle pusher can be non-negligible.
Fig. 6 shows the results the cases where the particles are initial-
ized at rest. For the test case with aqp = 10 and using the HC
pusher [see Fig. 6(a)], the phase & given by the Yee-type solvers
significantly deviates from the theoretical result. The Xu solver
gives much better results, and the proposed solver agrees almost
perfectly with theory. However, when we increase the laser am-
plitude to ag 100 [see Fig. 6(b)], none of the tested solvers

p2 — a; = const.,
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Fig. 6. Single-particle motion for a particle starting at rest in laser fields of varying amplitude. Evolution of the particle phase, & = x; — t, for (a) ag = 10 and
(b) ap = 100 using the HC pusher with various solvers. The evolution of the (c) phase, &, and (d) Lorentz factor of a particle in the presence of a laser field with

ap = 100 using the proposed solver combined with different particle pushers.

give a quantitatively correct result. Nonetheless, the proposed
solver still provides the most accurate solution among all the
tested solvers. The remaining errors are related to the particle
pusher. To illustrate this, three pushers (Boris, HC and an analytic
pusher that is an extension of the ideas in Gordon et al. [30]
and Pétri [42]) are tested along with the proposed solver for
the aqg = 100 case. By “analytic” pusher, it is meant that an
analytic solution is used for the evolution of the proper velocity
under the assumption that E and B fields are constant during an
interval of time. It can be seen in Figs. 6(c) and (d) that only the
analytic pusher gives quantitatively correct results. The update
to the particle position is not done analytically but is done with
second order accuracy. However, if the particles are moving near
the speed of light, then the velocity does not change much during
a time step (although the momentum might). As a result the use
of leap frog advance of the particles position leads to negligible
errors.

For even larger laser amplitudes of ag = 1000 and a, = 10000
(see Fig. 7), the combination of the proposed solver and analytic
pusher still agree well with the theoretical results for a particle

initialized at rest, though the use of the Boris and HC push-
ers introduces significant errors. In Fig. 8, we explored different
solver—-pusher combinations for an initially drifting particle with
yo = 20. For the ap = 100 case, the use of the proposed solver
combined with both the HC and the analytic pusher achieves
excellent agreement with the theory. For the a; = 10000 case,
these two combinations still work equally well, but significant
errors have appeared, indicating that the time step for the pusher
and/or the cell size and time step for the field solver may not be
small enough. In both cases, note the extreme errors when using
the standard Yee solver, even with the analytic pusher.

It should be emphasized that this result may be of great sig-
nificance for modeling ultra-intense laser and particle interaction.
With the onset of petawatt laser systems around the world and
multi-petawatt laser systems to be deployed in the near future,
experiments are being conducted to examine the complex physics
that arises from the interaction between particles and ultra-
intense laser fields. The proposed solver and the analytic pusher
provide the possibility for high-fidelity simulations in this physics
regime for FD-based solvers. We note that the PSATD method
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should also provide corrections to the numerical dispersion and
time-staggering errors. Such a corrected PSATD method com-
bined with the analytic pushers could also provide high-fidelity
simulations of particle motion in laser fields.

4.2. Synergistic laser wakefield and direct laser acceleration

In this section, we will apply the proposed solver to a self-
consistent scenario that involves ionized self-injection [47] and
acceleration from a combination of wakefields (LWFA) and di-
rect laser acceleration (DLA) [48,49]. We use 2D simulations to
illustrate the numerical issues. An ultrafast, intense laser pulse
propagates through a neutral gas composed of helium and ni-
trogen. The helium electrons and the outer-shell electrons of
nitrogen are stripped out by the leading front of the laser pulse
and form the plasma wake. The electrons in the inner shell of
nitrogen are not ionized until they reach the peak intensity of
the laser. These inner shell electrons are eventually trapped by
the wake and get accelerated. Here, the laser pulse duration is
appropriately chosen so that the laser fills the entire first bucket
and thus overlaps with the trapped electron bunch. Therefore,
the trapped particles are not only accelerated by the longitudinal
electric field of the plasma wake, but also may have extra energy
gain via a process now known as direct laser acceleration (DLA)
[48,49].

The simulation parameters are listed in Table 1. Fig. 9 shows
snapshots for each solver around 8000 w; ' after the laser enters
the plasma. Note that the Boris pusher was used for all cases. For
Yee-type solvers [see Figs. 9(a) and (b)], the laser pulse travels
slower than for those with the Xu and proposed solvers [see
Figs. 9(c) and (d)] due to their relatively large errors in the disper-
sion relation (affecting both phase and group velocities). This is
evident by comparing the position of witness beams with respect
to the wake or of the ionization leading edge. Alternatively, the
witness beams in the simulations using solvers without time-
stagger correction in the pusher [see Figs. 9(a) and (c)] exhibit
large spurious modulation in the density distribution. By com-
parison, for the solvers applying the time-stagger correction [see
Figs. 9(b) and (d)], the density modulation is greatly mitigated.

Fig. 10 shows the acceleration contributed by the LWFA and
DLA mechanisms. To generate the energy gain plots, the LWFA
and DLA contributions are evaluated by integrating

¢
Wiwra = —/ viEqdt’ (28)
0
and
t
WDLA=_/ vJ_'EJ_dt/ (29)
0
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Table 1
Parameters for synergistic LWFA-DLA simulations.
Parameters Values
dp 2.0
Laser Wavelength Ao 0.8 um
Focal waist wq 7 wm
Pulse duration t 45 fs
Plasma Helium density nye 5.0 x 10'® cm™3
Nitrogen density ny 1.7 x 10" cm™3
Dimension (1400, 600)k, '
Cell sizes (Ax;, Axy) (0.25, 1.0)k; '
Numerical Time step At 0.1250; "
Particles per cell 8
Particle shape Quadratic

250 F- - Yee, LWFA
--Yee, DLA
O time-stagger corr. Yee, LWFA
O time-stagger corr. Yee, DLA
2001 o Xu, LWFA
o Xu, DLA
—proposed, LWFA
—proposed, DLA
I50T + Yee (10x res), LWFA
* Yee (10x res), DLA

e

. 2
energy gain (m ¢”)
3

50

4000
t(1lw,)

6000

Fig. 10. Acceleration contribution from the LWFA and DLA mechanisms for
different solvers. Note that the LWFA gain for the proposed solver is nearly
identical to that of the Yee with 10x the resolution.

over all time steps. The integrals are averaged over 500 randomly
sampled particles from the trapped bunches. Due to the slower
phase velocity of the laser resulting from the use of the Yee-type
solvers, these trapped bunches undergo faster dephasing in the
wake and hence experience a smaller acceleration gradient over-
all. Specifically for the Yee solver, since the transverse momenta
of the trapped bunch are significantly modulated by the spurious
force, the DLA contribution is ultimately non-negligible.

The accuracy of the proposed solver was verified by numeri-
cal convergence: simulating with the Yee solver using 10 times
higher resolution gave LWFA and DLA contributions which con-
verged to those of the proposed solver for larger time steps (and
cell sizes). We also investigated the phase space distributions of
the accelerated beam and found that only the proposed solver
gave out the results converging well to the Yee with 10x higher
resolution, while others have larger phase space volume. There-
fore, from another perspective, the convergence test indicates
that using the proposed solver can give convincing results at a
much lower computational cost. Another point learned from the
convergence test is, for the selected parameters, the LWFA mech-
anism dominates the whole acceleration, therefore the numerical
dispersion error is important whereas the time-stagger error is a
relatively minor issue here.

5. Conclusion

In this article, we presented and analyzed three important
origins of numerical errors that prevent high-fidelity modeling
of the interaction between relativistic charged particles and a co-
propagating laser field without the use of small cell sizes and time
steps. For a standard FDTD electromagnetic PIC code, errors in
(1) the numerical dispersion relation caused by discretization in
time and space, (2) the Lorentz force induced by advancing the
electric and magnetic fields in a time-staggered leap frog algo-
rithm and (3) the momentum advance in the particle pusher will
often lead to significant inaccuracies in the field and particle evo-
lution. To suppress errors from the first two sources, we proposed
a novel higher-order FD solver with customized stencil coeffi-
cients, which was straightforward to implement into the present
framework of the code Osiris. In addition, we compared results
with the new solver using the standard Boris, Higuera-Cary and
an analytic pusher to demonstrate that the correct choice of the
particle pusher can mitigate errors in the momentum advance.

In the proposed Maxwell solver, by introducing different [k];
operators, i.e., [k]g; into Faraday’s law and [k]z; into Ampere’s
law, the electric and magnetic force felt by a particle in a light
wave can be perfectly compensated. With [k]g1[k]lp1 = [k]ﬁyt,
which yields the true dispersion relation w = k;, the pro-
posed solver is nearly free of numerical dispersion errors for a
laser propagating in the 1-direction. Since the charge-conserving
current deposition scheme is only suitable for the second-order-
accurate solver in the present Osiris, we modified the current
deposition appropriately for the proposed solver with wider sten-
cils. We have shown that by correcting the current in Fourier
space, both the continuity equation and Gauss’s law remain sat-
isfied at each time step.

The advantages of the proposed solver have been verified by
two sets of simulations: (1) a single particle co-propagating with
a plane wave laser and (2) LWFA with ionization injection and
DLA. It is shown that the proposed solver can yield results close to
analytic solutions, while standard solvers can distort the physics
or even lead to incorrect results. The choice of the particle pusher
was also shown to be important and can lead to additional errors.
The use of the proposed solver - in conjunction with an accurate
particle pusher - enables high-fidelity simulations of particle
motion in ultra-intense laser fields. The analysis described is also
useful for standard FFT and PSATD algorithms.
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Appendix A. Lorentz force exerted on a macro-particle

Without loss of generality, we consider the two-dimensional
case with a macro-particle of charge q described by the contin-
uous coordinates (xq, xo). The transverse component of Lorentz
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force felt by the particle is interpolated from E, and B3 defined
on the discrete grid points as

Fo(t", X1, x2) i1
e —— J— 2 —
_Z 21112+ls X1 X5 X2

i1,ip

n—% n+%

co 11 P P
- 3iitg.i+y 3‘11+§Jz+75

- B 3
—X2>,

: 1 : 1
x <xil+j — X, X2
where t" = nAt is discrete time, X,lf = i Ax; is the position
of spatial grid points in the k-direction and S is the interpola-
tion function. Note that we have already considered the spatial
staggering of E, and Bs.
After a Fourier transform we have

. +
*_Z 2,inig+1 —k1, —kz2) exp <Jwt —jkiX}! —szXl2 2)

i1.ip
n—1 n+3
_ 11 co1a 1
_ ﬂl 3,11+2,12+2 . 3,11+2,12+2 S(—kh —kz)
X exp (jwt” —jlclxilJr — jkoX 2+2)
- -~ At | ~
= |:E2(a), ki, k2) — B1Bs(w, kq, k) cos a)z] S(—ky, —ky).

(A2)

Appendix B. Approximate [k]g; and [k]g; using stencil coeffi-
cient customization

In this appendix, we follow the method in Ref. [36] to con-
struct discrete operators [k]g; and [k]p; that best approximate the
desired [k]g; and [k]g; operators. Their corresponding solver is
assumed to have pth-order accuracy for the partial derivative in
the 1-direction. In Faraday’s law, the FD operator for the partial
derivative in x; can be written as

M
1
aflfiriz = TX] ZCjE(thJz _fh*HUz)' (B.1)
j=1
Similarly, for Ampere’s law, we have
1 M
Wi = 2 20 G- —ficin) (82)
j=1

Performing a Fourier transform, the corresponding operators in
k-space become

ZCEBSIH[ j — Dk Axq/2]

[kle1pn = Ax/2

(B.3)

For a standard high-order operator, the number of coefficients
M = p/2. But here we need to extend the stencil (M > p/2)
to obtain more degrees of freedom for the purpose of fitting the
given [k]g; and [k]p;. To simplify the notations, we normalize
[klg1,81, [Klg1 51 and ky to kg = 27 /Axq herefrom. In the spirit
of the least squares approximation, a function such as

172 ~
Fe / w(ks X [Kle 1 — [Klesp1)2dky (B.4)
0

should be minimized to obtain the stencil coefficients, where
w(ky) is the weight function and [k]g p; is the approximation. In

addition, the discrete operator is subject to the constraint af;B —
dy, + O(Ax]), which can be guaranteed by the matrix equation
MCEE = e, where €8 = (CTF, ..., ;%) e = (1,0,...,0)
and the matrix element My = (2j — )2’ 1/(21 - 1) with i =
1,...,p/2 and j = 1,..., M. Specifically for the second—order
accuracy used throughout this paper, M reduces to a row vector
with elements M; = 2j — 1.
We introduce the Lagrangian

£=F+AT(MCEE —e;) (B.5)

to solve the constrained least-squares minimization problem,
where A = (Aq, ..., Ap/z)T is a Lagrange multiplier. The stencil
coefficients can be found out by seeking extrema of z, i.e.,

oL

oL
=0,j=1,...,.M and — =0,i=1,...,p/2. (B.6)

acj_E’B A

This can be written into a matrix equation

A MT CE,B bE,B
(& 1))

where A is an M x M matrix and b®® is an M-dimensional column
vector, each with elements

1/2
Ay = %/ w(ky) sin[(2i — 1)ki]sin[(2j — 1)7ki1dk:, (B.8)
0

2 12
bEP = - f w(ky)sin[(2i — 1)kq][K]g1.51dK;. (B.9)
0

Mathematically, it is usually impossible to approximate the target
operators uniformly well in the whole primary Brillouin zone,
ky € [0, 1/2]. Therefore, a proper weight function w(k;) is needed
for relaxation. To ensure accurate fit in the low- and moderate-k;
regions with only loose requirement in the high-k; region, we can
use a super-Gaussian weight function

w(ky) = exp|: In(2) (i’:) } ,

where n is an integer and wy; specifies the super-Gaussian width.
In practice, we often use n = 10 and wy; = 0.3-0.4.

(B.10)

Appendix C. Numerical dispersion relation in cold plasma

We follow the theoretical framework and notation in Ref. [20]
to derive the numerical dispersion relation. From Eq. (2) we can
obtain

([w]? — (K] - [k)5 + [Kl[k]s) E = —if
S)(—K)

— 2 _
= a)p;( I)H{fyw’—k,'l’

+g x Su(a, K')[K]E X E)j| o s }

p[lolSe(@ KE
(C.1)

where the expression for]~ is given by use of the linearized
Vlasov equation after Fourier transform (See [20], Egs. (5) and
(7) for details), wp is the plasma frequency, §Q is the Fourier-
transformed interpolation tensor for field Q, fy is the equilibrium
distribution function for the plasma and (', k') is defined as

p=0,%1,42, ...
vi=0,£1,42, ...

o =w+ uos,
k: =k + vikg,-,

wg = 27 [ At,
kgi = 27T/AX1',

We can finally rewrite Eq. (C.1) into the matrix form

€(w, k)E = 0,
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and the numerical dispersion relation can be found by vanishing
the determinant of €, which is similar to the dielectric tensor.

We are interested in a uniform, cold plasma with equilibrium
distribution function fy = 8(p1)8(p2)8(p3). Note that fy is normal-
ized to the plasma density as is the original definition in Ref. [20].
If we substitute fp into Eq. (C.1) and conduct the integration, we
can obtain all the elements in the tensor e. Instead of giving out
the tedious full set of matrix elements for the 3D case, we can
learn much from the 2D limit without loss of generality. It can be
shown that the elements of € in the 2D limit are

en = [w]f — [Kle2[klgp — o] Z(_1)ﬂ§]1§51%
v
€12 = [klg1[klp
€21 = [kle2[Klp1
€ = [w]? — [Klg1 [kl — w;zx Z(_l)ﬂgjzgn%
v
€33 = [w]} — [Kle1[kls1 — [Kle2[klg2 — o) Z(_1)ﬂ§]3§53[2—}[,

v

and all other elements vanish. According to the condition det(e) =
0, the numerical dispersion relation is determined by €11€3; —
€261 = 0 and €33 = 0. Viewing these two equations in the
continuous limit, the former actually gives the dispersion relation
as the product of both Langmuir and electromagnetic modes, i.e.,
(@? — 0p)(@* — k* — @}) = 0; note that in the discrete scenario
the two modes are generally coupled together. The latter gives
the dispersion relation for the electromagnetic mode. If we define
S = Zﬂ,v(_l)MSﬁSEi[i_],r to simplify the notation, the equation
€11€22 — €12€21 = 0 can be written as

P [K]g - [Klp + (51 + S2)a2 + /A

ol — > X
(C.2)
,  [Klg - [Klg+(s1+ Sz)wﬁ —JA
[w][ - =0,
2
where

A = ([k]g-[k]p)* —2w7(s1—52)([kle1 [k]p1 —[K]e2 [K]p2)+(51—52 ) ).

It can be easily verified that, for the continuous limit (s; — 1),

the first term in Eq. (C.2) reduces to the dispersion relation of

the electromagnetic mode and the second term corresponds to

that of the Langmuir mode. This numerical dispersion relation

can be further simplified if we assume S; = Sg. By referring to

the explicit expression of the interpolation tensor in the appendix
A

of Ref. [20], we have s; = s; = s for a momentum-conserving
scheme. In this case, A = [k]g - [k]z and thus Eq. (C.2) becomes

(lw]f — [Klg - k15 + s&?) ([@]f — sw7) = 0. (C3)

Now the numerical dispersion relation given by €116 — €12621 =
0 is identical to that given by €33 = 0.

References

[1] T. Tajima, J.M. Dawson, Phys. Rev. Lett. 43 (4) (1979) 267.

[2] P. Chen, J.M. Dawson, RW. Huff, T. Katsouleas, Phys. Rev. Lett. 54 (7) (1985)
693-696.

[3] C. Joshi, T. Katsouleas, Phys. Today 56 (6) (2003) 47-53.

[4] E. Esarey, C.B. Schroeder, W.P. Leemans, Rev. Modern Phys. 81 (3) (2009)
12209.

[5] A. Macchi, M. Borghesi, M. Passoni, Rev. Modern Phys. 85 (2) (2013)
751-793.

[6] W. Lu, M. Tzoufras, C. Joshi, F.S. Tsung, W.B. Mori, J. Vieira, R.A. Fonseca,
L.O. Silva, Phys. Rev. Spec. Top. - Accel. Beams 10 (6) (2007) 061301.

(71
(8]
(9]

[10]
(11]

(12]
(13]
(14]

[15]
(16]

[17]
(18]
(19]
(20]
(21]
(22]
(23]
(24]
(25]
(26]
(27]
(28]
[29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]

(37]

(38]

(39]
[40]
(41]

(42]
[43]

[44]
[45]
[46]

[47]

(48]
[49]

A. Pukhov, Z.-M. Sheng, ]J. Meyer-ter Vehn, Phys. Plasmas 6 (7) (1999)
2847-2854.

M. Vranic, T. Grismayer, R.A. Fonseca, L.O. Silva, New ]. Phys. 18 (7) (2016)
073035.

C. Pellegrini, A. Marinelli, S. Reiche, Rev. Modern Phys. 88 (1) (2016)
015006.

J. Mendonca, Phys. Rev. A 28 (6) (1983) 3592.

D.W. Forslund, J.M. Kindel, W.B. Mori, C. Joshi, J.M. Dawson, Phys. Rev.
Lett. 54 (1985) 558-561.

Z.-M. Sheng, K. Mima, Y. Sentoku, M. Jovanovié, T. Taguchi, ]. Zhang, J.
Meyer-ter Vehn, Phys. Rev. Lett. 88 (5) (2002) 055004.

J. May, J. Tonge, F. Fiuza, R.A. Fonseca, L.O. Silva, C. Ren, W.B. Mori, Phys.
Rev. E 84 (2011) 025401.

A. Kemp, F. Fiuza, A. Debayle, T. Johzaki, W. Mori, P. Patel, Y. Sentoku, L.
Silva, Nucl. Fusion 54 (5) (2014) 054002.

J-M. Dawson, Rev. Modern Phys. 55 (2) (1983) 403-447.

R.W. Hockney, J.W. Eastwood, Computer Simulation Using Particles, crc
Press, 1988.

CK. Birdsall, A.B. Langdon, Plasma Physics via Computer Simulation,
Institute of Physics Pub., 2005.

K. Yee, IEEE Trans. Antennas Propag. 14 (3) (1966) 302-307.

B.B. Godfrey, ]J.-L. Vay, J. Comput. Phys. 248 (2013) 33-46.

X. Xu, P. Yu, S.F. Martins, F.S. Tsung, V.K. Decyk, ]J. Vieira, R.A. Fonseca, W.
Lu, L.O. Silva, W.B. Mori, Comput. Phys. Comm. 184 (11) (2013) 2503-2514.
P. Yu, X. Xu, V.K. Decyk, F. Fiuza, ]. Vieira, F.S. Tsung, R.A. Fonseca, W. Lu,
L.O. Silva, W.B. Mori, Comput. Phys. Comm. 192 (2015) 32-47.

P. Yu, X. Xu, A. Tableman, V.K. Decyk, F.S. Tsung, F. Fiuza, A. Davidson,
J. Vieira, R.A. Fonseca, W. Lu, L.O. Silva, W.B. Mori, Comput. Phys. Comm.
197 (2015) 144-152.

A.B. Langdon, J. Comput. Phys. 6 (2) (1970) 247-267.

H. Okuda, J. Comput. Phys. 10 (3) (1972) 475-486.

M.D. Meyers, C.K. Huang, Y. Zeng, S.A. Yi, BJ. Albright, ]. Comput. Phys.
297 (2015) 565-583.

CK. Huang, Y. Zeng, Y. Wang, M.D. Meyers, S. Yi, B.J. Albright, Comput.
Phys. Comm. 207 (2016) 123-135.

X. Xu, F. Li, F.S. Tsung, T.N. Dalichaouch, W. An, H. Wen, V.K. Decyk, RA.
Fonseca, M.J. Hogan, W.B. Mori, ]J. Comput. Phys. 413 (2020) 109451.

R. Lehe, C. Thaury, E. Guillaume, A. Lifschitz, V. Malka, Phys. Rev. Spec.
Top. - Accel. Beams 17 (12) (2014) 121301.

A.V. Arefiev, G.E. Cochran, D.W. Schumacher, A.P.L. Robinson, G. Chen, Phys.
Plasmas 22 (1) (2015) 013103.

D.F. Gordon, B. Hafizi, ]. Palastro, AIP Conf. Proc. 1812 (1) (2017) 050002.
B.B. Godfrey, J.-L. Vay, 1. Haber, J. Comput. Phys. 258 (2014) 689-704.

P. Yu, X. Xu, V.K. Decyk, W. An, ]. Vieira, F.S. Tsung, R.A. Fonseca, W. Lu,
L.O. Silva, W.B. Mori, J. Comput. Phys. 266 (2014) 124-138.

R. Lehe, M. Kirchen, LA. Andriyash, B.B. Godfrey, J.-L. Vay, Comput. Phys.
Comm. 203 (2016) 66-82.

1. Haber, R. Lee, H. Klein, J. Boris, Proc. Sixth Conf. on Num. Sim. Plasmas,
Berkeley, CA, 1973, pp. 46-48.

J.-L. Vay, 1. Haber, B.B. Godfrey, ]. Comput. Phys. 243 (2013) 260-268.

F. Li, P. Yu, X. Xu, F. Fiuza, V.K. Decyk, T. Dalichaouch, A. Davidson, A.
Tableman, W. An, F.S. Tsung, R.A. Fonseca, W. Lu, W.B. Mori, Comput. Phys.
Comm. 214 (2017) 6-17.

J.P. Boris, R.A. Shanny, Proceedings: Fourth Conference on Numerical
Simulation of Plasmas, November 2, 3, 1970, Naval Research Laboratory,
1972.

H. Qin, S. Zhang, J. Xiao, J. Liu, Y. Sun, W.M. Tang, Phys. Plasmas 20 (8)
(2013) 084503.

J.-L. Vay, Phys. Plasmas 15 (5) (2008) 056701.

A.V. Higuera, J.R. Cary, Phys. Plasmas 24 (5) (2017) 052104.

B. Ripperda, F. Bacchini, J. Teunissen, C. Xia, O. Porth, L. Sironi, G. Lapenta,
R. Keppens, Astrophys. J. Suppl. Ser. 235 (1) (2018) 21, http://dx.doi.org/
10.3847/1538-4365/aab114.

J. Pétri, 2019. arXiv:1910.04591.

R.A. Fonseca, L.O. Silva, F.S. Tsung, V.K. Decyk, W. Lu, C. Ren, W.B.
Mori, S. Deng, S. Lee, T. Katsouleas, et al., International Conference on
Computational Science, Springer, 2002, pp. 342-351.

T.Z. Esirkepov, Comput. Phys. Comm. 135 (2) (2001) 144-153.

R.G. Hemker, arXiv preprint arXiv:1503.00276, 2015.

J-H. Yang, R.S. Craxton, M.G. Haines, Plasma Phys. Control. Fusion 53 (12)
(2011) 125006.

A. Pak, K.A. Marsh, S.F. Martins, W. Lu, W.B. Mori, C. Joshi, Phys. Rev. Lett.
104 (2) (2010) 025003.

X. Zhang, V.N. Khudik, G. Shvets, Phys. Rev. Lett. 114 (18) (2015) 184801.
J.L. Shaw, N. Lemos, L.D. Amorim, N. Vafaei-Najafabadi, K.A. Marsh, F.S.
Tsung, W.B. Mori, C. Joshi, Phys. Rev. Lett. 118 (6) (2017) 064801.


http://refhub.elsevier.com/S0010-4655(20)30278-2/sb1
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb2
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb2
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb2
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb3
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb4
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb4
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb4
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb5
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb5
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb5
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb6
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb6
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb6
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb7
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb7
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb7
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb8
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb8
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb8
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb9
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb9
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb9
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb10
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb11
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb11
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb11
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb12
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb12
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb12
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb13
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb13
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb13
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb14
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb14
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb14
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb15
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb16
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb16
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb16
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb17
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb17
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb17
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb18
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb19
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb20
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb20
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb20
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb21
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb21
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb21
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb22
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb22
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb22
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb22
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb22
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb23
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb24
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb25
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb25
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb25
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb26
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb26
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb26
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb27
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb27
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb27
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb28
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb28
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb28
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb29
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb29
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb29
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb30
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb31
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb32
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb32
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb32
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb33
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb33
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb33
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb35
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb36
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb36
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb36
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb36
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb36
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb37
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb37
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb37
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb37
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb37
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb38
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb38
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb38
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb39
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb40
http://dx.doi.org/10.3847/1538-4365/aab114
http://dx.doi.org/10.3847/1538-4365/aab114
http://dx.doi.org/10.3847/1538-4365/aab114
http://arxiv.org/abs/1910.04591
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb43
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb43
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb43
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb43
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb43
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb44
http://arxiv.org/abs/1503.00276
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb46
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb46
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb46
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb47
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb47
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb47
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb48
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb49
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb49
http://refhub.elsevier.com/S0010-4655(20)30278-2/sb49

	A new field solver for modeling of relativistic particle-laser interactions using the particle-in-cell algorithm
	Introduction
	Some error sources in PIC codes
	Numerical dispersion
	Inaccurate calculation of the Lorentz force
	Coupling of the dispersion and Lorentz force errors

	Improved Maxwell solver
	Improved dual [k]1 operator
	Obliquely traveling waves
	Behavior in a plasma

	CFL stability condition
	Current correction for charge conservation

	Sample simulations
	Single particle in a laser field
	Synergistic laser wakefield and direct laser acceleration

	Conclusion
	Declaration of competing interest
	Acknowledgments
	Appendix A. Lorentz force exerted on a macro-particle
	Appendix B. Approximate [k]E1 and [k]B1 using stencil coefficient customization
	Appendix C. Numerical dispersion relation in cold plasma
	References


