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In this paper, we determine the growth rate of the exponential radiation amplification
in the ion-channel laser, where a relativistic electron beam wiggles in a focusing
ion channel that can be created in a wakefield accelerator. For the first time the
radiation diffraction, which can limit the amplification, is taken into account. The
electron beam quality requirements to obtain this amplification are also presented.
It is shown that both the beam energy and wiggler parameter spreads should be
limited. Two-dimensional and three-dimensional particle-in-cell simulations of the
self-consistent ion-channel laser confirm our theoretical predictions.

Key words: intense particle beams

1. Introduction

The ion-channel laser (ICL), initially proposed by Whittum, Sessler & Dawson
(1990), relies on the injection of a relativistic electron beam in an ion channel
(IC) to create a coherent and highly amplified radiation source. Such an IC can be
produced in a plasma-based wakefield accelerator in the blowout or bubble regime
(Faure et al. 2004; Geddes et al. 2004; Mangles et al. 2004): while propagating in
a plasma, a laser pulse or a particle beam pushes the electrons off-axis and leaves
an IC in its wake. The fields generated in the IC provide a focusing force for the
relativistic electrons on-axis. The resulting wiggling motion of the electron along the
IC axis then leads to the emission of the so-called betatron radiation (Esarey et al.
2002; Rousse et al. 2004). For appropriate conditions, betatron radiation can interact
with the electron beam and bunch it at the radiation wavelength, allowing for the
exponential amplification of the emitted radiation, as in a conventional free-electron
laser (FEL). One of the most important advantages of the ICL are the strong fields
generated in the plasma, which can lead to amplification in the UV to X-ray range,
with very high brightness within much shorter distances than those obtained in the
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conventional FEL sources. Previous works analysed the ICL gain length and the
associated Pierce parameter assessments (Chen, Katsouleas & Dawson 1990; Whittum
et al. 1990; Whittum 1992; Liu, Tripathi & Kumar 2007; Ersfeld et al. 2014).

In order to take full advantage of this scheme, it is critical to correctly estimate
the gain length and to understand the requirements in terms of the beam quality
to obtain a high gain, since the focusing structure is easily determined solely by
the plasma density and the radius of the blowout/bubble region. In this paper, we
present a detailed analysis of the beam requirements when the Pierce parameter p is
much smaller than 1, as required for FEL-like amplification. In an ICL, the wiggler
parameter K depends on the electron properties, so it can be different for each
electron. Therefore, we show that both the beam energy spread and beam wiggler
parameter spread should be limited and satisfy:

Ay 2 AK  2+K?

—— <—p and (1.1a,b)
14

3 kK -k ”

Multi-dimensional particle-in-cell (PIC) simulations of ICL are performed to confirm
that if those conditions are fulfilled then a good amplification is observed. As the
spread limitations are a function of the Pierce parameter, this parameter should be
carefully calculated. However, two important effects were neglected in most of the
previous works (Chen et al. 1990; Whittum et al. 1990; Whittum 1992; Liu et al
2007): (i) the radiation diffraction and (ii) the Pierce parameter dependence on the
wiggler parameter K. These effects are included in our theoretical calculation of the
Pierce parameter and the associated gain length, and are confirmed by PIC simulations
in Lorentz boosted frames.

2. Theory
2.1. Radiation emission

As a first step, we analyse the motion of an electron in an IC whose boundary is
described by a radius, r,(§) which depends on the variable, & = z — cf, with z the
longitudinal coordinate (corresponding to the beam propagation direction), ¢ the time
and ¢ the speed of light in vacuum. In general the motion of a particle moving near
the speed of light in an IC can be described in terms to the so-called wake potential
Y = (e/m.c*)(¢ — cA.) where ¢ and A, are the scalar potential and axial component
of the vector potential generated by the IC, m, and e are respectively the electron
mass and charge. The accelerating and focusing fields are obtained from (9/0&)y and
(0/0r)yy where we assume azimuthal symmetry and where r is the radial position.
Inside the IC, (9/dr)¥ is given by (Lu et al. 2006) —klz,r/2 where k, = w,/c and
w, = (n.e*/eom,)'/* is the plasma frequency, with n, the plasma density and €, the
permittivity of free space. Note that these expressions are valid when the IC is created
by long (negligible accelerating fields) or short pulse particle beams or lasers (large
accelerating fields) and if there are large surface currents in the IC (as there is in
the highly nonlinear channels). Therefore, in all these cases, the focusing force is
mec’kor/2 as was used by Esarey er al. (2002).

With this focusing force, the Lorentz factor y, the transverse radial position r
and the transverse radial momentum p, of an electron with an initial longitudinal
momentum p, (all momentum quantities are normalized to m,.c), a maximum radius
of oscillation ry and no azimuthal momentum, are given by y =y, + r(z)kﬁ sin®(6,) /4,

r = ry cos(d,) and p, = K sin(6,) with yo = (1 + p)'% K = rok,(y/2)"* and
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0, = —Kct/royo + 0,0 = —wpt + 6,9, Where 0, is the initial angle and ws = w,/(2y)"/?
is the betatron frequency. Here K <« ), has been assumed. This assumption is
made throughout the paper. Hereafter, the second-order terms proportional to y;
are neglected. The electrons wiggling in the focusing potential generate a betatron
radiation with a fundamental wavelength A; =27c/w; with @, =4yiws/(2 + K?).

The interaction between the electron beam and the radiation can lead to the
amplification of the radiation. In order to get micro-bunching, the spread in the
radiation wavelength must be limited. In an ICL, the K parameter depends on
ro and yp, which can be different for each electron, so the radiation wavelength
spread can be induced by both the beam energy spread and the K spread. A good
approximation of the limiting spread can be found by assuming that Ad;/4; < p
should be satisfied, much in the same way as for FELs (Huang & Kim 2007).
Knowing that A; = 2nc(2 + K*)(2y0) */?/w,, we find that the energy spread and K
spread must then approximately satisfy the conditions given by (1.1).

2.2. ICL Pierce parameter and gain length

To further explore the optimal parameters for the ICL it is fundamental to determine
the Pierce parameter. To start with, we analyse the bunching mechanism, which
is a consequence of the energy exchange between the electrons and the radiation.
We first consider an electron propagating in the z direction and a co-propagating
electromagnetic (EM) wave. This wave is polarized in the x direction and characterized
by its vector potential normalized to m,.c/e:

Ax =A1COS(k1Z—(U1t+ lp]), (21)

where A; and ¥, are respectively the wave amplitude and phase. We assume that the
electron oscillates in the (x, z) plane. We then define ¢, the electron phase in the EM
wave, and 7, the relative electron energy as:

b =—6,+ki—ant 2.2)
n= u’ (2.3)
Yo

with y, the electron Lorentz factor after its interaction with the wave and Zz the
longitudinal position of the electron averaged over one betatron oscillation. As shown
in appendix A, the interaction with the wave leads to the following equations of
motion for the electron in the (¢, n) phase space:

. 44+ K?
¢ = 872 n (2.4)
. AK[IT]
=73 cos(¢ + ¥), (2.5)
Yo

where [JJ]=Jo(K?/(4+2K?*)) —J,(K?/(4+2K?)), with J, and J, the Bessel functions.
Equation (2.5) indicates that a beam of electrons is bunched by the EM wave at the
phase ¢ = —¥; 4+ ®/2 + 2mm, with m an integer, which leads to a bunching at the
position r = ry sin(k;Z — w,t + ¥,). Therefore, due to the correlation between the radial
and longitudinal position, the electron beam gets a continuous and oscillating shape
after the bunching, with a period equal to A,. This is different from a conventional
FEL, in which a succession of separated bunches is obtained.
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Knowing the equations of motion, the amplification growth rate can be derived
from the Vlasov and paraxial equations, as has been described by Huang & Kim
(2007) for the conventional FEL case. As explained in appendix B, this method can
be adapted to the ICL case by taking into account equations (2.4) and (2.5). The
equivalent of the Pierce parameter p;p and the gain length of the radiation power L)
in the one-dimensional limit (radiation diffraction is neglected) for the ICL case is
then given by:

122+ K01

_ 2.6

P1D I, G+K)7% (2.6)
2Q+K*) ¢

= 2.7)
4+ K>)V3pip g

with I the beam current and I, ~ 17 kA the Alfvén current.

We note that those results have been obtained assuming that K > pllléz and pp K 1.
Using p;p ~ 1 may also lead to amplification, but the analytics have to be redone for
this case. In addition, to avoid the damping of the bunching due to plasma oscillation
in the beam, the gain length should be smaller than the longitudinal plasma oscillation
wavelength characterized by its wavenumber (Rosenzweig et al. 1997):

1 e’n
by =~ 4 | —— (2.8)
c yO me€p

with n, = 4eomela)§y02/(IAK262) the beam density. The condition L < 1/k,, then
leads to:

o, 2 (1" e

Lgpkpy ~ X a Yo  SL (2.9)
if pip ~ (I/(2I4y))'/? is assumed (limit obtained with K =0). Note that with K >0
or even K > 1, then LDk, is different from the approximation (2/K)(I/I)"®y, "
by only 30 % at maximum. The condition given by (2.9) can be difficult to fulfil for
high current and low K cases.

2.3. Radiation diffraction effects

If the electrons have similar y, and K values, then the beam transverse size is limited
to 2ro = 2K(2/y0)'*/k,. In an ICL, the radiation is emitted with a waist close to ro,
so the associated Rayleigh length is Z, ~ rjk; /2 < L, since:

Z,  (4+KHK*J/3
L Q+K?)?

P1D> (2.10)

with pjp < 1. As a result, the radiation diffraction can reduce or even stop the
amplification and it should not be neglected. This is a major difference to conventional
FEL, where this limitation is not present.

As explained in appendix C, taking into account the diffraction can lead to the
following solution for the Pierce parameter and the power gain length:

:0=P1D|F|l/3 (2.11)

LGP LID ﬁ

=GP Y m( [ 1et ) (2.12)
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where I" depends on a parameter u, with I" and u given by:

+00
r= / —iue"B(z, 0) dz (2.13)
0
[1/3g2in/3
p=—, (2.14)
V3LE

with B(z, r) the amplitude of a Gaussian beam characterized by its waist Wy, its
wavelength A; and B(0, 0) =1, the focal plane being in z=0. p and Lsp correspond to
the two- or three-dimensional (3-D) solution, depending on whether B is the solution
of respectively the 2-D or 3-D paraxial wave equation. In two dimensions, B is thus
given by:

B(z, x) = efxz/WZ(z)eiklxz/(ZR(z))f(i/Z) arctan(z/Zy) 2.15)

and in three dimensions, by:

1 , :
B(z, x,y) = — e~ (/W2 @) giki () / QR () —i arctan(z/ Z;) (2.16)
z
I+ 22)
with:
72
ZZ
R(x) =z <1+Z5> . (2.18)

As explained in appendix C, a good approximation for the waist is Wy = 3ry/4 in
two dimensions and Wy =3r,/ (44/2) in three dimensions. The solution of the coupled
equations (2.13)—(2.14) can be found iteratively: we start from I"=1 (1D limit), then
(2.14) and (2.13) can be solved iteratively until a converged solution is obtained.

Alternatively, as shown in appendix D, an analytical solution can be found if Z, «
L) is assumed. This approximated solution I" is given in two or three dimensions
by:

2P = (ng)¥ei6w/10 (2.19)
, gie=2\ 17°
e'™/6¢ LambertW ( o )
3D _
o ; , (2.20)

where ¢ = (Z.e/™/9)/(LI2/3), y., &~ 0.577 is the Euler-Mascheroni constant and
LambertW is the Lambert-W function (also called the product logarithm).
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3. Simulation
3.1. Theory validation

In order to validate the theoretical conditions given in (1.1), we have performed
2-D simulations with the PIC code Osiris 2.0 (Fonseca et al. 2002). PIC codes are
well suited to correctly and self-consistently model the radiation emission, diffraction,
particle bunching and radiation amplification, as the full set of Maxwell’s equations
is solved. As the typical IC size is much larger than the radiation wavelength A,
the IC formation is not self-consistently calculated in our simulation, allowing for
a considerable reduction of the simulation size. We initialize our simulations with a
preformed field profile that matches the IC focusing fields. A simulation technique
that uses a Lorentz boosted frame (Vay 2007; Martins et al. 2010) is used in order to
considerably speed up the calculations, by performing simulations in the beam frame
instead of the laboratory frame. In this new frame, wg = w;, so the required number
of time steps is reduced by a factor of 4y7/(2 + K?). For instance, a speed up of
three orders of magnitude is obtained with y; = 50 and K = 1. Moreover, running
the ICL simulations in the beam frame prevents the numerical noise due to the
numerical Cerenkov radiation (Godfrey 1974). The numerical noise can often perturb
the bunching and artificially reduce or even stop the amplification. Perfectly matched
layer (PML) absorbing boundary conditions (Vay 2000) are used on the transverse
side of the box, and periodic boundaries are used in the longitudinal direction. In
the boosted frame, the box length was chosen between 24, (for the shortest 3-D
simulations) and 404, (for most of the 2-D simulations). The box transverse size was
typically equal to 40r,. The longitudinal and transverse cell sizes used are typically
dz =dr=4,/50. In the following 2-D simulations, the total current / is meaningless
due to the lack of the third dimension and only current density j can be properly
used as an input for the simulation. However, for the sake of comparison with the
real 3-D case, we will still introduce in two dimensions the beam current / defined as
in three dimensions by I = 7r}j. The self-consistent field amplitude in the simulation
box is initially equal to O, so the initial self-forces are neglected. This assumption is
consistent with the fact that, in a FEL, the beam self-fields can be neglected as long
as p < 1 (Huang & Kim 2007). The condition Lgpk,, <1 is also often fulfilled in
the simulations discussed in the following.

All the physical values used as inputs for the simulation (initial particle momentums
and positions, beam density, external focusing field) are first converted from their
laboratory-frame values to the corresponding values in the boosted frame. Thanks to
the periodic boundaries in the longitudinal direction, the radiated field amplitude is
usually homogeneous in the longitudinal direction. Assuming that the field propagates
at ¢, the average radiated power in the boosted frame can then be deduced from the
total radiated field energy integrated in the simulation box and divided by L/c, with
L the simulation box length. This power value is then converted to its corresponding
value in the laboratory frame, still assuming that the radiated field propagates at c.

In figure 1, the simulation results for a beam characterized by y, =50, K =1 and
a current / = 0.8 kA injected in the IC field are presented. The beam parameters
are chosen such that the computational costs of the simulations are reduced but the
main physical features are captured. In the simulations, y and K are initialized within
a Gaussian distribution and the electrons are initialized with a random angle 6,q. If
Ay = AK =0, the Pierce parameter and power gain length determined in the 1-D limit
or in two dimensions are given by respectively pip = 0.082, L{) = 8.4 ¢/wg, pop =
0.048 and LZ) = 13.4 ¢/ws. The corresponding approximated Pierce parameter and
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FIGURE 1. Evolution of the radiation growth as a function of the energy spread (a) and
K spread (b). Two-dimensional simulations with Y, =50, K=1 and I =0.8 kA. (a) The
green, light blue, dark blue, red and purple curves correspond to respectively AE/E =0,
AE/E = 0.01, AE/E = 0.02, AE/E = 0.04 and AE/E = 0.08. (b) The green, light
blue, dark blue, red and purple curves correspond to respectively AK/K =0, AK/K =
0.02, AK/K =0.04, AK/K =0.08 and AK/K =0.12. The dotted black and dotted red
lines correspond to respectively the theoretical growth rate in the 1-D limit and in two
dimensions. The y and K spreads correspond to root-mean-square values.

power gain length given by (2.19) are p;> =0.05 and Lg} ,,=12.7 c¢/wy. The 1-D and
2-D theoretical growth rates are also represented in figure 1. We can observe a very
good agreement between the 2-D theoretical growth rate and the simulation results.
Note that LZ)k,, =0.82 in this case so the longitudinal plasma oscillation in the beam
can be neglected, which is confirmed by the good agreement between the theory and
the simulation. In the simulation, the initial noise produced by the macro-particles
is amplified up to the saturation level. This is reached when the particles are fully
bunched. However, with a high y or K spread, the growth rate is reduced or even
stopped. We observe that the change between a maximal and reduced growth rate
matches the theoretical limits given by AK/K =0.072 and Ay /y =0.032 with p,p =
0.048.

3.2. Towards more realistic beams

The condition AK/K <« 1 can be parameterized by different complex configurations
of the electron distribution in the transverse phase space. For example, in the 2-D
case, the electrons can be distributed over a ring in the transverse phase space. This
ring is parameterized by r =rycos(6,) and p, = K sin(6,). We propose more realistic
distributions, with a spot shape instead of a ring shape. In a first configuration, K ~ 1
and AK/K < 3p/2 « 1 are used, so (1.1) is satisfied, but the electrons are only
distributed over a ring fraction, with an initial angle 6, that satisfies |6,0] < 6, -
If 6, . < 7, the initial beam transverse size is much smaller than r, and the beam
corresponds to an off-axis injected beam oscillating in the IC. In that case, the beam
shape in the transverse phase space is close to a spot with an initial transverse size
and transverse momentum spread approximately equal to respectively ryAK/K and
KO, - In a second configuration, we choose K ~ p'/? < 1 and AK/K ~ 1, which
still satisfies the K spread condition in (1.1). In that case, as AK/K ~ 1, the maximum
radial momentum p,,, of a given electron roughly satisfies K — AK < p,, S K+ AK

~

SO [Pl S 2K. We also have |ro,| < 2ry with ry, the maximum radial position of a
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FIGURE 2. (a) In blue: radiated power for an off-axis beam, initialized with |6,9] < /16,
K=1, AK/K=0.01 and Ay/y =0.005. In green: radiated power in the reference case,
with |6,0] < and AK/K=Ay/y =0. (b) In blue: radiated power for an on-axis beam,
which is initialized with |6,4] <, K =0.1, AK/K =0.3 and Ay/y =0.002. In green:
radiated power in the reference case, with AK/K= Ay /y =0. The dotted black and dotted
red lines correspond to respectively the theoretical growth rate in the 1-D limit and in two
dimensions.

given electron. Therefore, the spread around the ring is such that the beam distribution
in the transverse phase space becomes a spot. As ro x K, using K <« 1 corresponds to
a narrow on-axis injected beam.

The two configurations are highlighted by 2-D simulations. In the first case, an off-
axis beam with y, =50, K=1 and /=0.27 kA (LZk,, =0.73) is injected with |6,9| <
1t/16. The corresponding Pierce parameter is p,p =0.031 (,of;) =0.032) and the beam
is initialized with AK/K =0.01 and Ay /y =0.005. In the second case, an on-axis
beam with yy =50, K=0.1 and 1 =42 A (LZG]?,kpb = 11.6) is injected with |6,| < .
The corresponding Pierce parameter is pop = 6.4 x 107 (p2° = 6.4 x 107%) and the
beam is initialized with AK/K =0.3 and Ay/y =0.002. Reference simulations have
been performed for both cases, using |6,9] < T and AK/K = Ay /y =0. The evolution
of the amplified radiation power for these different simulations is presented in figure 2.
In both cases, we observe that the use of more realistic beams, with a finite spot in
the transverse phase space and an energy spread, can still lead to exponential radiation
amplification, even if the growth rate and final power are lower than in the reference
simulations, for the idealized scenarios. The discrepancy between the 2-D theoretical
growth rate and the idealized simulation result in the on-axis case can be explained
by two reasons: (i) the use of K =1.25p!/> whereas our theoretical model is valid in
the limit K >> p'/?, and (ii) the fact that L2)k,, = 11.6 > 1 so the longitudinal plasma
oscillation can significantly damp the bunching and reduce the growth rate. Despite
these facts, it is interesting to see that an exponential growth of the radiation is still
obtained in the simulation.

3.3. Three-dimensional case

We have also performed 3-D simulations to confirm the 3-D theoretical results. The
electrons are initialized with a radial momentum but no azimuthal momentum, so the
electrons still oscillate in a plane and do not gain helical trajectories. The uniform
distribution of the electrons along the azimuthal angle leads to the initialization of a
cylindrical beam. The results are shown in figure 3. In the simulation with y, = 50,
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FIGURE 3. (a) Radiation growth with =50, K=1, I=8 A, AK/K=Ay/y=01in a
3-D simulation (blue) and given by the 1-D theory (dotted black) and 3-D theory (dotted
red). (b) Radiation growth with 1, =50, K=1, I=0.8 kA, AK/K=0, Ay/y=0.2% in a
3-D simulation (blue) and given by the 1-D theory (dotted black) and 3-D theory (dotted
red). (c) Shape of the electron beam at saturation in the 3-D simulation with / =0.8 kA:
a helical bunching is observed (iso-surface of the electron density).

K=1 and I=8 A, the corresponding Pierce parameter and power gain length obtained
in the 1-D limit or in three dimensions are given by respectively p;p =0.018, L), =
39 c/wg, psp =2.7 x 107 and L} = 226 c/wg (Livk,, = 1.38). The approximated
values using (2.20) are p;” =2.8 x 107 and L3}, =217 c¢/ws. A good agreement
between simulation and theory is found (figure 3a). Since the initial noise in the
simulation is too low to start the amplification mechanism in the 3-D simulations, we
have injected a circularly polarized seed in the IC. The seed wavelength is A,, like
the expected amplified radiation. As the seed diffracts, most of its energy gets out
from the simulation box from the side. This explains the power dip at the beginning
of the simulation at ¢ ~ 500 a)gl. The amplification is initiated and the saturation
level is reached at the end of the simulation. A similar case has been run with / =
0.8 kA and Ay/y =0.2% (figure 3b), leading to p;p =0.082, LD =8.4 c/ws, psp=
0.0225, L}> =26.9 c/wg and Lk, = 1.65 (,0:}? = 0.0235 and Lé%ap =25.5 c/wp).
The presence of the small energy spread and the fact that LiDk,, is farther away
from 1 may explain the difference between the theoretical prediction and the simulated
growth in this case. Nevertheless, as expected, the bunch shape is helical at saturation
(figure 3c¢). This result is consistent with a circularly polarized seed.
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4, Discussion

Our results show that an amplification of several orders of magnitude of the
radiated power can be achieved, even if the Rayleigh length of the generated radiation
is shorter than the gain length in the typical ICL configurations. The diffraction is
responsible for the growth rate reduction. The gain length is 1.6 times larger than
the 1-D limit in the 2-D case presented in figure 1, and respectively 5.8 and 3.2
times in the 3-D cases with /=8 A and / =0.8 kA. We have also confirmed in our
ab initio simulations that the amplified radiation wavelength and the oscillating shape
period of the bunching are A;, matching the theory. Odd harmonics have also been
observed. Yet, as expected with K = 1, their amplitudes are much smaller than the
fundamental harmonic amplitude. This demonstrates that PIC simulations in the beam
frame might be an efficient tool to study the self-consistent dynamics of harmonics
and its feedback to the growth rate in scenarios where K > 1 in an ICL or in FELs.

Numerical applications of our analytical results show that the most stringent
conditions will be (i) to inject an electron beam with a very low emittance at a
precise radius in the IC and (ii) to generate a stable IC over a long enough distance
while the beam longitudinal acceleration remains negligible. For instance, if we
consider a laser or particle beam driving a wakefield in a plasma with a density
n,=5x 107 ¢m™3, the injection of a 25 MeV, 0.8 kA beam with K =1 can generate
a source with a wavelength A; = 146 nm. The associated gain length is L}, =2 mm,
so the radiated power can be multiplied by 1000 after 13.7 mm if an ideal electron
beam is considered. To get this amplification, the electron beam should have a
relative energy spread lower than 1.5 % and be injected at ry, = 1.5 pwm off-axis with
a normalized transverse emittance €y < 0.02 mm mrad. The production of shorter
wavelengths can be achieved by increasing the electron energy. For instance, a
250 MeV beam (the other parameters are kept constant) would produce photons with
Ay =4.6 nm. However the higher energy induces a longer gain length (1.8 cm in this
case) and a more stringent limit for the energy spread (0.5 %). Increasing the beam
current can help to reduce these constraints. Using a 250 MeV beam, 10 kA beam
with K =1 leads to 4; =4.6 nm and Lé’% = 5.6 mm, so the radiated power can be
multiplied by 1000 after 3.8 cm. The effect of the longitudinal plasma oscillation
should stay limited in this case as Libk,, = 1.66. The relative energy spread limit is
then 1.7 % and the beam should be injected at ro =0.48 wm with €y <0.01 mm mrad.
As all the lengths scale with 1/w, (e.g. see (2.12)), the radial position of the beam
injection (rp) and the transverse emittance limit can become larger with a lower
density (o< n;'/?), but the radiated wavelength and the gain length also increase with
the same factor. Using n, = 1.25 x 10" cm™ still with the same 250 MeV and
10 kA beam is less restrictive as the beam need to be injected at ro =0.96 wm with
ey < 0.02 mm mrad. However, 4, is elongated to 9.2 nm and LZ’?, = 11.3 mm. The
other parameters (energy spread limit, L;Dk,,) stay unchanged.

Even if the emittance value is still far from the best values obtained in a wakefield
accelerator, optimization or mix of new injection schemes in a laser wakefield
accelerator, such as optical (Faure et al. 2006; Davoine et al. 2009), ionization
(McGuftey et al. 2010; Pak et al. 2010) or magnetic (Vieira et al. 2011) injection,
might help to improve emittance and control the off-axis injection. It is also important
to note that the accelerating field, present in a typical IC can affect the amplification
process, as the electron energy will change in time. This effect can be reduced, for
instance, by injecting the electron beam close to the centre (longitudinally) of the
bubble in a wakefield, where the accelerating field is zero. To keep a stable IC
structure and a negligible accelerating field over several millimetres or centimetres,
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which can be challenging, a particle beam driver instead of a laser driver can be used
as its propagation in a plasma is usually more stable. Even if these issues should be
handled before demonstrating the possibility of generating an ICL, the constraints on
the IC generation and on the beam injection techniques are outside of the scope of
this work, as this paper focuses on the constraints on the beam parameters and on
the derivation of the correct ICL growth rate.

5. Summary

In this paper, we have determined analytically the amplification growth rate of an
ICL while taking into account the diffraction effect. The required conditions on the
electron beam quality in order to observe ion channel lasing have also been presented.
It is shown that it is not necessary to use a guiding structure for the radiation as was
considered in previous work on ICLs: the radiation defocusing reduces the growth
rate but does not stop the amplification. Two- and three-dimensional PIC simulations,
which are the first fully relativistic electromagnetic 3-D simulations of ICL, have
confirmed our analytical findings, illustrating the possibility of achieving high-gain
radiation amplification in ICL. Despite the still needed efforts to experimentally reach
a sufficient beam quality and generate the required stable IC, these results pave
the way for the generation of high brilliance coherent radiation in compact plasma
structures.
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Appendix A. Electron motion equations in the (¢, n) phase-space

In this appendix, we show that the interaction between an electron following a
betatron motion and an EM defined by (2.1) leads to the motion equations in the
(¢, n) phase space given by (2.4) and (2.5).

In an ICL, K is a function of y. Therefore, we first need to determine how K
evolves, as well as yy, po or ry, when the EM wave exchanges energy with the
electron. This result is first presented and the description of the bunching process,
leading to (2.4) and (2.5), is addressed in the second part of this appendix.

A.l. Influence of an EM wave on the betatron oscillation parameters

As mentioned, K can evolve and is now a function of time. We defined K, and the
time-dependent longitudinal momentum p, and maximum radius r, such that K, =
K(t=0), p.(t=0)=py and r,(t=0) =ry. We still consider that yo = (1 + p})'/%. In
the following, we use the notation:

. dx
X= .
d(w11)
In the presence of an EM wave defined by (2.1), the energy and momentum change
of an electron following betatron motion in the (x, z) plane is given by:

KQ2+K?)

Yy =B — ,BrT cos(6,) (A2)

(AD
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2
b= - pya—“CHED 6 (A3)
42
b= Bra, (A4)

where o = A, sin(k;z — wt + ¥;) and B, and B, are the normalized transverse and
longitudinal electron velocities. In the above equation, we have used the following
identity to define the ion-channel focusing field, which is normalized to m.cw,/e:

rk, w, K2+ K?)
_po, KEFED

E = 6,). AS
2 o 1,7 0s(6,) (AS)

By using r=r,, cos(6,), p, =K sin(§,) and K =r,k,(y/2)"?, we can show that:

K=\/p2+ gﬂkf, (A6)
2 2 212
ruky =\ | P2+ R (A7)

i 4p.p, + )}rzkl% + 2yri’k§

Therefore:

A8
4K (A38)
\ 2 ; 2,502
—yp, +2yp,p,+ y-rik
ok = 144 Ypor Y 3 (A9)
Fnkyy?
As K=0 and 7, =0 when a =0, we can simplify the equation and get:
. 1+K*
K= o sin(6,) (A10)
2y?
in(@,
o« sin(6,) (A1l)

nky = ———=.
= /oy

We now consider the average of the derivatives over one betatron period, and we
assume that the change of y, K and r,, is small during one betatron period (y < wgy).
The averaged derivatives are then given by:

y =B« (A12)
2
- 14+K .
K= t77 (A 13)
2Ky
1
T (A 14)

(A15)
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Then, we obtain:

K 14K
2= e (A 16)
T 1

We also assume that all parameter evolutions are small during the whole interaction
(e.g. y(t) — yo K yp for all ). This leads to:

1 t . t
Y =% (1 + / y (1) dr) =% (1 +/ vdr) (A'18)
Yo Jo 0

- 1+K; [
K=K,[1 d A 19
0( + /o” . (A19)
1 t
Tn = 14+ — d . A20
r m( +21<g/0” r) (A20)

We introduce n = fot vdr. According to our last assumption we have n < 1 and K, >
n'/2. By neglecting the terms proportional to n?, we then obtain:

p=21"2 (A21)
Yo
1+ K?
K, =K, (1+ 2K20") (A22)
0
1
r, ="y 1+n>, (A23)
= (143

where we rename ¥, K and 7,, by respectively y,, K, and r, for convenience.

Hereafter, all the items with n as a subscript are functions of y,, K, or r,, and if
n is not mentioned, it means that the value is taken at n = 0. For example, wg, =
w,/(2y,)"/?, and from this equation we find:

A (1 . g) . (A24)

We also deduce from wg/w; = 2+ K2)/(4y) that:

! 4+ 2K}

A.2. Electron motion in the presence of an EM wave

We can now rewrite (A 12) as:

- . AlKn g T
Y=Y, = sin(0,) sin(kiz — w1t + ¥1). (A 26)

n
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Here, only the dominant term is relevant and the terms proportional to n can be
neglected. This is also true for the terms in the phase kjz — wt + ¥;. Thus, we
determine k;z while neglecting the terms proportional to 7:

t
klZ = kl/ Cﬂzdt+zok1
0

! 2+K; | Kj >
~ w 1-— + —= cos(20,) | dr + zok
¥ ( ayp g O ) drt ok

2

K;
~ wt+ 9r — 9,0 4 2K2 (Sln(20,) sm(29,0)) + ZOkl

K
~ kiZ — ———— sin(26,), (A27)
+
where zp and 6, are the initial position and phase. We define a new phase ¢ as

¢=—0,+kz— wt (A28)

By using (A 27), we can note that ¢ is a constant of time when we neglect the terms
proportional to 1, so ¢ =¢. We then find that:

2

44 2K0
K
cos | — 5 sin(26,)
44 2K;

KZ
— cos <29r ey K sin(26, ))] (A29)

. AKp | .
Vo = y sin(6,) sin ( ¢ + ¥, + 6, —
0

sin (20, ))

_ AIKO
)/77 - 2)/0

cos(¢ + V)

+A1Ko

sin(¢ + ¥;)
2y0

KZ
sin ( 1T 2K sin(26, ))

K2
+ sin (29, - ;Kg sin(ze,)> )

By using the following identity

K? K?
sin ( 26, — ——2— sin(26,) | =sin 5 sin(26,) (A 30)
4+ 2K 44 2K;
K} K?
cos sin(26,) ol —2— (A31)
4+ 2K} 44 2K;
K? K?
cos | 260, — sm(29 ) 0 5] (A 32)
4+ 2K 44 2K;
where I, and J, are the Bessel functlons, we can then write:
. ALK [J]]
Y=—%5 — cos(¢ + ¥) (A33)
Yo

where [JI]=1Jo(K2/(4 +2K3)) — 1, (K3 /(4 + 2K?)).
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To get the derivative of ¢ with time, we need to rewrite (A 28) without neglecting
the terms proportional to 1. Provided that:

dkiz) —
k2 g _2m (A34)
d(a)lt) Wiy
4 4+ K?
O g, - 200, (A35)
Wiy 8%
we eventually obtain the equation of motion in the (¢, ) phase space:
. 44 K?
g="F = (A 36)
8%
A1Ko[1]
= L[z] cos(¢ + ¥,). (A37)
2y,

Appendix B. Coupling between the Maxwell and motion equations

In this appendix, we follow the method used in Huang & Kim (2007) to calculate
the one-dimensional and ideal growth rate for FEL. Here, this method has been
adapted to the ICL context.

To start with, we consider the presence of an EM wave polarized along the x
direction, propagating along the z direction and characterized by its normalized vector
potential A, =Ay(x, y, &, t), where & =k,;z— wt and T = w,t. We introduce the wave
amplitude A, (x, y, 7) in the frequency domain through:

1 [t 4
Ao(x, y,E,7) = 3 / A, (x, y, T)e"* dv +c.c. (B1)
0
where c.c. is the complex conjugate. The Maxwell equations for A, give:
92 5 92 v ) (A6 4rew . e B2)
— — — L, = e
ar2  “agor  * 7
1 +o00 )
jv:T[/ jX(xv yag? .[)e—WE dg? (B 3)

where V? is the transverse Laplacian normalized to k7. j, is the transverse current
density along the x direction, and it is normalized to ew k3. Iy = ec/r, is the Alfven
current, with r, = e*/(4meym,c?) the classical electron radius. By using the slowly
varying envelope approximation (|3%A,/9t?| < 2v|dA,/dt|), we get:

o Lve )4, = dTeen (B4)
iv— =—].
ot + IA /

B.1. Calculation of the transverse current

The normalized transverse current density j,, of the particle n, which follows betatron
motion in the (x, z) plane is given by:

K, .
jxn(xs ‘5, T) = - Sln(em)a(klx - klxn)(s(g - gn)

n

Ky o —i6
= —5 (" —eT"M)d(kix — kix,)8(§ — &), (BS)
21y,
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where K,, y, and 6,, are the parameters of the electron at the time t, § is the Dirac
function and x, and &, are respectively the transverse position of the electron and its
position over the & direction at the time t. x, and &, are given by:

Xn = Tmn COS(QNZ) (B 6)
KZ
‘i:n = ¢n +0,, — 41 2K3 Sln(zern)’ (B 7)

where r,,, is the maximum radius of oscillation of the electron n at time t.
Equation (B 7) is obtained by using (A 28). j,, is then given by:

K, . . . .
(X, T) = —— e 1(Av0m+v¢n)8[k1x — Ky Fyun Cos(em)]ew(K,%/(4+2K,§)) 51n(29,-,,)(1 —e 219,,,)‘
2imy,
(B3)
Where Av=v — 1. We define the function G(x, v, K, y, 6,) as:
G(x, v, K, v, 0,) = 8[kix — kyr,, cos(0,)Je"" K"/ 42K sin00 (] _ o210 (B9)

where r,, is a function of y and K, since we have the following identity:

kr, = YK (B 10)
Ym = .
T4 K2
The current created by the electron »n is then given by:
. K” —i(AVO+vey)
.]vn(xv T) =———¢€ " " G(x, v, Kn: VYns Qm) (B 11)

2imy,

The electron distribution at the time t in the phase space can be parameterized by
the 4 parameters ¢, n, K and 6,. Therefore, the distribution function F is given by:

27
F(¢’ n?K7 97‘3 T):

ew; A

> 8 — s — n)S(K — K86, — 0,),  (B12)
I n=1
where [ is the longitudinal beam current (absolute value so /> 0), N is the number of
electrons and 2mew; /I is a normalizing factor. The total current j,(x, v) is then given
by:

IK A de,
Jolx, )= — / — e WIIG(x, v, K, y,6,)F(¢p,n, K, 0,, T)dpdndK
2imty ew; 27

(B13)

where, according to the definition of n, we have y = y(1 + n).

The normalizing factor of F has been chosen so that if we consider a beam
distribution with the parameters ¢, 1, K and 6, which are not correlated, then F can
be written as:

F=Dl(¢’ T)DZ(na T)D3(K7 I)D4(0r’ T)a (B 14)
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where

/D1 dep = Lk, (B 15)
/ (B 16)
/ DydK =1 B17)
/D4d9r—2n, (B 18)

with L = Nec/I the beam length.

B.2. One-dimensional approximation

We now consider that the EM wave is a plane wave, so the term Vi and the transverse
position can be neglected. Equation (B 4) then becomes:

0A, (1) 2mew; .
5r = Ju(T) (B 19)
T iy

where j,(7) is the current averaged over the beam transverse size and is given by:

1 IK )
'v =~ ~ 71(AV0"+V¢)G ) Ka ) 9" F s 1y s Ury :
Jn(D) S / T 20, K, v, 0)F (. n o
(B 20)
GZ(V, K, v, Or) — eiv([(z/(4+2[(2)) sin(20,.)(1 _ 672i0,~), (B 21)

with S = 7ur} the beam transverse size. Since only the radiations with a wavelength
close to A; are generated and amplified, we assume that Av < 1, so the term Avé,, +
v¢, evolves slowly and can be considered as constant over one betatron period. We
also get G, = [JJ]. The average over one betatron period of the current is then:

_ IK,[J] :
jv(‘[)z—L /e—l(Au6,+v¢)F(¢’ n,

2in2yyrikiew,

(B22)

s Vs

where we have also considered a small energy and K spread, so K ~ K, and y ~ y.
We finally get:

dvA,) _ 2K,[9] 1 -
(U ) 0[ ] 1Av(w/3/w1)f/e F(d),n»

do.
2 » Or, , (B23)
ot yorok IA 27 b1

where we have also assumed that exp[—iAv6,] ~ exp[iAv(wg/wi)T]. Indeed, as we

have the three identities 6, = —wg, /w1, wg, ~ ws and Av < 1, then the difference

between Av6, and —Av(twg/w; + 6,) is small, even if 7 > 1. Moreover, according

to equations (B 6), (B7), it is possible to choose 6, so that 6,y € [0, 27t], so Avb,o <K 1.
The Vlasov equation is defined by ¥ =0. We thus get:

aF+¢8F+ aF+K8F+é oo (B24)
ap ' an oK 96,
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Moreover, with an EM wave described by (B 1), (A 37) becomes:

 Ko[1]

+00
i(AVO+ve)
=17 VA, e dv +c.c.,
Yo Jo

where the dependence of [JJ] as a function of v has been neglected.
We introduce the following scaled variables to simplify our equation:

We thus obtain:

dWA,) (44K wsp’
at 2Ky w;

iave [ 9 ]
e +iAD| a,.
0T

So:

A 1 4K [P e ive
— 4+ iAV|a,=—— 5 55
0T Iy (44 Kp) yorgkiwg p? 27

By defining p (the equivalent of the Pierce parameter in FEL theory) as:

L [1 2K} 2+ K} [JJF]'“ {IW@ZW]W

vo LIx 4+ K3)2rik; I, (44+K)*n
we find:

Ave V¢ . de,
AD 2w ’

0 LA
— +iAv|a,=—
ot

Moreover, the Vlasov equation becomes:

d .0 ) d
—f +17 f /ave“’"’ dAD +c.c. —f + K f ! a =0,
3¢ on 0K a0,

where X' =dX/dzt.

(B25)

(B 26)

(B27)

(B 28)

(B29)
(B 30)

(B31)

(B32)

(B33)

(B34)

(B 35)
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B.3. Calculation of the growth rate

To calculate the growth rate, we need to solve the coupled equations (B 34) and (B 35).
Equation (B 35) can be linearized in the small signal regime before saturation when
the scaled radiation field is small, i.e.:

/ a,e”® dAD +cc.=7 < 1. (B 36)

Let us split f in two parts:

f=fo+h, (B37)
where f, is the distribution function averaged over ¢ and f; contains the noise

fluctuation and the modulation induced by the bunching. The average over ¢ of
(B 35) leads to:

3 | 3 5 9
W, <(/ a,e" dAD +c.c.> f‘> +x gy (B38)
o/, " 9K 706,

ot

The small signal regime also implies that f; < fo. We can then assume that the second
term on the left-hand side of (B 38) can be neglected, which leads to:

5 5 5
o\ o g . (B 39)
0t " " 9K "6,

The corresponding equation for f; is therefore:

af | .ofi / Ve 1A dfo afi afi
-— -— eV’ dA C | =—=+K=+46 =0. B 40
af+”a¢+< a,e V+4cc 377+ 3K+’89, (B 40)

To solve this equation, we consider the trajectory of an electron, which is
parameterized by ¢©@, 7@, K© and 6. According to the Vlasov equation (B 35),
we have:

d
fdAf(cﬁ(o), 7%, K, 0,5 =0, (B41)
T

where ¢©@, 7@, K© and 6 are here given at the time s. Thanks to equation (B 40),
we can write:

%ﬁ @, 7O, K®, 09, 5) = — ( / a,(s)e™"” dAD + c.c.> g];z)(ﬁ@’ K, 00 5).
(B42)
So:
fi@. 1. K. 6, 9= 7 K?.6.0)

i . )
- / ( / a,(s)e™"” dAD + c.c.) a—f?(ﬁ@, K©, 00, 5)ds, (B 43)
0 n
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where ¢, 7, K and 6, are the values of ¢, 7@, K© and 0¥ at time 7. Moreover,
we have:

¢ (s) = + / S 79() ds. (B 44)

So we find that:

[2
A ) 1 ’77 rs

f(¢(0) ~(0) K(O) 9(0) 0) d(b

- / a,(s) exp [iv / 7O () dE} fo HO, KO, 09 5)ds. (B 45)
0 T

In the small signal regime, provided that 7’ < 1, we can assume that 7 (s) ~7j. From
(A 22), we can deduce that K'= (1 +K2)pn'/(2K3) so K' < 1 and K ~ K. Based on
(B 39) and on the definition of 8, we can deduce that f,(6\”, s) is a constant if we
assume that K’ = 0. Therefore, f,(0, 5) = fo(6,, T), which leads to:

/ a,(s) exp [iv / 79@) ds] i?( O KD 9O 5)ds
0 T

- f?(n,K 6, %) / a0, (5)e 70 . (B46)
0

As fy does not depend on ¢, we have the following result if we assume that the
electron beam is very long in comparison to the fundamental radiation wavelength A;:

/ e " dp < / e "?f do. (B 47)
Then, (B 34) becomes:
9 .. Ave V¢ de,
[8% + IAU} a,=— Ao 2 —f . (B48)
By using (B45), (B46) and (B 48), we obtain:
. oy [° o .. de,
— 4iA — | = s
[3? +1 v] a, / ~ / a,(s)e o
Av e V¢ do
= © N : B 49
AD 2 ——fi(¢ 0.7, (B49)

This equation shows that each frequency component of the radiation field is
independently amplified. The right-hand side of (B49) corresponds to the initial
fluctuation and is the source term that creates the initial radiation in the absence of
seed.

To determine the growth rate, we only consider the homogeneous part of (B 49). We
seek a solution in which a, is proportional to exp(—ift7), where & is the complex
growth rate. Then, we have a,(s) = a,(T) exp[—ift(s — 7)]. This leads to:

a 7
-i,z+ma—/f?/ e
an Jo

(B 50)
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We first calculate the integral over the time s. Then, we assume that n, K and 6, are
not correlated at the time t. Thanks to (B 14)—(B 18), the integration over K and 6,
leads to:

fo(m 1

o -k
Here we have also assumed that |exp[iT]| < 1, as exp[—ift] is supposed to grow
exponentially with time. After integrating by part over 7, we obtain:

—i,&—HAf)—H/ di =0. (B51)

— i +iAD +i Mdﬁ:o. (B52)
(1 —[1)?
In the limit where there is no energy spread (fy(17) =48(%)), this equation becomes:
QAL — AD)=1. (B 53)
At the optimal frequency (AD =0), we obtain:
ad=1. (B 54)

The solution with the largest imaginary part is associated with the largest growth rate.
Thus, we only consider the following solution:
1 /3

l=—4+i—. B 55
i 2+12 (B55)

Thanks to equation (B 27), we finally find that the field amplitude is proportional to:

V34 + Ké)pr

B 56
1677 (B 56)

lay—1(7)| oxexp [

In the following, the parameter p given in the 1-D approximation by (B 33) will be
referred as p;p. The 1-D gain time for the field amplitude is then:

1D 16)’02 -1 22+ KS)

i =E—————w, = Tg. B57)
C T @HKDV3op | 4+ KDV3pm
The associated power or intensity gain length is then:
2+K2)
D= 0 (B58)

(4 + Ké)ﬁpm r

Appendix C. Transverse effect: influence of the Rayleigh length

In appendix B, we have assumed that the transverse variation of A, can be
neglected, as we have used V2 =0 to simplify (B4). However, if we consider that
the electron beam creates a radiation beam with a waist close to the electron beam
radius ro, then the associated Rayleigh length is Z, ~ rik;/2. This length is much
shorter than the gain length, since:

Z,  (4+KHK3
Ly Q+Kp)?

P1D> (C1

s0 Z,/(L{D) < 1 as p < 1. Therefore, the intensity of the emitted radiation is strongly
reduced after one gain length, which reduces the growth rate.
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FIGURE 4. Plot of G with K =1 and of its fit =exp[—x2/(3ro/4)?].

To take into account this phenomenon, we assume that the current j, generates a
Gaussian beam with a waist Wy =wgry, where wy is a free parameter. It implies that
the source j, also gets a Gaussian transverse distribution. We therefore assume that
ju(T,x)=j,(t,0) exp(—x*/W?) in two dimensions. W, (and thus wy) should be chosen
so that the function j,(t, 0) exp(—x?/ Wg) + c.c. provides the best fit of the real j, + c.c.
given by (B 13). Assuming v & 1, the transverse distribution of the average current
(ju +c.c.) generated by one particle over a betatron period only comes from the radial
dependence of the function G(x,v=1, K, y, 6,). The use of (B9) then leads to:

T/wp
Gy Fec) o0 - / G, v=1,K, y,6,(t)dt +c.c. (C2)
wg Jo
o ei(Kz/(4+2K2)) sin(2 arccos(x/ro))(l . 672i arccos(x/m)) +eoc. (C3)
K* x )2
=2cos | ———4[1—
2 + K2 ro o
K? 2
—2cos xq/1— ) - 2 arccos al (C4q
2+ K? o rom
= G(x/ro, K), (C5)

where G(x/ry, K) gorresponds to the transverse distribution of the current. As can be
seen in figure 4, G can be well approximated by a Gaussian with root-mean-square
value o =3/4. In this whole study, we have then use wy=3/4 and thus Wy, =3ry/4 in
two dimensions. For the 3-D case, that fact that the electrons oscillate along different
transverse direction reduces this transverse size and we have always use wy =3/ (4\/5).
These are not analytically determined values. Nevertheless, these approximations allow
us to obtain a good agreement with the simulation results.

In the following, for the sake of simplicity, we consider only the 2-D case, so V2 =
0%/3(kyx)>. (B4) then becomes:

piv ) ae = — T ¢ 0y exp(— WD) (C6)
Ww—+—]A(t,x)=— , (T, 0) exp(—x .
9t 9(kix)? L, P 0
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We then use a method based on Green’s functions to solve this equation, with G, (t, x)
the solution of the equation with j,(t, 0) =4(7):

o 4 ) G = s ) expe W) €7
w—+—]G,(t,x) =— T) exp(—x .
9t " 9(kix)? I P 0
We introduce the function B which describes a Gaussian beam with a waist W:
B(t,x) = 1 =2 /WA (1) givki?/ QR(D)—(i/2) arctan(t / (Z,k1) (C8)

72 1/4
1+ )
(2%

with
W2k

Z, = % (C9)

1-2
W) =Wy |1+ —— (C 10)

722

72K

R(r):t(1+;21>. (C11)

B is a solution of the 2-D paraxial wave equation, so:

2i 9 + ” B=0 (C12)
iv— =0.
ot 9(kyx)?

The function G, (t, x) is then given by:

2Mew,
Gu(t,x) = ————H(7)B(t, %), (C13)
IVIA
where H is the Heaviside function. A, (7, x) is then given by:
+o0

A, (t,x) = (G, *j,(x=0))(r,x) = G, (t —1,x)),(t,0)d7 (C14)
- [ G-t oz, C15)

0

The limits of the integral can be changed from (—oo, +00) to (0, T) because we
consider that nothing happens when 7 <0 (i.e. j, =A,; =0 if T <0), and thanks
to the presence of the function H, we have G,(t —7,x) =0 if 7 > 7.

As in appendix B, we seek a solution where the current and field are proportional
to exp(—iut), with p the complex growth rate. The current thus satisfies j,(t, 0) =
Jv(0,0) exp(—int). By defining

2mew; .
Joo=—— j»(0, 0) (C16)
1wly
we obtain
Az, x) = o / e "B(r — ¥, x)dT (C17)
0

= J,0e T / e B(%, x) df. (C18)
0
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We can also deduce from (C6) that:

: J 82 : —ipt
<2w8r + W) A, (T, x) =2iv],0e " B(0, x). (C19)

To go further, we now assume that the term fof e“IB(%, x) that appears in (C18)
becomes constant after some time (after few gain times). Indeed, as we have supposed
that A, is exponentially growing, then e** is exponentially decreasing and the integral
stays constant if T > 1/Im(u). This assumption has been verified numerically: the
integral reaches a nearly constant value after few gain times. We can then write:

+00
A, (1, x) =J,0e " / e B(%, x) df. (C20)
0
So:
0A, (T, x) i oo .
BT =J, 06" —ipue™ B(T, x) dt. (C21)
T 0

If we define the function I"(x), which is constant with time, as follows:

e /+oo ) i/ﬁB(‘E’x) 4z (C22)
= —1
* 0 He B(Oa X) B

then we obtain from (C 19):

8 2 9A,(T. )
<2IU8‘L’+3()C]€1)2> AT 0) = e = (C23)

Therefore, to calculate the on-axis field amplification we can follow the same method
as in appendix B, but the left-hand side of (B 19) has to be replaced by the term
(1/I")0A,/dt, where I' = I"(0). By defining the new Pierce parameter p as:

p=pill"”, (C24)
then (B 34) becomes:
0 +iAD iargm/A” e’iv¢fd¢dAdK a0 (C25)
— +iAvV| a,=—¢€ ~ .
PE AD 2w T on

We then obtain the equivalent of (B 53):

[P (f1 — AD) = e (C26)
where [ is linked to p by:
. 8ys
=— ‘10 c27
2 7 Kg)pu (C27)

so that the growth that is given by e 7 is also given by e /. Eventually, if AD =0,
the solution is:

,EL — ei[2n/3+(1/3) arg(I’)]’ (C 28)
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which leads to the following solution for u:

[1/3g2im/3

n= m (C29)

due to the fact that 8y2/(4 + K2) = /3L2k, pip. The gain time associated with the
field growth rate is then given by:

3L k
o= M (C 30)
Im(Fl/SCZm/S)
To be more consistent, we can rewrite (C22) as:
+00 o
I = / —iue™* B(7, 0)dt. (C31
0

The final solution can be found by an iterative method. We first start from the 1-
D result I' = 1. With this value, we can then solve (C29) and (C31). Finally, by
solving iteratively those two equations, the result found after few loops converges to
the solution of those two coupled equations.

Note: this solution is also valid in three dimensions. However, the B function that
should be used in three dimensions is the following:

1

2\ 2
1+>
(22

Indeed, the 3-D B function should be a solution of the 3-D paraxial wave equation:

2in 0 4 o - " Vp—o (C33)
1w — =V.
ot (ki) 9(kyy)?

B(t,x,y) = e~ /WA (D) givks (+y)? /R ()~ arctan(t /(Z:k1)) (C32)

Appendix D. Analytical solution for the 2-D and 3-D gain length and Pierce
parameter

In two and three dimensions, the Pierce parameter and gain length are respectively
given by (2.11) and (2.12). This implies that we first calculate the value of I" by
solving the coupled equations (2.13) and (2.14), which is equivalent to solving the
following equation:

+0o0
r:ng/ e I"2B(7) dz (D1)
0

with ¢ = (Z,&7/9)/(LI2+/3) and B(Z) = e~ @/Darctan@ /(1 4 72)1/* in two dimensions
and B(Z) = e-iwe@ / /T {77 in three dimensions. We could not find a solution
to this equation. However, as Z, <« LIGI;, in an ICL, we can assume that the Gouy
phase shift — represented by the term e @@ in three dimensions — has only a
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small influence and can be chosen as equal to its asymptotic value (e7™/* in two

dimensions and e~"/? in three dimensions). We then look for the solutions of the
following approximated equations:

e_“«mz

+00
— 1/3 o—=i(m/4) 1
F—é‘[‘ € /0 de in 2-D (DZ)

+oo ¢T3z
—=dz
o A1+2?

As we have the following asymptotic results:

Ir=—icr' in 3-D. (D3)

too oIz
gr”/ ————dZ—> /'3 (D4)
0

(1+ 2214

when ¢ — 0 (Z, < L), then we can deduce that, in two dimensions, the approximated
value of I' is:

FaiD — (T[é.)3/sefi(3n/10) (D 5)
which leads to:

pa = pin (| (D 6)
V3

LZG]?—’,ap = Lg% 37[ * (D 7)
2(m|¢])/5 sin (>
5
In three dimensions, we can show that
3 +oo —¢I''3z 1 ;1—~1/3
—icr ——dZ—->igclr'” |\In| — ) +7y.|, D8
¢ 0o 14272 ¢ [ ( 2 ) y] (B9
when ¢ — 0, with y, ~0.577 the Euler—Mascheroni constant. The solution of
1"1/3
r=icr'’ [m (42) + ye] (DY)
is
‘ Rie—2e\ 72
e‘““’;LambertW( 123 )
D _
P =- 5 , (D 10)

with LambertW the Lambert-W function (also called the product logarithm).
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