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ABSTRACT. We consider smooth solutions of the wave equation, on a
fixed black hole region of a subextremal Reissner-Nordstrém (asymptot-
ically flat, de Sitter or anti-de Sitter) spacetime, whose restrictions to
the event horizon have compact support. We provide criteria, in terms
of surface gravities, for the waves to remain in C', I > 1, up to and
including the Cauchy horizon. We also provide sufficient conditions for
the blow up of solutions in C* and H*.

1. INTRODUCTION

Cauchy horizons are the spacetime boundary of the maximal Cauchy de-
velopment of initial value problems for the Einstein field equations. When-
ever non-empty, their existence and stability puts into question global unique-
ness, and consequently challenges the deterministic character of General
Relativity. To understand how perturbations of a static charged black hole
behave at the Cauchy horizon that lies in its interior, we will study solutions
of the wave equation on the black hole region of fixed subextremal Reissner-
Nordstrom (asymptotically flat, de Sitter or anti-de Sitter) spacetimes. In
this framework, it is natural to consider that Cauchy horizons that allow
solutions with higher regularity are more stable than the ones that do not.

The stability of Cauchy horizons is a classical problem in General Rel-
ativity and, in recent years, considerable progress has been made in its
understanding through the mathematical analysis of wave equations. Sta-
bility results can be found in [3,12—14,16,17,19,24] and instability results
in [9,10,20,23], and the references therein. For developments concerning the
analysis of the full Einstein equations we refer to [1—8,21,22 25].

Most of the literature about the linear problem focuses on stability-
regularity at the C° and H' levels, in line with the modern formulations of
the Strong Cosmic Censorship Conjecture. There are however some notable
exceptions. In [13], Gajic provides criteria for the C' and C? extendibil-
ity of spherically symmetric waves on (asymptotically flat) extremal black
holes. In the subextremal de Sitter setting, Hintz and Vasy [17] have shown
that solutions of the wave equation arising from smooth Cauchy data have
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H1/2te/k-=¢ regularity up to the Cauchy horizon, with the degree of regu-
larity being dictated by «, the spectral gap of the operator O, (which also
controls the decay rate of solutions along the event horizon), and k_, the
Cauchy horizon’s surface gravity. However, recent numerical computations
of the spectral gap [2] suggest that the regularity never exceeds H 3/2—e

Here we present criteria for higher order linear stability of the Cauchy
horizon, meaning C* with [ > 1, in a subextremal Reissner-Nordstrém space-
time, as well as criteria for linear instability, in both C' and H'. We will
achieve this by considering waves, without symmetry assumptions, whose re-
strictions to the event horizon have compact support. Although, in view of
the results in [1, 11, 18], this behavior on the event horizon cannot arise from
generic Cauchy data, it provides a class of bona fide characteristic initial
value problems for the wave equation. We will show that an arbitrarily high
regularity at the Cauchy horizon can be obtained by increasing the order
to which the wave vanishes in a direction transverse to the event horizon.
Moreover, for this initial value problem, the role of the surface gravities in
determining the degree of stability of the Cauchy horizon becomes partic-
ularly transparent. For instance, we will prove that, as a consequence of a
well known relation between surface gravities, if the wave only vanishes to
zeroth order at the event horizon then, in spite of having compact support
on the event horizon, it cannot be extended in C' to any neighborhood of
any point on the Cauchy horizon. In particular, this shows that we cannot
expect to obtain arbitrarily high regularity for waves up to and including
the Cauchy horizon by simply increasing their decay rate along the event
horizon.

1.1. Statement of the main results. Let us set some basic terminology
and notation. Let (M, g) be a connected component of the black hole region
of a subextremal Reissner-Nordstrom (asymptotically flat, de Sitter or anti-
de Sitter) spacetime. Denote by x4 and x_ the surface gravities of the future
event horizon H* and the future Cauchy horizon CH ™, respectively, and let
HX and C?—lj denote the “right side” components of these horizons (see
Figure 1). Let v be a future increasing affine parameter of the generators of
HX, constant on each symmetry sphere, and let C, denote an ingoing null
hypersurface that intersects H ¥, at v = vy. Letting X be a smooth vector
field which is tangent to C,, and transverse to HX, we will say that ¢|Qv0

vanishes to order s € Z(J{ at HT if

¢|QU00H+ = (X¢)|QUOO’H+ == (XS¢)|QUOQ’H+ =0. (1)
We are interested in properties of functions that belong to the space
Fs = {p€C®°MUHT):0,0=0,

Bl n{vzve} = 0, ¢|Qvo vanishes to order s at T},  (2)

for a fixed s € ZS‘ and some vy € R.
We may now state our four main theorems. In all of them s belongs to
/A

Theorem 1.1. If ¢ € F, and (s + 1)ky > rk_, then ¢ belongs to C1(M U
C’HX). Moreover, the second mized null derivatives of ¢ belong to C°(M U
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C’HX), the restriction of ¢ to symmetry spheres is C2, and ¢ satisfies the
wave equation on the Cauchy horizon.

Theorem 1.2. Letl > 1. If ¢ € Fs and (s+ 1)ky > lk—, then ¢ belongs to
CH M UCHY).

Theorem 1.3. If the spherical mean of ¢ (see (35)) belongs to Fs \ Fsi1
and (s+1)ky < Kk, then ¢ does not belong to CL((MUCH ) NU), for any
open set U NCHY # 0.

Since the inequality k4 < k_ is valid in the entire subextremal range
of Reissner-Nordstréom we conclude that, if ¢ € Fy \ F1, then it cannot be
extended in C! to any neighborhood of any point on the Cauchy horizon.

It is an easy consequence of [24] that if ¢ € Fg with 2(s + 1)ky > k_,
then ¢ belongs to HL (M UCHY). We prove that this result is essentially
sharp.

Theorem 1.4. If the spherical mean of ¢ belongs to Fs \ Fsi1 with 2(s +
k4 < k—, then ¢ does not belong to H(MUCHT) NU), for any open set
UNCHY #0.

The organization of this paper is as follows. In Section 2 we explain the
basic setup of our problem. In Section 3 we recall three energy estimates due
to Sbhierski. In Section 4 we upgrade the previous to pointwise estimates.
In Section 5 we prove Theorem 1.1 which establishes the existence of a
classical solution up to and including the Cauchy horizon. In Section 6 we
prove Theorem 1.2 concerning solutions with higher regularity. Finally, in
Section 7 we prove Theorems 1.3 and 1.4 about blow up in C! and in H'.

2. SETUP

2.1. Some useful coordinate systems. We will study solutions of the
wave equation on a fixed background consisting of the black hole region of
a subextremal Reissner-Nordstrom (asymptotically flat, de Sitter or anti-de
Sitter) spacetime. This spacetime has a metric given in a local coordinate
system by

1
g = —Ddt2+5dr2+r2agg,

where o2 = df? + sin? 6 dp? is the round metric on the 2-sphere, and

2m e A
D=Dr)=1- "—4 — — —r2
(r) r * 23"
Here m > 0 is the mass, e # 0 is the charge parameter and A € R is the
cosmological constant. We will assume that the function D has at least two

positive roots, the smallest of which are
O<r_< T4.

The values r_ and 7 correspond to the values of r at the Cauchy horizon
CH™' and at the event horizon H*, respectively. The Penrose diagram of
this spacetime for positive A is given in Figure 1.



F1GURE 1. The Penrose diagram of the Reissner-Nordstréom-
de Sitter spacetime.

The surface gravities of the Cauchy and event horizons, defined by
1 1
Ko = §’DI(7"—)\ and Ky = §\D/(7”+)’a (3)

are of fundamental importance to us here. Throughout we will assume that
the surface gravities do not vanish, which restricts the scope of our analysis
to the subextremal setting.

For r € [r_,r4], we have

D(r) = =W —r_)(rs — 7). (4)
Moreover, any tortoise coordinate
dr* 1
dr D

satisfies, for r € ]r_,ry|,
1 1
r*(r):—21_6—71n\7”—7°—\+mln\r—r+\+0(1)- (5)

The black hole region corresponds to
(t,r,w) € M =] — 00, +00[x]r_, r; [xS?,

a region where the function D is negative, and where 7* varies in | — oo, +00|.
We will often rely on the double null coordinates (u,v) €] — oo, +-00[?
given in terms of ¢ and r by

{u:t—r*m,

v=t+7r(r).
In these coordinates the metric takes the form
g = —Ddudv+ r2agz.

Clearly, we have
* v—u
) =22 (6)
Note that the event horizon corresponds to u = 400 and the Cauchy horizon

corresponds to v = +o0o. Since our double null coordinates are singular at
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these horizons, at the event horizon we change from (u,v,w) coordinates to
(v, r,w) coordinates using

u=v-—2r"r), Oy = —%&,
v =,
In these coordinates the metric becomes

g = —D dv® + 2dvdr + r’oge.

At the Cauchy horizon we change from (u,v,w) coordinates to (u,,w) co-
ordinates using

u=u, Oy = Oy — %8,:,
v =u—+2r*(r), 9y = Loy
In these coordinates the metric is written as
g = —Ddu® — 2dudF + r’og.

Note that to change from (v, r,w) coordinates to (u, 7, w) coordinates we can
use

{u:v—Qr*(r), {811,:81)7

P 0r = 20, + 0.

By abuse of notation, we will write ¢(u,v,w) = ¢(v,r,w) = ¢(u, r,w).

It is important to note that the vector field 0, = 9, = 9, is Killing. We
also denote by (2;, for i = 1,2, 3, the generators of spherical symmetry, and
just by {2 any one of the three. The vector fields {2 are also Killing.

2.2. The wave equation. Define

1 n
G,=-D+—-D' 7
"y +2 ’ (7)

S=- %&, - %A and S = %&L - %A, (8)

with A¢ denoting the spherical laplacian of ¢,
Ko = 5086+ 5 cot 036+ 00,
The wave equation,
Og¢ = VIV, =0,
is equivalent to both
00r ¢ + G10,¢ = S() (9)

and

w0z — G1070 = —S(9). (10)
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2.3. The energy-momentum tensor. Recall that to a scalar function ¢
we may associate the energy-momentum tensor

1
Ty = au¢au¢ - §guu(8a¢ 0%9),

whose relevance for the study of solutions of the wave equation stems from
the fact that its divergence satisfies

VAT, = (0g0) 0, ¢.

Our energy estimates for ¢ will be obtained by applying the Divergence The-
orem to certain currents, which are contractions of the energy-momentum
tensor with appropriate vector fields. It will be useful to have the expression
of the energy-momentum tensor in coordinates. One readily checks that

T(@H, ay) = ((9£¢)2,
T(@H, 82) - %‘W(bPa
T(Bg, 82) = (32¢)2-

Again, Y¢ denotes the spherical gradient of ¢,

1 1
W¢ = ﬁ(ae(b) a@ + m(&p(ﬁ) 8807
and

Yo|* = r’og:(Yo, Vo).

2.4. Energy identities and the Divergence Theorem. We will apply
the Divergence Theorem in regions bounded by hypersurfaces C,, where v
is constant equal to v, hypersurfaces C,, where u is constant equal to wu,
and hypersurfaces Y., where the geometric variable r is constant equal to
r. Denoting by n¢ , ne, and ny, the corresponding normals, with ny, unit
and all three future directed, and denoting by dVg , dV¢, and dVs, the
corresponding volume elements, we have

ng, = —0r, dVe, = r*drdw,
ne, = —O0r, dVe, = r?didw,
ny, = -—utDo: "_‘_gaf, dVs, = /—Dr?dudw,

where dw is the volume form associated to og2. Note that along the null
hypersurfaces there is no natural choice of normal or volume form, so one
can just choose a convenient normal and then let the Divergence Theorem
determine the volume form.

Our currents will be vector fields of the form

Ji\[ = Jziv((b) = T;wNﬂ = TMV((ﬁ)N“,

with N timelike and future pointing, so that if ¢ is a solution of the wave
equation, then

vy = (VYT,)N*+T,,V'N*
= (040)N - ¢+ T, V'N* =T, VY N*".
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F1Gure 2. The region R.

Our choices of N will be such that 7}, V¥ N* is nonnegative. We denote by

Culra,m) =CyN{ra <r <r},
Cy(ra,r1) =C,N{ry <7 <}

Applying the Divergence Theorem to the current J¥ in the region
R={uzugAv<vgAreg <r<r}

(see Figure 2) we get the energy identity

N v N, v
/ TN, v, — / g dve,,
By M{uzugAv<uo } Cyy(r2,r1)
N, v N, v
_ / TN, dVe,, - INn%, v,
Cug(r2,71) g N{u=upAv<uo

= // VY IN dVy.
R

For a hypersurface S, the integral
/ JNnk dvs = / T(N,ng)dVs
S S

controls first order derivatives of ¢. Let us give an example by defining, near
the Cauchy horizon, N = N, = —9,, — 07. This choice leads to

T(Nb,ngv) dve, = (— %T(@Q, Oy) — %T(BH, 82)) r? drdw

- [_ % (2(0u0)* + |Y7¢|2)] r? drdw,



T(Ny,ne,)dVe, = (%T(Bg, Oy) + %T(@Q, 82)) r? didw

= |@0? + 5IVop| 2 drd,

T(Ny,ny, ) dVs,

_ (T(a@ B) + <% - 1> T(0000) ~ T(00, 82)) g
N [@‘z’)z B %‘W)Q T % <1 - %) IWIQ] r? dudw.

Note that the expressions inside the square parentheses above are nonneg-
ative as required by the fact that energy-momentum tensor satisfies the
Dominant Energy Condition.

For —1 < D <0 we have

T(yns,) < (20,0 - Dorof + V0 ) =5
and
T(Fyns,) > (50000 = TP +51V0F) =
so that for r sufficiently close to 7_ we have
T(Ny,ne,) = 0, (11)
T(Ny,ne,) ~ (056)° + Vo (12)
T(yns,) ~ (000 = D@0 + V) <. (13)

The notation f ~ h means that there exist positive constants ¢ and C' such
that ¢f < h < Cf. The blue-shift vector field, which will play a relevant
role below, satisfies

Nb = —(1 + O(T - 7“_))(824‘ 3,:)
and so expressions (11), (12) and (13) are also valid if we replace Ny, by Nj.

3. BASIC ENERGY ESTIMATES
We denote by
Yr(ug) =3, N{u = up}t, X,(vg) =%, N{v=wvg}.

We will now recall some basic energy estimates. The first one applies to the
red-shift region. According to [24, p. 113, (4.5.5)] we have

Lemma 3.1. For every 6 > 0, there exists a future directed timelike time
invariant vector field N, in MNHY, ar_ <ry <ry and a constant C > 0
such that we have

[ 0Y0) s, < Ce etz (14)
X (u)

for all ¢ belonging to Fs.
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At the event horizon N, = 0, — 0, and N, satisfies T, VY N} > 0 for
o ST Ty

The second energy estimate applies to the no-shift region. According to
the proof of [24, Lemma 4.5.6] we have

Lemma 3.2. Given r— <r; <rg<ry and a future directed timelike time
invariant vector field N in M, there exists a constant C > 0 such that

Lo @me s [ V@) s, < [ 1Y@ s, (15)
Cu(r1,m0) oy (u) g (u)
for all ¢ € C°(M) satisfying Oy = 0.

Note that, in the previous case, T}, V¥ N# might be negative but we can
apply the Divergence Theorem with vector field N = C0orrN and C
sufficiently large so that 7}, V¥ N# is nonnegative.

The third energy estimate applies to the blue-shift region. According to
the proof of [24, Proposition 4.5.8] we have

Theorem 3.3. Assume 2(s+1)k4 > k_ > 0. For every sufficiently small 0,
€ > 0, there exists a future directed timelike time invariant vector field Ny in
MUCH™, ary >r_ and a constant C > 0 such that, for all vy > 1y > 1r_,
we have (see [24, p. 114, last line])

/ e(28+2*5)/€+UJNb (QS) ‘ny,, <C
oy (uo)
and (see [24, p. 117, (4.5.10)] together with the previous inequality)

ettt [ gNg)ne,, + e (TN () -,
Cug(r2,71) Sirg (uo0)

< / e TN () -,
o (uo) '
< Ce[@s+2=0)ks —r (14e)]uo (16)

for all ¢ belonging to Fs.
Moreover, the function ¢ belongs to HL (M UCHTY).

At the Cauchy horizon N, = —0, — 0 and N}, satisfies TWV”N# > 0 for
r_ <r<ri.

4. POINTWISE ESTIMATES FOR Oy¢, Y¢ AND A¢

Let ¢ € Fs. Throughout this section we will assume that 2(s + 1)k4 >
k— > 0. We will fix x satisfying £ < (s + 1)k4. The objective of the next
three subsections is to prove that the three estimates

|au¢|(u’ T, - ) < Ce_ﬁu’ (17)
Voé|(u,r, ) < Ce "™, (18)
|A¢|(u’ T, - ) < Ce ™" (19)

hold for r— < r < 1r9p < ry and u € R. We choose a § > 0 satisfying
R<(s+1—0)ky.
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4.1. Estimates for r = ry. In a parallel manner to (13), there exists rg <
r4 such that

TN @)k Vs, ~ ((0,0)2 = D(0:6)* + [Yol*) r2dvdw (20

holds for ro < r < rg.
To obtain a uniform bound on 9,¢ we use the following five ingredients:
(i) From (14) and the fact that v = v — 2r*(r) (or from [24, p. 113,
(4.5.5)]), for v > vy, we have that

/ TV(@) - mz,, < Cem Cot2momee, (21)
S (v)

for a red-shift vector field that satisfies N, = (14+O(ry —7))(0, — 0r). Since
9, and the vector fields 2 are Killing, and ¢ € F, implies that 0! Q!¢ € F,
for every | € Z$ and every multi-index I (see Remark 6.1), we see that
estimate (21) holds with ¢ replaced by 9.Q!¢.

(ii) We now apply Sobolev’s inequality in symmetry spheres and (20) to
obtain

v2 2 Y20 2
c sup (8v¢) (U’TO’W) dv < H@vgb(v,ro, ')HHQ(SQ) dv
v v1

1 weS?

<C JNr (B, dVs
Bafen) ! (OIS, AV,

+cz / I QDo) dVs,,

7‘0 (Ul
+CZ / I R0,0)mls, Ve,
and then we use (21) to conclude that

/ i sup (8,0)2 (v, 1o, w) dv < Ce™2sH2=0rsv1, (22)

1 weS?
(iii) We recall [3, Lemma 4.5].

Lemma 4.1. Let f : [tg,00[— R and assume that for some aq1,C > 0, and
for all t > ty,

/ f(s)ds < Ce ™,
t
Then, for all 0 < as < ay,
/ €25 f(s) ds < Ce(@17a2)t,
t

Below we will take a1 = (2s +2 — 0)ky and g = (25 + 2 — 20)k 4
(iv) If we take squares of both sides of

anS(UQ, To, W) = / ’ 612;¢(Ua To, U.))d’l) + 8U¢(/U1’ To, W)
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and then apply Holder’s inequality we get

Vo 2
(0)*(v2, 10, w) < 2(/ 33¢(U77“07w)dv> +2(8y$)?(v1, 70, W)

< Ce—(25+2-20)k 401 /v2 e(zs+2—26)n+v(3g¢)2(v,ro,w)dv

v1

+2(8’U¢)2(Ul7 To, w)

We can then use (22) and Lemma 4.1 to conclude that

sup (9,¢)* (v, 70, w)
weS?

v2
< Ce—(2s+2-20)r4m1 / e 220 52 (0, 7o, - )|[2 g2 dv
v1

+2 sup (av(ﬁ)Q(vla To, w)
weS?

< Cem G H220)R401 19 up (9,) % (v1, 70, w). (23)
weS?

(v) From [3, Lemma 4.2], we know that

Lemma 4.2. Let tg > 0, and b,B,M,A > 0. Let f : [tg,c0[— Rt be
continuous and such that

to

flta)+b [ ft)dt < Mf(t) + Be 24,

t1

for all tog < t1 < to. Then, for a < min{%,A}, we have

F(t) < Ca(l+ f(to))e™™,
for all t > ty.

If we consider the function f(v) = sup,eg2 (9y$)%(v, 70, w) and add a large
multiple of [* f(v)dv (which satisfies (22)) to both sides of (23), we can
apply the previous lemma to obtain the pointwise estimate

|0u0| (v, 70, -) < Ce™™,

for k < (s+1—0)ky and v > vg.

Note that the constant C, in the last estimate, is uniform in w because
Op®(vo, 0, - ) is a bounded function of w. For r = 1y we also have (17) since
Oy = 0y and v = u + 2r*(r).

Since estimate (21) also holds with ¢ replaced by £2!¢, for any multi-index
I, we can repeat the proceeding of the previous paragraphs to obtain (18)
and (19), at r = 7, with constants C, once again, uniform in w.

4.2. Estimates for 7y < r < rg. Let N be a timelike future directed and
time independent vector field. Similarly to (12), we have

TN (@)ng, dVe, ~ ((0:0)% + |V 6[?) r* drdw.
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Since 0y, = 0, is Killing, and ¢ € F, implies that 9,¢ € Fs, 20,¢ € Fs and
220,¢ € Fs, for r1 <r < 7o, by (15) we have

[ 100ut, 7, ooy

<C I (0ud)nl dVe, +C Z / N (2:0u0)nf Ve,

Cu (r r0) (r,ro)

+CZ / 92 dud)nt dVe,

(r,ro0)

< Ce™ (2s+2 5)n+u.
This together with (17), applied with r = rg, implies that

sup (0y¢)*(u, 7, w)
weS?

T0
<C [ 1007, Vo) 47 + 2 5up (0,002 (w0,

wes?
< C67(2S+2725)I€+u'

Thus, we obtain (17) for r1 < r < ro.

Applying (15) to 2¢, 2%2¢, 3¢ and 2*¢, and using (18) and (19) for
r = ro, we obtain (18) and (19) for r; < r < 9. The constants C' do not
depend on 7 € [ry, 7] or w.

4.3. Estimates for r_ < r < ry. In this region, according to (16), we have
/ JNb (QS) ‘ne, < 067(28+275)R+u. (24)
Cu(rlv )

Applying (24) to ¢, 2¢ and 2%2¢ implies that ¢ extends continuously to CH ™
along segments of constant u. Moreover, ¢(-,r_, -) is the uniform limit of
(-7, ) as r \yr_ (for (u,w) € [@, U] x S?, where —0co < < U < c0).
Arguing as in [0, Proposition 5.2, Step 2], qﬁ is continuous in M U CH™.
The same reasoning can be used to show that 9,¢, 2¢ and 2°¢ extend
continuously to CH™*. A simple argument implies that the derivative of the
continuous extension of ¢ with respect to u exists and coincides with the
continuous extension of d,¢. Analogous statements apply to 2¢ and 22¢.
Using (24), and reasoning as we did in the region r; < r < rg, we see that
(17), (18) and (19) hold for r_ < r < 7.

5. EXISTENCE OF A CLASSICAL SOLUTION UP TO THE CAUCHY HORIZON

Henceforth, by “up to the Cauchy horizon” we mean up to and including
the Cauchy horizon. In this section, we will use the energy estimates of the
previous sections, together with Lemma 4.2, to obtain a pointwise bound for
Or¢, for a fixed r = r1 > r_. This together with the previously established
pointwise bounds for other derivatives of ¢, which are valid up to the Cauchy
horizon, can then be used to integrate (10) and obtain a pointwise bound
Oz¢, up to the Cauchy horizon. Finally, the control of this quantity in C!
will allow us to extend ¢ as a classical solution of the wave equation, all the
way up to the Cauchy horizon.
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Proof of Theorem 1.1. We proceed in four steps.

(i) Bounding 0;¢ for r = r; > r_. Assume (s + 1)kt > k_. We now
fix k satisfying k— < k < (s + 1)k and, as before, choose § > 0 satisfying
E<(s+1—0)ky.

We will start by showing that, for a fixed » =r; > r_, we have

05| (u, 71, w0) < Ce™. (25)

Indeed, this follows by the procedure developed in Section 4.1: we start by
realizing that for any ¢ = 9. Q/ ¢, with [ € Z(J{ and I a mutli-index, we have,
in view of (16),

Lo, o~ [0 [0+ D)@+ 9] (1) dada,
E'rl (U17U2) "
< 067(2'34*275)/{_','&1 ,

which implies that

u2
[ 10,0001, a5

<C JNe (@)t dVs,
Erl(ulﬂu) 1 ( ) Erl 1
+CZ / Yo (D dVs,,
7‘1(“17“2
+CZ / JNb 220 Oup)nks Vs,
7‘1(“17“2

25+2—6
< Ce™ ( s+ )n+u17
and allows one to estimate

sup (07¢)*(uz, 1, w)
weS?

u2
< Ce—(28+2—25)f-i+m/ e 22815, 05 (w, 71, ) || 2 g2 du

u1

+2 sup (07¢)*(u1, 71, w)
weS?

< Cem BH27200mw 9 sup (95¢)° (us, 71, w).
wes?
We can now apply Lemma 4.2 to u — sup,es2(07¢)%(u,r1,w) to finish
the proof of (25).
(ii) Bounding 07¢ up to the Cauchy horizon. Let

Up, (V) 1= v — 21" (1)
so that ri(u,, (v),v) = r1. Integrating the wave equation, in its form (10),
along a segment with fixed v, from u,, (v) to u < u,, (v), we get

8f¢(ﬂay7w) = (url() furl G1(r(a,p))da

-/ 5(¢)(ﬂ,y,w)efa Gi(r(sw) ds g5

Urq 2)
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Choose 0 < & < k — i and rq such that Gy(r) > —k_ —¢, for r— <7 <ry.
Using (25), and (17) and (19) to estimate S(¢), yields

|8f~¢(u, v, w)| < Ce—mum (Q)e(f@,—ka)(um (v)—u) + /ur1 @ Ce—m]e(fef-i-e)(ﬂ—y) di

Ce(k—r——e)ur, (V) o= (k-Fe)u 4 o= (k-Fe)up—(k—r_—e)u

Ce ", (26)

IN N

for u € R and v > u + 2r*(rq).
(iii) Continuity of 0;¢ up to the Cauchy horizon. We define
aFQS(Q, OO,W) by

+oo N
Or (1, 00, ) = / $(6) (i1, 00, w)e"~ ) g (27)

u

Let —0o <@ < U < +00. To prove the uniform convergence of dz¢( -, v, )

to Or¢(-,00, ), as v — o0, for the first variable u belonging to [u U]_, we
write

u

8f¢(u’ Q’W) N aﬂb(ﬂ, OO,w) - 8f¢(ur1 (Q)ayaw)e ury (2)
Vs w
* / 5(8) (@, v, w)ela G1rE s gy
_U )

G1(r(a,w))da

- / $(6) (@1, 00, w)ela )4 g
+/ " S((b)(ﬁ’Q,W)effGl(r(s,y))ds dii
U

u

4oo _
_/ S(¢)(ﬂ,00,w)efa (—r-)ds g
U
= A+B+C+D+E.

Let € > 0. Again using estimates (17) and (19) to control S, we can fix U
and V1 sufficiently big so that |[D| + [E| < g, for v > Vi. Now, using (25),
fix Vo > Vy sufficiently large so that [A| < §, for v > V5 and u € [u,U].
Finally, invoking the uniform convergence, in [@, U] x S?, of S(¢)(-,v, -) to
S(@)(-, 00, -) and of Gy(r(u,v)) to —k_, as v — oo, we are allowed to fix
V > Vj such that [B+C| < &, forv > V. Forv >V and (u,w) € [@,U]xS?,
we have

‘af¢(g7 Q,W) - 8f¢(g7 oo, W)’ < E.

This proves the stated uniform convergence. Again, arguing as in [6, Propo-
sition 5.2, Step 2], 0r¢ is continuous in MUCHX. A simple argument implies
that the derivative of the continuous extension of ¢ with respect to 7 exists
and coincides with the continuous extension of 0r¢.

(iv) The wave equation is satisfied on the Cauchy horizon. To
justify that the wave equation (10) is satisfied on the Cauchy horizon we
just have to differentiate the right-hand side of (27) with respect to u. Note
that we are not claiming that ¢ is C? up to the Cauchy horizon but merely
that 0,0r¢ exists, is continuous and satisfies (10). We can also guarantee
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that 070,¢ exists and is continuous. Indeed, define

1k

A 1
§=--8.- 3

The wave equation can also be written as
2 N
070y 0 + ;8Q(b = —5(¢). (28)

This can be integrated to

2 o2
Oud(u,m,w) = %Byb(u,rg,w) —/ 5—2§(¢)(u,s,w) ds. (29)

r

Note that d,¢ is continuous up to the Cauchy horizon because it is equal
to Oy — %&:(b. Therefore, equation (29) holds with 7o = r_. Another
application of the Fundamental Theorem of Calculus guarantees that 970,¢
exists and is continuous up to the Cauchy horizon and that (28) is satisfied
also on the Cauchy horizon. Of course, the fact that 0;0,¢ exists and is
continuous up to the Cauchy horizon is enough to guarantee that (28) is
satisfied on the Cauchy horizon. O

6. SOLUTIONS WITH HIGHER REGULARITY

This section is devoted to the proof of Theorem 1.2.

6.1. Wave equations for 07¢. We start by deriving the inhomogeneous
wave equations satisfied by higher order r-derivatives of ¢. The commutators
of O, and 0,, and of O, and 07, are

[Qy,0,] = —D'0? + 2T

and
[Qy,07] = —D'0? + 2T,
where
1 1 1 D" 1
T =—=0,+ (—QD——D’——) o+ -A
r r r 2 r
and
~ 1 1 1 D" 1
T=——=0,+ <—2D——D’——>8;+—A.
T T T 2 T
Consequently, the function 0,¢ satisfies the inhomogeneous wave equation
Og(8r¢) = —D'07¢ + 2T(9), (30)
the function 92¢ satisfies the inhomogeneous wave equation
Dg(&%‘ﬁ) = [Dg’ 10,6 + 8T[Dg(ar¢)]

= —2D'9%¢ — D"92¢ + 2T (0,¢) + 20,T(¢),
and, in general, 0, ¢ satisfies the inhomogeneous wave equation

n n—1
s@re) =~ (1) POt 12y olrior )
=1

=0
= D'+ 2H,(¢), (31)
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with )
1< /n _ — .
H, () :_52( )D(l)@r}w l¢+zaiT(5r 1 l(b).

=0

~ 1 n B n—1 B L
Hy(¢) = =5 ( ) DOty + N kT (or ).
=0
Because T (T) is a differential operator of order one in r (7), Hy(¢) (H,(¢))
involves a sum of derivatives of ¢ whose order with respect to r (7) is at
most n.
Taking into account that the sequence defined by (7) satisfies

G1+ gD' = Gny1,
we can write (31) as
0uOf 1) + G101 o = S(9]'¢) + Hu(9)-
Similarly, we have that
007 "' ¢ = G071 d = —S(07¢) — Hn(9). (32)
6.2. Derivatives of ¢ in F,. Recall the definition of F; in (2).
Remark 6.1. Let l,i1,i9,i3 € Z§. Then ¢ € F, = LQUQ205¢ € Fi.

Proof. For | = 0 the result follows immediately from the fact that the vector
fields Q are Killing and tangent to the sphere {r =9} N {v = vg}. For the
remaining cases it suffices to note that:

(i) Obviously, ¢ € Fy = ¢ € Fo.

(ii) ¢ € F1 = 0.¢ € Fi. Recalling that 9, = 9, + %&, the wave equa-
tion (9) shows that if ¢ vanishes on the event horizon and 0, ¢(vg, 74, - ) =
0, then 0,0,¢(vo, 74, -) = 0. Differentiating both sides of (9) once
with respect to v we then conclude that 920,¢(vo, 7, -) = 0. If we
keep differentiating both sides of (9) with respect to v, we see that
ALy d(v0, 7, +) = 0.

(iii) ¢ € Fo = 0l¢ € Fy. Before handling the general case, lets us also go
over the case s = 2 in detail. Suppose now that ¢ vanishes on the event
horizon, 0,¢(vg, 74, -) = 0 and 82¢(vg, 4, - ) = 0. Using (30) together
with the previous paragraph we conclude that 9,02¢(vg,ry, -) = 0.
One can also argue that 0!02¢(vo, 74, -) = 0, for all I > 0.

(iv) ¢ € Fpy1 = 0.¢ € Fpy1. More generally, using (31), if ¢ vanishes
on the event horizon and its first n + 1 derivatives with respect to r
vanish at (vg, 7, - ), then 8,0 ¢(vo, 74, -) = 0, for all m < n + 1.

]

6.3. Bounding higher 0; derivatives of ¢. The wave equation (10) can
be used to bound 92¢ when r = 71 > r_. If we integrate the inhomogeneous
wave equation for dz¢ and use the bounds for derivatives of ¢, whose order
with respect to 7 is at most equal to one, then we can bound 92¢ up to
the Cauchy horizon if 2k_ < (s + 1)k4. The 2k_ comes from the fact that
in (32), with n = 1, the function in front of 92¢ is G5 and Ga(r_) = —2k_.
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Moreover, when lk_ < (s + 1)k we will be able to generalize the previous
procedure and establish boundedness of 85;@5.

Proof of Theorem 1.2. We proceed in three steps.
(i) ¢ € C](MUCHTY). Since ¢ € F; implies 0,6 = 0,¢ € Fs, using (26)
applied to d,¢, when k_ < k < (s + 1)k4 we have

|070, 0| (u, 7, w) < Ce™ ",

for r_ < r < r;. Then the wave equation (10) shows that on the hypersurface
r =11 > r_ we have that

07l (u, 1, w) < Ce™™. (33)
Integrating the wave equation (32) with n = 1 we obtain

ag(ﬁ(%%w) — Bgtb(url(y),y,w)ef;ﬂmGQ(T(Q’Q))C”‘
— [7 (800r0) + (9 (@ p,w)els G g

Urq (2)

The derivatives of ¢ appearing inside the integral have order at most one
with respect to 7, namely they are 0,0, Ap, 0z¢, 0;0,¢ and 9z Ap. Moreover,

\&:A(ﬁ](u,r,w) < Ce ™,

for r— < r < ry. Therefore, under the assumption that 2k < kK < (s+ 1)k
we obtain that
02| (u,r,w) < Ce,

for r_ <r < ry. As, in addition, when k_ < k < (s + 1)k, 026, 0-2¢ and
0y 02¢ are continuous on M UCH | we have that ¢ € C?(M UCH) when
2k < (s 4 1)Ky

(ii) ¢ € C3(M UCHY). Let us consider another specific case, n = 2,
before analyzing the general situation: repeating the previous argument,
using (33) applied to 0,¢, when 2k_ < k < (s + 1)k4+ we have

|020,0|(u, 7, w) < Ce ",
for r— < r < r;. The wave equation (30) shows that on the hypersurface
r =r; > r_ we have that

1026|(u,r1,w) < Ce ",

Since the above mentioned derivatives, 920, ¢ and 92A¢ are controlled when
2k_ < Kk < (s 4+ 1)k, integrating the wave equation (32) with n = 2, when
3k_ < k < (s + 1)Ky we obtain that

\3§¢\(u,r,w) < Ce ™,

for r_ < r < rq. All other third order derivatives of ¢ are continuous when
2k_ < K(s+ 1)k and we are able to conclude that ¢ € C3(MUCHTY) when
3k < (s+ 1)k4.

(iii) ¢ € CY(MUCH). The general case now clearly follows by induction:
in fact, when lk_ < k < (s 4+ 1)k4 we obtain that

|0Lp| (u,r,w) < Ce™™,

for r— < r < 71. In conclusion, ¢ € C{(M UCHY) provided Ix_ < (s +
1)Ii+. |
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7. BLow up IN C! AND IN H!

7.1. Blow up in C'. This subsection is devoted to the proof of Theo-
rem 1.3. Let us start by sketching the main ideas for this proof. Suppose
that ¢ is spherically symmetric. If for all large u we have that —d,¢(u, v, -)
is positive, then it turns out that —0,¢(u, v, - ) and 0y¢(u, v, -) are positive
for (u,v) € [ur,(vo), 00[x[vg,00[. This fact can be used to propagate a lower
bound for —0,¢, at v = vy, all the way up to the Cauchy horizon. We can
then obtain a lower bound for d,¢ and a negative upper bound for J;¢,
which can be used to obtain the desired blow up result.

Proof of Theorem 1.3. We proceed in six steps.

(i) Initial data for —0,¢. Assume first that ¢ is spherically symmetric
and that the restriction of ¢ to the ingoing null hypersurface v = vg, through
the event horizon, vanishes to order s and does not vanish to order s + 1,
on the event horizon. Then there exist constants 0 < ¢ < C such that
(eventually replacing ¢ by —¢)

c(ry —1)° < =0r¢(vo, 1, -) < Clry —1)°,
for ro <r <ry. As Oup = — garqﬁ, using (4) we have
c(ry —r(w,v0))* " < —0yd(u, vo, ) < C(ry — r(u, v9))*,

for w > upy(vo). According to (5) and (6), for 7o < r < 7y, there exist
constants 0 < ¢ < C' such that

cefi+U—uw) <ry —r(u,v) < Clefit+(u—u)
Thus, we get
Ce—(8+1)ﬁ+y < _aygb(ﬂy Vo, ) < Ce_(s+1)m+ya

for u = uy, (vo).
(ii) —0u¢ in M. Since ¢ is spherically symmetric the wave equation
reduces to

Oy (10y @) = —0yur Oy.

According to [0, Lemma B.1], —0,¢(x,
for (u,v) € [ur,(vo),00[X[vg,0[. So v
function. This implies that

v, -) and Oyp(u, v, -) are positive
— —r0y¢(-,v, -) is an increasing

Cei(s+1)li+ﬂ g _8u¢(u7 v, - )7

for (u,v) € [ur,(vo), 00X [vg, 00].
(iii) —0y¢ for r_ < r < rp. Now we integrate the following (spherically
symmetric) version of the wave equation

Oy (10y@) = =0y Oy
between +o0o0 and u > u,,(v). Taking into account that in this region

D
5(7”(% 0)) = c(ry —r(u,v)) > ce™+ @Y,

=) =

—0pr(u,v) = —
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we obtain

(’I“aggb)(g, v, ) = (T82¢)(+OO’Q’ ) + +Oo(_aﬂr aygb)(aaﬂa ')dﬂ

[(=0ur) (=0u®)(U, v, - ) did

+o00

I
T~

+o0 - -
cefi+ =) o= (s+)ria go

WV
s\

— et (u—(s+2)u)

On the hypersurface r = rg we have u = v — 2r*(rg), and so
8g¢(uro (v),v, ) > ce(st)r4v
As —0,(rdy¢) is positive, it follows that
Opp(u,v, ) = ce”(tDrrn,

for uyy (vo) < u < Upy (V).
(iv) 0r¢ for r_ < r < rg. In the region u,,(vg) < u < uy, (v), according
to (5) and (6), there exist constants 0 < ¢ < C such that

ce r- (W <r(u,v) —r- < Ceh-(u—u)

Therefore,

0o ) = (0u0) () < —oet e (i

— e fug(h—(stl)r4)u (34)

(v) Blow up. For k_ > (s + 1)k the right-hand side of (34) goes to
—00 as v goes to +oo. In this case ¢ does not extend to a C! function up
to the Cauchy horizon.

Suppose now that ¢ is not spherically symmetric. Its spherically mean

1
4w Js2

P(u,v) : ¢(u, v, w) dw (35)
is also a solution of the wave equation. According to our hypotheses, 1
is not C! up to the Cauchy horizon. Therefore ¢ cannot be C! up to the
Cauchy horizon.

(vi) Uniform blow up. The previous analysis only provides blow up of
the C! norm of ¢ along null rays u = uy, with u; > u,,(vg). To extend the
result to all outgoing null rays intersecting CH™;, assume that dz¢ is bounded
along some u = u2 < uy,(vp). Then we would be able to solve the spher-
ically symmetric wave equation sideways, with characteristic initial data
provided by the spherical mean 1 along [ug, u1] x {vo} U {u2} X [vg, o], for
u1 = up,(vp). But since the spacetimes region [ug, u1] X [vg, o0] is compact,
local well posedness (see for instance [4, Theorem 4.5]) and the regularity
of the initial data would imply boundedness of 971 along u = uy. This is a
contradiction. O
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7.2. Blow up in H'. To prove that ¢ does not belong to H! it is enough to
prove that its spherically symmetric part does not belong to H'. Moreover,
the negative upper bound (34) applied to the spherical mean can be used to
obtain a lower bound for the H! norm of ¢.

Proof of Theorem 1.4. We proceed in three steps.

(i) The H' norm of ¢. To define a H! norm on M UCHY, we define a
Riemannian metric h on M UCHY in the usual way. After choosing a unit
timelike vector field X, we let

huw = g +2X,X,.
Our choice of X is

St =5 (-0 (1-5)a).

X =
This leads to
D2
h = (1 + T) du® + D dudr + di* + r’oge.

The square of the norm of the gradient of ¢ is
WV, Vo) = (9u0)” + (0:0)° + Vo[-

The volume element on M UCH Y is

AV = 12 dwdidu.
Now we may define the H! norm of ¢ to be

1602 v = 1022000 + 19612200
- / &% dVi + / (V. V) dVp.
M M

(ii) Decomposition of the H' norm. Again, let 1) be the spherical
mean of ¢. We remark that

IVl 720ty = IV(8 = D)ll72(a0) + V¥ 72 00)- (36)

Indeed, this follows from
[ 16,50 dVi
= / Ou®) (0ut)) + (070)(07¢)) 72 dwdidu

(0u0) [, Ouddw ) + (@50) ( [, Or o) | r* dwdrdu
47T g
~ Jaysoe ((/82 aﬂqﬁdw) * ( /S , 0f¢dw)2> r? didu

_ / WV, Vib) dVig.
M

For the second equality we used (35) and the fact that ¢ belongs to C*°(M).
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(iii) Blow up. From (36), to prove that ¢ does not belong to H{ . it is

enough to prove that ¥ does not belong to Hlloc. Using (34), the L? norm
of 071 is bounded below by

/u:l /:2 /82(8f¢)2(u, r,w) dV
_ /u " / iQ /S (0r0)2 () duodidu
= %/u:l /U:::) /82(37:1/1)2(u,v,w)(—D(r(u,v)))r2(u,v) dwdvdu

P c/u1 /+Oo / e~ 2r-ue2(h-=(st)r)ue=r-(U=1) g, dydu
uo  Jry (u) JS? T

u —+00
:/ 1/ / e i-telhi==2sH D502 gy dydu,
uy  Jry (u) JS?

where ro > r_ and uy < uy < uy,(v1). This integral is infinite provided k_ >
2(s + 1)k . The extension of the H! blow up to any neighborhood of C?—lj
follows once again by local well posedness, as in the end of Subsection 7.1.

O
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