
ar
X

iv
:1

81
1.

12
42

4v
1 

 [
gr

-q
c]

  2
9 

N
ov

 2
01

8

Elastic shocks in relativistic rigid rods and balls

João L. Costa1,2 and José Natário2
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Abstract

We study the free boundary problem for the“hard phase” material
introduced by Christodoulou in [12], both for rods in (1 + 1)-dimensional
Minkowski spacetime and for spherically symmetric balls in (3+1)-dimen-
sional Minkowski spacetime. Unlike Christodoulou, we do not consider
a “soft phase”, and so we regard this material as an elastic medium,
capable of both compression and stretching. We prove that shocks, defined
as hypersurfaces where the material’s density, pressure and velocity are
discontinuous, must be null hypersurfaces. We solve the equations of
motion of the rods explicitly, and we prove existence of solutions to the
equations of motion of the spherically symmetric balls for an arbitrarily
long (but finite) time, given initial conditions sufficiently close to those for
the relaxed ball at rest. In both cases we find that the solutions contain
shocks if the pressure or its time derivative do not vanish at the free
boundary initially. These shocks interact with the free boundary, causing
it to lose regularity.
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1 Introduction

In [12], Christodoulou introduced a two-phase fluid model aiming to describe
stellar collapse with the possible formation of a neutron star. This model com-
prised a dust “soft phase”, representing the uncompressed stellar material, and
a rigid fluid “hard phase”, representing stellar material compressed to nuclear
densities. The transition between the two phases happened at a certain thresh-
old density, and it was in fact the main focus of research within this model (see
[13, 14, 16]).

In this work, we study the free boundary problem for the “hard phase” mate-
rial surrounded by vacuum, both in (1+1)-dimensional and in (3+1)-dimensional
Minkowski spacetime under spherical symmetry. Unlike Christodoulou, we do
not consider a “soft phase”, and so we regard this material as an elastic medium,
capable of both compression and stretching (that is, we allow the pressure to
become negative). To make this distinction clear, we will refer to our model as
a rigid elastic body. This problem is arguably the simplest relativistic model
of an extended body, and may also help model neutron star crusts, which are
expected to display elastic behavior (see for instance [11]; several relativistic
elastic models for compact objects have been considered in the literature, both
as to the existence of equilibrium states [27, 22, 19, 1, 2, 7, 3] and as to their
dynamical evolution [23, 24, 6, 4, 8]). A drawback of discarding the “soft phase”
is that we do have to allow for the possible occurrence of material singularities,
where the stretching becomes infinite and the elastic medium tears itself apart.
As we shall see, this cannot happen in the case of rods in (1 + 1)-dimensional
Minkowski spacetime, but it may happen for spherically symmetric balls in
(3 + 1)-dimensional Minkowski spacetime. This difficulty is somewhat lessened
when this model is coupled to the Einstein equations, since gravity tends to
keep the medium compressed (see for example the equilibrium solutions found
in [10, 18]).

We now describe in detail the results in this paper. In Section 2 we review
the model for an irrotational rigid fluid introduced as the “hard phase” material
in [12]. In Section 3 we show that the Rankine-Hugoniot conditions for the
conservation of particles, energy and momentum across a hypersurface require
that shocks, defined as hypersurfaces where the material’s density, pressure and
velocity are discontinuous, be null hypersurfaces. We also derive the constraints
imposed by the Rankine-Hugoniot conditions at a free boundary. In Section 4
we explicitly determine the motion of a rigid elastic rod, modeled as a segment
of rigid fluid moving in (1 + 1)-dimensional Minkowski spacetime. In Section 5
we study the motion of a rigid elastic ball, modeled as a ball of rigid fluid moving
in (3 + 1)-dimensional Minkowski spacetime, under the assumption of spherical
symmetry. We prove the existence of solutions to the equations of motion for
an arbitrarily long (but finite) time, given initial conditions sufficiently close
to those for the relaxed ball at rest. In both cases we find that the solutions
contain shocks if the pressure or its time derivative do not vanish initially at
the free boundary. Finally, in Appendix A we give an example of a material
singularity, where the elastic medium becomes infinitely stretched.
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2 Irrotational rigid fluid model

In this section we review the model for an irrotational rigid fluid introduced
as the “hard phase” in [12]. We start by considering the energy-momentum
tensor of a massless scalar field φ :M → R on a given time-oriented Lorentzian
manifold (M, g),

Tµν = ∂µφ∂νφ− 1

2
(∂αφ∂

αφ) gµν . (1)

If gradφ is timelike and future-pointing then there exists a unit timelike future-
pointing vector field U and a positive function n such that

∂µφ = nUµ, (2)

and so

Tµν = n2UµUν +
1

2
n2gµν . (3)

This is the energy-momentum tensor of a perfect fluid with 4-velocity U ,

Tµν = (ρ+ p)UµUν + pgµν , (4)

whose density ρ and pressure p satisfy

ρ = p =
n2

2
. (5)

The equation p = ρ is the equation of state for a stiff fluid: the speed of sound
(see [15]) is equal to the speed of light,

dp

dρ
= 1, (6)

but the pressure is always positive, that is, the medium is always compressed
and never relaxed. To allow for the possibility of zero or even negative pressure,
we consider the modified energy-momentum tensor

Tµν = ∂µφ∂νφ− (
1

2
∂αφ∂

αφ) gµν −
1

2
gµν = n2UµUν +

1

2
(n2 − 1)gµν . (7)

We can regard it as the energy-momentum tensor for a perfect fluid with density
ρ and pressure p satisfying

{

ρ = 1
2 (n

2 + 1)

p = 1
2 (n

2 − 1)
, (8)

that is, with equation of state
p = ρ− 1. (9)

This is the “hard phase” material introduced by Christodoulou in [12], some-
times also called a rigid fluid: the speed of sound is still equal to the speed of
light, but the material can either be compressed (n > 1), relaxed (n = 1) or
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streched (n < 1). The rest density when relaxed is ρ = 1, which we can al-
ways assume by choice of units (to obtain a constant relaxed density ρ0 simply
multiply the energy-momentum tensor by ρ0).

The equation of motion for the scalar field is still the massless wave equation,

∇µTµν = 0 ⇔ �φ = 0. (10)

If we define the vector field

nµ = nUµ = ∂µφ, (11)

then the equation of motion for the scalar field implies

∇µnµ = �φ = 0, (12)

that is, this vector is a conserved current. In fact, it can be interpreted as the
number density vector, associated to the conserved number of particles in the
rigid fluid. Therefore, if gradφ ever becomes null (which may perfectly well
happen for the wave equation), that is, if ever n = 0, this should be interpreted
as a material singularity, corresponding to an infinite streching. Note that the
equation of state p = ρ− 1 implies the dominant energy condition if and only if

ρ+ p ≥ 0 ⇔ p ≥ −1

2
, (13)

which is exactly the condition n2 ≥ 0.
Finally, note that the Frobenius theorem states that locally the condition

U =
1

n
dφ (14)

for some functions n, φ is equivalent to

U ∧ dU = 0. (15)

In other words, taking U to be proportional to gradφ is equivalent to taking U
to be irrotational (that is, to have zero vorticity). This happens automatically
in spherical symmetry, since in that case

U = U0(t, r)dt + Ur(t, r)dr. (16)

We summarize the results in this section as follows:

Proposition 2.1. Any solution φ : M → R of the wave equation on a time-
oriented Lorentzian manifold (M, g) can be thought of as representing an irrota-
tional rigid fluid in the region where its gradient is timelike and future-pointing.
The fluid’s number density vector is precisely gradφ, and its 4-velocity U , den-
sity ρ and pressure p are given (in appropriate units) by

U =
1

n
gradφ; (17)

ρ =
1

2
(n2 + 1); (18)

p =
1

2
(n2 − 1), (19)

where n2 = −〈gradφ, gradφ〉.
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3 Rankine-Hugoniot conditions

In this section we show that the Rankine-Hugoniot conditions for the conserva-
tion of particles, energy and momentum across a shock (defined as a hypersur-
face where the material’s density, pressure and velocity are discontinuous) of an
irrotational rigid fluid require the shock to be a null hypersurface, across which
the scalar field only has to be continuous. Moreover, we derive the constraints
imposed by the Rankine-Hugoniot conditions at a free boundary.

Let Σ be a two-sided C2 hypersurface, and suppose that φ is a solution of the
wave equation on either side of Σ. Assume that φ is continuous across Σ while
being C2 on either side, up to and including Σ (meaning that the restriction
of φ to each side of Σ can be extended to a C2 function defined on an open
neighborhood of Σ), i.e. that φ is continuous and sectionally C2. The Rankine-
Hugoniot conditions for the rigid fluid represented by φ require the contractions
of both the number density vector nµ and the energy-momentum tensor Tµν
with the normal to Σ to be continuous (including the points where Σ is null).1

Consider first the case when Σ is spacelike, and let {E0, . . . , En} be a local
orthonormal frame such that E0 is the unit (timelike) future-pointing normal
to Σ. We have

〈n,E0〉 = E0 · φ, (20)

and so the normal derivative E0 · φ must be continuous for the first Rankine-
Hugoniot condition to hold. This is enough to ensure that the remaining con-
ditions hold, since

T (E0, E0) =
1

2
(E0 · φ)2 +

1

2
(E1 · φ)2 + . . .+

1

2
(En · φ)2 + 1

2
(21)

and
T (E0, Ei) = (E0 · φ)(Ei · φ) (22)

(our hypotheses imply that the tangential derivatives Ei · φ are continuous).
From the wave equation it is then clear that the second normal derivative of φ
is also continuous across Σ, and so φ must in fact be C2 across Σ, that is, there
is no shock. Similar remarks apply to the case when Σ is timelike.

If Σ is null, however, things are different. Let {L,N,E2, . . . , En} be a frame
such that L is a future-pointing null normal to Σ, {E2, . . . , En} are orthonormal
spacelike vector fields tangent to Σ and N is the future-pointing null vector
field orthogonal to {E2, . . . , En} and normalized by 〈L,N〉 = −1. Since the null
normal L is also tangent to Σ, both

〈n, L〉 = L · φ (23)

and the components
T (L,L) = (L · φ)2 (24)

1Recall that these conditions are obtained by imposing the integral form of the conservation
equations (10) and (12) on “thin” open neighborhoods of points in Σ.
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and
T (L,Ei) = (L · φ)(Ei · φ) (25)

are automatically continuous across Σ. The matrix of the metric in this frame
is

(gµν) =













0 −1 0 . . . 0
−1 0 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1













= (gµν)
−1, (26)

and so
〈dφ, dφ〉 = −2(L · φ)(N · φ) + (E2 · φ)2 + . . .+ (En · φ)2. (27)

Substituting in the expression of the energy-momentum tensor yields

T (L,N) =
1

2
(E2 · φ)2 + . . .+

1

2
(En · φ)2 + 1

2
, (28)

which again is continuous across Σ. In other words, in the case when Σ is null
the Rankine-Hugoniot conditions are satisfied whenever φ is continuous across
Σ. The derivatives transverse to Σ do not have to be continuous, and φ is a
weak solution of the wave equation, by a standard argument that we now recall:
if ϕ is a test function with sufficiently small support K intersecting Σ such that
K \ Σ has two connected components K+ and K− then

∫

K±

φ�ϕ =

∫

K±

div(φ gradϕ)−
∫

K±

〈gradφ, gradϕ〉

=

∫

∂K±

φ(±L · ϕ)−
∫

K±

div(ϕ gradφ) +

∫

K±

ϕ�φ (29)

=

∫

∂K±

φ(±L · ϕ)−
∫

∂K±

ϕ(±L · φ),

and so
∫

M

φ�ϕ =

∫

K+

φ�ϕ+

∫

K−

φ�ϕ

=

∫

Σ∩K

[φ](L · ϕ)−
∫

Σ∩K

ϕ[L · φ] = 0, (30)

where [·] denotes the jump across Σ.
We have then proven the following result:

Proposition 3.1. Let Σ be a two-sided C2 hypersurface, and suppose that φ
is a solution of the wave equation on either side of Σ. Assume that φ is con-
tinuous across Σ while being C2 on either side (up to and including Σ). If
the Rankine-Hugoniot conditions for the irrotational rigid fluid represented by
φ hold then either (i) Σ is null, with φ possibly a weak solution having discon-
tinuous transverse derivatives, or (ii) φ is C2 across Σ, in which case Σ is not
a shock.
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Another important result related to the Rankine-Hugoniot conditions is the
following:

Proposition 3.2. Let Σ be a C2 free boundary of the irrotational rigid fluid,
that is, a timelike C2 hypersurface separating the fluid (represented by a solution
φ of the wave equation of class C2 up to and including Σ) from the vacuum. If
the Rankine-Hugoniot conditions hold then (i) gradφ is tangent to Σ and (ii)
〈gradφ, gradφ〉 = −1 ⇔ p = 0 on Σ.

Proof. The Rankine-Hugoniot conditions require, in this case, that the contrac-
tions of both the number density vector nµ and the energy-momentum tensor
Tµν of the fluid with the spacelike normal to Σ vanish, since both the number
density vector and the energy-momentum tensor are zero on the exterior. This
is easily seen to be equivalent to gradφ being tangent to Σ plus the vanishing
of the pressure p = 1

2 (−〈gradφ, gradφ〉 − 1) on Σ.

In view of the results above, we finish this section with the following defini-
tion:

Definition 3.3. Let (M, g) be a time-oriented Lorentzian manifold. A motion
of a rigid fluid is pair (Ω, φ), where Ω ⊂M is a region with a timelike boundary
and φ : Ω → R is a continuous, sectionally C2 weak solution of the wave equation
such that gradφ is timelike, tangent to ∂Ω and satisfying 〈gradφ, gradφ〉 = −1
on ∂Ω. We also require that the number of shocks intersecting any compact
subregion of Ω is finite, where by shocks we mean null hypersurfaces Σ on which
φ is continuous but not C2 (although it is C2 on each side of Σ, up to and
including Σ).

4 Rigid elastic rod

In this section we will study the motion of a rigid elastic rod, modeled as a
segment of rigid fluid moving in (1+1)-dimensional Minkowski spacetime. Note
that in (1 + 1) dimensions all elastic energy-momentum tensors correspond to
perfect fluids (see for instance [26]), and so this is the unique possible choice for
a rigid elastic rod. Examples of motions of these elastic rods were already given
in [20, 25, 9, 26].

Define T = −φ, so that T is a time coordinate. Let X be a coordinate
along a line of constant φ, and extend it to all such lines by the flow of gradφ.
Note that X is a comoving coordinate, that is, the lines of constant X are the
worldlines of the fluid’s particles. Since

〈dT, dT 〉 = 〈dφ, dφ〉 = −n2, (31)

the Minkowski metric is written in these coordinates as

ds2 =
1

n2

(

−dT 2 +A2dX2
)

(32)
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for some positive function A. We have

�T = 0 ⇔ ∂µ
(√−g ∂µT

)

= 0 ⇔ ∂A

∂T
= 0, (33)

that is, A = A(X). We can therefore rescale the coordinate X to make A = 1
and write the metric in the form

ds2 =
1

n2

(

−dT 2 + dX2
)

. (34)

Since this is the Minkowski metric, the curvature must be zero. If we set

n = eψ, (35)

the condition for zero curvature is

R0101 = 0 ⇔ −∂
2ψ

∂T 2
+
∂2ψ

∂X2
= 0, (36)

that is, ψ satisfies the one-dimensional wave equation, whence

ψ(T,X) = f(T −X) + g(T +X). (37)

Note that the Minkowski metric (34) can then be written as

ds2 = e−2ψ
(

−dT 2 + dX2
)

= −e−2f(U)−2g(V )dUdV, (38)

where
{

U = T −X

V = T +X
⇔

{

T = 1
2 (U + V )

X = 1
2 (V − U)

, (39)

and so the coordinate transformation from the comoving coordinates (T,X) to
the usual Lorentz inertial coordinates (t, x) can be obtained by defining

{

u =
∫

e−2f(U)dU

v =
∫

e−2g(V )dV
(40)

and setting
{

t = 1
2 (u+ v)

x = 1
2 (v − u)

. (41)

If there are no shocks then T = −φ is a function of class C2, and so the coor-
dinate transformation (39)-(41) is also C2. As a consequence, the Minkowski
metric (34) is of class C1 when written in the comoving coordinates (T,X),
which agrees with n2 being a C1 function of the inertial coordinates (t, x). To
accomodate shocks, however, we must allow for the possibility that n2 may be
discontinuous across null lines, which is the same as allowing f and g to have
discontinuities. In this case, the coordinate transformation (39)-(41) is merely
continuous across the shocks, and the metric (34) (or equivalently n2) is even
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discontinuous. Following Definition 3.3, we will nevertheless require f and g to
be sectionally C1,2 so that the coordinate transformation (39)-(41) is sectionally
C2, and n2 is sectionally C1 (as a function of both sets of coordinates).

It is interesting to note that conformal coordinates in the Euclidean plane
must be C2 (in fact analytic), since weak solutions of the Laplace equation
are automatically analytic (see for instance [17]). In other words, if one takes
local coordinates in the Euclidean plane which are continuous, sectionally C2

functions of the usual Cartesian coordinates with discontinuous derivatives, then
the Euclidean metric written in the new coordinates in never conformal to the
Euclidean metric.

If we assume that the rod’s free endpoints correspond to X = 0 and X = L,
the zero pressure condition implies

n(T, 0) = 1 ⇔ f(T ) + g(T ) = 0, (42)

whence
ψ(T,X) = f(T −X)− f(T +X) = f(U)− f(V ), (43)

and
n(T, L) = 1 ⇔ f(T − L)− f(T + L) = 0, (44)

that is, f is periodic with period 2L. In particular, f is bounded, and the kind
of material singularities corresponding to infinite stretching do not occur in this
one-dimensional model.

Let us assume that
n(0, X) ∈ C1 (]0, L[) , (45)

or, equivalently,

ψ(0, X) = f(−X)− f(X) ∈ C1 (]0, L[) . (46)

Then the odd part of f in the interval [−L,L] is in C1 (]−L, 0[ ∪ ]0, L[). If in
addition we assume that

∂n

∂T
(0, X) ∈ C0 (]0, L[) , (47)

or, equivalently,

∂ψ

∂T
(0, X) = f ′(−X)− f ′(X) ∈ C0 (]0, L[) , (48)

then the even part of f in the interval [−L,L] is in C1 (]−L, 0[ ∪ ]0, L[). We
conclude that in this case ψ is of class C1 except possibly on the set

SW = {(T,X) ∈ R× ]0, L[ : U = nL or V = nL for some n ∈ Z}. (49)

2By this we mean that f and g are functions of class C1 except for a set isolated discon-
tinuities, where their restrictions to sufficiently small left or right open neighborhoods can be
extended to C1 functions defined on full open neighborhoods.
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At each of these values it may happen that f is not continuous (and in that case
n(0, X) does not tend to one at either X = 0 or X = L) or f ′ is not continuous
(and in that case ∂n

∂T
(0, X) does not tend to zero at either X = 0 or X = L).

So one obtains shocks only if initially either the rod is stretched or compressed
at the endpoints, or if its stretching at the endpoints is changing in time.

We may summarize the conclusions above as follows.

Theorem 4.1. Consider a rigid elastic rod, modeled as a segment of rigid fluid
moving in (1 + 1)-dimensional Minkowski spacetime. It is possible to define
coordinates (T,X) on the spacetime region corresponding to the rod such that the
lines of constant X are the worldlines of the rod’s particles and the Minkowski
metric reads

ds2 =
1

n2

(

−dT 2 + dX2
)

. (50)

If the rod’s endpoints are given by X = 0 and X = L then each motion is
determined by a 2L-periodic, sectionally C1 function f : R → R such that

n(T,X) = ef(T−X)−f(T+X). (51)

In particular, the motion is defined for all times, and the coordinates (T,X)
are continuous, sectionally C2 functions of the inertial coordinates (t, x), with
discontinuous derivatives along the null lines (shocks) determined by the discon-
tinuities of f , provided they exist. If n(0, X) and ∂n

∂T
(0, X) are of class C1 and

C0 in the open interval ]0, L[, respectively, then all shocks either emanate from
the rod’s endpoints at T = 0 or correspond to reflections of these shocks at the
free boundary. These shocks can only exist if either n(0, X) does not tend to 1
or ∂n

∂T
(0, X) does not tend to 0 at the endpoints x = 0 or x = L.

As an example, let us take

f(X) =

{

0 for − L < X < 0,

ε for 0 < X < L,
(52)

for ε > 0. Then ψ is sectionally constant, assuming the values depicted in
Figure 1. Note that











ψ = 0 ⇒ p = 0;

ψ = ε ⇒ p = 1
2 (e

2ε − 1) > 0;

ψ = −ε ⇒ p = 1
2 (e

−2ε − 1) < 0,

(53)

and so this solution represents a rod that is initially stretched and is then
released. Shock waves propagate at the speed of light from the free ends inwards,
causing the rod to relax; as the shock waves cross, they compress the rod, and
the process repeats periodically.

To get a picture of the rod in inertial coordinates (t, x), we note that because
n2 is sectionally constant the worldlines of the rod’s particles are sectionally
geodesic. By symmetry, the central worldline (corresponding to X = L

2 ) is a
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PSfrag replacements

T

X0

00

00

L

L

2L

ε

−ε

−ε

Figure 1: Example of a rigid elastic rod motion in comoving coordinates, with
the different values of ψ displayed.

full geodesic, and we choose the inertial coordinates (t, x) such that this geodesic
is a line of constant x.3 From the picture in comoving coordinates (T,X) it is
clear that initially the rod is at rest with respect to this central line (the distance
between worldlines remains initially constant), and also that the initial length of
the rod is its proper length, which, in view of (34), is given by eεL. Moreover,
the rod is again at rest with respect to the central line after a proper time
interval (i.e. an inertial time interval) eε L2 + e−ε L2 = cosh(ε)L, and its length
is then e−εL. We conclude that the endpoints of the rod must have moved
towards the center with speed

1
2 (e

εL− e−εL)

cosh(ε)L
= tanh(ε). (54)

By symmetry, this is also the speed at which the endpoints of the rod move

3Note that these coordinates are not the coordinates (t, x) given by the coordinate trans-
formation (39)-(41), but are of course related to these by a Lorentz transformation.
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away from the center afterwards, and therefore the rod’s motion is as depicted
in Figure 2.

PSfrag replacements

t

x0 eεL

cosh(ε)L

2 cosh(ε)L

Figure 2: Example of a rigid elastic rod motion in inertial coordinates.

5 Rigid elastic ball

In this section we will study the motion of a rigid elastic ball, modeled as a
ball of rigid fluid moving in (3 + 1)-dimensional Minkowski spacetime, under
the assumption of spherical symmetry.

Recall that an elastic medium on a given time-oriented Lorentzian manifold
(M, g) is usually modeled by a submersion Ψ : M → R

3 whose level sets are
the particle’s worldlines (see for instance [5, 21, 28]). The deformation of the
medium is then measured by comparing two Riemannian metrics in the hy-
perplanes orthogonal to the worldlines: the metric h induced by the spacetime
metric,

hµν = gµν + UµUν , (55)

and the pull-back Ψ∗δ of the Euclidean metric δ. If the medium is homogeneous
and isotropic then the Lagrangian density can only depend on the unordered
triple {h1, h2, h3} of eigenvalues of h taken with respect to Ψ∗δ.

The Lagrangian density coincides with the energy density measured by the
medium’s particles, and its choice as a function of {h1, h2, h3} is called an elastic
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law. Elastic laws that depend only on the number density

n2 =
1

h1h2h3
(56)

are usually associated to fluids, since there is no resistance to deformations
that preserve the volume. In that sense, one could say that the elastic medium
studied in this section is just a fluid, although we do allow zero and negative
pressures, which are usually ruled out for realistic fluids.

Interestingly, however, spherically symmetric motions of a rigid fluid are
actually motions of any elastic body with an elastic law of the form

ρ = f(n2, σ2), (57)

as long as

f(n2, 0) =
1

2

(

n2 + 1
)

(58)

and the so-called shear scalar is chosen as

σ2 =

(

h1
h2

− 1

)2 (
h2
h3

− 1

)2 (
h3
h1

− 1

)2

. (59)

In fact, because we are dealing with a spherically symmetric model, we have to
take Ψ : M → R

3 to be a spherically symmetric map, and so h will have two
coinciding (tangential) eigenvalues with respect to Ψ∗δ, implying σ2 = 0, that
is, σ2 does not change under spherically symmetric deformations. Therefore, it
is fair to claim that we are indeed considering motions of an elastic medium.

Under spherical symmetry, the solution of the wave equation in (3 + 1)-
dimensional Minkowski spacetime is given by

�φ = 0 ⇔ φ(t, r) =
f(t− r) − g(t+ r)

r
, (60)

where r is the usual spherical coordinate. If φ is to be continuous at r = 0 then
we must have f(t) + g(t) = 0, whence

φ(t, r) =
f(t− r) − f(t+ r)

r
. (61)

Note that the limit
lim
r→0

φ(t, r) = −2f ′(t) (62)

exists and is continuous whenever f is C1. In this case, we have

∂rφ(t, r) =
−rf ′(t− r) − rf ′(t+ r)− f(t− r) + f(t+ r)

r2
, (63)

and the limit

lim
r→0

∂rφ(t, r) = lim
r→0

rf ′′(t− r)− rf ′′(t+ r)

2r
= 0 (64)

13



exists whenever f is C2. More generally, one can prove that if f is Cn then

lim
r→0

∂n−1
r φ(t, r) =

{

0 if n is even;

− 2
n
f (n)(t) if n is odd.

(65)

The fact that f has to be Cn for φ to be Cn−1 is a consequence of the well
known phenomenon of focusing and loss of derivatives in the wave equation.

In what follows we will take the function f to be of class C2. This means that
gradφ will be of class C1 except possibly at the origin,4 implying uniqueness
of the fluid’s worldlines with the possible exception of those reaching r = 0.
Now r = 0 is clearly a worldline, and the fact that gradφ is divergenceless
guarantees that no other worldline can cross it; therefore we have uniqueness
for all worldlines. In particular, the worldline representing the free boundary
cannot reach r = 0, and it is therefore a C2 curve.

Solving the wave equation subject to the free boundary conditions is then
equivalent to finding C2 functions f : R → R and rb : R → R

+ such that







































φ(t, r) =
f(t− r)− f(t+ r)

r

(

(∂tφ)
2 − (∂rφ)

2
)

(t, rb(t)) = 1

drb
dt

(t) = −∂rφ
∂tφ

(t, rb(t))

. (66)

Note that adding a constant to f leaves φ unchanged, and adding a linear
function to f changes φ by an additive constant, with no impact on the physical
solution. As an example, the solution corresponding to a relaxed ball of radius
R > 0,

φrel(t, r) = −t, (67)

say, can be obtained by taking

f(t) =
1

4
t2, rb(t) = R. (68)

In what follows it will be convenient to use the double null coordinates
{

u = t− r

v = t+ r
⇔

{

t = 1
2 (u+ v)

r = 1
2 (v − u)

, (69)

in terms of which the Minkowski metric is written

ds2 = −du dv + r2(u, v)
(

dθ2 + sin2 θdϕ2
)

. (70)

4In view of this, the solutions described in this section only satisfy Definition 3.3 away from
the center of symmetry, i.e., to obtain a motion of a rigid fluid we must exclude the worldline
{r = 0} from Ω. Alternatively, we could also extend Definition 3.3 in order to accommodate
this loss of regularity, but that would lead to technical complications that we prefer to avoid.
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The first 2× 2 block of the inverse metric is then

(

0 − 1
2

− 1
2 0

)−1

=

(

0 −2
−2 0

)

, (71)

yielding

gradφ = −2 ∂vφ
∂

∂u
− 2 ∂uφ

∂

∂v
. (72)

In these coordinates, the problem becomes finding C2 functions f : R → R and
ub : R → R such that











































φ(u, v) =
f(u)− f(v)

r(u, v)

(∂uφ∂vφ)(ub(v), v) =
1
4

dub
dv

(v) =
∂vφ

∂uφ
(ub(v), v)

. (73)

The solution corresponding to a relaxed ball of radius R > 0,

φrel(u, v) = −1

2
(u + v), (74)

is obtained by taking

f(t) =
1

4
t2, ub(v) = v − 2R. (75)

We will show that there exist motions near this relaxed state by applying
the Implicit Function Theorem. In order to do that, let us define the function
spaces

X = {ϕ ∈ C2([−R,R]) : ϕ(R) = 0} ;
Y = {ψ ∈ C2([R,R+ δ]) : ψ(R) = 0} ;
Z = C1([R,R+ δ]) , (76)

equiped with the usual C2 and C1 norms, where δ > 0 will be chosen later.
The idea here is that X is the space of possible deviations from the relaxed
ball solution in the interval [−R,R], that is, f(t) = t2/4 + ϕ(t) for ϕ ∈ X and
t ∈ [−R,R], and Y is the space of possible deviations in the interval [R,R+ δ];
we have fixed f(R) = R2/4 to remove the ambiguity in the choice of f . The
space Z consists of the corresponding values of n2/4 along the free boundary in
the interval [R,R+ δ] (see Figure 3).

Let us then consider the map F : X × Y → Z defined as follows: given
(ϕ, ψ) ∈ X × Y , set

φ(u, v) = φrel(u, v) +
ϕ(u)− ψ(v)

r(u, v)
(77)
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(defined on [−R,R]× [R,R+ δ]), and let ub : [R,R+ δ] → R be the solution of
the Cauchy problem







dub
dv

(v) =
∂vφ

∂uφ
(ub(v), v)

ub(R) = −R
. (78)

If (ϕ, ψ) is in a sufficiently small neighborhood U × V ⊂ X × Y of the origin
then gradφ is close to ∂

∂t
, and so it is possible to choose δ > 0 such that

ub(v) ∈ [−R,R] for v ∈ [R,R+ δ] (see Figure 3). We then define

F (ϕ, ψ)(v) = (∂uφ∂vφ)(ub(v), v). (79)

Note that F is well defined on U × V if δ is sufficiently small, and satisfies

F (0, 0)(v) =
1

4
. (80)

PSfrag replacements

t

rR

R

u = R

u = −R

v = R

v = R+ δ

Figure 3: Solving the free boundary problem for a rigid elastic sphere.

We linearize F around the origin by computing F (εϕ, εψ) to first order in
ε. From

φ(u, v) = −1

2
(u+ v) +

εϕ(u)− εψ(v)

r(u, v)
(81)
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we have

dφ =

[

−1

2
+
εϕ′(u)

r
+
εϕ(u)− εψ(v)

2r2

]

du

+

[

−1

2
− εψ′(v)

r
− εϕ(u)− εψ(v)

2r2

]

dv, (82)

and so

F (εϕ, εψ)(v) =
1

4
+
εψ′(v) − εϕ′(v − 2R)

2R
+O(ε2). (83)

In other words,

(dF (0, 0)(ϕ, ψ))(v) =
ψ′(v)− ϕ′(v − 2R)

2R
. (84)

Note that in particular the kernel of dF (0, 0)(0, ·) is trivial, since ψ(R) = 0. On
the other hand, given ω ∈ Z we have ω = dF (0, 0)(0, ψ) with

ψ(v) = 2R

∫ v

R

ω(s)ds. (85)

Therefore dF (0, 0)(0, ·) : Y → Z is an isomorphism. From the Implicit Function
Theorem we then conclude that given ϕ ∈ U ⊂ X there exists a unique function
ψ ∈ V ⊂ Y such that F (ϕ, ψ) = 1

4 (if the neighborhoods of the origin U ⊂ X
and V ⊂ Y are taken sufficiently small).

Recalling Equation (77), we then have the following result:

Theorem 5.1. If φ(·, R) : [0, R] → R is such that (rφ)(·, R) is sufficiently close
(in the C2 norm) to (rφrel)(·, R) then there exists δ > 0 such that φ can be
continuously extended to a C2 function φ : [0, R]× [R,R+ δ] → R satisfying

�φ = 0 (86)

and

(∂uφ∂vφ)(ub(v), v) =
1

4
, (87)

where ub : [R,R+ δ] → [−R,R] is determined by







dub
dv

(v) =
∂vφ

∂uφ
(ub(v), v)

ub(R) = −R
(88)

and satisfies ub(R+ δ) = R, with ub(v) < R for v ∈ [R,R+ δ].
This extension is unique for rφ in a sufficiently small C2 neighborhood of

rφrel.

Proof. The Implicit Function argument gives φ as above in [0, R]×[R,R+δ0] for
some δ0 > 0, but with ub(R+ δ0) < R. Starting with the values of φ(u,R+ δ0)
for u ∈ [0, R], we can use the same argument with the initial null hypersurface
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v = R replaced with v = R + δ0. By decreasing δ0 slightly, it is easy to show
that φ is necessarily C2 across v = R + δ0. Since we have control over the C2

norm of rφ, we can iterate this procedure until the free boundary reaches u = R
(otherwise, if ub(R+ δ) < R, we could extend φ as before).

In other words, if we are given φ on the null line separating regions I and II
in Figure 4, and rφ is sufficiently close to rφrel in the C2 norm, then we can solve
the free boundary problem in region II. Notice that this yields the values of
the function f (see (73)) in the interval [R,R+ δ], and hence the solution of the
wave equation in region III. Moreover, since we have the values of φ(u,R+ δ),
we can again apply Theorem 5.1 to solve the free boundary problem in region
IV , and so on, for any finite number of these regions (say until we reach t = T
for some T > 0). This construction is unique, in a suitable neighborhood of
φrel, in view of Theorem 5.1 and the continuity across the shocks imposed by
the Rankine-Hugoniot conditions. Therefore we have the following result:

Theorem 5.2. Let B ⊂ R
3 be the closed ball of radius R > 0, and let φ0 ∈

C2(B) and φ1 ∈ C1(B) be spherically symmetric functions. Given T > 0, there
exist neighborhoods of φrel(0, ·) in C2(B) and of ∂tφrel(0, ·) in C1(B) such that
for φ0 and φ1 in such neighborhoods the initial value free boundary problem
written in spherical coordinates as











































�φ = 0

φ(0, r) = φ0(r)

∂tφ(0, r) = φ1(r)
(

(∂tφ)
2 − (∂rφ)

2
)

(t, rb(t)) = 1
drb
dt

(t) = −∂rφ
∂tφ

(t, rb(t))

rb(0) = R

(89)

has a weak solution defined in the set S given in spherical coordinates by the
conditions 0 ≤ t ≤ T and r ≤ rb(t), which is unique in a suitable neighborhood
of φrel. This solution is sectionally C1 in S and sectionally C2 for r > 0,
with gradφ possibly discontinuous along the null hypersurface generated by the
ingoing null rays starting at t = 0, r = R upon reflection on the free boundary
r = rb(t).

Let us finish by identifying necessary conditions on the initial data for the
formation of shocks. Recall that shocks correspond to null hypersurfaces where
φ is not C2. From (73) we see that φ can only fail to be C1 at v = R if f ′(v) is
discontinuous at v = R. In this case, ∂vφ(u, v) is also discontinuous at v = R,
and consequently so is n2. Since by construction n2 = 1 along the free boundary,
the initial data must satisfy n2(0, R) 6= 1, that is, the ball cannot be relaxed
at the free boundary initially. Similarly, φ can only fail to be C2 at v = R if
f ′′(v) is discontinuous at v = R. In this case, ∂2vφ(u, v) is also discontinuous at
v = R, and consequently so is any derivative of n2 in any timelike direction. In
particular, the derivative of n2 along the free boundary does not vanish initially.
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Figure 4: Constructing the motion of a rigid elastic sphere.

When these shocks are present, they focus at the center of symmetry and are
reflected on the free boundary, which fails to be C2, and may in fact fail to be
C1 (since the velocity field is not C1 and may fail to be continuous).
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A Example of a material singularity

In this appendix we show that material singularities may indeed occur in the
rigid elastic ball. Consider the smooth spherically symmetric solution of the
wave equation

φ(t, r) = − sin(t) sin(r)

r
. (90)

We have

dφ(t, r) = −cos(t) sin(r)

r
dt+

sin(t)(sin(r)− r cos(r))

r2
dr, (91)

and so

dφ(0, r) = − sin(r)

r
dt (92)

is timelike and future-pointing for r < π. However,

dφ(t, 0) = − cos(t)dt (93)

becomes null for t = π
2 . Therefore, if one takes dφ(0, r) as initial data for an

elastic sphere of radius R ∈
]

π
2 , π

[

then a material singularity will form at the
center for t = π

2 . In fact, it forms along the spacelike surface defined by

cotan(t) =
1

r
− cotan(r), 0 ≤ t ≤ π

2
, 0 ≤ r ≤ π (94)

(see Figure 5). Physically, this solution corresponds to starting with a sphere
that is progressively more stretched from the center towards the boundary. In
the domain of dependence of the initial data, the free boundary does not affect
the evolution, and so the outer layers keep stretching the inner layers untill the
sphere tears itself apart.
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