
 

Bright γ rays source and nonlinear Breit-Wheeler pairs
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The collision of ultrashort high-density e− or e− and eþ beams at 10s of GeV, to be available at the
FACET II and in laser wakefield accelerator experiments, can produce highly collimated γ rays (few GeVs)
with peak brilliance of 1027 ph=s mm2 mrad20.1%BW and up to 105 nonlinear Breit-Wheeler pairs. We
provide analytical estimates of the photon source properties and of the yield of secondary pairs, finding
excellent agreement with full-scale 3D self-consistent particle-in-cell simulations that include quantum
electrodynamics effects. Our results show that beam-beam collisions can be exploited as secondary sources
of γ rays and provide an alternative to beam-laser setups to probe quantum electrodynamics effects at the
Schwinger limit.
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I. INTRODUCTION

Colliders are a cornerstone of fundamental physics of
paramount importance to probe the constituents ofmatter.At
the interaction point of a collider, several detrimental beam-
beam effects should be avoided, chief among these are beam
disruption [1,2], beamstrahlung radiation [3,4], and pair
creation [5]. Beamdisruption ariseswhen the collective field
of these beams focuses (unlike charges e−eþ), deflects, or
blows apart (like charges e−e−) each beam [1,2] such that the
beam density profile is significantly altered or the number of
collisions may be reduced. During this process, beamstrah-
lung photons are emitted via nonlinear Compton scattering,
and in turn can decay into electron-positron pairs via the
multiphoton Breit-Wheeler mechanism [5,6]. They become
more relevant in the quantum regime, when the relativistic
invariant parameter χ exceeds unity. The parameter

χ ¼ 1
Es

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγEþ p×B

mc Þ2 − ðp·EmcÞ2
q

[7] measures the closeness

to the Schwinger limit Es ¼ m2c3=eℏ of a particle with
momentum p and Lorentz factor γ, crossing an electromag-
netic field E, B, where m is the electron rest mass, c is the

speed of light, e is the elementary charge and ℏ is the Planck
constant. The classical regime is identified by χ ≪ 1, the full
quantum regime by χ ≫ 1 and the quantum transition
regime ranges from 0.1≲ χ ≲ 1. In designs for linear
colliders at the energy frontier (TeVs) disruption and
beamstrahlung can be major issues due the large charge
and small spot sizes that are needed to achieve large
luminosity. As a result, such linear colliders are usually
designed to avoid beam disruption and the quantum regime
by using flat and elongated beams [8] since photons and
secondary pairs represent an energy loss for the beams
[9–11] and a source of background noise for the detectors
[5,11], respectively. On the contrary, in this work we show
that disruption, beamstrahlung, and pair production, which
were previously regarded as detrimental effects, do have
appealing potential from a fundamental physics and from a
secondary source perspective. The quantum regime is
actually accessible in electron-positron, or similarly elec-
tron-electron, collisions of round beams at considerably
lower energy (E ∼ 10s GeV), if the spot size at the collision
is small (σ0 ∼ μm) and the beam current (I ∼ 100s kA) is
high. Such beams should be available at the new SLAC
facility, FACET II [12], and in the next generation of Laser
Wakefield Accelerators (LWFA) experiments, opening new
exciting opportunities. LWFA experiments already deliver
beams with 10s of kAs of current and micron spot sizes
within a single acceleration stage [13–15], and are advanc-
ing towards a multistage configuration to reach higher
energies [16,17], with the ultimate goal of a TeV LWFA
collider [18]. Recent advances, along with theoretical
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models and full scale simulations [19–21], predict 10–
30 GeV beams from LWFA accelerators driven by 250 J
class lasers in a single stage that should be soon avail-
able [22–24].
In this article, we show that bright γ rays and copious

secondary pairs are produced during the collision of elec-
tron-electron and electron-positron beams for the range of
parameters soon to be available. We introduce an analytical
model that is in excellent agreement with 3D QED-PIC
simulations performed with QED-OSIRIS [25–30]. Our
results attest that, at the threshold of the quantum regime,
beamstrahlung and pair production are driven by the
maximum collective field region, with a clear experimental
signature,which cannot be described by the uniform average
field model [3,5]. As a consequence, the yield of secondary
pairs can be orders of magnitude higher than what has been
predicted before [5]. This can open the door to the
experimental observation of nonlinear Breit-Wheeler pair
production. Furthermore, the collisions of ultrahigh current
electron beams at 10’s of GeV could be exploitable as a
secondary source of GeV γ rays reaching peak brilliance of
1027 ph=s mm2mrad20.1%BW leveraging on the small
divergence angle at which the γ rays are emitted during
the beam-beam interaction. This idea was briefly mentioned
but overlooked in the context of TeV colliders [10,31].

II. PHYSICAL PICTURE

The propagation of a single relativistic beam is almost
force-free as the contribution of the beam space charge and
the beam current to the Lorentz force nearly balance to the
order of 1=γ2 [32]. However, when two counterpropagating
beams overlap, either the charge density (e−eþ collisions)
or the current density (e−e− collisions) vanishes, such that
the two contributions to the Lorentz force are no longer in
balance. This generates very large focusing (e−eþ) or
defocusing (e−e−) forces which lead to the disruption of
the beams. The magnitude of this effect is measured
through the disruption parameter [1]

D ¼
ffiffiffiffiffiffiffiffi
π=2

p
ðω2

b=γÞðσz=cÞ2; ð1Þ

where ωb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πe2n0=m

p
is the plasma frequency associ-

ated with the beam peak density n0, and σz is the beam
length. This parameter is related to the number of relativ-
istic plasma periods contained within the beam duration
time (∼

ffiffiffiffi
D

p
) and it distinguishes three regimes: (i) the

low disruption regime D < 1, (ii) the transition regime
1 < D < 10, and (iii) the confinement regimeD > 10. The
disruption parameter can also be cast in the form

D ≃ 0.075ðσz=σ0Þ2I½MA�=E½GeV� ∼ 10−3; ð2Þ

for the beam parameters discussed above. In the low
disruption regime, the beam duration (collision time) is

considerably smaller than the relativistic plasma period and
the particles are almost free streaming leading to similar
interaction dynamics for e−e− and e−eþ collisions. Even
for low disruption, beamstrahlung radiation and consequent
pair production can rise significantly if the two beams
interact in the quantum regime. Beamstrahlung and pair
production are commonly described via the parameter
ϒmean which is the ratio of an effective mean field strength
over the Schwinger field [3,5]. However, this description
fails to describe the quantum transition regime where
photon emission and pair production are driven by the
maximum field region. For round colliding beams, the
maximum χ is

χ̂ ≃ 0.081 I½MA� E½GeV�=σ0½μm� ≃ 0.1 − 1; ð3Þ

for the beam parameters discussed above. In particular, the
transition from the classical to the quantum regime is
marked by an exponential growth of the Breit-Wheeler
cross section with respect to the local value of χ. In this
regime the detailed description of the field configuration is
of absolute importance. The field of a beam resembles a
half cycle laser with wavelength λ ≃ 4σz. The field non-
linearity parameter of a laser is a0 ¼ eE=mcω0, where ω0

is the laser frequency. Similarly, the parameter a0 can be
estimated for the collective field of a relativistic beam as

a0 ¼
ffiffiffiffi
2
π3

q
re
σ0
N, where N is the number of particles in the

beam and re is the classical electron radius. For a0 ≪ 1 the
pair production process involves two photons, one emitted
by beamstrahlung and one from the collective electromag-
netic field. For a0 ≫ 1 the pair production process becomes
multiquantum (nonlinear Breit-Wheeler), it involves one
photon emitted by beamstrahlung and several photons from
the collective field. The nonlinear Breit-Wheeler process
has only been approached experimentally [33].

III. ANALYTICAL MODEL

In the proper frame of reference (primed) of one beam,
the collective field is purely electrostatic E0 ≠ 0, B0 ¼ 0. In
the laboratory frame (unprimed), this field is Lorentz

transformed as a crossed electromagnetic field, E ¼ γE0 −
γ2

γþ1
βðβ · E0Þ and B ¼ γβ ×E0 where B⊥ is perpendicular

to E⊥ with the same magnitude B⊥ ¼ E⊥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=γ2

p
≃ E⊥

and Ek ¼ E⊥=γ, Bk ¼ 0, with the parallel component along
z, the propagation axis, and the perpendicular component
along r. Particles are deflected by the collective fields
giving rise to the disruption of the beams and to a growth in
the emittance ϵ ≃Dσ20=2σz. However in the low disruption
regime, particles are almost free streaming, and the field
configuration is not altered during the two beams inter-
action time. Thus, the local parameter χ is given by
χ ¼ 2γE⊥=Es. If either the beam energy loss is negligible
or the number of emitted photons is less than one per
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primary particle, then γ can be assumed to be constant. In
this case, the local value of the differential probability rate
of photon emission Wω and the rate of pair production Wp

are determined uniquely by the local value of χðE⊥Þ. The
photon spectrum generated by a primary electron that
crosses such field is given by sωðξ; rÞ ¼

R∞
−∞ Wωdt where

t ¼ z=2c and ξ ¼ ℏω=γmc2 is the normalized photon
energy. On its turn, a photon of energy ξ emitted at time
t has a probability Pω→pðr; tÞ ¼

R∞
t Wpdt0 to decay in

an electron-positron pair. The joint probability to produce
a secondary pair from a primary particle is then
ypðrÞ ¼

R
1
0

R
∞
−∞ WωPω→pdtdξ. We consider the field E⊥ ¼

4πen0σ0 expð−z2Þ½1− expð−r2Þ�=ð ffiffiffi
2

p
rÞ ¼ 4πen0σ0fðr; zÞ

of a beam with Gaussian density profile, nðr; zÞ ¼
n0 exp ð−r2 − z2Þ, where r and z coordinates are normal-
ized to

ffiffiffi
2

p
σ0 and to

ffiffiffi
2

p
σz respectively. By averaging

sωðξ; rÞ over the beam density profile, we obtain the
collective photon spectrum:

SωðξÞ ¼
R
∞
0 nðrÞsωðξ; rÞrdrR

∞
0 nðrÞrdr ð4aÞ

≃
α2σz

2
ffiffiffi
3

p
reγ

�
9

5

ffiffiffi
2

π

r
Ξ2=3 þ

ξ2

1 − ξ
Ξ1=2

�
ð4bÞ

with

Ξν ¼
lν exp ð−mνÞ

1þmν
f1þ ffiffiffi

π
p

Σν½1þ erfðΣνÞ� expðΣ2
νÞg;

Σν ¼
mνffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þmν

p ;

where lν ¼ b̂−νffiffiffiffiffiffi
νþb̂

p exp ð−b̂Þ andmν ¼ 3
5
½b̂þ νþ b̂

2ðνþb̂Þ� (For
a derivation of lν and mν see Appendix A). In the classical
regime the parameter b ¼ 2

3χ
ξ

1−ξ reduces to b ≃ 2
3χ ξ ≃

ξ
ξc

where ξc ¼ 3χ=2 ¼ ℏωc=γmc2 is the critical frequency for
synchrotron radiation, ωc ≃ 3γ2eð2B⊥Þ=2mc. Here b̂ ¼
2
3χ̂

ξ
1−ξ refers to the maximum field region located around

r ¼ 1, z ¼ 0. The fraction of radiated photons is Yω ¼R
1
0 SðξÞdξ producing in the beam a fractional average
energy loss of ηω ¼ R

1
0 ξSðξÞdξ where the mean photon

energy is ξ̄ ¼ ηω=Yω. The radiated photons are confined
within the portion of space occupied by the beam, thus the
peak photon flux is Φω ≃ YωNc=

ffiffiffiffiffiffi
2π

p
σz. If the disruption

angle αD ∼ reN=σ0γ is larger that the photon emission cone
αω ∼ 1=γ, the divergence of the photon source is driven by
the emittance of the primary beam and the photon bright-
ness amounts to Φω=ϵ2. At the threshold of the quantum
regime, the majority of beamstrahlung energy is emitted
and converted into pairs around the region of maximum

field (χ̂ ¼ 8π r2e
α γn0σ0fð1; 0Þ). By averaging ypðrÞ over the

beam density profile, we obtain the yield of the secondary
pairs:

Yp ¼
R
∞
0 nðrÞypðrÞrdrR

∞
0 nðrÞrdr

≃
1ffiffiffi
6

p
�
πα2σz
15reγ

�
2
�
9

5

ffiffiffi
2

π

r
Ξ2=3 þ

4

3
Ξ1=2

�
: ð5Þ

Here, the function Ξν applies to lν ¼ ψ̂−ð3=2þνÞ exp ð−4ψ̂Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðνþψ̂Þð1þ3ψ̂Þ

p and

mν ¼ 3
5
½4ψ̂ þ 3

2
þ νþ ψ̂

2

ð1þ3ψ̂Þþ3ðνþψ̂Þ
ðνþψ̂Þð1þ3ψ̂Þ �, where ψ̂ ¼ 4=3χ̂

(Full derivation in Appendix B). This model works within
the following limits: D ≪ 1, χ̂ ≲ 1, and ηω ≪ 1 or Yω ≲ 1.

IV. SIMULATIONS

To illustrate and to complement our analytical estimates,
we simulated the collision of two beams for a wide range of
conditions. Here we consider beams with σ0 ¼ 1 μm,
σz ¼ 3 μm, the number of particles in each beam is
N ¼ 4, 5, 5.8 × 1010, for energies of E ¼ 25, 30 GeV.
The center of each beam is set at zc ¼ �3σz at t ¼ 0, and
they counter propagate for a total simulated time of 6σz=c,
when the two beams completely crossed each other. Each
beam is composed of 5 × 107 simulation particles. The
simulation box size is Lz≳18σz, Lx¼Ly≳6σ0. The spatial
and temporal resolutions range from dx ¼ dy ¼ 0.1 to
dz ¼ 0.4c=ωb and dt ¼ 0.007–0.07ω−1

b . The collective
field corresponding to the initial beam density in vacuum
is initialized with a Poisson solver [34] in the proper frame
of reference of each beam and then Lorentz transformed
into the laboratory frame. This allows a self-consistent
treatment of the initial field configuration at the interaction
point. The photon emission rate in the simulations does
respect the local constant field approximation [35] (See
Appendix C for a detailed discussion).
The produced photon density (seen on Fig. 1) vanishes

on axis, where the collective field vanishes and photon
emission and pair production are suppressed. On the other
hand the probability of photon emission is maximum
around r ≃ 1, where the collective field is maximum.
However, it is the joint contribution of both the collective
field and the density shape of the beam that determines the
radius where the photon density is maximum. On a plane
perpendicular to the photon propagation direction, the
photon beam has a ring shape which reveals that beam-
strahlung occurs mostly in a specific region of space. In the
peak field region, the regime χ ∼ 1 is approached. Here,
the likelihood of emitting energetic photons as well as the
likelihood for these photons to decay into new secondary
pairs increases exponentially.
Figure 2(a) and 2(b) show the beamstrahlung photon

energy spectrum predicted by Eq. (4a), Eq. (4b) and
obtained from the simulations in comparison with the
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uniform average field model [3]. As it can be seen in
Fig. 2(b), the uniform average field model underestimates
the number of beamstrahlung photons in the high energy
tail which are the photons with the highest probability to
decay into secondary pairs. Figure 2(c) shows the secon-
dary pairs energy spectrum, with a very large mean
energy of Ēp ∼ 10 GeV, and a small energy spread (rms)
ΔEp=Ēp ∼ 30%, as compared with other secondary sources
of neutral lepton jets [36,37].

Figure 3 shows the yield of secondary pairs predicted by
Eq. (5) and obtained from simulations in comparison with
the uniform average field model [5]. As the pair production
process is exponentially dependent on the local field
strength, only the highest region of the collective field
drives secondary pair production. With this regard, the
uniform average field model underestimates the yield of
secondary pairs. We performed as well simulations with
elliptic beams, σx=σy ¼ 2.25, where the transverse beam
section is preserved (σ20 ¼ σxσy). We observe a reduced pair
yield for the elliptic beams compared to the round ones in
agreement with the qualitative predictions [5].

V. DISCUSSION AND CONCLUSIONS

In order to contextualize the properties of the source
predicted for this configuration, we report, in Table I, the

(a) (b)

(c)

FIG. 2. (a, b) Beamstrahlung energy spectrum, for two colliding
beams of N ¼ 5.8 × 1010 particles, E ¼ 30 GeV energy, σ0 ¼
1 μm spot size and σz ¼ 3 μm length. The blue dashed line
represents the uniform averaged field model [3], the black dot-
dashed line represents the OSIRIS simulation, the red solid line is
the numerical evaluation of Eq. (4a), and the second red dotted
line is the analytical approximation of Eq. (4a) given by Eq. (4b).
(c) Energy spectrum of secondary pairs energy from the OSIRIS
simulation.

FIG. 3. Yield of the secondary pairs for two colliding beams
with σ0 ¼ 1 μm spot size and σz ¼ 3 μm length, for E ¼ 25,
30 GeV energy (red and blue, respectively), with the dashed line
for the uniform averaged field model [5], OSIRIS simulation
results represented by (∘), and the solid line representing
Eq. (5). The uniform average field model underestimates sig-
nificantly the pair yield. The OSIRIS simulations for elliptic
beams (σx=σy ¼ 2.25) are denoted by (×).

FIG. 1. The produced photon beam is represented by different
iso-surfaces of the photon density [nω ¼ 0.35; 0.5; 0.65ðn0Þ]
(yellow, orange, and red, respectively). The photon density is
zero on axis, where the collective field vanishes, and it is
maximum for R ∼ 5 c=ωb. The positron beam is shown in green,
and the electron beam in blue.

TABLE I. Beamstrahlung γ rays source, simulation (BS) and
model (BM) for beams of N ¼ 5.8 × 1010, E ¼ 30 GeV, σ0 ¼
1 μm and σz ¼ 3 μm. Comparison with free electron lasers (FEL)
[38], synchrotron sources (SY) [38], exotic laser-based (ELB)
sources [39], Compton sources (LCS) [40], and nonlinear
Compton sources (NLCS) [41]. Photon flux Φω in ph=s, peak
brilliance in ph=s mm2 mrad20.1%BW, and energy in eV.

ηω Yω Φω Brilliance Energy

BS 0.085 0.95 2.2 × 1024 9 × 1026 109

BM 0.096 0.96 1.9 × 1024 4.5 × 1026 � � �
FEL � � � � � � � � � 1028–1034 10–105

SY � � � � � � � � � 1019–1025 1–106

ELB 10−3 − 0.4 � � � � � � 1023–1026 107–109

LCS � � � � � � � � � 1019 106

NLCS 0.02 � � � � � � 1029 107
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characteristics of the beamstrahlung γ rays source compared
to existing and proposed sources [38–41]. The beamstrahlung
source dimensions at the interaction point are determined by
the primary beam both in spot size and duration. In the case
considered here, the transverse spot size is 1 μm and the
duration is 10 fs. The high brightness 1030 ph=s mm2mrad2

and brilliance 1027 ph=s mm2mrad20.1%BW are achieved
operating in the low disruption regime that allows to confine
the radiation over a small angle αD ≃ 2.7 × 10−3 rad.
Compared to free electron laser sources, beamstrahlung

radiation sources have a broader spectrum, providing higher
energy photons but lower brilliance. Bremsstrahlung sources
from relativistic electron beams shot into a solid target
produce a broad spectrum in the kev-10s ofMev rangewith a
much lower brilliance, ≲1020 ph=s mm2mrad20.1%BW,
compared to the sources previously considered [42]. The
possibility of synchrotron emission from solid targets by
leveraging on nanowire array targets or on plasma insta-
bilities has also been recently investigated [43,44].
Compared to storage rings for synchrotron sources, the
collective field of the beams (100s of MGauss) is much
stronger than the one that bending magnets usually provide
(10s of kGauss). This enables to reach much higher photon
energies. The emission angle of beamstrahlung, reN=σ0γ,
gives a higher divergence to the source compared to storage
rings where the emission angle is 1=γ. However, the
beamstrahlung source provides a higher brilliance compared
to conventional synchrotron sources as the larger divergence
of the beam is compensated by a higher flux the emitted
photons. Figure 4 shows the brilliance as a function of the
normalized photon energy ξ.
The theoretical, numerical, and experimental investiga-

tion of radiation reaction [29,45] and of pair production
[27,28,30] at the Schwinger limit with a beam-laser or a
laser-laser setup has known a surge of interest in connection
with the upcoming laser facilities [22–24]. A beam-beam
configuration has also been proposed for studying non-
perturbative QED far beyond the Schwinger limit [46].
These facilities are expected to open new opportunities on
laboratory astrophysics, e.g., to study pair cascades

[47–50]. However, the experimental observation of a few
nonlinear Breit-Wheeler pairs was only achieved in the
SLAC experiment E-144 in the collision of an electron
beam with an optical laser [33]. In the SLAC experiment
E-144 the nonlinear regime for pair production was only
approached, a0 ≃ 0.1–1 (field nonlinearity threshold at
a0 ¼ 1). For the beam parameters discussed before, N ¼
5.8 × 1010 and σ0 ¼ 1 μm the field nonlinearity parameter
for a two colliding beams setup would be a0 ≃ 41, thus the
nonlinear Berit-Wheeler pair production process could be
probed far beyond the threshold a0 ≃ 1 with a considerable
yield, 105, of secondary pairs.
In conclusion, our results show that in the low disruption

regime, beamstrahlung radiation can effectively be
employed as highly collimated γ rays source at GeVenergy
with unprecedented brilliance. Moreover, given the high
yield of nonlinear Breit-Wheeler pairs, this setup may be a
viable alternative for studying QED effects, approaching
the Schwinger limit, compared to beam-laser setups.
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APPENDIX A: DERIVATION
OF THE PHOTON SPECTRUM

In a constant crossed field, the differential probability
rate for photon emission is [7]

Wω ¼ αffiffiffi
3

p
πτcγ

�Z
∞

b
K5=3ðxÞdxþ

ξ2

1 − ξ
K2=3ðbÞ

�
; ðA1Þ

where b ¼ 2ξ=3χeð1 − ξÞ and ξ ¼ ℏω=γmc2. The modi-
fied Bessel function of the second kind is indicated by Kν,
the fine structure constant is α, and the Compton time
is τc. The classical synchrotron spectrum is given by the
integral

R∞
b K5=3ðxÞdx, which can be approximated byR∞

b K5=3ðxÞdx ≃ 9
5
b−2=3 exp ð−bÞ. The second term con-

tributes mainly to the high energy part of the spectrum
and can be approximated, in the limit for large arguments,
by K2=3ðbÞ ≃

ffiffiffiffi
π
2b

p
exp ð−bÞ. The parameter b is a function

of time, of space, and of energy, given by b ¼
2
3
b0

ξ
1−ξ

x expðu2Þ
1−exp ð−x2Þ ¼ 2

3
b0bξbxbu, where x ¼ r=

ffiffiffi
2

p
σ0 is the

FIG. 4. Brilliance of the beamstrahlung γ rays source, for two
colliding beams of N ¼ 5.8 × 1010 particles, E ¼ 30 GeV en-
ergy, σ0 ¼ 1 μm spot size and σz ¼ 3 μm length.
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normalized radius and u ¼ ffiffiffi
2

p
ct=σz is the normalized time

that accounts for the relative velocity between the two
colliding beams. The constant b0 is b0 ¼ Es

4
ffiffi
2

p
πeγnbσ0

. The

integration of Wω in time yields

sðξ; xÞ ¼
Z

Wωdt

¼ 1ffiffiffiffiffiffi
6π

p ασz
cτcγ

�
9

5
F2=3 þ

ξ2

1 − ξ

ffiffiffi
π

2

r
F1=2

�
: ðA2Þ

We have used the expansion bu¼expðu2Þ≃ð1þu2Þ around
the peak of the collective field at u ¼ 0, and we introduced
the function Fν ¼ ð2

3
b0bξbxÞ−νðν þ 2

3
b0bξbxÞ−1=2 ×

exp ð− 2
3
b0bξbxÞ. The weighted integration over space

of Fν is
R
qðxÞFνðx; ξÞdx, with qðxÞ ¼ 2x exp ð−x2Þ the

transverse density profile of the beam. For the integration,
we approximate the function Fνðx; ξÞ with a Gaussian form
fνðx; ξÞ ¼ lνðξÞ exp ½−mνðξÞðx − x̂Þ2�. The position of the
maximum for Fνðx; ξÞ is located at x̂ ≃ 1. The second
derivative of Fνðx; ξÞ is evaluated at x̂ as

∂2
xFνjx̂ ¼ −Fν

�
1þ ν

ð2
3
b0bξbxÞ

þ 1

2½νþ ð2
3
b0bξbxÞ�

�

×

�
2

3
b0bξ

�
∂2
xbx

����
x̂

¼ −
�
1þ ν

b̂
þ 1

2ðνþ b̂Þ

�
2ð2x̂ − 1Þb̂Fνðb̂Þ

expðx̂2Þ − 1
; ðA3Þ

where b̂ ¼ 2
3
b0bξbxðx̂Þ. The parameters lνðξÞ andmνðξÞ are

then obtained as

lνðξÞ ¼ Fνðx̂; ξÞ; ðA4Þ

mνðξÞ ¼ −
∂2
xFνðx; ξÞjx̂
2lνðξÞ

¼
�
1þ ν

b̂
þ 1

2ðνþ b̂Þ

� ð2x̂ − 1Þb̂
expðx̂2Þ − 1

: ðA5Þ

The weighted integration over space
R
qðxÞFνðx; ξÞdx ≃R

qðxÞfνðx; ξÞdx ¼ ΞνðξÞ then gives

Ξν ¼
lν expð−x̂2mνÞ

1þmν

�
1þ ffiffiffi

π
p x̂mνffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þmν

p

× exp

�
x̂2m2

ν

1þmν

��
1þ erf

�
x̂mνffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þmν

p
��	

; ðA6Þ

and the photon spectrum reads

SωðξÞ ¼
Z

qðxÞsðx; ξÞdx

≃
1ffiffiffiffiffiffi
6π

p ασz
cτcγ

�
9

5
Ξ2=3 þ

ξ2

1 − ξ

ffiffiffi
π

2

r
Ξ1=2

�
: ðA7Þ

APPENDIX B: DERIVATION OF THE YIELD
OF SECONDARY PAIRS

In a constant crossed field, the rate of pair creation can be
computed as [7]

Wp ≃
2πα

25τcγ

1

ψ
exp

�
−
2ψ

ξ

�
; ðB1Þ

valid in the limit χe ≲ 1, with ψ ¼ 4=3χe ¼ 4
3
b0bxbu. The

probability of creating a pair from a photon with energy ξ
emitted at time t is

Pω→p ¼
Z

∞

t
Wpdt0

¼ πασz
25cτcγ

ffiffiffi
π

2

r
3 exp ð− 8b0bx

3ξ Þ
4b0bx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8b0bx=3ξ

p
× ½1 − erfðu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8b0bx=3ξ

p
Þ�: ðB2Þ

We employed the Taylor expansion bu¼expðu2Þ≃ð1þu2Þ
around the peak of the collective field at u ¼ 0.
The joint probability to produce a secondary pair from
a primary particle is then ypðxÞ ¼ ∬WωPω→pdtdξ ¼R
sðx; ξÞPω→pðx; ξ; u ¼ 0Þdξ. By using the exponential

function exp ½− 8
3ξb0bx −

2
3
b0bξbx� ¼ exp ½− 2b0bx

3
ð4ξþ ξ

1−ξÞ�
with the maximum located at ξ̂ ¼ 2=3, the saddle point
method gives

ypðxÞ ¼ sðx; ξ̂ÞPω→pðx; ξ̂; u ¼ 0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

27b0bx

r
: ðB3Þ

By denoting ψx ¼ 4
3
b0bx ¼ 2

3
b0bξðξ̂Þbx, ypðxÞ is

ypðxÞ ¼
1ffiffiffi
6

p
�

πασz
15cτcγ

�
2
�
9

5

ffiffiffi
2

π

r
ψ−2=3
xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2=3þ ψx

p

þ 4

3

ψ−1=2
xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=2þ ψx

p
�
ψ−3=2
x expð−4ψxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 3ψx
p : ðB4Þ

We define the function Fν ¼ ψ−ð3=2þνÞ
x exp ð−4ψxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðνþψxÞð1þ3ψxÞ

p , analogously

to what used for the photon spectrum. The weighted
integration over space of Fν is

R
qðxÞFνdx, with qðxÞ ¼

2x exp ð−x2Þ the transverse density profile of the beam. For
the integration, we approximate the function Fν with a
Gaussian form fν ¼ lν exp ½−mνðx − x̂Þ2�. The position of
the maximum of Fν is also located at x̂ ≃ 1. The second
derivative of Fν is evaluated at x̂ as
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∂2
xFνjx̂ ¼ −Fνðx̂Þ

�
4þ 3=2þ ν

ψ̂
þ 1

2

ð1þ 3ψ̂Þ þ 3ðνþ ψ̂Þ
ðνþ ψ̂Þð1þ 3ψ̂Þ

�

×
2ðx̂ − 1Þψ̂
expðx̂2Þ − 1

; ðB5Þ

where ψ̂ ¼ 4
3
b0bxðx̂Þ. The parameters lν and mν are then

obtained as

lν ¼ Fνðx̂Þ; ðB6Þ

mν ¼ −
∂2
xFνðxÞjx̂
2lν

¼
�
4þ 3=2þ ν

ψ̂
þ 1

2

ð1þ 3ψ̂Þ þ 3ðνþ ψ̂Þ
ðνþ ψ̂Þð1þ 3ψ̂Þ

�
2ðx̂− 1Þψ̂
expðx̂2Þ− 1

:

ðB7Þ

The weighted integration over space
R
qðxÞFνðxÞdx ≃R

qðxÞfνðxÞdx ¼ Ξν gives the same function in lν and
mν obtained previously, Eq. (A6). The yield of secondary
pairs then reads

Yp ≃
1ffiffiffi
6

p
�

πασz
15cτcγ

�
2
�
9

5

ffiffiffi
2

π

r
Ξ2=3 þ

4

3
Ξ1=2

�
: ðB8Þ

APPENDIX C: THE LOCAL CONSTANT
CROSSED FIELD APPROXIMATION

In the case of an arbitrary field the differential probability
rates for photon emission Wω and for pair production Wp
depend on three Lorentz invariants: f, g, and χ, defined
below. For a constant crossed field (E ¼ B, andE ·B ¼ 0),
the invariants f and g vanish. In the general case, according
to Ritus [7], if the fields are much smaller than Es then f,
g ≪ 1. Moreover, if the particle have a large Lorentz factor
γ ≫ 1, these two invariants are also much smaller than χ2.
Under these conditions, f and g can be neglected and the
probabilities Wω;pðf; g; χÞ are well approximated by
Wω;pð0; 0; χÞ. In the proper frame of reference of the beam
(primed) there is only an electrostatic field E0, thus the
invariant

g ¼ F0μ;νF0�
μ;ν

4E2
s

¼ E0 ·B0

E2
s

ðC1Þ

is identically zero. The difference in amplitude between E0
and B0 is determined by the invariant

f ¼ F0μ;νF0
μ;ν

4E2
s

ðC2Þ

¼ E02 − B02

E2
s

¼ E02

E2
s
: ðC3Þ

This invariant relates to χ2 of a particle with velocity v0 and
Lorentz factor γ0 as f ¼ χ2ðE02⊥ þ E02

kÞ=ðγ02E02⊥ þ E02
kÞ,

where the parallel and perpendicular components are
defined with respect to the velocity. Thus, as the ordering
is E0⊥ ∼ E0

k ≪ γ0E0⊥ then f ∼ χ2=γ02 ≪ χ2, which shows

that f, g ≪ 1 and f, g ≪ χ2.
Finally, if the formation length Lf ¼ mc2=eE⊥ is much

smaller than the gradient scale of the field jE⊥=∇E⊥j ∼ σz
the emission process is local and the field leading to the
emission can be considered as constant. This condition can
be cast in the form σ0σz ≫ d2e which breaks for diluted
beams but holds for dense beams where the electron skin
depth de is much smaller than the beam dimensions. In the
conditions explored in the paper, σ0 ∼ 5de, σz ¼ 3σ0 and
thus σ0σz ∼ 75d2e ≫ d2e. For the above mentioned reasons,
the collective field of a dense relativistic beam can be
regarded as a constant crossed field, where the differential
probability rates for photon emission an for pair production
derived by Ritus [7] are applicable. However, the local
constant field approximation might break for the descrip-
tion of nonlinear Compton scattered photons with energy
lower than ξ ≪ χ=a30 [35]. Figure 5 shows that all photons
in our simulation do respect the local constant field
approximation limit of validity. Here the equivalent a0
of the beam is a0 ¼ 41 and the worst case scenario is at
χ ¼ 1, this determines that all simulated photons must
respect ξ ≥ 1.45 × 10−5.
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