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Abstract. The M|G|c queue system state transient probabilities, considering the time origin
at the beginning of a busy period, mean and variance monotony as time functions is studied.
These studies, for which results it is determinant the hazard rate function service time length,
induce the consideration of two differential equations, one related with the mean monotony
study and another with the variance monotony study, which solutions lead to some particular
service time distributions, for which those parameters present specific behaviors as time
functions.
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1 Introduction

The M|GJeo queue customers arrive at this queue system according to a Poisson process at rate 2 and
receive a service which time length is a positive random variable with distribution function G()) and

mean « . Upon their arrival, they find immediately an available server. Each customer service time
length is independent from the other customers’ services time length and from the arrivals process.
The traffic intensity is a no dimensional parameter given by p = i« .

Call N(t) the number of occupied servers (or the number of customers being served) at instantt, in
a M|G|oo queue system.

Be prn =P[N(t)=nN(0)=1] n=012,..., meaning N(0)=1 that the time origin is an instant at which

a customer arrives at the system, jumping the number of customers from 0 to 1. That is: an instant
at which a busy period begins. Then, see (Ferreira and Andrade, 2009),
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Pro (t) = poo(t)G(t)

Pin (t): Pon (t)G(t)+ pOH(t)(l—G(t)), n=12,.. (1.1)

where

(/1 ) [1—G(v)]dv)n

n!

g hEctl o (1.2)

Pon (t):

being here the time origin an instant at which the queue system is customers empty, see again
(Ferreira and Andrade, 2009).

It is easy to check that

n

lim pl.n(t):%e‘p, n=012,.. (1.3)

t—ow

n

such as !im pOn(t)= p—le_p, n=012,.
—>00 n.

Denoting x(1',t) the distributions given by (1.1) mean value:

u(@,t)=1-G(t)+ A[ [1-G(v)Ev (1.4)

And denoting V(1,t) the distribution defined by (1.1) variance, it is obtained
V(1,0 = A [ [1-Gw)ldv + G(£) — G2(2). (1.5)
The main target is to study x(I,t) and V(r',t) monotony as time functions. Then two first order

differential equations, induced by this study, are considered allowing very interesting conclusions.
In this work are continued and deepened the works of Ferreira (2005 and 2014).

2 Study of ,u(l',t) as time function

Call h(t) the service time length hazard rate function. It is given by, see Ross (1983),

_g®
h(t) = 16© (2.1)

d . . .
2O s interpreted as the rate at which the services end.

where g(t) = m

Proposition 2.1

IfG(t)<1,t>0 continuous and differentiable and
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h(t)< 4, t>0 (2.2)
u(1',t) is non- decreasing.

Dem.:
It is enough to note, according to (1.4), that% u(l,1)=Q1-G@) A-h(t)).m
Obs.:

-The expression (2.2) meaning is that if the rate at which the services end is lesser or equal than the
customers arrivals rate, x(I',t) is non- decreasing.

-For the M|MJoo system, that is M|G|eo queue with exponentially distributed service times length,
(2.2) is equivalent to

p>1 (2.3)
- !im ,u(l',t) = p, as expected.m

Defining A(.)as

) =h(t)—2 (2.4)

The first order differential equation (2.4) solution is the following collection of service time
distributions:

t
(o Au)du
G(t)=1- (-0 "+ ,tZO,J-OfZ—Z 2.5)
So, evidently,
Proposition 2.2
If p(t) =0
G(t)=1-1-GO) M, t>0 (2.6)
and p(l',t)=1-G(0)=p, t>0.m
Proposition 2.3
IfR() = -2
Gt)=1,t=0 (2.7)
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and ,u(l',t)z 0, t>0.m
For some particular service time length distributions:

-Deterministic with value o (M|D|oo system)

. 1+ At t<a
(1) ={ (2.8)
olza
-Exponential (M|M]oo system)
_t
Hlt)=p+@1-ple “ (2.9)

1-e” 1+ p) y)
-G(t)=1- ﬂe("’(e(“ﬁx)‘ ) t>0-A<f< o

p(1't)= ze(lp_(:“pf)f()‘ljl)ﬂj P log(l+(e” —1f ") (2.10)

For this collection of service time distributions the busy period time length is exponentially
distributed with an atom at the origin, see (Ferreira and Andrade, 2009) and Ferreira (2016 and
2016a):

A+ 2

e’ -1

B/(t)=1- (l—e? )"+ t>0-1<pB< @.11)

Note:

-For a M/G/o queue, if the service time length distribution function belongs to the collection, see
again (Ferreira and Andrade, 2009) and Ferreira (2016 and 2016a),

6()-1-2 S
= ijgoe_ﬂ’w_%vﬂ(u)dudw—(l—e_p )J-(t)e—lw—j(‘)"’ﬂ(u)dudw

t

d
tzo,—ﬂsj‘)ﬁ(tu) - < A
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which is solution for the Riccati equation

dG
d(tt) = —AG*(t) = (B(®) = DG(®) + B (D),

the busy period time length distribution function is

B(t)=[1_(1_e(o))( e APt~ Al Al dw)j*

« n -G e A oAl ,—/Isjoﬂ(u) P
n=0 t ep -1

If B(t) = B (constant) it results (2.11).m

3 Study of V(l',t) as time function
Proposition 3.1

If % < G(t) <1,t > 0 continuous and differentiable and

A
h(®) < 5o 3.1)

V(1',t) is non-decreasing.

Dem.:

According  to  (1.5), % VA, =21-G6®)+g®) —26(Hgt) =A(1-G6®) +
g1 -261) =(1-6@®)) (h(t)(1—26(t)) + ). So that % V(1',t) = 0 it is enough to
have (h()(1 —2G(t))+ 1) =0 = h(t)(2G(t) —1) — 1< 0 & h(t) <
.1

. 1
2e@o1 Since G(t) > >

Obs.:

-!imV(l',t) = p, as expected.m

Define (.) as B(t) = h(t) — »” (;1)_1. It results the following differential equation in G(.):
dG(t) _ A
L0 = (s + 2G(t)_l) (1-G(),t =0 3.2)
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Give (3.2) the following form

(A+B®@GE) - 1))de + (2 -

1= G(t)) a6 =0

that can be turned in

(A+BQ6®) - D)dt + (2 - ——)dG =0

1- G(t)
for f(t) = f (const.).So — (A + (26 — 1)) = 2§ and =(2 ——) = 0.Then
it is possible to consider the following situations:

A)B=0
Equation (3.2) is an exact differential equation which solution is

126 ,2(6(-6(0)) — e >0
1600 ¢

Proposition 3.2

If G() is implicitly defined as

1-6(1) 2(6(t)-6(0)) _ gt 4 5 ¢

1-G(0)
V(T,t)=p,t>0.m
Obs.:

-The density associated to (3.6) is

_ A G()
g(t)=- (- 2(3())62 (t)-G(0

-After (3.7), denoting S the associated random variable, it is easy to see that,

with G(O)>% ,

(1—G(0))nte 20t
o

@-G(0)n!
(2G(0)-1)2"

<E[S"]< =12,....m

B) B#0
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Now equation (3.2) is not an exact differential equation but, using the
integrating factor

1
H = G-

that is a solution for the differential equation

aine %(z_ﬁ)_%(/uﬁ(zc—l)) . 0-28 2B

dG A+B(26-1) T A+B(26-1)  BRG-1)+A

it becomes an exact differential equation which solution is

(1—G(t))ﬁ

2
216(t)—ﬁ+/1|ﬁ(3+,1) —t
=e .
1-G(0)

21G6(0)—f+A

It is interesting to make S = A in (3.11). In fact it becomes
1-G(@)\/G(t) _ -2t
1-6(0)/\G(0)

1-4(1-G(0))G(0)e—24t

2

that lead to

oo - 1+

1

It is easy to check that in (3.12) G(o0) = 1 and G(0) = >

Note:

(3.9)

(3.10)

(3.11)

(3.12)

- Cases A) and B) may be resolved using the separation variables technic, maybe easier. The
proceeding used comes from an attempt to get solutions for the general case with S(t) non
constant. But, in this situation, the second member of (3.10) does not depend only on G what

makes this proceeding to determine the integrating factor unviable.

- G(t) =1,t = 0 is atrivial solution of equation (3.2). And, for this
case, it is easy to check after (1.5) that V(l',t) =0,t>0.m

For some particular service time length distributions:

-Deterministic with value o (M|D|oo system)
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4

-Exponential (M|M]oo system)

t _2t

v(1',t)=p(1—e%j+e7 +e @, (3.14)

L, -er)a+p) B A
-G(t)=1 Ae*p(e(“ﬁ)‘—l)wi’tzo' ASps——

l-e7” A
VT,t)=p- Iog(1+ (ep _1}3*(i+ﬂ)t)+ ﬂe(‘p (:(Mﬂx)t —Jrl)ﬂz/i +

[ i-e~)a+p) jz _ (3.15)

2e (" —1)+ 2

Conclusions

It was possible to study x(1',t) andV(l',t), as time functions, playing there an important role the
service time length hazard rate function. This circumstance leads to differential equations (2.4) and
(3.2). The first was completely solved and the second only in some particular cases. As
consequence, some service time length distributions, for which those parameters have particular
behaviors, as time functions, were determined.
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