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Abstract 

This work is dedicated to the evaluation of the stability of clustering solutions, namely 

the stability of crisp clusterings or partitions. We specifically refer to stability as the 

concordance of clusterings across several samples. In order to evaluate stability, we use 

a weighted cross-validation procedure, the result of which is summarized by simple and 

paired agreement indices values. To exclude the amount of agreement by chance of 

these values, we propose a new method – IADJUST – that resorts to simulated cross-

classification tables. This contribution makes viable the correction of any index of 

agreement. 

Experiments on stability rely on 540 simulated data sets, design factors being the 

number of clusters, their balance and overlap. Six real data with a priori known clusters 

are also considered. The experiments conducted enable to illustrate the precision and 

pertinence of the IADJUST procedure and allow to know the distribution of indices 

under the hypothesis of agreement by chance. Therefore, we recommend the use of 

adjusted indices to be common practice when addressing stability. We then compare the 

stability of two clustering algorithms and conclude that Expectation-Maximization 

(EM) results are more stable when referring to unbalanced data sets than K means 

results. Finally, we explore the relationship between stability and external validity of a 

clustering solution. When all experimental scenarios’ results are considered there is a 

strong correlation between stability and external validity. However, within a specific 

experimental scenario (when a practical clustering task is considered), we find no 

relationship between stability and agreement with ground truth.  

 

Keywords: Adjusted índices of agreement, Clustering evaluation, External evaluation, 

Clustering stability. 
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Resumo 

Este trabalho é dedicado à avaliação da estabilidade de agrupamentos, nomeadamente 

de partições. Consideramos a estabilidade como sendo a concordância dos 

agrupamentos obtidos sobre diversas amostras. Para avaliar a estabilidade, usamos um 

procedimento de validação cruzada ponderada, cujo resultado é resumido pelos valores 

de índices de concordância simples e pareados. Para excluir, destes valores, a parcela de 

concordância por acaso, propomos um novo método - IADJUST - que recorre à 

simulação de tabelas cruzadas de classificação. Essa contribuição torna viável a 

correção de qualquer índice de concordância. 

A análise experimental da estabilidade baseia-se em 540 conjuntos de dados simulados, 

controlando os números de grupos, dimensões relativas e graus de sobreposição dos 

grupos. Também consideramos seis conjuntos de dados reais com classes a priori 

conhecidas. As experiências realizadas permitem ilustrar a precisão e pertinência do 

procedimento IADJUST e conhecer a distribuição dos índices sob a hipótese de 

concordância por acaso. Assim sendo, recomendamos a utilização de índices ajustados 

como prática comum ao abordar a estabilidade. Comparamos, então, a estabilidade de 

dois algoritmos de agrupamento e concluímos que as soluções do algoritmo Expectation 

Maximization são mais estáveis que as do K-médias em conjuntos de dados não 

balanceados. Finalmente, estudamos a relação entre a estabilidade e validade externa de 

um agrupamento. Agregando os resultados dos cenários experimentais obtemos uma 

forte correlação entre estabilidade e validade externa. No entanto, num cenário 

experimental particular (para uma tarefa prática de agrupamento), não encontramos 

relação entre estabilidade e a concordância com a verdadeira estrutura dos dados.   

 

Palavras-chave: índices de concordância ajustados, avaliação de agrupamentos, 

validação externa de agrupamentos, estabilidade 

 

Sistema de Classificação JEL: C100; C150; C380 
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Sumário Executivo 

Este trabalho é dedicado à avaliação da estabilidade de agrupamentos, nomeadamente 

de partições. Consideramos a estabilidade como sendo a concordância dos 

agrupamentos obtidos sobre diversas amostras. Para avaliar a estabilidade, usamos um 

procedimento de validação cruzada ponderada, cujo resultado é resumido pelos valores 

de índices de concordância simples e pareados. Para excluir, destes valores, a parcela de 

concordância por acaso, propomos um novo método – IADJUST. Segundo este método 

são simuladas tabelas de classificação cruzada, obedecendo estas aos totais marginais da 

tabela de classificação cruzada observada, ou seja a tabela referida às partições que se 

pretendem comparar. A geração das tabelas de classificação cruzada é feita de acordo 

com o modelo Hipergeométrico. Utiliza-se a linguagem de programação R para 

implementar o método. A contribuição do IADJUST torna viável a correção de qualquer 

índice de concordância, superando limitações de métodos analíticos e aproximativos 

conhecidos à data. 

A análise experimental da estabilidade baseia-se em 540 conjuntos de dados simulados, 

controlando os números de grupos (2, 3 e 4), dimensões relativas (grupos balanceados e 

não balanceados) e graus de sobreposição dos grupos (grupos bem, moderadamente e 

fracamente separados). As bases de dados simulados são geradas de acordo com 

modelos de mistura finita de normais multivariadas, utilizando o package MixSim para 

o efeito. A análise é também efetuada sobre seis conjuntos de dados reais, com classes a 

priori conhecidas (disponíveis no UCI Machine Learning Repository) 

As experiências realizadas permitem ilustrar a precisão e pertinência do procedimento 

IADJUST e conhecer a distribuição dos índices sob a hipótese de concordância por 

acaso (H0). Assim sendo, recomendamos a utilização de índices ajustados como prática 

comum ao abordar a estabilidade de agrupamentos e, em certos casos, a utilização da 

mediana em vez da média (sob H0) para este ajustamento.  

Comparando a estabilidade de dois algoritmos de agrupamento - K-Médias e 

Expectation Maximization (EM) – incorporamos o procedimento IDJUST. Verificamos 

que, nos cenários com grupos de dimensão balanceada as partições obtidas com o K 

médias são mais estáveis e nos cenários em que os grupos têm dimensões 

desproporcionadas são mais estáveis as soluções obtidas com o EM.  
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Finalmente, este trabalho contribui com uma nova perspetiva para uma melhor 

compreensão da relação entre estabilidade de um agrupamento e a sua validade externa. 

Agregando os resultados dos cenários experimentais obtemos uma forte correlação entre 

estabilidade e validade externa. No entanto, num cenário experimental particular (para 

uma tarefa prática de agrupamento), não encontramos relação entre estabilidade de um 

agrupamento e a sua concordância com as verdadeira classes. Assim, e embora um 

agrupamento instável continue a ser, por isso mesmo, indesejável (senão que resultados 

deveria um analista escolher?), constata-se que não há uma relação credível entre a 

estabilidade de uma partição e a sua concordância com a verdadeira estrutura dos dados. 

Palavras-chave: índices de concordância ajustados, avaliação de agrupamentos, 

validação externa de agrupamentos, estabilidade 

 

Sistema de Classificação JEL: C100; C150; C380 
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CHAPTER 1: INTRODUCTION 

On Clustering Validation and Research Objectives 

Cluster analysis is the partitioning of a data set into groups (clusters), so that data points 

within a group are similar to each other and elements of different clusters are dissimilar. 

A clustering is a set of clusters that covers a data set, commonly a partition.  

Cluster analysis can be used in a wide variety of fields such as biology Wu (2011), 

ecology (Ravera, 2001), medical sciences (Marateb et al., 2014), image and market 

segmentation (Müller and Hamm, 2014), music (instrument recognition, find musical 

structure) (Krey et al., 2014), engineering (Todeschini et al., 2012; Krey et al., 2015), 

and many more. “Solving a clustering problem may also help solving other related 

problems, such as pattern classification and rule extraction from data” (Vendramin et 

al., 2010: 209).  

“Clustering methods range from those that are largely heuristic to more formal 

procedures based on statistical models.” (Fraley and Raftery, 1998: 578). In any case, 

when we conduct a cluster analysis the assessment of the quality/validity of the solution 

obtained is an extremely important issue since:  

- Cluster analysis is an unsupervised learning method and so, in practical 

applications, “there is no ground truth against which we could “test” our 

clustering results” (Luxburg, 2009): 236);   

- Clustering methods tend to generate clusterings even for fairly homogeneous 

data sets” (Hennig, 2007): 258);     

- The clustering solution depends on the method used, different methods 

emphasizing different aspects of the data and thus enforcing different structure 

on data;  

- Clustering methods‟ parametrization influences the corresponding results since 

the methods “attempt to define the best partitioning of data set for the given 

parameters … and not necessarily the „best‟ one that fits the data set.” (Halkidi 

and Vazirgiannis, 2001: 111). 
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When evaluating a clustering solution two main perspectives can be considered: internal 

and external. 

The external evaluation of clustering results resorts to data sets with known cluster 

structure and measures agreement between this structure and the results obtained. The 

procedure allows evaluating the ability of algorithms to recover the classes known a 

priori.  

In general, external evaluation is carried out both on synthetic data and real data. The 

first may be resulting from generation of finite mixture models, for example - (Maitra 

and Melnykov 2010). Real data (with known classes) can be obtained, for example, in 

the Machine Learning UCI Repository - (Bache and Lichman, 2013). 

The internal evaluation of clustering results relies in the clusters cohesion and 

separation. These are inherent properties to the very idea of clustering, reflecting the 

internal homogeneity of elements in the same group and the isolation of a group when 

compared with others (heterogeneity between groups). The evaluation of these 

properties resorts to indices of cohesion-separation, which commonly are ratios between 

a measure of intra-groups vs. between-groups variation, e.g. (Cardoso et al., 2009). 

In the context of internal evaluation we can address clustering stability. Stability has 

been recognized as a desirable property of a clustering solution – e.g. (Jain and Dubes, 

1988; Mirkin, 1996; Gordon, 1999; Everit et al., 2001; Lange et al., 2004; Alizadeh et 

al., 2014). A clustering solution is said to be stable if it remains fairly unchanged when 

the clustering process is subject to minor modifications such as alternative 

parameterizations of the algorithm used, introducing noise in the data or using different 

samples.  

Ben-David and Von Luxburg (2008) warn of a possible misuse of stability noting that 

the goodness of this property in the evaluation of clustering results is not theoretically 

well founded: “While it is a reasonable requirement that an algorithm should 

demonstrate stability in general, it is not obvious that, among several stable algorithms, 

the one which is most stable leads to the best performance” (p. 379). 

This work is dedicated to the evaluation of the stability of clustering solutions, namely 

the stability of crisp clustering solutions or partitions. We aim at contributing to provide 

adequate measures of agreement between partitions which should exclude agreement by 
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chance. In addition, the relationship between stability and external validity of a 

clustering solution is explored in order to improve the understanding of the role of 

stability when evaluating a clustering solution.  

Stability and Cross-Validation 

In this work we specifically consider the stability concept which refers to 

variability/consistency of clustering solutions across several samples. There are several 

contributions in this domain. Table 1 summarizes some recent works including the 

specification of subsampling scheme, cross-validation method and measures of 

agreement quantifying the degree of a clustering solution stability. 

In order to obtain the different samples to test clustering stability we can, successively, 

draw, with replacement or not, a random sample (with size  ) of the data set (with size 

 ).  

When using bootstrap (the points of each sample drawn with replacement) we usually 

have     and the clustering obtained with the original data set is compared with the 

clusterings derived from the boostrap samples. The comparison is then based on the 

points of the data set that are also in the samples. A disadvantage of bootstrap, in the 

context of clustering, is the possible occurrence of multiple points, which the algorithm 

can consider as mini-clusters (Monti et al., 2003).   

When the points of each sample are drawn without replacement (subsetting) we can 

decide to obtain overlapping or disjoint samples (splits of the data set). In both cases we 

must decide about the sample size (   ). It is worthwhile to note that if the training 

sample size is too small, the structure of the data set can be overlooked. In general, we 

can consider (as a rule of thumb), a fraction of points of the data set sampled over 0.5 to 

anticipate  the same general clustering structure in the subsamples (Ben-Hur et al., 

2002). 

When comparing two clustering solutions arising from overlapping samples, the data 

points which belong to both samples can be used to evaluate the agreement between the 

clusterings. 
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When evaluating the agreement between two clustering solutions arising from different 

(disjoint) samples we have to transfer the solutions to a common sample (typically one 

of the original samples) so that we can measure their agreement. Such transfer may be 

accomplished by a cross-validation procedure. 

The use of cross-validation in the context of clustering evaluation is first proposed by 

(McIntyre and Blashfield 1980) and (Breckenridge 1989). They import a methodology 

commonly used in supervised analysis to the domain of unsupervised analysis - Table 

2.- At the end of the cross-validation procedure, the value of an index of agreement 

(obtained in an holdout sample or test sample) between clustering results and supervised 

classification (by clusters in the training sample), is used as an indicator stability – see 

Indices of Agreement between partitions, p. 7.   

Table 2. - General Cross-Validation procedure 
Step Action Output 

1 Perform training-test sample split Training and test samples 

2 Cluster training sample 
Clusters in the training 

sample 

3 Build a classifier using the training sample supervised by 
clusters' labels; use the classifier in the test sample. Classes in the test sample 

4 Cluster the test sample Clusters in the test sample 

5 Obtain a contingency table between clusters and classes 
in the test sample and calculate indices. 

Indices of agreement values, 
indicators of stability 

 

In this work, we resort to the weighted cross-validation procedure proposed in (Cardoso 

et al., 2010) to evaluate the stability of clustering solutions. The use of a weighted 

sample overcomes the need for selecting a classifier when performing cross-validation. 

Furthermore, sample dimension is not a severe limitation for implementing clustering 

stability evaluation, since the Indices of agreement values are based on the entire 

(weighted) sample, and not in a holdout sample – (Amorim and Cardoso, 2015b).  

Studies on clustering stability summarized in Table 1 point out some issues. For 

example:   

- “The stability of the clustering solution varies with the number of clusters that 

are inferred.” - (Lange et al., 2004: 1302);    
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- Cluster structures can be recovered although no natural clusters exist in the data 

– e.g. (Dolnicar and Leisch, 2010; Steinley and Brusco, 2011). In particular, 

“data structure (other than density clusters) can cause some number of clusters to 

produce more reproducible results than others.” - (Dolnicar and Leisch, 2010: 

100). For example, ellipse data consisting of only one natural segment can be 

split into four segments in a stable manner. 

In fact, despite the popularity of stability methods, its link to the underlying issue of 

clustering validity is still not well understood – e.g. (Shamir and Tishby, 2010; Dudoit 

and Fridlyand, 2002).  

Luxburg (2009) discuss a series of theoretical results on clustering stability, namely the 

results obtained in (Ben-David et al., 2006; Ben-David et al., 2007; Ben-David and 

Luxburg, 2008; Shamir and Tishby, 2008a; Shamir and Tishby, 2008b) and in (Shamir 

and Tishby, 2010). Luxburg concludes that “While stability is relatively well-studied for 

the K-means algorithm, there does not exist much work on the stability of completely 

different clustering mechanisms.” (p. 271). In fact, (Ben-David et al., 2006) conclude 

that a clustering algorithm is stable if its objective function has a unique global 

minimizer. These authors also point out the (sub)sampling process as a source of 

instability and state that the instability decreases as sample sizes (m) grow.  (Ben-David 

and Luxburg, 2008) contest the use of stability especially for large samples and end up 

concluding that “stability is useful in one respect: high instability can be used as an 

alarm sign to distrust the clustering result, be it for sampling, algorithmic or other 

reasons.” (p. 389). However, (Shamir and Tishby, 2008) show that even when the 

sample size increases the “convergence rate of clustering instability” may depend on K 

values used, the true K originating a faster convergence. These authors suggest the use 

the clustering distance (proportion of observations which are grouped into different 

clusters) scaled by √  , which rate of convergence dependent of K and is independent 

of the sample size used. 

Indices of Agreement between partitions 

Several similarity indices can be used to measure  the agreement between two partitions 

of the same data  -    and    with   and   groups, respectively -  e.g. (Gower and 

Legendre, 1986; Milligan and Cooper, 1986). These indices are used in various domains 
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namely, cluster validation, metaclustering, and consensus clustering - e.g. see (Jain et 

al., 1999; Krey et al., 2014). 

A typology 

When trying to measure similarity between two partitions one can resort to indices of 

association or simple agreement (ISA) or to indices of paired agreement (IPA), e.g. see  

(Cardoso, 2007; Warrens, 2008a). They are generally derived from the corresponding 

contingency table or cross-classification table [   ] (corresponding to     and   ) 

where      and      refer to the total row and column counts, respectively. 

Indices of simple agreement are, essentially, measures of association between two 

nominal variables which indicate the two partitions and are based on the number of 

observation that both partitions integrate in the same group (or not) – ISA examples are 

presented in Table 3.   

Table 3 - Indices of simple agreement   
ISA  Formula Reference 

NMI1 
Normalized 

mutual 
information 

    QK

QK

P H,P HMin
)P,I(P

 

 

(Strehl and Gohosh, 
2002) 

NMI2 
Normalized 

mutual 
information 

   QK

QK

P HPH
)P,I(P

 

 

(Strehl and Gohosh, 
2002) 

NMI3 
Normalized 

mutual 
information 

   
 

P HPH
)P,2I(P

QK

QK


 

 

(Fred and Jain, 2003) 

MIH 
Mutual 

information 
ratio 

  (     )  (     ) 
((Horibe, 1985), 
((Kraskov et al., 

2005)) 

NVI Variation of 
information 

 

       )P,I(PPH   )P,I(PPH QKQQKK   
 

(Meilã, 2007) 

 
 

The specific ISA examples considered (Table 3) are Mutual Information indices based 

in the concept of entropy.  The entropy of a partition  (  ) quantifies the uncertainty 

about which cluster an individual randomly selected from the data set belongs to. 

  (  )   ∑
   
 
   .

   
 
/

 

   

 (1) 

Usar nk+ e não nk. 

(coerente com 

anterior definição) 
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and Mutual information is defined by: 

  (     )  ∑∑
   
 

 

   

 

   

   (
   

      
 

⁄ ) (2) 

It quantifies the information shared between two partitions, of the same data set. 

Alternative normalizations may be considered for  (     ) as illustrated in Table 3. 

Note that the  (     ) referred in     is the entropy corresponding to the joint 

distribution of    and     

Indices of paired agreement are based on the number of pairs of observations that both 

partitions allocate (or not) to the same cluster and can also be written based on the 

elements of a similarity matrix (see Table 4).  IPA examples are shown in Table 5.  

Table 4 -  Similarity  matrix (counts of pairs of observations) 
 

Partition    
Partition    

Pair in same cluster Pair not in same cluster 
Pair in same cluster         

Pair not in same cluster         

 

Finally, it is worthwhile to note that the indices of agreement between two partitions can 

be used not only to evaluate the stability of clustering results  - resorting to diverse 

(sub)sampling schemes as illustrated in the literature review (Table 1) - but also to 

evaluate their validity, comparisons being referred to a priori known classes. 

The adjustment of indices for excluding agreement by chance 

Consider the cross-classification Table 6 a). The agreement between partions as sets of 

disjoint classes  *     + , and  *       + can be quantified resorting, for example, to the 

Rand index that equals 0.525. However, under the H0 hypothesis of agreement by 

chance (assuming that the 2 partitions are constituted at random) the counts in the cross-

classification table can be obtained by      (      )    - see Table 6 b). In this 

situation the Rand index value is 0.494, which is only slightly below the previously 

obtained value.  This fact makes us wonder if the agreement quantified in Table 6 a). 
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Table 5 -  Indices of paired agreement   
IPA Formula Reference 

R Rand 
       

               
 

 
(Rand, 1971) 

GL Gower & 
Legendre 

       
       (       )     

 

 

(Gower and 
Legendre, 1986) 

J Jaccard 
   

           
 

 
(Jaccard, 1908) 

C Czekanowski 
    

            
 

 

(Czekanowski, 
1932) 

GK Goodman & 
Kruskal 

             
             

 

 

(Goodman and 
Kruskal, 1954) 

SoS Sokal & Sneath 
      

√(       )(       )(       )(       )
 

 

(Sokal and Sneath, 
1963) 

SS2 Sokal & Sneath 
(2) 

   
     (       )

 

 

(Sokal and Sneath, 
1963) 

FM 
Fowlkes & 

Mallows 

   

√(       )(       )
 

 

(Fowlkes and 
Mallows, 1983) 

relates to a “ground truth” discovered by both partitions or it is due to chance. One 

should then have means to exclude the chance agreement from the Rand value. Using 

all the possible tables with identical marginal totals - see Table 11 - one easily finds the 

average Rand value (0.500). 

Table 6 – a) Cross-classification data between two binary partitions (left)  
b) Cross-classification data between two binary partitions constituted at random (right)  

 

 

C’1 C’2 Totals 

C1 30 20 50 

C2 10 20 30 

Totals 40 40 80 

    
 

 

 

C’1 C’2 Totals 

C1 25 25 50 

C2 15 15 30 

Totals 40 40 80 

    
 

The subtraction of the Rand from the average 0.500, followed by a convenient 

normalization yields the adjusted Rand index value – 0.051 – which is obtained 

replacing    by Rand in formula (3). It quantifies the relative agreement increase 

compared to agreement by chance. 
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   ( 
    )  

  (     )     ,  ( 
    )-

   ,  (     )-     ,  (     )-
 

(3) 

The fact that, in the Table 6 example the number of cross-classification tables with 

identical marginals is treatable, turns the calculation of    (     ) easy and 

extendable to various indices – see Table 7. However, for realistic problems the 

dimension of cross-classification tables undermines this method of calculation. 

Several contributions are known to address the adjustment of indices of agreement 

which can be roughly categorized into: distributional approaches (DIST) and 

approximation methods (APPROX). The works on distributional approaches for the IPA 

indices can be viewed within the L family framework proposed by (Albatineh et al., 

2006; Warrens, 2008; Warrens, 2008a). For example, the Rand and   indices 

adjustment is presented in Appendix C p.87.  For the ISA mutual information index, the 

expected value, under H0, is obtained by (Vinh et al., 2010): 

   (  )  ∑∑ ∑
   

 

   {        }

       {           }

   (
     

       
)

 

   

 

   

 
        (     ) (     ) 

      (       ) (       ) (             ) 
 

(4) 

Alternative approximation approaches are suggested in (Albatineh and Niewiadomska-

Bugaj, 2011) resorting to regression models - (Amorim and Cardoso, 2015c). The 

results from DIST and APPROX methods referred to the data example at hand are 

presented in Table 7. The missing cells illustrate the lack of means to calculate the 

adjusted values of several indices of agreement. 

Table 7 – Indices average and adjusted values, under Ho, obtained by different methods  

IA 
Averaged values IA observed Adjusted values 

TABLES LIST DIST APPROX  TABLES LIST DIST APPROX 
Rand 0.500 0.500 

 
0.525 0.051 0.051 

 
GL 0.666 

 
0.668 0.689 0.067 

 
0.063 

J 0.341 
 

0.340 0.364 0.035 
 

0.036 
C 0.509 0.509 

 
0.534 0.293 0.051 

 
SoS 0.250   0.276 0.035   

NMI1 0.010 0.01  0.051 0.042 0.042  
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The proposed approach 

Experiments on stability 

In this work we focus on the role of clustering stability in the evaluation of a clustering 

solution. For this end, we design an experiment based on synthetic data sets, with a 

known clustering structure, generated under 18 different scenarios. 

In order to exclude agreement by chance when measuring the accordance between two 

partitions or crisp clustering solutions, a new method is proposed – IADJUST – that 

resorts to a simulation approach- (Amorim and Cardoso, 2015c).  

The experimental analysis addresses: 

1. The comparison between the stability of two clustering algorithms: an 

Expectation-Maximization algorithm (Rmixmod package (Lebret et al, 2012) for 

the estimation of a general Gaussian mixture model – [PKLKCK] in (Biernacki et 

al., 2006)) and a K-means algorithm ((Hartigan, 1975) algorithm implemented in 

the IBM SPSS Statistics software.) 

2. The external validity of the clusterings obtained.  

The IADJUST procedure 

Given that in real examples is very difficult, or impossible,  to obtain all tables, 

conditional on the row and column totals of the observed table (review Table 6 

example),  in the proposed method we resort to simulated cross-classification tables. 

The generation of tables is based on the Hypergeometric model. According to this 

model and given the values in the previous rows and columns, the conditional 

probability of the element      of the cross-classification tables is given by the 

Hypergeometric distribution, e.g. (Patefield, 1981), with parameters: ∑ (    
 
   

∑    
   
   ) (population size)      ∑    

   
    (number of successes in the population) 

and      ∑    
   
     (sample size). Thus, the conditional expected value, under H0, of  

    given previous entries and the row and column totals can be calculated. 

The IADJUST procedure begins by calculating the values of an   , associated to the 

observed cross-classification table (observed indices values). Then, 17,000 tables are 

generated according the probabilistic method referred previously.  For each generated 

table, the    values are determined. These simulated    values enable obtaining (under 
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H0) the    empirical distribution, the corresponding descriptive statistics (average, in 

particular) and the p-values estimates, i.e. the ratio between the number of simulated    

values greater than or equal to the    observed value (see table 4 in (Amorim and 

Cardoso, 2015c)). According to Agresti et al. (1979) the 17,000 trials enabling to obtain 

estimates of the p-values with 99% confidence. 

In IADJUST procedure is described in (Amorim and Cardoso, 2015b) - table 5). It is 

implemented in R language.   

Testing IADJUST 

In order to evaluate the precision of IADJUST we compare its results with the ones 

derived from analytical and approximation approaches - (Amorim and Cardoso, 2015c).   

The results referred to example in Table 6 a) are presented in Table 8.  

Table 8 – Average  and adjusted values obtained by IADJUST and with all possible tables  

IA 
Average  values 

IA observed 
Adjusted values 

  IADJUST   TABLES LIST IADJUST   TABLES LIST 
Rand 0.49970 0.49968 0.5253 0.05121 0.05124 
GL 0.66635 0.66634 0.6888 0.06726 0.06730 
J 0.34144 0.34143 0.3644 0.03487 0.03490 
C 0.50902 0.50900 0.5342 0.05121 0.05124 

SoS 0.24975 0.24973 0.2760 0.03496 0.03498 
NMI1 0.00967 0.00965 0.0511 0.04186 0.04188 

 

IADUST into practice 

We use adjusted    to measure the stability of clustering solutions in diverse scenarios 

and better understand the relationship with external validity. We also capitalize on the 

results from IADJUST to obtain new insights concerning the distributions of diverse    

under H0. 

Simulated data sets 

Experiments on stability rely on 540 simulated data sets. Design factors considered are 

the number of clusters, their balance and overlap (Table 9).  

The increasing number of clusters is associated with increasing number of variables (2, 

3 and 4 latent groups with 2, 3 and 4 Gaussian distributed variables) and, in order to 
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deal with this increasing complexity, we consider data sets with 500, 800 and1100 

observations, respectively.  

We consider balanced settings (classes with similar dimensions) and unbalanced 

settings (classes with different a priori probabilities or weights). 

Based on the measure of overlap between cluster adopted, (Maitra and Melnykov, 

2010), we consider experimental scenarios with poorly separated, moderately separated 

and well separated clusters. 

Table 9 - Simulated data sets for the experimental design.  

K 
Number 
of latent 
groups 

n 
Weights Average overlap 

Balanced Unbalanced 
poorly 

separated 
moderately 
separated 

well 
separated 

2 2 500 0.5 , 0.5 0.3 , 0.7 

0.6 0.15 0.02 
3 3 800 0.3 , 0.3 , 0.4 0.6 , 03   0.1 

4 4 1100 
0.25 , 0.25 

0.25 , 0.25 

0.5 , 0.25 

0.15 , 0.10 

 

In order to generate the datasets within the scenarios, we capitalize on the contribution 

in (Maitra and Melnykov, 2010) and use the R MixSim package to generate structured 

data according to a finite Gaussian mixture model. 

Real data sets 

Experiments are also made resorting to real data with an a priori known clustering 

structure. The data sets used are found in the UCI Machine Learning Repository (Bache 

and Lichman, 2013) and summarized in Table 10. 
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Table 10 – Real data sets. 

Data set n Features Classes Overlapping 

Liver 
Disorders 

345 6 
C1 (145) 
C2 (200) 

0.016 

Wholesales 440 6 C1 (298) 
C2 (142) 

 
0.111 

Iris 150 4 
Setosa (50) 

Versicolor (50) 
Virginica (50) 

0.518 

Wine 
recognition 

data 
178 12 

C1 (59) 
C2 (71) 
C3 (48) 

0.002 
 

Cars  
Silhouette 

846 18 

Bus   (218) 
Saab (217) 
Opel (212) 
Van (199) 

0.044 

User 
Modeling 

258 5 

Very-low  (24) 
Low (83) 

Middle (88) 
High (63) 

0.028 
 

 

A thesis Guide 

The thesis chapters refer to the publications that are the result of the research conducted. 

The first publication “Clustering Cross-validation and Mutual Information Indices” 

applies the proposed IADJUST method to four Mutual Information indices in order to 

evaluate the agreement of clustering solutions with ground truth and also their stability. 

Based on this work we tuned the experimental scenarios to consider. The second 

publication “Paired Indices for Clustering Evaluation - Correction for Agreement by 

Chance” applies IADJUST to eight paired indices of agreement and goes one step 

further in evaluating the comparative performance of IADJUST with analytical and 

approximation approaches. The third paper “Comparing clustering solutions: the use of 

adjusted paired indices” capitalizes on the experimental work of the previous 

publication and adds theoretical support. It also produces a set of interesting results on 

the comparative performance of each index within experimental scenarios and also on 

the distributions of indices under the assumption of agreement by chance.  Finally, the 

paper “Clustering stability and ground truth: numerical experiments” (Proceedings and 
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Paper publications) gathers the simple and paired-agreement views to evaluate the 

relationship between the clustering solutions agreement with ground truth and their 

stability. A Mutual Information index (    in Table 3) and the Adjusted Rand index 

provide new insights into this relationship within and inter scenarios. 
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CHAPTER 7 - CONCLUSIONS AND FUTURE WORK 

Conclusions and discussion 

Data Analysis and Results 

The analysis conducted first aims at providing adequate tools for the evaluation of 

clustering stability. The methodology proposed relies on the use of weighted cross-

validation and resorts to several indices of agreement as indicators of stability. 

In order to exclude agreement by chance when measuring the accordance between two 

partitions or crisp clustering solutions, a new method is proposed – IADJUST – that 

resorts to a simulation approach. This new approach overcomes limitations recognized 

in the literature and provides the correction of virtually any index of agreement based on 

cross-classification data. 

The precision of IADJUST is illustrated by resorting to indices with known analytical 

solutions for correction – (Albatineh et al., 2006; Warrens, 2008b; Vinh et al., 2010a). 

We conclude that there is a negligible difference between these    analytical averages 

and the averages provided by IADJUST– (Amorim and Cardoso, 2015c) and results of 

the example, in Table 8. 

IADJUST is then used for correcting new indices and also to provide new insights on 

the indices distributions under the hypothesis of agreement by chance – (Amorim and 

Cardoso, 2014).   

Through this contribution we make viable the correction of indices of agreement and 

clearly show the relevance of this adjustment, particularly for some indices – e.g. the 

NVI (simple) and the Gower & Legendre (paired) indices are the most affected by the 

adjustment. We thus advocate that the use of corrected indices of agreement should be a 

common practice, as opposed to the use of non-adjusted ones, not only when referring 

to clustering evaluation but also in the domain of consensus clustering. 

What about stability 

In this work we focus on the role of clustering stability in the evaluation of a clustering 

solution. For this end, we design an experiment in which 540 synthetic data sets are 
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generated under 18 different scenarios. Design factors considered are the number of 

clusters, their balance and overlap.  

Illustrating the usefulness of the IADJUST approach, we compare the stability of two 

clustering algorithms -  (Amorim and Cardoso, 2012). According to the obtained results 

for the balanced data sets, the KM clustering results exhibit more stability then the EM 

results. However, the EM solutions are more stable when referring to the unbalanced 

data sets. 

Finally, we address the relationship between the stability of a clustering solution and its 

external validity. A macro-view of the results obtained does not contradict the current 

theory since it shows there is a strong correlation between stability and external validity 

when the aggregate results are considered (all scenarios‟ results). However, within a 

specific experimental scenario (when a practical clustering task is considered), we find 

no relationship between stability and agreement with ground truth - (Amorim and 

Cardoso, 2015a). This is a new perspective on the relationship between clustering 

stability and its external validity. To our knowledge, is the first time a study 

distinguishes between the macro view (all experimental scenarios considered) and the 

micro view (considering a specific clustering problem). Nevertheless, and despite the 

results obtained, it is still true that an unstable solution is, for this very reason, 

undesirable: if not, which results should the practitioner consider?  

This thesis work gave rise to a series of contributions that have materialized in several 

conferences presentations (Appendix D) as well as paper publications – Chaper  2, 

Chaper 3, Chaper 4, Chaper 5 and Chaper 6. 

Future work 

The investment in the IADJUST method should, in the near future, lead to make the 

software available on R, writing a new package, contributing to CRAN. This package 

should eventually extend the list of indices of agreement (simple and paired) considered 

in this work. Following the conclusions drawn about the indices distribution under the 

hypothesis of agreement by chance, the IADJUST procedure should be able to rely not 

only in the indices average values, but also in the median values (under H0). 
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In future works, a now more informed selection of indices of agreement may offer 

different perspectives on the agreement between partitions and thus of clustering 

stability. A new typology of indices of agreement will be a natural outcome of the 

present study. 

Future research should also address the stability of results in discrete clustering. And, 

when studying the relationship between stability and validity, additional experimental 

factors may also be considered (e.g., the “ground truth” clusters‟ entropy). 
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APPENDIX A: THE EXACT ADJUSTMENT OF THE RAND 

INDEX 

Under H0, the probability, conditional on the row and column totals, of observing  a 
specific  cross-classification table (M) can be modeled by the Generalized 
Hypergeometric distribution (Halton, 1969), 

 ( )  
 ∏       ∏     

 
     

   

  ∏ ∏     
 
   

 
   

 
(5) 

The total number of tables with identical row and column totals to the cross-
classification in Table 6 a) can be easily listed considering that we have only one degree 
of freedom. For example, in order to keep the same marginal values the first element of 
the table must be between 40 and 10, change               we get all possible tables. 
To calculate the average of the Rand index, we have to compute the Rand index value 
and the probability of each table (5). The results obtained are summarized in Table 11. 
The average is the sum of the values obtained by multiplying the index value by the 
probability. 

Table 11 – List of all possible tables and respective Rand index and probability  
Table Rand Probability Table Rand Probability 

40 10 0.778481 9.555E-14 24 26 0.494937 0.1644162 
0 30 

  
16 14 

  39 11 0.741772 1.042E-11 23 27 0.498734 0.120357 
1 29 

  
17 13 

  38 12 0.707595 4.912E-10 22 28 0.505063 0.0714023 
2 28 

  
18 12 

  37 13 0.675949 1.34E-08 21 29 0.513924 0.0342109 
3 27 

  
19 11 

  36 14 0.646835 2.391E-07 20 30 0.525316 0.0131712 
4 26 

  
20 10 

  35 15 0.620253 2.984E-06 19 31 0.539241 0.0040464 
5 25 

  
21 9 

  34 16 0.596203 2.719E-05 18 32 0.555696 0.0009829 
6 24 

  
22 8 

  33 17 0.574684 0.0001865 17 33 0.574684 0.0001865 
7 23 

  
23 7 

  32 18 0.555696 0.0009829 16 34 0.596203 2.719E-05 
8 22 

  
24 6 

  31 19 0.539241 0.0040464 15 35 0.620253 2.984E-06 
9 21 

  
25 5 

  

   

 
 
 
 
     



On Clustering Stability  
 

86 
 

 
 
 

Table 11- cont.    
Table Rand Probability Table Rand Probability 

30 20 0.525316 0.0131712 14 36 0.646835 2.391E-07 
10 20 

  
26 4 

  29 21 0.513924 0.0342109 13 37 0.675949 1.34E-08 
11 19 

  
27 3 

  28 22 0.505063 0.0714023 12 38 0.707595 4.912E-10 
12 18 

  
28 2 

  27 23 0.498734 0.120357 11 39 0.741772 1.042E-11 
13 17 

  
29 1 

  26 24 0.494937 0.1644162 10 40 0.778481 9.555E-14 
14 16 

  
30 0 

  25 25 0.493671 0.1823924 
    15 15 
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APPENDIX B: THE ADJUSTMENT OF THE RAND AND 

CZEKANWSKI INDICES  

 

Considering the similarity  matrix (counts of pairs of observations- Table 4: 
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    - totals of pairs which are placed in the same clusters according to both partitions. 

     - totals of pairs which are placed in different clusters according to both partitions. 

          - total numbers of agreements. 
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Under the hypothesis of independence of the partitions being compared: 
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The adjustment of the Rand index  

The Rand index ( Table 5,  p.9)   is given by :          
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Equation (13) is Hubert and Arabie (1985):198)‟ equation 3.  

 



Appendix B: the adjustment of the Rand and Czekanwski indices 
 

89 
 

 

The adjusted   index is          ( )
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  , where: 
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using equation  (14) the equation of     can be rewritten:  
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Equation (15) is Hubert and Arabie (1985):198)‟ equation 5.  

The    is equal to the        index 

The         index, Cohen (1960), can be given by: 

        
 (             )

(       )(       )  (       )(       )
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where 
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Replace equations (17) to (22) in equation (16) we get:  

       
 0(  )∑ (   

 
) 

    ∑ (   
 
) 

   ∑ .
   
 
/  

   1

( 
 
)∑ (   

 
) 

    ( 
 
)∑ (   

 
)  

     ∑ (   
 
)  

   
∑ (     

 
) 

   

 

∑ (   
 
) 

    
∑ (   

 
) 

   ∑ .
   
 
/  

   

(  )

 
 
(∑ (   

 
) 

    ( 
 
)∑ (   

 
) 

 
   )  

∑ (   
 
)  

   
∑ (     

 
) 

   

(  )

     

(23) 

The adjustment of the Czekanowski index  

The Czekanowski index (Table 5) is given by:       
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The    is equal to the        index  
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APPENDIX C –DATA ANALYSIS RESULTS 

Since it was not  possible to integrate all the results obtained in the published articles, 

we decided to make available some of them in this appendix. 

Adjusted indices: comparative results 
Table 12 - IPA expected values using the IADJUST, the DIST and the APPROX approaches 
(values are averaged over the 30 datasets and correspond to external validation of the clusters 

obtained).  

K
=2; 

EM
 IPA 

Dataset  - separation 
Poor Moderate Good 

iadjust distrib approx iadjust distrib approx iadjust distrib approx 

B
alanced 

R 0.500 0.500 
 

0.500 0.500 
 

0.500 0.500 
 

GL 0.667 
 

0.668 0.667 
 

0.668 0.667 
 

0.668 

J 0.417 
 

0.421 0.334 
 

0.332 0.333 
 

0.331 

Cz 0.586 0.586 
 

0.500 0.500 
 

0.500 0.500 
 

SS2 0.265 
 

0.273 0.200 
 

0.191 0.200 
 

0.190 

FM 0.600 0.600 
 

0.500 0.500 
 

0.500 0.500 
 

U
nbalanced 

R 0.528 0.528 
 

0.516 0.516 
 

0.512 0.512 
 

GL 0.691 
 

0.694 0.681 
 

0.684 0.677 
 

0.680 

J 0.447 
 

0.452 0.417 
 

0.421 0.404 
 

0.408 

Cz 0.614 0.614 
 

0.588 0.588 
 

0.576 0.576 
 

SS2 0.291 
 

0.305 0.263 
 

0.272 0.254 
 

0.260 

FM 0.620 0.620 
 

0.588 0.588 
 

0.576 0.576 
 

 
Table 13 - IPA expected values using the IADJUST, the DIST and the APPROX approaches 
(values are averaged over the 30 datasets and correspond to external validation of the clusters 

obtained). 
K

=2; K
M

 

IPA 

Dataset–separation 
 

Poor Moderate Good 
iadjust distrib approx iadjust distrib approx iadjust distrib approx 

B
alanced 

R 0.500 0.500 
 

0.500 0.500 
 

0.500 0.500 
 

GL 0.667 
 

0.668 0.667 
 

0.668 0.667 
 

0.668 

J 0.333 
 

0.332 0.333 
 

0.332 0.333 
 

0.331 

Cz 0.500 0.500 
 

0.500 0.500 
 

0.500 0.500 
 

SS2 0.200 
 

0.191 0.200 
 

0.190 0.200 
 

0.190 

FM 0.500 0.500 
 

0.500 0.500 
 

0.500 0.500 
 

U
nbalanced 

R 0.500 0.500 
 

0.509 0.509 
 

0.511 0.511 
 

GL 0.667 
 

0.669 0.674 
 

0.677 0.676 
 

0.679 

J 0.369 
 

0.369 0.395 
 

0.398 0.401 
 

0.404 

Cz 0.539 0.539 
 

0.566 0.566 
 

0.572 0.572 
 

SS2 0.226 
 

0.224 0.246 
 

0.250 0.251 
 

0.256 

FM 0.540 0.540 
 

0.566 0.566 
 

0.572 0.572 
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Table14 - IPA expected values using the IADJUST, the DIST and the APPROX approaches 
(values are averaged over the 30 datasets and correspond to external validation of the clusters 

obtained). 

K
=4; EM

 

IPA 
Dataset  - separation 

Poor Moderate Good 
iadjust distrib approx iadjust distrib approx iadjust distrib approx 

B
alanced 

R 0.515 0.515 
 

0.623 0.623 
 

0.625 0.625 
 

GL 0.678 
 

0.681 0.767 
 

0.776 0.769 
 

0.777 

J 0.193 
 

0.183 0.144 
 

0.135 0.143 
 

0.134 

Cz 0.323 0.323 
 

0.252 0.252 
 

0.250 0.250 
 

SS2 0.107 
 

0.079 0.078 
 

0.053 0.077 
 

0.053 

FM 0.340 0.340 
 

0.252 0.252 
 

0.250 0.250 
 

U
nbalanced 

R 0.498 0.498 
 

0.547 0.547 
 

0.548 0.548 
 

GL 0.664 
 

0.666 0.708 
 

0.712 0.708 
 

0.713 

J 0.255 
 

0.249 0.210 
 

0.201 0.209 
 

0.200 

Cz 0.406 0.406 
 

0.346 0.346 
 

0.345 0.345 
 

SS2 0.147 
 

0.124 0.117 
 

0.089 0.116 
 

0.089 

FM 0.415 0.416 
 

0.346 0.346 
 

0.345 0.345 
 

 

 
Table 15 - IPA expected values using the IADJUST, the DIST and the APPROX approaches 
(values are averaged over the 30 datasets and correspond to external validation of the clusters 

obtained). 

K
=4; K

M
 

IPA 

Dataset–separation 
 

Poor Moderate Good 

iadjust distrib approx iadjust distrib approx iadjust distrib approx 

B
alanced 

R 0.624 0.624 

 

0.616 0.616 

 

0.622 0.622 

 GL 0.769 

 

0.777 0.762 

 

0.770 0.767 

 

0.775 

J 0.143 

 

0.134 0.148 

 

0.139 0.144 

 

0.135 

Cz 0.251 0.251 

 

0.258 0.258 

 

0.252 0.252 

 SS2 0.077 

 

0.053 0.080 

 

0.055 0.078 

 

0.053 

FM 0.251 0.251 

 

0.259 0.259 

 

0.252 0.252 

 

U
nbalanced 

R 0.577 0.577 

 

0.565 0.565 

 

0.559 0.559 

 GL 0.732 

 

0.738 0.722 

 

0.728 0.717 

 

0.722 

J 0.170 

 

0.161 0.187 

 

0.177 0.196 

 

0.186 

Cz 0.291 0.291 

 

0.315 0.315 

 

0.327 0.327 

 SS2 0.093 

 

0.066 0.103 

 

0.075 0.108 

 

0.080 

FM 0.295 0.295 

 

0.316 0.316 

 

0.328 0.328 
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Empirical results 

The indices’ empirical distributions under the hypothesis of restricted agreement by 

chance 
Table16 – The indices under H0: descriptive statistics  

K=2; EM 
solutions 

Clusters‟ separation 

Poor Moderate Good 

Min Max Ass desvio Min Max Ass desvio Min Max Ass desvio 

B
alanced 

Rand  0.499 0.510 8.587 0.001 0.499 0.516 11.972 0.001 0.499 0.516 11.684 0.001 
GL 0.666 0.676 8.489 0.001 0.666 0.681 11.778 0.001 0.666 0.681 11.505 0.001 
J 0.416 0.425 8.680 0.001 0.333 0.348 12.172 0.001 0.332 0.348 11.867 0.001 

Cz 0.585 0.595 8.587 0.001 0.499 0.517 11.972 0.001 0.499 0.516 11.684 0.001 
GK -0.006 0.057 8.580 0.006 -0.004 0.065 11.954 0.006 -0.004 0.064 11.669 0.006 
SoS 0.201 0.214 8.736 0.001 0.249 0.267 12.270 0.001 0.249 0.266 11.957 0.001 
SS2 0.264 0.271 8.760 0.001 0.200 0.211 12.337 0.001 0.199 0.210 12.017 0.001 
 FM 0.599 0.609 8.587 0.001 0.499 0.517 11.972 0.001 0.499 0.516 11.684 0.001 

U
nbalanced 

Rand  0.516 0.555 2.568 0.005 0.501 0.554 0.704 0.007 0.500 0.547 0.928 0.006 
GL 0.680 0.713 2.498 0.004 0.667 0.713 0.630 0.006 0.666 0.707 0.851 0.005 
J 0.437 0.470 2.637 0.004 0.404 0.450 0.777 0.006 0.394 0.435 1.004 0.005 

Cz 0.605 0.636 2.568 0.004 0.575 0.620 0.704 0.006 0.565 0.606 0.928 0.005 
GK -0.099 0.184 2.526 0.046 -0.067 0.160 0.676 0.028 -0.053 0.145 0.905 0.025 
SoS 0.192 0.245 2.677 0.007 0.225 0.284 0.821 0.007 0.231 0.282 1.049 0.006 
SS2 0.282 0.310 2.699 0.004 0.253 0.290 0.846 0.004 0.245 0.278 1.075 0.004 
 FM 0.611 0.642 2.568 0.004 0.575 0.620 0.704 0.006 0.565 0.606 0.928 0.005 
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Table 17 – The indices under H0: descriptive statistics  

K=3; EM solutions 

Clusters‟ separation 

Poor Moderate Good 
Min Max Skew Stdv Min Max Skew Stdv Min Max Skew Stdv 

B
alanced 

Rand  0.460 0.473 1.761 0.002 0.519 0.530 2.417 0.001 0.550 0.558 3.192 0.001 

GL 0.628 0.640 1.733 0.001 0.682 0.692 2.386 0.001 0.710 0.717 3.163 0.001 

J 0.272 0.284 1.792 0.001 0.230 0.241 2.455 0.001 0.203 0.212 3.233 0.001 

Cz 0.427 0.441 1.761 0.002 0.373 0.387 2.417 0.002 0.338 0.349 3.192 0.001 

GK -0.025 0.055 1.768 0.010 -0.012 0.042 2.405 0.006 -0.006 0.033 3.168 0.004 

SoS 0.208 0.223 1.805 0.002 0.225 0.238 2.462 0.001 0.223 0.233 3.234 0.001 

SS2 0.158 0.166 1.815 0.001 0.130 0.137 2.483 0.001 0.113 0.118 3.261 0.001 

 FM 0.449 0.464 1.761 0.002 0.379 0.393 2.417 0.002 0.338 0.349 3.192 0.001 

U
nbalanced 

Rand  0.489 0.519 0.638 0.004 0.491 0.526 0.245 0.004 0.490 0.527 0.223 0.005 

GL 0.657 0.683 0.609 0.003 0.659 0.689 0.219 0.004 0.657 0.690 0.196 0.004 

J 0.303 0.330 0.670 0.003 0.281 0.313 0.275 0.004 0.283 0.317 0.254 0.004 

Cz 0.464 0.495 0.638 0.004 0.439 0.477 0.245 0.005 0.441 0.482 0.223 0.005 

GK -0.046 0.078 0.636 0.015 -0.053 0.086 0.241 0.017 -0.059 0.092 0.218 0.018 

SoS 0.235 0.266 0.684 0.004 0.234 0.270 0.286 0.004 0.233 0.272 0.266 0.005 

SS2 0.179 0.198 0.695 0.002 0.164 0.186 0.299 0.003 0.165 0.189 0.279 0.003 

 FM 0.466 0.497 0.638 0.004 0.439 0.477 0.245 0.005 0.441 0.482 0.223 0.005 
 

Table 18 – The indices under H0: descriptive statistics  

K=4; EM solutions 

Clusters‟ separation 

Poor Moderate Good 
Min Max Skew Stdv Min Max Skew Stdv Min Max Skew Stdv 

B
alanced 

Rand  0.514 0.519 2.694 0.001 0.622 0.626 1.372 0.000 0.624 0.628 1.342 0.000 

GL 0.678 0.682 2.678 0.000 0.767 0.770 1.364 0.000 0.768 0.771 1.334 0.000 

J 0.192 0.197 2.715 0.001 0.143 0.149 1.388 0.001 0.142 0.147 1.358 0.001 

Cz 0.321 0.328 2.694 0.001 0.250 0.259 1.372 0.001 0.248 0.256 1.342 0.001 

GK -0.005 0.023 2.689 0.003 -0.007 0.022 1.349 0.003 -0.007 0.022 1.318 0.003 

SoS 0.210 0.216 2.718 0.001 0.187 0.194 1.383 0.001 0.186 0.193 1.353 0.001 

SS2 0.106 0.109 2.729 0.000 0.077 0.080 1.398 0.000 0.076 0.079 1.367 0.000 

 FM 0.339 0.347 2.694 0.001 0.250 0.259 1.372 0.001 0.248 0.256 1.342 0.001 

U
nbalanced 

Rand  0.485 0.516 0.121 0.004 0.537 0.563 0.160 0.003 0.538 0.563 0.136 0.003 

GL 0.652 0.680 0.106 0.004 0.699 0.720 0.144 0.003 0.699 0.721 0.120 0.003 

J 0.243 0.272 0.139 0.004 0.199 0.226 0.182 0.003 0.198 0.225 0.158 0.003 

Cz 0.391 0.427 0.121 0.005 0.332 0.368 0.160 0.005 0.330 0.367 0.136 0.005 

GK -0.061 0.082 0.120 0.018 -0.049 0.073 0.147 0.015 -0.050 0.075 0.123 0.016 

SoS 0.219 0.252 0.146 0.004 0.214 0.245 0.183 0.004 0.214 0.245 0.158 0.004 

SS2 0.139 0.158 0.153 0.002 0.111 0.127 0.198 0.002 0.110 0.127 0.173 0.002 

 FM 0.400 0.436 0.121 0.005 0.332 0.368 0.160 0.005 0.330 0.367 0.136 0.005 
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Summarizing results obtained 
Table 19- IPA observed and adjusted  values and the corresponding coefficients of variation (values are averaged 
over the 30 datasets and correspond to external validation of the clusters obtained). 

K
=2; EM

 
 IPA 

Dataset – separation 

 Poor  Moderate  Good 

Obs.  c.v. Adj. cv Obs  cv Adj  cv Obs  cv Adj  cv 

B
alanced 

R 0.527 0.056 0.055 1.062 0.865 0.026 0.729 0.061 0.981 0.007 0.961 0.014 
GL 0.690 0.036 0.071 1.044 0.927 0.014 0.782 0.049 0.990 0.003 0.971 0.010 
J 0.441 0.076 0.039 1.060 0.762 0.045 0.644 0.080 0.962 0.013 0.943 0.020 

Cz 0.612 0.053 0.055 1.062 0.865 0.026 0.729 0.061 0.981 0.007 0.961 0.014 
GK 0.121 0.919 0.121 0.919 0.950 0.019 0.950 0.019 0.999 0.001 0.999 0.001 
SoS 0.232 0.330 0.040 1.047 0.748 0.051 0.664 0.077 0.962 0.013 0.949 0.018 
SS2 0.284 0.096 0.025 1.059 0.617 0.072 0.522 0.107 0.927 0.025 0.909 0.032 
FM 0.626 0.071 0.056 1.044 0.865 0.026 0.729 0.061 0.981 0.007 0.961 0.014 

U
nbalanced 

R 0.575 0.091 0.097 1.133 0.886 0.021 0.765 0.051 0.981 0.008 0.962 0.016 
GL 0.729 0.058 0.120 1.138 0.940 0.011 0.811 0.042 0.991 0.004 0.971 0.012 
J 0.489 0.152 0.074 1.141 0.824 0.031 0.698 0.065 0.968 0.013 0.946 0.022 

Cz 0.654 0.101 0.097 1.133 0.903 0.017 0.765 0.051 0.984 0.007 0.962 0.016 
GK 0.239 1.083 0.240 1.080 0.966 0.012 0.966 0.012 0.999 0.001 0.999 0.001 
SoS 0.269 0.354 0.078 1.095 0.779 0.045 0.709 0.064 0.962 0.016 0.950 0.021 
SS2 0.327 0.203 0.050 1.153 0.702 0.053 0.595 0.086 0.938 0.025 0.917 0.034 
FM 0.660 0.109 0.099 1.130 0.904 0.017 0.765 0.051 0.984 0.007 0.962 0.016 

 
Table 20 -IPA observed and adjusted  values and the corresponding coefficients of variation 
(values are averaged over the 30 datasets and correspond to external validation of the clusters 
obtained). 

K
=2; K

M
 

 IPA 

Dataset–separation 
 

 Poor  Moderate  Good 

Obs.  c.v. Adj. cv Obs  cv Adj  cv Obs  cv Adj  cv 

B
alanced 

R 0.572 0.038 0.143 0.304 0.859 0.020 0.718 0.047 0.978 0.010 0.956 0.021 
GL 0.727 0.025 0.182 0.296 0.924 0.011 0.772 0.038 0.989 0.005 0.967 0.016 
J 0.401 0.052 0.101 0.314 0.753 0.034 0.630 0.061 0.958 0.020 0.936 0.031 

Cz 0.572 0.038 0.143 0.304 0.859 0.020 0.718 0.047 0.978 0.010 0.956 0.021 
GK 0.280 0.296 0.280 0.296 0.946 0.016 0.946 0.016 0.999 0.001 0.999 0.001 
SoS 0.327 0.075 0.103 0.317 0.738 0.039 0.651 0.059 0.957 0.020 0.943 0.027 
SS2 0.251 0.065 0.063 0.322 0.605 0.054 0.506 0.081 0.919 0.038 0.899 0.049 
FM 0.572 0.038 0.143 0.304 0.859 0.020 0.718 0.047 0.978 0.010 0.956 0.021 

U
nbalanced 

R 0.553 0.042 0.105 0.433 0.855 0.029 0.706 0.073 0.974 0.009 0.947 0.018 
GL 0.712 0.027 0.134 0.420 0.922 0.016 0.760 0.060 0.987 0.004 0.959 0.014 
J 0.416 0.054 0.075 0.447 0.774 0.044 0.627 0.092 0.956 0.015 0.926 0.026 

Cz 0.587 0.038 0.105 0.433 0.872 0.025 0.706 0.073 0.977 0.008 0.947 0.018 
GK 0.211 0.418 0.211 0.418 0.944 0.023 0.944 0.023 0.998 0.001 0.998 0.001 
SoS 0.303 0.085 0.075 0.453 0.728 0.060 0.640 0.090 0.948 0.018 0.931 0.024 
SS2 0.263 0.068 0.047 0.460 0.633 0.072 0.513 0.119 0.916 0.029 0.887 0.039 
FM 0.588 0.038 0.105 0.432 0.873 0.025 0.706 0.072 0.977 0.008 0.947 0.018 
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Table 21 - IPA observed and adjusted  values and the corresponding coefficients of variation 
(values are averaged over the 30 datasets and correspond to external validation of the clusters 

obtained). 

K
=4; EM

 
 IPA 

Dataset – separation 

 

 Poor  Moderate  Good 

Obs.  c.v. Adj. cv Obs  cv Adj  cv Obs  cv Adj  cv 

B
alanced 

R 0.535 0.110 0.041 0.502 0.858 0.015 0.624 0.052 0.946 0.008 0.855 0.024 
GL 0.695 0.075 0.053 0.484 0.923 0.008 0.671 0.045 0.972 0.004 0.879 0.020 
J 0.213 0.073 0.025 0.503 0.561 0.050 0.487 0.069 0.805 0.031 0.772 0.038 

Cz 0.351 0.061 0.041 0.502 0.719 0.033 0.624 0.052 0.891 0.017 0.855 0.024 
GK 0.108 0.448 0.108 0.448 0.920 0.019 0.920 0.019 0.991 0.003 0.991 0.003 
SoS 0.235 0.065 0.031 0.507 0.651 0.042 0.569 0.060 0.859 0.023 0.827 0.029 
SS2 0.119 0.082 0.014 0.503 0.391 0.069 0.339 0.088 0.674 0.053 0.646 0.059 
FM 0.370 0.092 0.044 0.480 0.719 0.033 0.624 0.052 0.891 0.017 0.855 0.024 

U
nbalanced 

R 0.565 0.076 0.133 0.437 0.919 0.008 0.820 0.022 0.949 0.008 0.887 0.018 
GL 0.721 0.050 0.169 0.425 0.958 0.004 0.855 0.018 0.974 0.004 0.910 0.014 
J 0.322 0.123 0.089 0.454 0.789 0.026 0.734 0.033 0.862 0.021 0.825 0.027 

Cz 0.485 0.095 0.133 0.437 0.882 0.015 0.820 0.022 0.926 0.011 0.887 0.018 
GK 0.296 0.420 0.297 0.420 0.982 0.004 0.982 0.004 0.993 0.002 0.993 0.002 
SoS 0.309 0.123 0.100 0.451 0.827 0.020 0.777 0.027 0.890 0.017 0.857 0.022 
SS2 0.192 0.145 0.053 0.467 0.653 0.043 0.607 0.050 0.758 0.037 0.726 0.043 
FM 0.496 0.103 0.138 0.435 0.882 0.015 0.820 0.022 0.926 0.011 0.887 0.018 

 
Table 22 - IPA observed and adjusted  values and the corresponding coefficients of variation (values are averaged 
over the 30 datasets and correspond to external validation of the clusters obtained). 

K
=4  K

M
 

 IPA 

Dataset–separation 
 

 Poor  Moderate  Good 

Obs.  c.v. Adj. cv Obs  cv Adj  cv Obs  cv Adj  cv 

B
alanced 

R 0.635 0.006 0.029 0.327 0.814 0.044 0.518 0.155 0.929 0.032 0.812 0.086 
GL 0.777 0.003 0.035 0.325 0.897 0.025 0.569 0.137 0.963 0.018 0.842 0.074 
J 0.157 0.030 0.017 0.331 0.476 0.126 0.385 0.194 0.758 0.089 0.716 0.115 

Cz 0.272 0.026 0.029 0.327 0.643 0.086 0.518 0.155 0.860 0.057 0.812 0.086 
GK 0.074 0.321 0.074 0.321 0.847 0.076 0.847 0.076 0.981 0.023 0.981 0.023 
SoS 0.206 0.029 0.022 0.330 0.564 0.113 0.461 0.177 0.820 0.074 0.778 0.099 
SS2 0.085 0.033 0.009 0.333 0.314 0.164 0.255 0.231 0.614 0.125 0.581 0.147 
FM 0.272 0.026 0.029 0.327 0.644 0.085 0.519 0.153 0.861 0.055 0.813 0.084 

U
nbalanced 

R 0.606 0.013 0.067 0.200 0.830 0.068 0.608 0.225 0.902 0.018 0.778 0.050 
GL 0.754 0.008 0.084 0.196 0.906 0.037 0.660 0.196 0.949 0.010 0.818 0.042 
J 0.204 0.035 0.041 0.205 0.583 0.215 0.489 0.300 0.741 0.055 0.678 0.072 

Cz 0.339 0.029 0.067 0.200 0.729 0.137 0.608 0.225 0.851 0.032 0.778 0.050 
GK 0.162 0.193 0.162 0.193 0.893 0.082 0.893 0.082 0.975 0.010 0.975 0.010 
SoS 0.247 0.034 0.052 0.205 0.646 0.176 0.550 0.257 0.790 0.044 0.731 0.060 
SS2 0.114 0.039 0.023 0.209 0.422 0.301 0.357 0.383 0.590 0.085 0.540 0.102 
FM 0.343 0.029 0.069 0.200 0.732 0.133 0.611 0.220 0.852 0.031 0.780 0.049 
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Table 23- Mean and Variation coefficient of observed indices (averaged over the 30 datasets) 
 EM-STAB-2K-BAL 

Dataset Poor Moderated Good 
IA Mean V. C. Mean V. C. Mean V. C. 

Rand 0.717 0.203 0.993 0.005 0.994 0.007 
RR 0.666 0.249 0.497 0.006 0.496 0.007 

NMI1 0.185 1.114 0.973 0.020 0.973 0.025 
NMI2 0.129 1.331 0.973 0.020 0.973 0.025 
NMI3 0.121 1.415 0.973 0.020 0.973 0.025 
1-NVI 0.912 0.041 0.994 0.004 0.994 0.005 

GL 0.827 0.121 0.997 0.003 0.997 0.004 
J 0.699 0.225 0.987 0.011 0.987 0.014 
C 0.813 0.136 0.993 0.005 0.993 0.007 

GK 0.145 3.496 1.000 0.000 1.000 0.001 
SoS 0.203 1.055 0.987 0.011 0.987 0.014 
SS2 0.560 0.342 0.975 0.021 0.975 0.027 
FM 0.823 0.125 0.993 0.005 0.993 0.007 

 

Table 24 Mean and Variation coefficient of adjusted indices (averaged over the 30 datasets) 

 EM-STAB-2K-BAL 
Dataset Poor Moderated Good 

IA Mean V. C. Mean V. C. Mean V. C. 
Rand 0.111 2.033 0.987 0.011 0.987 0.014 
RR 0.049 2.076 0.329 0.010 0.329 0.014 

NMI1 0.178 1.178 0.973 0.020 0.973 0.025 
NMI2 0.125 1.385 0.973 0.020 0.973 0.025 
NMI3 0.117 1.464 0.973 0.020 0.973 0.025 
1-NVI 0.117 1.464 0.973 0.020 0.973 0.025 

GL 0.122 1.976 0.990 0.008 0.990 0.011 
J 0.099 2.114 0.981 0.016 0.981 0.021 
C 0.111 2.033 0.987 0.011 0.987 0.014 

GK 0.204 2.262 1.000 0.000 1.000 0.001 
SoS 0.107 2.033 0.983 0.014 0.983 0.019 
SS2 0.084 2.244 0.968 0.026 0.969 0.034 
FM 0.113 2.008 0.987 0.011 0.987 0.014 
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 Table 25- Mean and Variation coefficient of observed indices (averaged over the 30 datasets) 
 KM-STAB-2K-BAL 

Dataset Poor Moderated Good 
IA Mean V. C. Mean V. C. Mean V. C. 

Rand 0.859 0.120 0.997 0.004 0.996 0.005 
RR 0.431 0.119 0.499 0.006 0.498 0.005 

NMI1 0.660 0.314 0.988 0.017 0.982 0.017 
NMI2 0.659 0.315 0.987 0.017 0.982 0.017 
NMI3 0.659 0.315 0.987 0.017 0.982 0.017 
1-NVI 0.924 0.050 0.997 0.004 0.996 0.004 

GL 0.921 0.071 0.999 0.002 0.998 0.002 
J 0.767 0.189 0.994 0.008 0.992 0.009 
C 0.860 0.119 0.997 0.004 0.996 0.005 

GK 0.901 0.195 1.000 0.000 1.000 0.000 
SoS 0.749 0.219 0.994 0.008 0.992 0.009 
SS2 0.642 0.280 0.989 0.016 0.984 0.017 
FM 0.860 0.119 0.997 0.004 0.996 0.005 

 

Table 26- Mean and Variation coefficient of adjusted indices (averaged over the 30 datasets) 

 KM-STAB-2K-BAL 
Dataset Poor Moderated Good 

IA Mean V. C. Mean V. C. Mean V. C. 
Rand 0.718 0.287 0.994 0.008 0.992 0.009 
RR 0.240 0.287 0.331 0.009 0.330 0.009 

NMI1 0.660 0.315 0.987 0.017 0.982 0.017 
NMI2 0.658 0.315 0.987 0.017 0.982 0.017 
NMI3 0.658 0.315 0.987 0.017 0.982 0.017 
1-NVI 0.658 0.315 0.987 0.017 0.982 0.017 

GL 0.762 0.256 0.996 0.006 0.994 0.007 
J 0.649 0.336 0.991 0.012 0.988 0.013 
C 0.718 0.287 0.994 0.008 0.992 0.009 

GK 0.901 0.195 1.000 0.000 1.000 0.000 
SoS 0.665 0.329 0.992 0.011 0.989 0.012 
SS2 0.551 0.407 0.986 0.020 0.980 0.022 
FM 0.718 0.287 0.994 0.008 0.992 0.009 
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Table 27- Mean and Variation coefficient of observed indices(averaged over the 30 datasets) 
 EM-STAB-3K-BAL 

Dataset Poor Mod  Good 
IA Mean V. C. Mean V. C. Mean V. C. 

Rand 0.628 0.215 0.827 0.104 0.990 0.005 
RR 0.497 0.375 0.419 0.268 0.335 0.013 

NMI1 0.138 1.031 0.695 0.120 0.964 0.016 
NMI2 0.107 1.063 0.636 0.143 0.964 0.016 
NMI3 0.103 1.084 0.632 0.148 0.964 0.016 
1-NVI 0.861 0.059 0.910 0.035 0.988 0.005 

GL 0.763 0.131 0.903 0.059 0.995 0.002 
J 0.562 0.298 0.702 0.209 0.972 0.014 
C 0.706 0.189 0.816 0.129 0.986 0.007 

GK 0.276 1.264 0.915 0.091 1.000 0.000 
SoS 0.267 0.507 0.689 0.192 0.979 0.010 
SS2 0.412 0.433 0.561 0.309 0.946 0.026 
FM 0.714 0.183 0.821 0.122 0.986 0.007 

 

Table 28- Mean and Variation coefficient of adjusted indices (averaged over the 30 datasets) 

 EM-STAB-3K-BAL 
Dataset Poor Mod  Good 

IA Mean V. C. Mean V. C. Mean V. C. 
Rand 0.123 1.280 0.651 0.252 0.979 0.011 
RR 0.050 1.266 0.222 0.320 0.248 0.014 

NMI1 0.132 1.091 0.694 0.120 0.964 0.016 
NMI2 0.103 1.116 0.635 0.143 0.964 0.016 
NMI3 0.098 1.135 0.631 0.149 0.964 0.016 
1-NVI 0.098 1.135 0.631 0.149 0.964 0.016 

GL 0.143 1.244 0.706 0.212 0.983 0.008 
J 0.101 1.318 0.566 0.323 0.965 0.017 
C 0.123 1.280 0.651 0.252 0.979 0.011 

GK 0.292 1.145 0.915 0.091 1.000 0.000 
SoS 0.110 1.293 0.592 0.292 0.973 0.013 
SS2 0.076 1.375 0.457 0.414 0.940 0.030 
FM 0.125 1.267 0.657 0.241 0.979 0.011 
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 Table 29- Mean and Variation coefficient of observed indices (averaged over the 30 datasets) 
 KM-STAB-3K-BAL 

Dataset Poor Mod  Good 
IA Mean V. C. Mean V. C. Mean V. C. 

Rand 0.852 0.090 0.884 0.100 0.994 0.004 
RR 0.266 0.133 0.285 0.146 0.335 0.009 

NMI1 0.661 0.213 0.730 0.225 0.975 0.014 
NMI2 0.657 0.216 0.727 0.228 0.975 0.014 
NMI3 0.657 0.216 0.727 0.228 0.975 0.014 
1-NVI 0.889 0.051 0.912 0.058 0.992 0.005 

GL 0.918 0.050 0.936 0.056 0.997 0.002 
J 0.658 0.221 0.731 0.233 0.981 0.012 
C 0.784 0.141 0.832 0.150 0.991 0.006 

GK 0.901 0.126 0.924 0.122 1.000 0.000 
SoS 0.703 0.200 0.767 0.212 0.986 0.009 
SS2 0.507 0.320 0.602 0.331 0.964 0.023 
FM 0.784 0.141 0.832 0.150 0.991 0.006 

 

Table 30- Mean and Variation coefficient of adjusted indices (averaged over the 30 datasets) 

 KM-STAB-3K-BAL 
Dataset A Poor Mod  

IA Mean V. C. Mean V. C. Mean V. C. 
Rand 0.672 0.252 0.744 0.259 0.986 0.009 
RR 0.170 0.246 0.189 0.254 0.249 0.010 

NMI1 0.660 0.214 0.729 0.225 0.975 0.014 
NMI2 0.657 0.217 0.726 0.228 0.975 0.014 
NMI3 0.657 0.217 0.726 0.228 0.975 0.014 
1-NVI 0.657 0.217 0.726 0.228 0.975 0.014 

GL 0.719 0.219 0.781 0.225 0.989 0.007 
J 0.569 0.323 0.660 0.328 0.977 0.015 
C 0.672 0.252 0.743 0.259 0.986 0.009 

GK 0.901 0.126 0.924 0.122 1.000 0.000 
SoS 0.616 0.294 0.699 0.301 0.982 0.012 
SS2 0.444 0.416 0.550 0.412 0.959 0.026 
FM 0.672 0.252 0.744 0.259 0.986 0.009 
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APPENDIX D – LIST OF CONFERENCES PRESENTATIONS 

 
Table 31- List of conferences presentations 

Conference Year  

SPE 2010 

Title: Limiares de concordância entre duas partições 

Abstract: Neste trabalho determina-se a significância da concordância entre 

duas partições, medida através dos índices de Rand e NMI - Normalized Mutual 

Information. Para o efeito são determinados os valores destes índices associados 

a tabelas de classificação cruzada, geradas sob a hipótese de não concordância 

(independência) restrita. A análise de dados é efectuada sobre uma base de dados 

com estrutura de agrupamento conhecida à qual se associam partições 

alternativas. 

ICC 2011 

Title 

Measuring the agreement between partitions: the use of thresholds 

values 

Abstract: The property of stability is often considered when evaluating the 

quality of a clustering solution. In particular, the solution's 

reproducibility in diverse data sets drawn from the same source may be 

considered as an indicator of stability.  In order to measure 

stability one can use indices of agreement (IA) between the 

alternative partitions obtained from the diverse data sets. In fact, 

there are countless IA which can be used for this end. However, there 

has been few investment concerning the determination of IA thresholds 

values which can help deciding how much agreement is enough to derive 

stability (the well known Hubert and Arabie adjusted Rand index is an important 

exception). In the present work, we propose using simulated IA values, 

corresponding to cross-classification tables generated under the hypothesis of 

restricted independence (table with fixed marginal totals), to obtain IA 

thresholds. The Rand index,  Mutual Information and the Variation of 

Information are used as IA examples. The R software is used to implement the 

proposed approach. Four simulated data sets (Gaussian, mixture model based, 

with different degrees of separation) are used to obtain experimental 

results. The stability of alternative clustering solutions provided by 

different clustering algorithms (K-Means and EM type) is evaluated and 

discussed using a cross-validation approach. In addition, the 

agreement with the real partition is also discussed. 
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SPE 2011 

Title 

Índices de informação mútua na avaliação de estabilidade de 

agrupamentos 

Abstract: Neste trabalho avalia-se o desempenho de diversos índices de 

informação mútua no papel de indicadores da estabilidade de partições. Nesta 

avaliação são determinadas estimativas dos valores dos índices sob hipótese de 

independência restrita. A análise de dados é efectuada sobre 
quatro bases de dados com estruturas de agrupamento conhecidas, às quais se 

associam partições alternativas. 

IDA 2011 

Title 

Indices of agreement between partitions: a comparative approach 

Abstract: Indices of agreement (IA) between partitions are often used for 

external evaluation of clustering results as well as for the evaluation of clustering 

stability, i.e. the partition's reproducibility in diverse data sets drawn from the 

same source, e.g. (Gordon 1999). There are countless IA which can be used for 

this end. However, there has been little investment concerning its comparison 

taking into account the determination of the indices threshold values. In the 

present work, we propose using simulated IA values, corresponding to 

crossc1assitication tables generated under the hypothesis of restricted 

independence to obtain IA thresholds (Patefield 1981) and then compare the 

performance of several IA indices. The indices of Rand (Rand 1971), Russel and 

Rao (Russel and Rao 1940), Normalized Mutual Information and Variation of 

Information (Meila 2007) are used as IA examples, their interpretation being 

considered. Four simulated data sets (Gaussian, mixture model based, with 

different degrees of separation) are used to obtain the experimental results 

(Maitra and Melnykov 2010). The stability of alternative clustering solutions 

provided by different clustering algorithms (K-Means and EM type) is evaluated 

and discussed using a cross-validation approach (Cardoso, Carvalho and Faceli 

2009). In addition, the agreement with the real partition is also discussed. 

JOCLAD 2012 

Title 

Índices de concordância pareada na avaliação de estabilidade de 

agrupamentos 

Abstract: Neste trabalho estuda-se o desempenho de diversos índices de 

concordância pareada como indicadores da estabilidade de partições. Para o 

efeito, são determinadas estimativas dos valores dos índices sob a hipótese de 

independência restrita. A análise de dados é efectuada sobre quatro bases de 

dados com estruturas de agrupamento conhecidas, às quais se associam partições 

alternativas. 
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SMTDA 2014 

Title 

The influence of classes entropy and overlap on Random Forests 

performance 

Abstract: In order to evaluate the impact of class‟overlap and entropy on the 

performance of Random Forests we conduct some experiments base on synthetic 

data-360 data sets are generated. We set up the scenarios for our experiments by 

considering different classification problems with 2, 3 and 4 classes, diverse 

degrees of classes „entropy and overlap. According to the obtained results, the 

average performance of random forests significantly decreases with the increase 

of the degree of classes‟ overlap and this impact surpassed the impact of the 

classes entropy. Statistical analysis conducted yield additional insights referring 

to diverse measures of classification performance. 

JOCLAD 2015 

Title 

Distribuições de índices de concordância entre agrupamentos 

Abstract: No presente trabalho estuda-se a distribuição empírica de diversos 

índices de concordância pareada entre duas partições, sob a hipótese de 

independência restrita (  ). A distribuição de cada índice é obtida a partir de um 

processo de simulação, sendo os seus valores resultantes da geração de tabelas de 

contingência, sob   . Estas tabelas correspondem à avaliação externa de 

agrupamentos que se realizam em diferentes cenários, controlando os números de 

grupos, dimensões relativas e graus de sobreposição dos grupos. Os cenários de 

agrupamento correspondem a bases de dados simulados (misturas de Normais). 
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