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Abstract: We define a modified version of Erschler and Karlsson construof homomorphisms from random walks [A. Erschler
and A. Karlsson, Ann. Inst. Fourier (Grenob6£)(2010), no. 6, 2095 2113]. We show that our definition is well adapted to semddire
products. The same construction is conjectured to workfatsother classes of maps like quasi-morphisms.

Keywords: Random walks on groups, homomorphisms, semidirect product

This paper is dedicated to the memory of Professorhomomorphism taR. Erschler and Karlssorg] used a
José Sousa Ramos. dynamical construction to establish the existence of such
homomorphism in the case where the drift can also be
zero. In this work we follow Erschler and Karlsson
1 Introduction construction to define a homomorphisnmiRdor a certain
class of semidirect products. The original construction
Since the seminal article of AveZ]| the fascinating starts by making a judicious choice of a sequence of
world of random walks on finitely generated groups havefunctionsT,, and of a numerical sequenagn) such that
emerged as a rich branch of mathematics. In that work thehe producta(n)T, will have a sublimit T which is
author introduced the entrogy of a random walk on a precisely the desired homomorphism. We give now a
group, arguably the most important numerical invariantbrief description of this note. In section 2 we give some
associated to a group endowed with a probabilitybackground, define the kern&{(h) and establish its
measure, and connected entropy with the growthvale  main properties. In section 3 we construct a twisted
his subsequent work?], Avez put in evidence the strong version of T,, well adapted for semidirect products. We
connection between entropy and the existence of boundegjj| show that our twisted sequendg verifies the same
harmonic functions on the group. The drifis another  properties of Erschler and Karlsson construction and is
number that has emerged in the study of random walksinyariant for a finite family of non-inner automorphisms
These numbers are linked via the fundamental inequality{qq}_ As a consequence, we obtain the main resul6bf [

popularized by Vershikd], h < vi. For a comprehensive ¢ the twisted mapd,, see propositiors. In section 5,

: : . ; f
reference in a more general setting see Kaimanovich an£e state and prove our result (Theoreth about the
Vershik [8].

hi f d ical f obtaini existence of a homomorphism from a certain class of
In this note we focus on a dynamical way of obtaining gemjgirect products t&®. Let N be a finitely generated

homomorphisms from a finitely generated grdao R. group and 7 : Aut(N) — Aut(N)/Inn(N) ~ Out(N)
There are several ways to construct homomorphsmsdenote the canonical homomorphism. Lt be any
depending on the setting. For exampIeG!ﬁs .amenable group. The semidirect products x, H we will work
any homogeneous quasi-morphism 0 is in fact a \yith are such that the groum(mo @)  Out(N) is finite

homogmhrph'ifsm%'s.eé]l. Karlsson and Id_edrapp”i(eLinﬂ and contains a set of representativigg : i = 1,...,k}
proved that if a finite first moment random walk has zero\ piciis a subgroup ohut(N).

entropy and positive drift, then there exists a non-trivial
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A final word is in order. Both the authors of this work Given probability measureg andv on G we may
were students of José Sousa Ramos. His lectures wemefine the convolution measure as follows
absolutely inspirational, using dynamical systems to

connect almost every branch of mathematics. The lectures p=v(g) =5 u(hhv(g)
were very popular, bringing together many students with heG

different backgrounds, from mathematics to physics and 1
engineering. But the unforgettable facet of Sousa Ramos = Z u(hv(h=g)

is certainly the kindness as he treated every person, heG

always considering a student as a full human being. Verywhere hv(g) = v(h~'g). Denote by u*" the n-fold
often his students became his friends and they all misgonvolution.
him a lot. One sentence encapsulates the main human Using the word length define a sequehgeas
qualities of professor Sousa Ramos, found by the second
author almost two decades ago, while reading the British Lh= z [(h)u*"(h). (4)
mathematician and philosopher Bertrand Russel: heG

For my part, | think the important virtues are kindness
and intelligence

Since then, in our imagination, this sentence became Lnem < Lo+ L.
connected to José Sousa Ramos. This work is dedicated to -
the memory of our professor and friend.

The sequenck, is subadditive

Hence, the classical Fekete lemma ensures that the
limit .
— im -0
2 Background by= lim —
Let G be a finitely generated group, endowed with a exists inRJ{—c,+eo}. Sincel > 0 andL, is subadditive
probability measurgt. Denote bye the identity ofG. Let ~ we havel, < nL; and sinceu has finite first moment it
X = {s1,---,5p} C G be a finite set of generators. The follows that/; < +.
word length ofg is defined to be It will be usefull to define the following map
[(g)=min{fneN:g=5---S,5 € X}. . .
(O = minine g e a8 €} Ka(h) = g™ (h) — () ©

The set of generators is called symmetriXif* = X. In
that case the word length is generated in the usual way b
the distance associated with the Cayley grap@ ahd has

hich plays the role of a kernel and verifies some useful
roperties, such as

the following properties: 1.KJ(h)=0
2. K{(h)=0
(g <1(@)+1(h) R
B Another important property is
(g™ =1(g). (2)
From (1) we have ZGKS(h)U(Q) = p* ™ (h) — u*(h). (6)
ge

I(gh) —1(h) <1(g)

and also 3 The modified mapT,
I(h) =1(g~*gh) <I(g™) +I(gh).
() =1(g"gh <) +1(gh For the rest of this sectio® denotes a finitely generated
Using @) the last inequality can be written as group. Erschler and Karlsso®][defined a sequence of
mapsTy: G — R by
I(h)—1(gh) <1(g) )
Ta(g) = I(gh) —1(h)]u*"(h). 7
o we obtain (@)= 5 [@h) — Wl (7)
1(gh) —1(h)] <1(g), (3)  We will define a modified version of, which is well

adapted to semidirect products. As we will see, our

aformula that will be useful later. modified maps, denoteth, verify step by step Erschler

Definition 1.We say thap has finite first moment if and Karlsson construction. First, we need to set some
more definitions.
%' (QH(g) < +eo. The first step in our construction is to adapt the finite
gc set of generators. Lefq@ : i = 1,....k} be a finite
(@© 2015 NSP
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subgroup ofAut with order k whose non-identity emap~n may also be defined using the kerne
b fAut(G) with order k wh identi The mapT, Iso be defined he kernel
elements are all non-inner automorphisms. There are
plenty of examples of such groups, see section 5. In th|§|: _ = ) — S 1(h)u"(h
note we refer to the finite group © k Zi heG () hge (Mu=)
{@:i=1..,k} C Aut(G) simply as a finite group of 1 k
outer automorphisms, meaning that all the non-identity == Y (h) — z I(h)u*"(h))
elements are non-inner. Note that this differs from the k& Heo
usual, since the elements of the group 1k
Out(G) = Aut(G)/Inn(G) are not real automorphisms of =z Zi Yu*"(h) — u*"(h))
G but classes. Ki& heG

Let X be a finite symmetric generating set@fThen, 1 k

_ = n
k =R 52 (Kgg M)
S= XuLﬁJl(p(X) (8) We will concentrate on a special class of probability
= measurequ on G which are compatible with the finite
is also a finite symmetric generating set @r subgroup of outer automorphisr{ig }.
Proposition 1.For every ge G, Definition 2.A measureu on G is called{ @ }-invariant if
Is(g) =Is(@(g), Vi =1,...k H(@a(g) = u(g)-
Proof.Since @ is an automorphismg(X) is also a Note that, given a probability measupeon G and a
generating set and finite subgroup{q@ : i = 1,...,.k} C Aut(G) of outer
automorphisms, we may always obtain{@ }-invariant
lax)(@(9)) = Ix(9)- probability measurgi out of u:
Let g be an element ofc and g = s1...s,y @ minimal B
decomposition ofg in S = X U U< a(X), with H(Q)ZE_ZH((H(Q))
1=

m=1s(g).
Observe that i € X thenq(s;) e.qq(X) "?md Sotis Moreover, if p is non-degenerate and has finite first
an element o6, On the other hand, sinden } is @ group,  moment therji is also non-degenerate and has finite first
if sj=a(s) € @(X) then@(@a(s)) = a(s) € a(X)is  oment.
another element & _
Now, supposés(@(g)) # Is(g), for somei. From the Here are some properties &f.
above observation, for somedj < m, @(sj) = ¢ (Sj+1)

and we would have Lemmal.Let T,(g) be defined as above, wittu

{@}-invariant. We have
W(Sj8j+1):e<:>Sij+l:e 1.fn(e):0

contradicting the fact thag(g) = m. 2. [Ta(9)[ < 1(9) .
3. Ta(@(9) =Tn(9), Vi=1,...k
From now on we will use the finite generating set 4. Y gec Tn(9)H(9) = L1 —Ln.

S=XuUL1@(X) of G. . o
o Proof.The first assertion is obvious. For the second
Now we use the finite subgrougq} of outer  nronerty we use propositidhand @)
automorphisms and the generatingSef G to introduce

the modified mapsT,. Define a sequence of maps 7 1 (a
To=Tog) G R: Sk2 th| (M[u(h)
Ta(9) s (@ (g)h) —1(M]u™(h).  (9)
DR, | SLZE O -10
For simplicity, we write T, instead offn{m} and 1(g) Property 3 is obvious from the definition and from the fact
instead ofs(g). 7 that{@} is a group. And for the last one we use the fact

Note that this definition off,, is a twisted version of thatysis {@ }-invariant:

Erschler-Karlsson definition, se§,[33]. In fact, ifk =1 1K
then the uniquey is the identity and we recovéy from T (Q)u(g) = = LK™ (h)u(g)
). 2 T k22 2 WKag
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— % [(h) %[qq(g)u*”(h) — ()] () Lemma 3. If ¥ |KG(h)| < C(g)B(n) then there exists a
i=1heG g€ constant G such thaty peg [Kg (h)[ < 1(9)CoB(n).
_ %i %I h) %[uu*”(h) _ H*n(h)]ﬂ(ﬁq_l(u)) Proof.First note that for any pam, g, € G we have
Izk T hZ (91921™"(h) — gup™"(h)) =
1 cG
== I(h K{(h
PPRUPRE - g(u*“«glgzrlh) — 1(gr M)
_ I(h x(N+1) h (R
& O =) SPACACRRURTR )

= he%(gzu*"(gi 'h) — u™(grh)

Define the defect

~ ~ ~ _ %N L
Defn(01,92) = Tn(9202) — Tn(01) — Tn(G2). 2, (@KW —HW)
Although T, is not a homomorphism, we can bound the where in the last line we made the change of variables
defect. : ’ gIlh. Suppose now hasl(g) = m. We haveg =s; - - - S,

for somes € Sand

S KIM) = 5 KD s, ()
Def] (01,92)| < 1(gn) %lK (10) & e
= %I& “smp™"(h) — p*"(h)]|

Lemma 2.We have

Proof.From the definition off;,
) = %|SCLST1“*” —31"'Sm—1u*n(h)+
Defn( )|_} (1(@(9192)h) — (@ (g1)h) "
IDefn(g1,92)| = k;z @ (9192 @(%

heG Slsn*lu*n(h)"i_+Slu*n(h)—[.1*n(h)|
—1(@(g2)h) + 1 (h))*"(h)]| < h;lsl---snu*”(h) — S s ()| +
‘ *N “n
:%|Zl%['((ﬂ(gl)ﬁq(gz)h)—|(qq(gz)h)]u*”(h) +h6§|31"'5m—1u (h) =S+~ Sl ™" ()| +
i=1he
- %[I(m(gl)h) — ()] (h)| + %lslu (h)]

|smp“(h) — (h)[+ Y [sm-1p™"(h) — (D)
:"lee (W)@ (g2 u™"(h) " % .

ot S s () - " Z
=3 [l{@(gu)h) —1()]u"(h)| Hew 4 &
hee By hypothesisy neg [Kg(h)] < C(Q)B(n), so

1 & . . .
= RI_; é[l (@(g2)h) —1(h)]Kg g, (M) Z %“(g(h)' . ZC(S)B(n)
i=1he i=
(@ Kn h m
kZlZJ (92)h) = 1(h)[|Kg g, (M grgeasxc(s)zﬁ(n)
k =
%3 (@(01) 3 Kag (M| < maxC(s)B(mm
<I(on )h%“@ () y(\a/;iltjilrt]?oﬁoo;sr.na&gsC(s) and recalling tham = | (g) the

. . It is convenient to introduce the following notation
In [6], the authors explain the existence of a sequence

B(n) such thaty hg [Kg(h)| < C(g)B(n). See b, §3] for y(n) = max|Ty(s)|. (11)
further details. seS
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Proposition 2.Let i be a probability measure on @ }-
invariant. Suppose that g ang(g) are in the support of
U. Then,

Ta(9)] < CoB(MI*(9) +1(g)y(n).

Proof. Let g,@(g) € suppu € G, i =1,....k. Write g =
S1-++Sm, Mm=1(g), with s1,...,Sm € S. By lemmas2 and3,
we have

(12)

|Defn(st- - Sm-1,5m)| <

1 k
=S Ha(st-sm1) Y 1Ky s (M)
k he; @ (sm)

1X n

k

I(s1-Sm-1 );l(fn(sm))CoB(n)

WII—\

= (m—-1)CoB(n).
So N N
ITh(9)| = [Tn(S1-+-Sm)| =

Ta(S1++Sm-1) — Tn(Sm)+

fn(sm—l) +

= [Ta(S1-+Sm) —

—Ta(s1-Sm-2) —

~Tn(s2) + _Zmifn(s)l

<COBM((M=1)+(M=2) +---+ 1)+ 5 [T(s)

+Tn(s1--Sm-1)

-+ Th(s1%2) — Tn(s1)

< CoB(N)((M—1)+
< CoB (MNP + my(n).

(m—2)+---+1)+my(n)

Definition 3.We say thaj has finite second moment if

%l (9)1(g) < +e.

ge

The proof goes exactly along the same linest@ff].
For the sake of completeness we reproduce here the
details.

By proposition2 we know that

Ta(9)] < V(M)I(g) +Col*(9)B(N).

By lemmal and sinceu has finite second moment, we

have

0<Apl=S Ta(@u(@) < Y [Ta(9)|u(g)
ge% QE%

9)+CoB(n Zel

ch
< Ciy(n) +C2B(n).

Under the above conditions, for eveey> 0 there
existsny such tha(ny) < £Ap, L and we have

0 < Ap L <Cry(ng) +CoeAp L.

Takee with Ci€ < % Forny big enough, we have

1
0< SAnL < (1-Cie)ln L <Coy(n).  (13)

It follows that, forny sufficiently big

y(nk) > 0.
Define the coefficient
a(m) = y(nk)’
It follows from (13) that
0 < a(ng)An L < 2C,.
Hence

< e, B0

a(ng 2o, B An L

0< a(ngB(ng = A<

We conclude that

a(ng)B(n) — 0. (14)

Now we can state the main result of Erschler andDefine a new sequence

Karlsson for the modified map$, defined in ). Let
An L =Ln1—Ln, With Ly, as in @).

Proposition 3.Suppose that u is
sequence it holds thatA, L > 0 and

im P

=0.
k—+o0 Ankl—

Then the group G admits a non-trivial homomorphism to

R.

non-degenerate
{@}-invariant, has finite second moment and for some

T4 (9) = a(n)Ta(g)-

By lemma2, we have

(15)

|Defn,(91,92)] < 1(91)C(g2) B (k) a (n).

Taking the limit ask — 4o we conclude that

fa(glgz) = fa(gl)fa(QZ)-

As explained in §], the homomorphismfa is well
defined and nontrivial.
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4 Semidirect products Theorem 1.Let N and H be two groups as above and
suppose conditions - C4 are satisfied. Suppose for

In this section we show that the modified maps SOMe sequencg it holds thatAn L > 0 and
construction is well adapted to semidirect products. Our
setting will be the following. lim Bln) _ 0.

Let N be a finitely generated group aitiany other koo Ap L
group. Letu be a probability measure oN. Given a
homomorphisme : H — Aut(N), we may form the
semidirect productN xy H. Let X be a symmetric
generating set ofN. Let Inn(N) denote the inner
automorphisms of N and Out(N) the outer
automorphisms. Then, we have

Let R: H — R be any homomorphism. Then, there is a
unigue nontrivial homomorphism

TXxR:NxpgH—=R

such that the following diagram commutes

H —— Aut(N) —— Aut(N)/Inn(N) =~ Out(N) N NS sipH Side
TxR
andIm(7o @) is a subgroup oOut(N). T l R
We require the following conditions to be satisfied: R

Proof.By proposition 3, there is a nontrivial

C1.Im(mo @) C Out(N) is a finite subgroup and has a set homomorphism

of representativd@ : i = 1,....k} C Aut(N) with a )
subgroup structure. T:N—=R
C2.S=XUUK;@a(X), with X a symmetric generating According to @, Proposition 27, p.240], we need to

set ofN. prove that
C3. u is non-degenerate and has finite second moment.
C4. u(q(g)) = u(g) foreveryg € {a}. T(@((x) =RYTHRY ) (16)

forallx e N and ally € H.

There is a plenty supply of examples of a finitely Now, since (R,+) is abelian, condition 6) above
generated groupl with a finite subgroud@} € Aut(N)  pecomes

whose  non-identity — elements are  non-inner T(g((x)=T(X)

automorphisms. We give two examples. . )
We need to consider two different cases.

Example 1Let > = (a,b) denote the free group on two  Case 1:¢3 is an inner automorphism of.

generators. Sincénn(Fz) = F2/Z(IF,) = 2 is torsion In that case, there exists= N such thatg,(x) = zxz 't
free, every finite order automorphism in not inner. For 54 we have

instance, the automorphisms
T(@() =T(@xzH) =T@+TX) ~T(@) =T(X
- aHbB a— b [a—bt
“Ib—=a P lb=at?! Y (b a S0, (L6) is trivially verified.

Case 2:¢, is an outer automorphism of.
In that case, by hypothesisn(rto @) is finite and by

have order 2, 3 and 4, respectively. Therefore, the cyclic

subgroups . o ) .
@), (B), (y) construction, each maf, is invariant under composition
’ ’ with @, see lemmadl., property 3. Therefore, the limit of
are finite subgroups ofAut(F,) whose non-identity Ty in (15) is also invariant under composition wigl and
elements are non-inner automorphisms. the result follows.

Example 2Let @[, C; denote the direct sum ofi copies .
of the cyclic group with 2 elements. L& be any finitely 5 Conclusions
generated group. Sinced";C, is abelian, every
automorphism is outer. Then, a semidirect productin our construction we have used a finite group of outer
N = @",C, xy G has a subgroup oAut(N) whose automorphisms oN. It would be interesting to relax this
non-identity elements are non-inner automorphisms. condition. This would imply, of course, a different
sequence of mapkg,.

We may now state our main result regarding semidirect There is a vast literature about quasi-morphisms

products. defined on groups. In his PhD thesH,[the first author
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Another interesting direction to explore beyond this
note is the following. LetG be a finitely generated group
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satisfying propertiesl) and @), with finite first moment
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obtain a limit map'IN' : N — R which is not only a group
homomorphism but also satisfies the following property

geometric group theory.
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